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IMPULSIVE DIRAC SYSTEM ON TIME SCALES

IМПУЛЬСНА СИСТЕМА ДIРАКА НА ЧАСОВИХ ШКАЛАХ

We consider an impulsive Dirac system on Sturmian time scales. An existence theorem is given for this system. А maximal,
minimal and self-adjoint operators generated by the impulsive dynamic Dirac system are constructed. We also construct
the Green function for this problem. Finally, an eigenfunction expansion is obtained.

Розглядається iмпульсна система Дiрака на часових шкалах Штурма. Наведено теорему iснування для цiєї систе-
ми. Побудовано максимальний, мiнiмальний та самоспряжений оператори, що породженi iмпульсною динамiчною
системою Дiрака, а також функцiю Грiна для цiєї задачi. Насамкiнець отримано розклад за власними функцiями.

1. Introduction. Dirac systems received extensive studies in the last century [21, 34, 35]. These
systems provide a natural description of the electron spin, predict the existence of antimatter, and can
reproduce accurately the spectrum of the hydrogen atom.

Impulsive differential equations arise as the mathematical modeling of various areas of science.
For example, population dynamics, economics, optimal control, and chemotherapy. It is well-known
that these equations serve as basic models to study the dynamics of processes that are subject to
sudden changes in their states. Recently, these equations have been studied by several authors (see
[22 – 27, 29, 33]).

On the other hand, the theory of dynamic equations aims to unify continuous-time and discrete-
time equations. Dynamic equations have become a very active area of research (see [4 – 7, 11, 12,
14 – 16, 30, 31]). Therefore the idea to apply the time scale analysis to the investigation of the Dirac
system looks natural and the results could be of interest. To our best knowledge, although there are
some results for the impulsive Dirac problems [10, 13, 19], there are not any results on the impulsive
dynamic Dirac system. In this paper, we investigate some properties of this system, so we will unify
the discrete impulsive Dirac system [9, 20] and continuous impulsive Dirac system [2, 3, 8, 17, 32].

This paper is organized as follows. In the second section, an existence and uniqueness theorem
for the impulsive dynamic Dirac system is proved. In the third section, a maximal, minimal and
self-adjoint operators is constructed. Finally, we construct the Green function for this problem and an
eigenfunction expansion is given in the last section.
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2. Impulsive Dirac system on Sturmian time scales. Let \BbbT be a Sturmian time scale. We define
the jump operators \sigma , \rho : \BbbT \rightarrow \BbbT by

\sigma (t) = \mathrm{i}\mathrm{n}\mathrm{f}\{ s \in \BbbT : s > t\} 

and
\rho (t) = \mathrm{s}\mathrm{u}\mathrm{p}\{ s \in \BbbT : s < t\} ,

where t \in \BbbT . If \rho (t) \not = t, then t \in \BbbT is called left scattered point. If \rho (t) = t, then t \in \BbbT is called
left dense point. A point t \in \BbbT is right scattered if \sigma (t) \not = t and right dense if \sigma (t) = t. Moreover,
\sigma (\rho (t)) = \rho (\sigma (t)) = t, t \in \BbbT (see [1]).

Consider the impulsive dynamic Dirac system defined by the formula

\Gamma z = \lambda z, t \in J = [a, c) \cup (c, b], (1)

with impulsive condition

z(c+) = Cz(c - ), (2)

where J \subset \BbbT , \lambda \in \BbbC ,

\Gamma z :=

\left\{    - z\nabla 2 + p(t)z1,

z\Delta 1 + r(t)z2,

z =

\Biggl( 
z1

z2

\Biggr) 
, C =

\Biggl( 
d1 0

0 d2

\Biggr) 
,

(3)

d1, d2 are real numbers such that \mathrm{d}\mathrm{e}\mathrm{t}C = d1d2 > 0, p(.) and r(.) are real-valued functions defined
on J, and p(.), r(.) \in L1

\Delta (\BbbT ). Note that z(c+) and z(c - ) represent right and left limits with respect
to the time scale, and in addition, the points a, b, c \in J are left dense.

Remark 1. The reason for choosing \Gamma operator and (2) conditions in this way is to obtain a
self-adjoint operator.

Denote by \scrH := L2
\Delta 

\bigl( 
J ;\BbbC 2

\bigr) 
the Hilbert space with the inner product

\langle f, g\rangle \scrH :=

c\int 
a

(f(t), g(t))\BbbC 2\Delta t+ \delta 

b\int 
c

(f(t), g(t))\BbbC 2\Delta t,

=

c\int 
a

g\ast (t)f(t)\Delta t+ \delta 

b\int 
c

g\ast (t)f(t)\Delta t,

where f, g \in \scrH and \delta =
1

d1d2
.

