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DETERMINATION OF SOME PROPERTIES OF STARLIKE
AND CLOSE-TO-CONVEX FUNCTIONS ACCORDING

TO SUBORDINATE CONDITIONS WITH CONVEXITY

OF A CERTAIN ANALYTIC FUNCTION

BU3HAUEHHS JESIKUX BJIACTUBOCTEM 3IPKOIIOAIBHUX
I BJIN3BKUX JO ONYKJINX ®YHKIIN

3A NIANOPSIIKOBAHUMHU YMOBAMU

3 ONYKJIICTIO TEBHOI AHAJIITUYHOI ®YHKIIII

Investigation of the theory of complex functions is one of the most fascinating aspects of theory of complex analytic
functions of one variable. It has a huge impact on all areas of mathematics. Many mathematical concepts are explained

when viewed through the theory of complex functions. Let f(z) € A, f(z) =z + Zoo>2 anz", be an analytic function

in the open unit disc U = {z: |z| < 1, z € C} normalized by f(0) = 0 and f’(0) = 1. For close-to-convex and starlike
functions, new and different conditions are obtained by using subordination properties, where r is a positive integer of order

27" (O <277 < 5). By using subordination, we propose a criterion for f(z) € S*[a",b"]. The relations for starlike

and close-to-convex functions are investigated under certain conditions according to their subordination properties. At the
same time, we analyze the convexity of some analytic functions and study their regional transformations. In addition, the
properties of convexity for f(z) € A are examined.

JocmimkeHas 3 Teopii KOMIUIEKCHUX (YHKIIH € OXHMM 13 HaWI[iKaBiIIMX AaCMEKTIB Teopii KOMIUICKCHHX aHATITHYHUX
¢yHkuii omHiel 3MiHHOI. BOoHM MaloTh Benuue3HMil BIUTMB Ha Bci oOmacTi MareMartvkd. bararo mMareMaTH4HHX HOHSTH

oo
HOSICHIOIOTBCSL 3 TOYKH 30py Teopil KomruiekcHux GyHkuii. Hexait f(z) € A, f(z) = z + E - anz", — amaniTuyHa
n>2

dyHKis Ha BiaKpETOMY OnMEHaHOMY mucky U = {2z : |z| < 1, z € C}, mo nopmoBana takum unrom: f(0) = 0, f'(0) =
1. ins 3ipyactux ¢yHKIiH Ta QyHKLIH, M0 6:1IM3bKi 10 ONMYKINX, 32 IOTIOMOT'OI0 BIACTUBOCTEH MiITOPSIKYBaHHS OTPHMaHO

. N _ _ 1 . .
HOBI Ta BiZIMiHHI YMOBH, i€ T — HaTypaJIbHE YUCIIO MOPAAKY 2~ <0 <277 <L 5) . BukopucroBytoun mianopsiiKOBaHICTb,

MU NIPOIIOHYEMO Jesikuil kpurepiit wist f(z) € S*[a”,b"]. Jocni/keHo CHIBBIAHOMWEHHS MiX 3ip4acTuMu QyHKUisIMH Ta
(dyHKIISIMH, 10 OMHM3BKI 10 OMYKIINX, 32 MEBHUX YMOB 3TiIHO 3 BIACTHBOCTSAMH MiIHNOPSIKYBaHHS. Tako MOCTIIHKEHO
OINYKJIICTh AESKUX aHANTHYHMX (YHKLIH i BUBYEHO IX JIOKaJIBHI HepeTBopeHHs. Kpim Toro, IOCHiIKEHO BIACTHBOCTI
onyknocti st f(z) € A.

1. Introduction and definition. Close to convexity of the analytical functions in the unit disk U has
an important impact on the theory of geometric functions. Let A denote the class of functions of the
form

f(Z) =z + Zanznu
which are normalized analytic functions by the conditions f(0) = f’(0) — 1 = 0 in the open unit
disk U = {z € C: |z| < 1}. The class of starlike, convex and close to convex of order « are defined
respectively

! Corresponding author, e-mail: hasansahin13@gmail.com.

© HASAN SAHIN, ISMET YILDIZ, 2023
ISSN 1027-3190. Yxp. mam. ocypn., 2023, m. 75, Ne 7 995



996 HASAN SAHIN, ISMET YILDIZ

R 2 GO N n N
S(a).R<f(Z)>> , f(z)eAd and 0<a<l,
K(a):Re(quZ;i/;iZ))) >a, f(z)eA and 0<a<l,

K*(a):Re<£:22>>a, f(z)eA g(z) e K and 0<a<l.

We say that every starlike function is close to convex function (see [2, 3, 10] for more details).

2r — 2
ned, was focused on and r is a positive integer. Let f(z) € A be an analytic function in the open
unit disk U = {z: |2] < 1, z € C} normalized by

1
The subordinate relationship between these function order 27" [0 < — < ), which we defi-

f(z):z—l-Zanz” for f(0)=0, f(0)=1,

n>2

S denotes the class of functions f(z) in class A, which f(z) is a univalent function. If the class of
starlike functions f(z) € A is also defined by S*, then functions f(z) € A belong to U as starlike

1 1 1
of order 27" (O <5 < 2>, ie., f(z) € S* <T> If the function f(z) € A is, respectively, the
r

starlike function degree o and the convex function degree o then [4, 5, 10]

Re<zf,(z))21 and Re<1+zf”(z)>>1 for zeU.

f(2) 2 f'z) ) —2r

Now we will examine the exact properties convex and starlike functions of order 27" in this paper.

