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ON THE MEAN VALUE OF THE GENERALIZED DEDEKIND SUM
AND CERTAIN GENERALIZED HARDY SUMS WEIGHTED
BY THE KLOOSTERMAN SUM

PO CEPEJHE 3HAUEHHS Y3ATAJIBHEHOI CYMU JIEJEKIHJIA
TA JEAKHUX Y3ATAJIBHEHUX CYM TI'APII, 3BA’KEHUX
3A CYMOIO KJIOCTEPMAHA

We study a hybrid mean-value problem related to the generalized Dedekind sum, certain generalized Hardy sums, and
Kloosterman sum and obtain several meaningful conclusions by means of the analytic method and the properties of the
character sum and the Gauss sum.

BuBueHo ribpuaHy npobieMy Ipo cepeiHe 3HAYCHHS, TI0B’s3aHy 3 y3arajlbHEHOI CyMoo JleleKiHaa, ACsKUMHU y3aralb-
HeHnMH cyMamu [apai Ta cymoro Knocrepmana. Kinbka 3Hauymux BHCHOBKIB OTPHMAaHO 32 JIOIIOMOTOIO AHAJIITHYHOTO
METOJy, BIIACTHBOCTEH CyMH XapakTepiB Ta cymu [aycca.

1. Introduction. For a positive integer ¢ and integers h, m, n, the generalized Dedekind sum
s(h,m,n,q) is defined by [13]

=555 (3 (%)

a=1
where
Bp(z —[z]), if zeR\Z,

Em(x) =
0, if ze€2Z,

with the Bernoulli polynomial B,,(x), can be generated by

n

te®t > t
— = Z%Bn(x)n!, It| < 2.
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In particular, if m = n = 1, we have the classical Dedekind sum s(h,1,1,q) = s(h,q), arising in
the theory of Dedekind n-function. The most important result for Dedekind sum is the reciprocity
law for (h,q) = 1:

1 1 /(h 1

_ ., 2 (r,a, b
s(h,q) + s(q, h) = 4+12(q+h+hq>'

Walum [18] derived a relation between the mean square value of s(h,p) and the fourth power
mean of the Dirichlet L-function. Following this, Conrey et al. [4] considered the mean-value problem

of the Dedekind sum and obtained an asymptotic formula for Z;_l ‘s(h, q)‘2m7 where the dash
denotes the summation over all 1 < h < ¢ such that (h,q) = 1. -
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In parallel with the generalized Dedekind sum s(h, m,n, q), Liu and Zhang [13] have generalized
Hardy sums as follows:

a=1
= Frm (2o (%),

S3( 7, ) = i(—l)aBn(h“),

a=1

q

sshum,0) = 3(-1s i, (4,

a=1

In particular, si(h,1,q) = si(h,q), s2(h,1,1,q) = sa(h,q), s3(h,1,q) = s3(h,q) and
s5(h,1,q) = s5(h,q) are classical Hardy sums, encountered in the theory of logarithms of the
classical theta functions [2, 8]. These sums and several generalizations have been considered in [3,
5,6,10-12, 16].

In recent years, various types of mean-value problem of the Dedekind or Hardy sums and
Kloosterman sum, defined by [7]

S(u,v.q) = Z,g(ua—l— va)

a=1 q

have been extensively studied (see [9, 14, 15, 19-21]). Here a denotes the solution of the congruence
za = 1 (modgq), the dash denotes the summation over all 1 < a < ¢ such that (a,q) = 1 and
e(r) = e*mix,

For example, with the help of the properties of the Gauss sums and mean-value formulas of Diri-
chlet L-function, the hybrid mean-value problem containing generalized Dedekind sum, generalized
Hardy sums and Kloosterman sum has been discussed and several exact computational formulas have
been obtained in [17]. These results are generalizations of the formulas in [15, 20].

In this paper, helped by the properties of the Gauss sums and mean-value identities of Dirichlet
L-function, we achieve the following conclusions for generalized Dedekind sum, certain generalized
Hardy sums and Kloosterman sum in order to help to reach additional relations between these sums.

Theorem 1.1. Assume that q is a square-full number. Then, for m = n = 1 (mod2) and for
any integer u with (u,q) = 1, we have

7 q
Z ! Z'S(u, a,q)S(u,b, q)s(ab,m,n, q)

a=1 b=1

q3 m—+n l +1 1 1 1
=3 Fmndq " (1_><1—><1—__)7
¢(q) ; " g p P plmm=nl
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/
q

where g denotes the summation over all 1 < a < q such that (a,q) = 1, | I denotes the
a=1 plq

product over all different prime divisors of q, ¢(q) is the Euler function, f(n) denotes the complex
conjugation of f(n) and

<m) <n> <a+b—|—1)
me=n a b/)\m+n-—1
T'mm,l = Briin-i § § By—aBn—p

a+b+1

a=0 b=0
with the Bernoulli number B,,.

Remark1.1. If we take m = n = 1 in Theorem 1.1, then, using the values of Bernoulli numbers
By = —1/2, By =1 and the fact

—qH<1—> for ¢ >1,

plg

Theorem 1.1 coincides with [14, Theorem 3.1]. In conclusion, our formula given above is a generali-
zation of Theorem 3.1 of [14].

Theorem 1.2. Let q be a square-full number. Then, for m = 1 (mod 2) and for any integer u
with (u,q) = 1, we have

Z’Z'S u, a,q)S(u, b, q)ss(2ab, m, q)

a=1 b=1
F$ Tl —4.9m 642 1 1 1
§ Pl - m( 42" —6+2 || 1=V (1-=)(1- —).
4y 2m—1+1 P pl pl—m

plg

Theorem 1.3. Let q be a square-full number. Then, for n = 1 (mod 2) and for any integer u
with (u,q) = 1, we obtain

q
' Z /S(u’ a? q)S(u7 b7 Q)SS (a/57 n’ q)

a=1 b=1
3 nt1 on _21+1 1 1 1
B S ) 1 () [ (R (R
2n—1+1 P pl pl—n

plg

2. Some lemmas. In order to prove our theorems, we require some lemmas. In the sequel, we
will use many properties of Gauss sums 7(x), which can be found in [1].