Theorem 1. Eq. (1) with the conditions

z(c+, \lambda ) = Cz(c - , \lambda ), z1(t0, \lambda ) = c1, z\rho 2(t0, \lambda ) = c2 (4)

has a unique solution
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IMPULSIVE DIRAC SYSTEM ON TIME SCALES 725

z(t, \lambda ) =

\Biggl( 
z1(t, \lambda )

z2(t, \lambda )

\Biggr) 
in \scrH .

Proof. Using the formula

z\rho 2 + (\sigma (t) - t)(z\rho 2)
\Delta 
= (z\rho 2)

\sigma 
= z2, (5)

we obtain

z\Delta 1 = (\lambda + r(t))(z\rho 2)
\sigma 
= (\lambda + r(t))

\Bigl( 
z\rho 2 + (\sigma (t) - t)(z\rho 2)

\Delta 
\Bigr) 
,

z\nabla 2 = (z\rho 2)
\Delta 
=  - (\lambda + p(t))z1.

Hence

z\Delta 1 = (\sigma (t) - t)(\lambda + p(t))(\lambda + r(t))z1 + (\lambda + r(t))z\rho 2 ,

(z\rho 2)
\Delta 
=  - (\lambda + p(t))z1.

(6)

It follows from (6) that
(\widehat z(t))\Delta = H(t, \lambda )\widehat z(t),

where

\widehat z(t) = \Biggl( z1
z\rho 2

\Biggr) 
,

and

H(t, \lambda ) :=

\Biggl( 
 - (\sigma (t) - t)(\lambda + p(t))(\lambda + r(t)) (\lambda + r(t))

 - (\lambda + p(t)) 0

\Biggr) 
.

Since

\mathrm{d}\mathrm{e}\mathrm{t}[I2 + (\sigma (t) - t)H(t, \lambda )]

=

\bigm| \bigm| \bigm| \bigm| \bigm| 1 - (\sigma (t) - t)2(\lambda + p(t))(\lambda + r(t)) (\sigma (t) - t)(\lambda + r(t))

 - (\sigma (t) - t)(\lambda + p(t)) 1

\bigm| \bigm| \bigm| \bigm| \bigm| \not = 0,

the matrix H(t, \lambda ) is regressive. By [11, Theorem 5.8], we infer that Eq. (1) has a unique solution
z(t, \lambda ) with initial conditions (4).

3. Construction of self-adjoint operator. Consider the sets

D\mathrm{m}\mathrm{a}\mathrm{x} =

\left\{       z \in \scrH :

z1 and z2 are \Delta -absolutely
continuous on all subintervals of J,

one-sided limits z1(c\pm ) and z2(c\pm ) exist
and finite, z(c+) = Cz(c - ) and \Gamma z \in \scrH 

\right\}       ,
D\mathrm{m}\mathrm{i}\mathrm{n} = \{ z \in D\mathrm{m}\mathrm{a}\mathrm{x} : z1(a) = z\rho 2(a) = z1(b) = z\rho 2(b) = 0\} . (7)

We define the maximal operator T\mathrm{m}\mathrm{a}\mathrm{x} on D\mathrm{m}\mathrm{a}\mathrm{x} with the rule T\mathrm{m}\mathrm{a}\mathrm{x}z = \Gamma z. The operator T\mathrm{m}\mathrm{i}\mathrm{n}, that
is, the restriction of the operator T\mathrm{m}\mathrm{a}\mathrm{x} to D\mathrm{m}\mathrm{i}\mathrm{n} is called the minimal operator.
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For the functions u, v \in D\mathrm{m}\mathrm{a}\mathrm{x},we obtain the Green formula

b\int 
a

[((\Gamma u)(t), v(t))\BbbC 2  - (u(t), (\Gamma v)(t))\BbbC 2 ]\Delta t

= [u, v](b) - [u, v](c+) + [u, v](c - ) - [u, v](a), (8)

where
[u, v](t) =W\Delta (u, v)(t) := u1(t)v

\rho 
2(t) - u\rho 2(t)v1(t).

