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IMPULSIVE DIRAC SYSTEM ON TIME SCALES
IMITIYVJIBCHA CUCTEMA JAIPAKA HA YACOBUX HIKAJAX

We consider an impulsive Dirac system on Sturmian time scales. An existence theorem is given for this system. A maximal,
minimal and self-adjoint operators generated by the impulsive dynamic Dirac system are constructed. We also construct
the Green function for this problem. Finally, an eigenfunction expansion is obtained.

Posrmsinaersest immynscHa cucteMa [lipaka Ha gacoBux mkanax Lltypma. HaBeneHo Teopemy icHyBaHHS 1Uisl 1Ii€i cucTe-
M. [ToOynoBaHO MakCUMaIIbHUH, MIHIMAJIBHUH Ta CaMOCIPSDKEHUH OIEepaTopH, 10 MOPOPKEHI IMITYJIBCHOIO TMHAMIYHOIO
cucremoro Jlipaka, a Takox ¢yHKmiro I'pina s miei 3agaqi. Hacamkinenp oTpruMaHo po3Kiaj 3a BIACHUMH (QYHKIISIMH.

1. Introduction. Dirac systems received extensive studies in the last century [21, 34, 35]. These
systems provide a natural description of the electron spin, predict the existence of antimatter, and can
reproduce accurately the spectrum of the hydrogen atom.

Impulsive differential equations arise as the mathematical modeling of various areas of science.
For example, population dynamics, economics, optimal control, and chemotherapy. It is well-known
that these equations serve as basic models to study the dynamics of processes that are subject to
sudden changes in their states. Recently, these equations have been studied by several authors (see
[22-27, 29, 33)).

On the other hand, the theory of dynamic equations aims to unify continuous-time and discrete-
time equations. Dynamic equations have become a very active area of research (see [4-7, 11, 12,
14-16, 30, 31]). Therefore the idea to apply the time scale analysis to the investigation of the Dirac
system looks natural and the results could be of interest. To our best knowledge, although there are
some results for the impulsive Dirac problems [10, 13, 19], there are not any results on the impulsive
dynamic Dirac system. In this paper, we investigate some properties of this system, so we will unify
the discrete impulsive Dirac system [9, 20] and continuous impulsive Dirac system [2, 3, 8, 17, 32].

This paper is organized as follows. In the second section, an existence and uniqueness theorem
for the impulsive dynamic Dirac system is proved. In the third section, a maximal, minimal and
self-adjoint operators is constructed. Finally, we construct the Green function for this problem and an
eigenfunction expansion is given in the last section.
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2. Impulsive Dirac system on Sturmian time scales. Let T be a Sturmian time scale. We define
the jump operators o, p: T — T by

o(t) =inf{s € T: s >t}
and
p(t) =sup{s e T:s <t}

where ¢t € T. If p(t) # ¢, then t € T is called left scattered point. If p(t) = ¢, then ¢ € T is called
left dense point. A point ¢t € T is right scattered if o(t) # t and right dense if o(t) = ¢t. Moreover,

o(p(t)) = p(o(t)) =t, t €T (see [1]).
Consider the impulsive dynamic Dirac system defined by the formula

I'z=Xz, teJ=la,c)U(cb, (1)
with impulsive condition
z(e+) = Cz(c—), )
where J C T, A € C,

_ZQV +p(t)217
I'z:=
zlA + 7(t) 29,

Z1 d1 0
z = 5 C == )
z2 0 d2

dy,do are real numbers such that det C' = dyds > 0, p(.) and r(.) are real-valued functions defined
on J, and p(.), 7(.) € LL(T). Note that z(c+) and z(c—) represent right and left limits with respect
to the time scale, and in addition, the points a, b, c € J are left dense.

Remark1. The reason for choosing I' operator and (2) conditions in this way is to obtain a
self-adjoint operator.