Lemma 2.1. Let h,q be positive integers with ¢ > 3. Then, for m = n = 1 (mod2) and
(h,q) = 1, we have

74m'n' dm+” _ _
x modd
x(=1)=-1

where L(m, ) is the Dirichlet L-function corresponding to the character x modd, Zdl denotes
q

the summation over all divisors of q and ¢(q) is the Euler function.
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Proof. See Theorem 2.3 of [13].
Lemma 2.2. For a square-full number q, we have

S L(m, )L, %)
x mod ¢
x(—1)=-1

e Ny '
=g 2 et (0= D)1= ) (U ) @D
=0

plg

and for a square-full odd number q, we obtain

S X@)L(m, ) L(n,X)

x mod q
x(—1)=-1
- _ (2mi)™ " ninr l-m—n+1 2! —2mn — 2
N 4m!n! moml-d 2m 4 on
=0
1 1 1
X 1—=){1=-= (1= ——, (2.2)
g( p)( p’)( p”””“)
where Z* denotes the summation over all odd primitive characters xmodgq,

x mod q
x(=1)=-1

H | denotes the product over all different prime divisors of q and
Plg

<m) <n> <a+b—|—1)
meon a b/)\m+n-—1
Tmmn,l = Briin-i § § By—aBn—p

a=0 b=0 atb+l

with the Bernoulli number B,,.

Proof. The statements (2.1) and (2.2) are Lemma 2.6 and Lemma 2.8 of [17], respectively.

Lemma 2.3 [17, Lemma 2.2]. Let ¢ > 3 be an odd number. Then, for odd numbers h,q with
(h,q) =1, i

ss(h,m,q) = 2s(h,m,1,q) — 4s(2h,m, 1,q),

where 22 =1 (mod q).

3. Proofs. In this section, we prove the main results.

3.1. Proof of Theorem 1.1. Let us begin with the identity

S () ) ()
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bil'x () — X)), G.1)

Employing Lemma 2.1 and (3.1), one can write

q q
> 'S(u,a,q)S(u, b, q)s(ab,m,n, q)

a=1 b=1
—4m!n! dm+” CH — _
= Eryrrngmi IZ s 2 228w aq)S(ub g (ab) Lim. )L, X)
x modd a=1 b=1
x(*1)=*1
dm+n

—4m'n!
- (27TZ m-:: ZH‘” 1 Z Qﬁ Z ‘T(XXS)}ZlL(m’ X)L(Tl,?)j

x modd
x(—=1)=-1

where xS is the principal character modulo ¢. Note that for an odd square-full number ¢ and any
non-primitive character y modulo ¢, we have

r(x) = Zx<a>e© -0,

From this and the properties of Gauss sums, provided that d|q and d # ¢, then T(Xxg) = 0; provided
that d = ¢ and x is a primitive character modulo ¢, then }T(Xxg)‘ = /q. Thus, gathering these
facts and applying equation (2.1) give that

7 g
Z ! Z'S(u, a,q)S(u,b, q)s(ab,m,n, q)

CL:1 b:l
—4mIn! ¢ .
= L(m,x)L(n,x
Grirngg 2 L 0LY)
x mod q
x(—1)=-1
3 m—+n 1 1
l—m—n+1
Z Pin-Q H<1—><1—pl><1—pz_m_n+1>v

plg

which completes the proof.
3.2. Proof of Theorem 1.2. From Lemma 2.3, one has

a=1

Z'Z’S u, a,q)S(u, b, q)ss(2ab,m, q)
b=1

q
= Z’Z'S (u,a,q)S(u,b,q){2s(2ab,m,1,q) — 4s(ab,m,1,q)}
a=1 b=1

a4
2 Z’Z’S(u, a,q)S(u,b,q)s(2ab,m,1,q)

a=1 b=1
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q q

—4 Z ' Z /S(U, a, Q)S(u7 ba q)S(CLB, m, 17 Q) = 2W1 - 4W27 (32)
a=1 b=1
where
q q S B
Wi =" ""S(u,a,q)S(u,b,q)s(2ab,m, 1,q)
a=1 b=1
and

S(u,a,q)S(u,b,q)s(ab,m,1,q).

s
1

MQ

MQ

Observe that W5 equals to Theorem 1.1 for n = 1. So, let us evaluate 1. By aid of the equations (2.2)
and (3.1), and the similar facts given in Theorem 1.1, we have

—4m! dm+! L N N
Wl = (27Ti)m+1qm ¢(d) Z Z,Z/S(ua a’Q)S(uv ba q)X(QCLb)L(m,X)L(l,X)
dlg x modd o=l b=l
x(=1)=-1
—4m) dm+ . B
Griymtign Z o > IO x@)Lim, x)L(1,%)
x modd
x(=1)=-1

F$ ol —gm+l _ 9 1 1 1
s 2ot (e JI( ) (- 5) ()
+2 ola P P D

Combine the expressions W; and W5 in (3.2) to complete the proof.
3.3. Proof of Theorem 1.3. In the light of the relation between generalized Hardy sums and
generalized Dedekind sum, given in [17, Proposition 1.1] as

sg(h,n,q) = 2s(h,1,n,q) —4s(2h,1,n,q), if ¢ and n is odd number,
the proof follows from the similar steps as the proof of Theorem 1.2, so we omit it.
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