From (7) and (8), we obtain the following lemmas.
Lemma 1. The operator T\mathrm{m}\mathrm{i}\mathrm{n} is Hermitian.
Lemma 2. Let v \in D\mathrm{m}\mathrm{a}\mathrm{x} and u \in D\mathrm{m}\mathrm{i}\mathrm{n}. Then we have the following relation:

\langle T\mathrm{m}\mathrm{i}\mathrm{n}u, v\rangle \scrH = \langle u, T\mathrm{m}\mathrm{a}\mathrm{x}v\rangle \scrH .

Lemma 3. Let us denote by \mathrm{N}\mathrm{u}\mathrm{l}(T ) and \mathrm{R}\mathrm{a}\mathrm{n}(T ) the null space and the range of an operator
T, respectively. Then we have

\mathrm{R}\mathrm{a}\mathrm{n} (T\mathrm{m}\mathrm{i}\mathrm{n}) = \mathrm{N}\mathrm{u}\mathrm{l} (T\mathrm{m}\mathrm{a}\mathrm{x})
\bot .

Proof. Let \xi \in \mathrm{R}\mathrm{a}\mathrm{n}(T\mathrm{m}\mathrm{i}\mathrm{n}). There exists u \in D\mathrm{m}\mathrm{i}\mathrm{n} such that T\mathrm{m}\mathrm{i}\mathrm{n}u = \xi . It follows from
Lemma 3 that, for each v \in \mathrm{N}\mathrm{u}\mathrm{l}(T\mathrm{m}\mathrm{a}\mathrm{x}),

\langle \xi , v\rangle \scrH = \langle T\mathrm{m}\mathrm{i}\mathrm{n}u, v\rangle \scrH = \langle u, T\mathrm{m}\mathrm{a}\mathrm{x}v\rangle \scrH = 0,

i.e., \mathrm{R}\mathrm{a}\mathrm{n}(T\mathrm{m}\mathrm{i}\mathrm{n}) \subset \mathrm{N}\mathrm{u}\mathrm{l}(T\mathrm{m}\mathrm{a}\mathrm{x})
\bot .

For any given \xi \in \mathrm{N}\mathrm{u}\mathrm{l}(T\mathrm{m}\mathrm{a}\mathrm{x})
\bot and for all v \in \mathrm{N}\mathrm{u}\mathrm{l}(T\mathrm{m}\mathrm{a}\mathrm{x}), we have (\xi , v) = 0. Let us consider

the following problem:

(\Gamma x)(t) = \xi (t), t \in J,

\widehat x(a) = 0, x(c+, \lambda ) = Cx(c - , \lambda ).
(9)

It follows from Theorem 1 that the problem (9) has a unique solution on J. Let \Phi (t) =

(\phi 1(t), \phi 2(t)) be the fundamental solution of the system

\Gamma x = 0, t \in J,

\widehat \Phi (b) = I2, \Phi (c+, \lambda ) = C\Phi (c - , \lambda ).

It is clear that \phi i \in \mathrm{N}\mathrm{u}\mathrm{l}(T\mathrm{m}\mathrm{a}\mathrm{x}) for 1 = 1, 2. From (8), for i = 1, 2, we conclude that

0 = \langle \xi , \phi i\rangle \scrH =

c\int 
a

(\xi (t), \phi i(t))\BbbC 2\Delta t+ \delta 

b\int 
c

(\xi (t), \phi i(t))\BbbC 2\Delta t

=

c\int 
a

(\xi (t), \phi i(t))\BbbC 2\Delta t+ \delta 

b\int 
c

(\xi (t), \phi i(t))\BbbC 2\Delta t
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=

c\int 
a

\phi \ast i (t)(\Gamma x)(t)\Delta t+ \delta 

b\int 
c

\phi \ast i (t)(\Gamma x)(t)\Delta t

 - 
c\int 

a

((\Gamma \phi i)(t))
\ast x(t) dt - \delta 

b\int 
c

((\Gamma \phi i)(t))
\ast x(t) dt

= [x, \phi i](b) + [x, \phi i](c - ) - \delta [x, \phi i](c+) - \delta [x, \phi i](a) = [x, \phi i](b).

This implies that
[x, \phi 1](b) =  - x\rho 2(b) = 0, [x, \phi 2](b) = x1(b) = 0,

i.e., \xi \in \mathrm{R}\mathrm{a}\mathrm{n}(T\mathrm{m}\mathrm{i}\mathrm{n}).

Theorem 2. The operator T\mathrm{m}\mathrm{i}\mathrm{n} is a densely defined operator and the operator T\mathrm{m}\mathrm{i}\mathrm{n} is symmetric.
Furthermore, T \ast 

\mathrm{m}\mathrm{i}\mathrm{n} = T\mathrm{m}\mathrm{a}\mathrm{x}.