Denote by H := L% (J ; CQ) the Hilbert space with the inner product

3)

c b
(. g = / (). g(t))ca At + 6 / (f(1), g(t))ca At,

. b
_ / G () F ()AL + 5 / (O F (DAL,

where f,g € H and § =
Theorem 1. Egq. (1)

didy’
with the conditions
z(c+,A) = Cz(c—, N), zi1(to,\) =c1, 25(to,\) = c2 4)

has a unique solution
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z1(t, )
z(t, ) =
(t ) <22 (t, )\))

in H.
Proof. Using the formula
A+ (o(t) = 1)(5)" = ()7 = 2, (5)
we obtain
o = A+ r(0)()” = A+ 1) (2 + (o) — (),
2y = (£)% = —(A 4 p(t)) 1.
Hence

2 = (0(t) = A+ p(O) A+ (1)) 21 + (A +7(1))25,

()2 = —(A +p(t))z1.

It follows from (6) that

(6)

where
2() = ()
)
and
H(t,\) = (‘(U(t)—t)()\+p(t))()\+r(t)) (>\+T(t))>
~(A (1) 0
Since

det[lo + (o(t) — t)H(t, \)]

:‘ L—(o(t) =’ A +p)A+r(®) (o) =) (A+7(t))
—(a(t) = t)(A +p(1)) 1

the matrix H (t, \) is regressive. By [11, Theorem 5.8], we infer that Eq. (1) has a unique solution
z(t, A) with initial conditions (4).
3. Construction of self-adjoint operator. Consider the sets

'750)

z1 and zo are A -absolutely
continuous on all subintervals of .J,
one-sided limits z; (ct) and z(ct) exist
and finite, z(c+) = Cz(c—) and 'z € H

Dpax =<8 z€H

Dijin = {2 € Dpax: 21(a) = 25(a) = z1(b) = 25(b) = 0}. (7

We define the maximal operator Ti,ax on Dyyay With the rule Ti,.2 = I'z. The operator Ty, that
is, the restriction of the operator Tinax to Dpin is called the minimal operator:

ISSN 1027-3190. Ykp. mam. scypn., 2023, m. 75, Ne 6
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For the functions u, v € Dy.x,we obtain the Green formula

b
/EKFUXﬂvv@Dcz—(UQ%(FUXﬂ)oﬁﬁt

= [u, v](b) = [u, v](c+) + [u, v)(c=) = [u, v](a), (®)

where

[u, 0] (£) = Wa (u, 0)(t) = ur (805 () — uh(t)or (1).

From (7) and (8), we obtain the following lemmas.
Lemma 1. The operator 1.y, is Hermitian.
Lemma 2. Let v € Dyax and u € Dyin. Then we have the following relation:

<Tminu7 U>H = (u, Tmaxv>7-l-

Lemma 3. Let us denote by Nul(T') and Ran(T') the null space and the range of an operator
T, respectively. Then we have

Ran (Tinin) = Nul ( maX)J‘.
Proof. Let & € Ran(Tiin). There exists u € Dpy such that Thnu = €. It follows from
Lemma 3 that, for each v € Nul(T}ax),

<£a >7—[ = < minU, U>’H = <u TmaX'U> =0,

i.e., Ran(Tinin) C Nul(Tiax) ™
For any given ¢ € Nul(Tjay)" and for all v € Nul(Tax), we have (€,v) = 0. Let us consider
the following problem:

(Tz)(t) =&(t), te o)
z(a) =0, xz(ct+,\) =Czx(c—,A).

It follows from Theorem 1 that the problem (9) has a unique solution on J. Let ®(t) =
(¢1(t), Pp2(t)) be the fundamental solution of the system

Txe=0, telJ,
D(b) = I, P(c+,A) =CP(c—, \).
It is clear that ¢; € Nul(T}ax) for 1 = 1,2. From (8), for i = 1,2, we conclude that

C

0= (€. di)n = /(f( 0) @Atw/ ())ca At

a

C

— [ (et au0) @Atw/ () st

a
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c b
- / o1 (t)(Dz) ()AL + 6 / ¢; (t)(Pz)(t) At

b
- [(wonyawa—s [(wo)wy s a

= [2,0i](b) + [z, ¢i](c—) = b[x, ¢i](c+) = b[x, di](a) = [z, Bil (D).

This implies that
[z,¢1](b) = —25(b) = 0, [z, ¢2](b) = 21(b) =0,
ie, £ € Ran(Thin)-

727

Theorem 2. The operator Ty is a densely defined operator and the operator Ty, is symmetric.

Furthermore, T}, = Tax-

Proof. Let € € Dmln
u(t) be any solution of the system

F'u=¢t), ted, ulct+,\)=Cu(c—,\).