Proof. Let \xi \in D\bot 
\mathrm{m}\mathrm{i}\mathrm{n}. Then we have \langle \xi , v\rangle \scrH = 0 for all v \in D\mathrm{m}\mathrm{i}\mathrm{n}. Define T\mathrm{m}\mathrm{i}\mathrm{n}v(t) = \phi (t). Let

u(t) be any solution of the system

\Gamma u = \xi (t), t \in J, u(c+, \lambda ) = Cu(c - , \lambda ).

It follows from (8) that

\langle u, \phi \rangle \scrH  - \langle \xi , v\rangle \scrH =

c\int 
a

\phi \ast (t)u(t)\Delta t+ \delta 

b\int 
c

\phi \ast (t)u(t)\Delta t

 - 
c\int 

a

v\ast (t)\xi (t)\Delta t - \delta 

b\int 
c

v\ast (t)\xi (t)\Delta t

=

c\int 
a

(\Gamma v)\ast (t)u(t)\Delta t+ \delta 

b\int 
c

(\Gamma v)\ast (t)(t)u(t)\Delta t

 - 
c\int 

a

v\ast (t)(\Gamma u)(t)\Delta t - \delta 

b\int 
c

v\ast (t)(\Gamma u)(t)\Delta t

=  - [v, u](a) - [v, u](c - ) + [v, u](c+) + [v, u](b) = 0.

From Lemma 4, we see that
u \in \mathrm{R}\mathrm{a}\mathrm{n}(T\mathrm{m}\mathrm{i}\mathrm{n})

\bot = \mathrm{N}\mathrm{u}\mathrm{l}(T\mathrm{m}\mathrm{a}\mathrm{x}).

Thus, \xi = 0, i.e., D\bot 
\mathrm{m}\mathrm{i}\mathrm{n} = \{ 0\} .

Let us denote by D\ast 
\mathrm{m}\mathrm{i}\mathrm{n} the domain of the operator T \ast 

\mathrm{m}\mathrm{i}\mathrm{n}. Now, we will prove that D\ast 
\mathrm{m}\mathrm{i}\mathrm{n} = D\mathrm{m}\mathrm{a}\mathrm{x}

and T \ast 
\mathrm{m}\mathrm{i}\mathrm{n}u = T\mathrm{m}\mathrm{a}\mathrm{x}u for all u \in D\ast 

\mathrm{m}\mathrm{i}\mathrm{n}. It follows from Lemma 3 that

\langle u, T\mathrm{m}\mathrm{i}\mathrm{n}v\rangle \scrH = \langle T\mathrm{m}\mathrm{a}\mathrm{x}u, v\rangle \scrH ,
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where u \in D\mathrm{m}\mathrm{i}\mathrm{n} and v \in D\mathrm{m}\mathrm{a}\mathrm{x}. Hence, the functional \langle u, T\mathrm{m}\mathrm{i}\mathrm{n}(.)\rangle \scrH is continuous on D\mathrm{m}\mathrm{i}\mathrm{n} and
v \in D\ast 

\mathrm{m}\mathrm{i}\mathrm{n}, i.e., D\mathrm{m}\mathrm{a}\mathrm{x} \subset D\ast 
\mathrm{m}\mathrm{i}\mathrm{n}.

Now, we will show that D\ast 
\mathrm{m}\mathrm{i}\mathrm{n} \subset D\mathrm{m}\mathrm{a}\mathrm{x}. If u \in D\ast 

\mathrm{m}\mathrm{i}\mathrm{n}, then u, \phi \in \scrH , where \phi := T \ast 
\mathrm{m}\mathrm{i}\mathrm{n}u. Assume

that y is a solution of the equation

\Gamma y = \phi . (10)

From Lemma 3, we deduce that

\langle \phi , v\rangle \scrH = \langle T\mathrm{m}\mathrm{a}\mathrm{x}y, v\rangle \scrH = \langle y, T\mathrm{m}\mathrm{i}\mathrm{n}v\rangle \scrH .

Thus
\langle u - y, T\mathrm{m}\mathrm{i}\mathrm{n}v\rangle \scrH = \langle u, T\mathrm{m}\mathrm{i}\mathrm{n}v\rangle \scrH  - \langle y, T\mathrm{m}\mathrm{i}\mathrm{n}v\rangle \scrH = \langle T \ast 

\mathrm{m}\mathrm{i}\mathrm{n}u, v\rangle \scrH  - \langle \phi , v\rangle \scrH = 0,

i.e., u - y \in \mathrm{R}\mathrm{a}\mathrm{n}(T\mathrm{m}\mathrm{i}\mathrm{n})
\bot . By Lemma 4, we see that u - y \in \mathrm{N}\mathrm{u}\mathrm{l}(T\mathrm{m}\mathrm{a}\mathrm{x}).

From (10), we conclude that \Gamma u = \Gamma y = \phi . Then we obtain T\mathrm{m}\mathrm{a}\mathrm{x}u = \phi = T \ast 
\mathrm{m}\mathrm{i}\mathrm{n}u and u \in D\mathrm{m}\mathrm{a}\mathrm{x}

due to u, \phi \in \scrH .
Now we define the operator T by T : D \rightarrow \scrH , where

D =

\left\{       z \in D\mathrm{m}\mathrm{a}\mathrm{x} :

k11z1(a) + k12z
\rho 
2(a) = 0,

k21z1(a) + k22z
\rho 
2(a) = 0,

where kij , i, j = 1, 2, are real
numbers such that k211 + k212 \not = 0, k221 + k222 \not = 0

\right\}       .
From (8), we obtain the following theorem.
Theorem 3. The operator T is self-adjoint on \scrH . Hence it has the following properties:
(i) all eigenvalues are real and simple,
(ii) the eigenfunctions corresponding to distinct eigenvalues are orthogonal.

4. Eigenfunction expansion. Consider the boundary-value problem

 - z\nabla 2 + \{  - \lambda + p(t)\} z1 = h1(t), (11)

z\Delta 1 + \{  - \lambda + r(t)\} z2 = h2(t), (12)

together with the conditions

k11z1(a) + k12z
\rho 
2(a) = 0, (13)

z1(c+) - d1z1(c - ) = 0, (14)

z2(c+) - d2z2(c - ) = 0, (15)

k21z1(b) + k22z
\rho 
2(b) = 0, (16)

where t \in J and

h(.) =

\Biggl( 
h1(.)

h2(.)

\Biggr) 
\in \scrH .

Denote by
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\varphi (t, \lambda ) =

\Biggl( 
\varphi 1(t, \lambda )

\varphi 2(t, \lambda )

\Biggr) 
,

\varphi 1(t, \lambda ) =

\left\{   \varphi 11(t, \lambda ), t \in [a, c),

\varphi 12(t, \lambda ), t \in (c, b],

\varphi 2(t, \lambda ) =

\left\{   \varphi 21(t, \lambda ), t \in [a, c),

\varphi 22(t, \lambda ), t \in (c, b],

and

\psi (t, \lambda ) =

\Biggl( 
\psi 1(t, \lambda )

\psi 2(t, \lambda )

\Biggr) 
,

\psi 1(t, \lambda ) =

\left\{   \psi 11(t, \lambda ), t \in [a, c),

\psi 12(t, \lambda ), t \in (c, b],

\psi 2(t, \lambda ) =

\left\{   \psi 21(t, \lambda ), t \in [a, c),

\psi 22(t, \lambda ), t \in (c, b],

two basic solutions of the problem (11), (12) which satisfy the initial conditions

\varphi (a, \lambda ) =

\Biggl( 
 - k12
 - k11

\Biggr) 
, \psi (b, \lambda ) =

\Biggl( 
 - k22
 - k21

\Biggr) 

and both transmission conditions (14), (15). It is clear that

D(\lambda ) =  - W\Delta (\varphi ,\psi ) =  - W\Delta ,1(\varphi 11, \psi 11) =  - \delta W\Delta ,2(\varphi 22, \psi 22) \not = 0.

Then we have the following theorem.

Theorem 4. If D(\lambda ) \not = 0, then the nonhomogeneous boundary-value problem (11) – (15) has a
unique solution z(t, \lambda ) defined by the formula

z(t, \lambda ) = \langle G(t, ., \lambda ), h(.)\rangle \scrH , t \in J, (17)

where

G(t, x, \lambda ) =
1

D(\lambda )

\left\{   \psi (t, \lambda )\varphi 
T (x, \lambda ), a \leq x \leq t \leq b, t \not = c, x \not = c,

\varphi (t, \lambda )\psi T (x, \lambda ), a \leq t \leq x \leq b, t \not = c, x \not = c.
(18)

Proof. From (17) and (18), we obtain
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z1(t, \lambda ) =
1

D(\lambda )

\left\{                                       

\psi 11(t, \lambda )