It follows from (8) that

(u, @) — (& v H—/¢ At+5/¢

c b
- / U ()EDAL — 6 / oH(D)ED AL

c b
— [@or@uacts oy @uea
. b
- [emamae-s [vorana

From Lemma 4, we see that
u € Ran(Tin) ™ = Nul(Tnax).-

Thus, £ = 0, i.e., DX = {0}.

min

Let us denote by D? . the domain of the operator T, . Now, we will prove that D} ,

and T*. u = Tyaxu for all u € D*. . It follows from Lemma 3 that

min¥ min*
<U, Tminv>?-£ = (Tmaxuy v>7-la

ISSN 1027-3190. Ykp. mam. scypn., 2023, m. 75, Ne 6
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where u € Dy, and v € Dynax. Hence, the functional (u, Tiin(.))% is continuous on Diyyi, and
ve DX de., Dpax C DF

min’ min*

Now, we will show that D' . C Dpax. If u € D . then u, ¢ € H, where ¢ := T, u. Assume

min min’ min

that y is a solution of the equation

Ty = ¢. (10)

From Lemma 3, we deduce that

<¢7U>’H = <Tmaxyav>7-l = <y>Tmin'U>7-l-

Thus
<U, - Y, Tmin”)'H = <u7 Tminv>’H - <y; Tminv>'H = <T1;inu7 U)H - <¢7 U)H = 07
ie., u—y € Ran(Tjum)*t. By Lemma 4, we see that u — 3 € Nul(Tjax).

From (10), we conclude that I'u = I'y = ¢. Then we obtain T axu = ¢ = T
due to u, ¢ € H.

Now we define the operator 7" by T': D — H, where

iU and u € Dipax

ki1z1(a) + k1225 (a) = 0,
ko121 (CL) + kzgzg(a) =0,
where k;j;, i,j = 1,2, are real
numbers such that k%, + ki, # 0, k3, + k3, # 0

D=<2¢€Dpax:

From (8), we obtain the following theorem.

Theorem 3. The operator T is self-adjoint on H. Hence it has the following properties:
(1) all eigenvalues are real and simple,

(i1) the eigenfunctions corresponding to distinct eigenvalues are orthogonal.

4. Eigenfunction expansion. Consider the boundary-value problem

—zy +{=A+p(t)}z1 = ha(t), (11)
22 4 {=N (1)} 2o = ho(t), (12)
together with the conditions
k1121 (a) + k1228(a) = 0, (13)
21(c4) — dyz1(c—=) =0, (14)
z9(c+) — daza(c—) =0, (15)
ko121 (b) + kaaz8(b) = 0, (16)

where ¢t € J and
h.) = (hl(')> eH
)= ha() .

ISSN 1027-3190. Ykp. mam. scypn., 2023, m. 75, Ne 6
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()02(t> A
e1(t,A), tela,c),
¥1 (t7 )‘) =
golg(t, /\), t e (C, b],
wa1(t, ), t€la,c),
902(t7 >‘) =
gogg(t, )\), t e (C, b],
and
¢1 (t> )‘)
7A = ’
w(t ) (1/}2(157 A))
wll(ta /\), t e [a, C),
(] (t7 )‘) =
w12(ta /\)a le (C? b]v
w21(t, )\), t e [a, C),
¢2(t) )‘) =
{wm(t,)\), te (b,

two basic solutions of the problem (11), (12) which satisfy the initial conditions

—k12 —ka2
a\) = (b =
o(a. ) (_k> ¥(6.) (_k>

and both transmission conditions (14), (15). It is clear that

D(A) = =Wal(p,¥) = =Wa1(e11,%11) = —0Wa 2(p22, 122) # 0.

Then we have the following theorem.