\int t

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2(x))\Delta x

+\varphi 11(t, \lambda )

\int c

t
(\psi 11(x, \lambda )h1(x) + \psi 21(x, \lambda )h2(x))\Delta x

+\varphi 11(t, \lambda )\delta 

\int b

c
(\psi 12(x, \lambda )h1(x) + \psi 22(x, \lambda )h2(x))\Delta x, t \in [a, c),

\psi 12(t, \lambda )

\int c

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2x))\Delta x

+\psi 12(t, \lambda )\delta 

\int t

c
(\varphi 12(x, \lambda )h1(x) + \varphi 22(x, \lambda )h2(x))\Delta x

+\varphi 12(t, \lambda )\delta 

\int b

t
(\psi 12(x, \lambda )h1(x) + \psi 22(x, \lambda )h2(x))\Delta x, t \in (c, b],

(19)

and

z2(t, \lambda ) =
1

D(\lambda )

\left\{                                       

\psi 21(t, \lambda )

\int t

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2(x))\Delta x

+\varphi 21(t, \lambda )

\int c

t
(\psi 11(x, \lambda )h1(x) + \psi 21(x, \lambda )h2(x))\Delta x

+\varphi 21(t, \lambda )\delta 

\int b

c
(\psi 12(x, \lambda )h1(x) + \psi 22(x, \lambda )h2(x))\Delta x, t \in [a, c),

\psi 22(t, \lambda )

\int c

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2(x))\Delta x

+\psi 22(t, \lambda )\delta 

\int t

c
(\varphi 12(x, \lambda )h1(x) + \varphi 22(x, \lambda )h2(x))\Delta x

+\varphi 22(t, \lambda )\delta 

\int b

t
(\psi 12(x, \lambda )h1(x) + \psi 22(x, \lambda )h2(x))\Delta x, t \in (c, b].

(20)

It follows from (19) that

z\Delta 1 (t, \lambda ) =
1

D(\lambda )

\left\{                                               

\psi \Delta 
11(t, \lambda )

\int t

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2(x))\Delta x

+\varphi \Delta 
11(t, \lambda )

\int c

t
(\psi 11(x, \lambda )h1(x) + \psi 21(x, \lambda )h2(x))\Delta x

+\varphi \Delta 
11(t, \lambda )\delta 

\int b

c
(\psi 12(x, \lambda )h1(x) + \psi 22(x, \lambda )h2(x))\Delta x

+W\Delta ,1(\psi ,\varphi )(\sigma (t))h2(t), t \in [a, c),

\psi \Delta 
12(t, \lambda )

\int c

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2(x))\Delta x

+\psi \Delta 
12(t, \lambda )\delta 

\int t

c
(\varphi 12(x, \lambda )h1(x) + \varphi 22(x, \lambda )h2(x))\Delta x

+\varphi \Delta 
12(t, \lambda )\delta 

\int b

t
(\psi 12(x, \lambda )h1(x) + \psi 22(x, \lambda )h2(x))\Delta x

+\delta W\Delta ,2(\psi ,\varphi )(\sigma (t))h2(t), t \in (c, b],
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=
1

D(\lambda )

\left\{                                               

\{ \lambda  - r(t)\} \psi 21(t, \lambda )

\int t

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2(x))\Delta x

+\{ \lambda  - r(t)\} \varphi 21(t, \lambda )

\int c

t
(\psi 11(x, \lambda )h1(x) + \psi 21(x, \lambda )h2(x))\Delta x

+\{ \lambda  - r(t)\} \varphi 21(t, \lambda )\delta 

\int b

c
(\psi 12(x)h1(x) + \psi 22(x, \lambda )h2(x))\Delta x

+h2(t), t \in [a, c),

\{ \lambda  - r(t)\} \psi 22(t, \lambda )

\int t

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2(x))\Delta x

+\{ \lambda  - r(t)\} \psi 22(t, \lambda )\delta 

\int t

c
(\varphi 12(x, \lambda )h1(x) + \varphi 22(x, \lambda )h2(x))\Delta x

+\{ \lambda  - r(t)\} \varphi 22(t, \lambda )\delta 

\int b

t
(\psi 12(x, \lambda )h1(x) + \psi 22(x, \lambda )h2(x))\Delta x

+h2(t), t \in (c, b],

= \{ \lambda  - r(t)\} z2(t, \lambda ) + h2(t).