Theorem 4. If D(\) # 0, then the nonhomogeneous boundary-value problem (11)—(15) has a

unique solution z(t, \) defined by the formula

Z(ta >‘) = <G(tv ) )‘)a h(')>7~la

where

teJ, (17

1 P, Nl (2,)), a<z<t<b t#c, z#c,

~ D)

Proof. From (17) and (18), we obtain

ISSN 1027-3190. Ykp. mam. scypn., 2023, m. 75, Ne 6
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1
(t,\) DY
and
1
Zz(t, )\) = W

BILENDER P. ALLAHVERDIEV, HUSEYIN TUNA

( t
Y11t ) / o11(z, \)hi(z) + p21(x, Nho(x)) Az

+p11(t,A) | (Yi(x, Ahi(z) + Y21 (z, A ha(x)) Az

a\

+o11(t, \) 5/ (V12(x, N hi(x) + o2 (x, Nha(z)) Az, t € [a,c),

19)
P12(t, A) / ©11(x, N hi(x) + @a1(x, N hox)) Az

+1b12(t, \) (5/ e12(x, A\)hi(x) + @2a(z, A)ha(x)) Az

ot ) / (122, NV (2) + oz, Vha(z) Az, ¢ € (e,D],

o (£, N) / (112 MV (2) + 91 (2, Ao (1)) A

+p21 (t, )\) /tc(dJll(I,)\)hl(:E) + 1/121(96,)\)h2(x))Az
o (t N6 / (122, Nha () + (2, Nha(2)) Az, £ € [ac),
; (20)
Yaa(t, N) [ (p11(z, Nhi(x) + p21(x, N)he(z)) Az

an(t, N)S / 12z, i () + 92a(, Nha(2)) Az

+<,mtm/ (12, i () + thaa(r, Nha(2)) Az, € (c,b].

It follows from (19) that

DV s

t
Pt A) / 11(z, N hi(x) + w21 (z, N ho(x)) A
o () / (12, Mo (@) + o (2, ha(2)) Az
t

b
NI / (12, i (2) + thaa(, \ho(z)) A
1 +Wa 1 (¥, 0)(o(t))ha(t), tE€[a,c),

c(@n(% Mhi(x) + p21(x, N he(x)) Az
bt ) t(sou(x, N () + paale, Mhae))Aa

S

TRt \)0 / (1o, N (z >+¢22<w Mha(z)) Az
+6WA,2(¢790)( ())hQ(t)7 (C7 b]v

ISSN 1027-3190. Ykp. mam. oscypn., 2023, m. 75, Ne 6
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(A= (&)} (L, \) / (1@, M (2) + pn1 (2, Ao (2)) A

e

HA = r()} et A)/ (Y11 (@, A)ha () + o1 (, Nha(2)) Az

= () g (1 A / (ra()hn () + Poa(r, Nha(z)) Az
+h2( ), tela,c),

(0= r(6) (1, A) / (11(2 Mha () + o1 (2, Mha () Az
A= (6) Jaa(t, N6 / p12(, Vb1 (2) + o (i, A ha(z)) Az

A= (D)t N / o /\)hl( ) + Yaa(z, Nha(z)) Az
+ha(t), € (e, 0],

={X—r(t)}za(t,\) + ha(t).

By (20), we have

={=A+p®)iat,A) -

\

56 ) / (112 MVha () + o1 (2, Ao (2)) A
%1, ) / (11, N (2) + o (22, o (2)) At

+oY (8, 0) 5/ (ra(2, A)ha () + a2, Mo (2)) Az
+Wai(e,¥)hi(t), te€a,c),
ATEY / (1@ MV (2) + o1 (2, Ao (2)) A

‘H,DQQ t )\ (5/ (p12 x, )\)hl( )+(P22(£17 A)hQ( ))A

o5t N / (12, ha () + (i, ha(2)) A
+6Wa (e, v)hi(t), te (cb],

{=A+p)}n(t, A)/ (p11(x, Mha(z) + p21(z, \)he(2)) Az

H=A+p(t)Fp11(t, A) /c(%l(fﬂa MNhi(z) + 21 (z, \)he(x)) Az

t
b

H{=A+p(t)}p11(t, A)d
FWaa (. 0)hu (1),
{=A +P(f)}¢12(ta>\)/ (p11(z, Mha(z) + p21(x, A he(x)) Az

t € la,c),

AT Ot 8 [ (pra(e, W) + ol Wa ()

+H =X+ p(t) }p12(t, N)o i
+Wa2(p,¥)ha(t),

ha(t).