By (20), we have

z\nabla 2 (t, \lambda ) =
1

D(\lambda )

\left\{                                               

\psi \nabla 
21(t, \lambda )

\int t

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2(x))\Delta x

+\varphi \nabla 
21(t, \lambda )

\int c

t
(\psi 11(x, \lambda )h1(x) + \psi 21(x, \lambda )h2(x))\Delta x

+\varphi \nabla 
21(t, \lambda )\delta 

\int b

c
(\psi 12(x, \lambda )h1(x) + \psi 22(x, \lambda )h2(x))\Delta x

+W\Delta ,1(\varphi ,\psi )h1(t), t \in [a, c),

\psi \nabla 
22(t, \lambda )

\int c

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2(x))\Delta x

+\psi \nabla 
22(t, \lambda )\delta 

\int t

c
(\varphi 12(x, \lambda )h1(x) + \varphi 22(x, \lambda )h2(x))\Delta x

+\varphi \nabla 
22(t, \lambda )\delta 

\int b

t
(\psi 12(x, \lambda )h1(x) + \psi 22(x, \lambda )h2(x))\Delta x

+\delta W\Delta ,2(\varphi ,\psi )h1(t), t \in (c, b],

=
1

D(\lambda )

\left\{                                               

\{  - \lambda + p(t)\} \psi 11(t, \lambda )

\int t

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2(x))\Delta x

+\{  - \lambda + p(t)\} \varphi 11(t, \lambda )

\int c

t
(\psi 11(x, \lambda )h1(x) + \psi 21(x, \lambda )h2(x))\Delta x

+\{  - \lambda + p(t)\} \varphi 11(t, \lambda )\delta 

\int b

c
(\psi 12(x, \lambda )h1(x) + \psi 22(x, \lambda )h2(x))\Delta x

+W\Delta ,1(\varphi ,\psi )h1(t), t \in [a, c),

\{  - \lambda + p(t)\} \psi 12(t, \lambda )

\int c

a
(\varphi 11(x, \lambda )h1(x) + \varphi 21(x, \lambda )h2(x))\Delta x

+\{  - \lambda + p(t)\} \psi 12(t, \lambda )\delta 

\int t

c
(\varphi 12(x, \lambda )h1(x) + \varphi 22(x, \lambda )h2(x)\Delta x

+\{  - \lambda + p(t)\} \varphi 12(t, \lambda )\delta 

\int b

t
(\psi 12(x, \lambda )h1(x) + \psi 22(x, \lambda )h2(x))\Delta x

+\delta W\Delta ,2(\varphi ,\psi )h1(t), t \in (c, b],

= \{  - \lambda + p(t)\} z1(t, \lambda ) - h1(t).
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One proves that (17) satisfies the conditions (13) – (16).
Without loss of generality, we can assume that \lambda = 0 is not an eigenvalue. Then we obtain

G(t, x) =
1

D(0)

\left\{   \psi (t)\varphi 
T (x), a \leq x \leq t \leq b, t \not = c, x \not = c,

\varphi (t)\psi T (x), a \leq t \leq x \leq b, t \not = c, x \not = c.
(21)

Definition 1. A matrix-valued function M(t, x) of two variables with a \leq t, x \leq b is called the
\Delta -Hilbert – Schmidt kernel if

b\int 
a

b\int 
a

\| M(t, x)\| 2\Delta t\Delta x < +\infty .

Theorem 5. G(t, x) defined by (21) is a \Delta -Hilbert – Schmidt kernel.

Proof. By virtue of (21), we see that

b\int 
a

\Delta t

t\int 
a

\| G(t, x)\| 2\Delta x < +\infty 

and
b\int 

a

\Delta t

b\int 
t

\| G(t, x)\| 2\Delta x < +\infty ,

since the inner integral exists and is a linear combination of the products \varphi 1i(x)\psi 2k(t), i, k = 1, 2,

and these products belong to \scrH \times \scrH because each of the factors belongs to \scrH . Hence

b\int 
a

b\int 
a

\| G(t, x)\| 2\Delta t\Delta x < +\infty . (22)

Now, we need the following theorem.
Theorem 6 [28]. If

\infty \sum 
i,k=1

\| aik\| 2 < +\infty , (23)

then the operator A defined by the formula

A\{ xi\} = \{ yi\} , (24)

where

yi =

\infty \sum 
k=1

aikxk, i = 1, 2, 3, . . . ,

is compact in the sequence space l2.
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Theorem 7. The operator R defined as

(Rh)(t) = \langle G(t, .), h(.)\rangle \scrH , t \in J,

is compact and self-adjoint.
Proof. Let u, v \in \scrH and let \Psi i = \Psi i(s), i = 1, 2, 3, . . . , be a complete, orthonormal basis of

\scrH . Then we can define

xi = \langle u,\Psi i\rangle \scrH =

c\int 
a

(u(t),\Psi i(t))\BbbC 2\Delta t+ \delta 

b\int 
c

(u(t),\Psi i(t))\BbbC 2\Delta t,

yi = \langle v,\Psi i\rangle \scrH =

c\int 
a

(v(t),\Psi i(t))\BbbC 2\Delta t+ \delta 

b\int 
c

(v(t),\Psi i(t))\BbbC 2\Delta t,

aik =

c\int 
a

c\int 
a

(G(t, x)\Psi i(t),\Psi k(t))\BbbC 2\Delta x\Delta t

+ \delta 2
b\int 

c

b\int 
c

(G(t, x)\Psi i(t),\Psi k(t))\BbbC 2\Delta x\Delta t, i, k = 1, 2, 3, . . . ,

due to G(t, x) is a Hilbert – Schmidt kernel. The space \scrH is mapped isometrically into l2. Consequently,
our integral operator R transforms into the operator A defined by the formula (24) in the space l2

by this mapping, and the condition (22) is translated into the condition (23). By Theorem 5, A is
compact. Therefore, the original operator R is compact.

Now, we shall prove that R is self-adjoint. Since G(x, t) = GT (t, x) and G(t, x) is a real
matrix-valued function defined on J \times J, we infer that

\langle Ru, v\rangle \scrH =

c\int 
a

((Ru)(t), v(t))\BbbC 2\Delta t+ \delta 

b\int 
c

((Ru)(t), v(t))\BbbC 2\Delta t

=

c\int 
a

\left(  c\int 
a

G(t, x)u(x)\Delta x, v(t)

\right)  
\BbbC 2

\Delta t+ \delta 2
b\int 

c

\left(  b\int 
c

G(t, x)u(x)\Delta x, v(t)

\right)  
\BbbC 2

\Delta t

=

c\int 
a

\left(  u(x), c\int 
a

GT (t, x)v(t)\Delta t

\right)  
\BbbC 2

\Delta x+ \delta 2
b\int 

c

\left(  u(x), b\int 
c

GT (t, x)v(t)\Delta t

\right)  
\BbbC 2

\Delta x

=

c\int 
a

\left(  u(x), c\int 
a

G(x, t)v(t)\Delta t

\right)  
\BbbC 2

\Delta x

+ \delta 2
b\int 

c

\left(  u(x), b\int 
c

G(x, t)v(t)\Delta t

\right)  
\BbbC 2

\Delta x = \langle u,Rv\rangle \scrH .
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Theorem 8. The eigenvalues of the operator T form an infinite sequence \{ \lambda n\} \infty n=1 of real
numbers which can be ordered such that

| \lambda 1| < | \lambda 2| < . . . < | \lambda n| < . . .\rightarrow \infty as n\rightarrow \infty .

The set of all normalized eigenfunctions of T forms an orthonormal basis for the space \scrH and for
z \in \scrH , Rz = h, Th = z, T\chi n = \lambda n\chi n, n = 1, 2, 3, . . . , the eigenfunction expansion formula

Th =

\infty \sum 
n=1

\lambda n\langle h, \chi n\rangle \scrH \chi n

is valid.
Proof. It follows from Theorem 6 and the Hilbert – Schmidt theorem (see [18]) that R has an

infinite sequence of non-zero real eigenvalues \{ \xi n\} \infty n=1 with

\mathrm{l}\mathrm{i}\mathrm{m}
n\rightarrow \infty 

\xi n = 0.

Then

\| \lambda n\| =
1

\| \xi n\| 
\rightarrow \infty as n\rightarrow \infty .

Furthermore, let \{ \chi n\} \infty n=1 denote an orthonormal set of eigenfunctions corresponding to \{ \xi n\} \infty n=1.

Thus we have z \in \scrH , Rz = h, Th = z, T\chi n = \lambda n\chi n, n = 1, 2, 3, . . . , and

z = Th =
\infty \sum 
n=1

\langle z, \chi n\rangle \scrH \chi n =
\infty \sum 
n=1

\langle Th, \chi n\rangle \scrH \chi n

=
\infty \sum 
n=1

\langle h, T\chi n\rangle \scrH \chi n =
\infty \sum 
n=1

\lambda n\langle h, \chi n\rangle \scrH \chi n.
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