€ (¢, bl,

ISSN 1027-3190. Ykp. mam. scypn., 2023, m. 75, Ne 6
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b
/ (th1a(, Nha (2) + tas(, Nha(2)) A
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One proves that (17) satisfies the conditions (13)—(16).
Without loss of generality, we can assume that A = 0 is not an eigenvalue. Then we obtain

1 [v®)eT(x), a<z<t<b t#c z#c,
G(t,r) = ——

ey
DO) | ()T (z), a<t<az<b t#c z#ec

Definition 1. A matrix-valued function M (t,x) of two variables with a < t, v < b is called the

A-Hilbert— Schmidt kernel if
b

b
// IM(t, 2)|PAt Az < +oo.

a

Theorem 5. G(t,x) defined by (21) is a A-Hilbert—Schmidt kernel.
Proof. By virtue of (21), we see that

b t
/At/ 1G (L, 2)|2Az < +oo

and
b b
/At/\G(t, z)||*PAz < +oo,
a t

since the inner integral exists and is a linear combination of the products ¢1;(x)or(t), i,k = 1,2,
and these products belong to H x H because each of the factors belongs to . Hence

b

b
// 1G (L, 2)|2AtAz < +oo. (22)

a

Now, we need the following theorem.
Theorem 6 [28]. If

o0
> lail? < +oo, (23)
i,k=1

then the operator A defined by the formula

A{zi}y = {yi}, (24)

where
0o
yizzaikl‘ky i:1a2737"'7
k=1

is compact in the sequence space 1.

ISSN 1027-3190. Ykp. mam. oscypn., 2023, m. 75, Ne 6
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Theorem 7. The operator R defined as

(Rh)(t) = (G(t,.), h())n, e,

is compact and self-adjoint.
Proof. Let u,v € H and let ¥; = W,(s), i = 1,2,3,..., be a complete, orthonormal basis of
‘H. Then we can define

c b
5= {0 W = [0, WOt +5 [ (ut), Bio)et,
= (o 0 = [ wl0), <C2At—l-5/ )AL,

a

G = / / (Gt 2) (1), Up(t))ca Az AL

b b
+52//(G(t,x)\p,»(t),\Ifk(t))chxAt, ik=1,2,3,...,

due to G(t, z) is a Hilbert — Schmidt kernel. The space  is mapped isometrically into /2. Consequently,
our integral operator R transforms into the operator A defined by the formula (24) in the space [°
by this mapping, and the condition (22) is translated into the condition (23). By Theorem 5, A is
compact. Therefore, the original operator R is compact.

Now, we shall prove that R is self-adjoint. Since G(z,t) = GT(t,z) and G(t,x) is a real
matrix-valued function defined on J x J, we infer that

C

b
(Ru, v}y = / (Ru)(®), o(t))c2 At + 6 / ((Ru) (1), (1)) c2 At

/Gtm x) Az, v(t) At+52/ /bG r)Az,v(t) | At

c (CQ

c b
,/GT(t,x)v(t) t A:c—|—52/(u GT (t,z)v(t)At | Ax

C2
,/G(x,t)v(t)At Ax
a c2?

b b
+52/ u(a:),/G(a:,t)v(t)At Az = (u, Rv)y

(CQ

ISSN 1027-3190. Ykp. mam. scypn., 2023, m. 75, Ne 6
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Theorem 8. The eigenvalues of the operator T form an infinite sequence {\,}°° of real
numbers which can be ordered such that

Al <A <...<|A\|<...—= 00 as n— oo

The set of all normalized eigenfunctions of T’ forms an orthonormal basis for the space H and for
z€H, Rz=h, Th=2z2, Txn = AnXn, n =1,2,3,..., the eigenfunction expansion formula

Th=> Anlh, Xn)rXn

n=1

is valid.
Proof. 1t follows from Theorem 6 and the Hilbert—Schmidt theorem (see [18]) that R has an
infinite sequence of non-zero real eigenvalues {£,,}°° ; with

lim &, = 0.
n—oo
Then
1
Anll = — — o0 as n — oo.
[1€nll

Furthermore, let {x,}°°; denote an orthonormal set of eigenfunctions corresponding to {&,}5° ;.
Thus we have z € H, Rz =h, Th =2, Txn = AnXn, n =1,2,3,..., and

0o 00
z2=Th= Z<Z>XH>HXTL = Z(Th»XnMXn
n=1

n=1

= Z<h7TXn>HXn = Z An Py X )1 Xn-
n=1

n=1

On behalf of all authors, the corresponding author states that there is no conflict of interest.
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