According to this selection, we can give the above definitions as follows: we say that f(z) € A is,
. . . . 1
respectively, the starlike function of order 27" and the convex function of order 27" { 0 < _- < 5

if and only if
! 1!
Re(zf (Z)> <27" and Re<1 + 2l (Z)> <27" for zeU.

f(2) f'z) )~
A function f(z) € A is said to be convex of order 27" in |z| < 1 if it satisfies
2f"(2) 1
0 <Rell < —.
<re(1+557) < 5

A function f(z) € A is said to be starlike of order 27" in |z| < 1 if it satisfies
2f'(2) 1

0 <R < —.

e(ﬂ@)‘?

K denotes the class of convex functions f(z) in class A, which f(z) is a univalent function. Let S*
be the class starlike functions and K be the class convex functions. A function f(z) € A is said to

be close to convex if there exists a convex function g(z) such that
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Re<zgjj/<iz))> <277 sel.

Every convex function is obviously close to convex function. More generally, every starlike function

is close to convex function. Let K* be the class of close to convex functions f(z) € A. Indeed, each
f(z) € S* has the from f(z) = zg'(z) for some g(z) € K and

() = (re) <2

Lemma 1 [7, 10]. The convex function f(z) € K be close to convex function if and only if
2f'(z) € S* such that starlike function f(z) € S* must be present.

Proof. Let f(z) € K be the convex function as h(z) = zf/(z). By taking logarithmic derivatives
from both sides of this equation, we have

In (h(2)) = In (2'(2)),

M) 1) () )
o) " T PR e TR

() ()

Since f(z) € K is a convex function, the subclass of class univalent functions S consisting of the
class starlike functions S* and the class starlike functions S* consisting of the convex functions.
Theorem 1 (Noshiro— Warschawski theorem) [10]. If f(z) is analytic in a convex function do-
main |z| < 1 and Re (f'(z)) > 0, then f(z) is univalent in |z| < 1.
Theorem 2. Every close to convex function is univalent. A function f(z) analytic in |z| < 1 is

said to be close to convex function if there exists convex function g(z) such that

Re(g,,g;) = Re<sz;i§)> >0 forall z€lz|<1.

Proof. 1f f(z) is convex function, then there must be a convex function g(z) that provides the

following inequality:

/
Re(f/(z)> >0 forall zeU=|z|<1.
g'()

Let z € |z|] < 1 be the range of ¢g(z) and consider the function (z):
J(2) = flg ' (w)) forall ze€|z| < 1.

In this case, we have
s - LI @) 1)
g(g7Hw)  g(2)
So, Re (S(2)) > 0 in 2z € |z| < 1. This function J(z) is univalent or f(z) is the starlike function
close-to-convex, so f(z) is the close-to-convex function, where every starlike function is close-to-

convex function.
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Definition 1 [9, 12]. If f(z) is analytic and univalent in U = {z: |z| < 1, z € C} and g(z) is
a analytic function in |z| < 1 with g(0) = f(0) and f(U) C g(U), then, for |f'(0)| < |¢'(0)|, the
Sunction f(z) is called the subordinate of the g(z) and is given by f(z) < g(2).

Lemma 2 [8]. Let q(z) be univalent in U and ¥(w) and 1p(w) be analytic in a domain in
U containing q(U) with ¢ (w) # 0 when w € q(U). Let

0(2) = 2¢'(2)¥(q(2)) and 9(z) =09(q(2)) + p(2)
and suppose that
a) p(z) is starlike in |z| < 1

and

b) Re(w’(z)) _ Re<19'(q(z)) L 29)

p(2) la(z) — p(2)
If p(z) is analytic in |z| < 1 with p(0) = f(0), p(U) C U and

9(p(2)) + 20 (2)¥(p(2)) < 9(a(2)) + 24 (2)¥(a(2)),

)>O for ze|z| <1.

then

p(2) < q(2).

Lemma 3 [1]. Let w(z) be a different from fixed analytic function in z € |z| < 1 with w(0) = 0.
If w(z) attains value on the circle |z| = r < 1 at zy, then zyw'(20) = kw(zo), where k > 1 is real
number.

Theorem 3. Let f(z) € A be a function that provides the conditions

zf"(z)\ _3(A-1)(2-27")
Re<1—i— f’(z)><2()\+1)(2+2—’”) Jor 1<A<2 and  z € |z| <1
Then
2f'(z) A1 -2
o o 1)
The result is sharp for the function f(z) € A given by
fz)==(1- %)H. @)
Proof. Let us define the function f(z) € A by
() _ A2 —w(z)] o

f(2) A —w(z)

Then w(z) is analytic in U = |z| < 1 with w(0) = 0. By logarithmic derivative of both sides of (3),
we have

Inz+Inf(z) —Inf(z) =Inz+m(27" —w) — In(A — w(2)),
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L e e 1 ) )

2 fl(2) flz) 2 27 —w(z)  A—w(z)

z2f"(z)  zf'(2) _aw'(2) 2w’ (2)
) T 5 T e e )

Also, if the logarithmic derivative is taken from both sides of the equation (2), then

1+

Inf(z)=Inz+ (A — 1)111(1 - E),

A
fllz) 1 A-1 zf’(z)_1 (A=1)z
fz) 2z A—z o fiz) — 7 x=—z
So we take that 2f(2) +1= M If used from the above, then
f(z) A—z
2f"(2) A2 —w(2)) B 2w’ (2) 2w’ (2)
Y T T A el 2 —wl) A w(e)

1
where w(0) =0and 0 < 27" < 7 Then clearly that

2f'(z) _ 227" —w(2))

fz)  A-w(z)

if we wrote it up above

zf"'(z) AT —w(z)  2w'(z) 2w (2)
M T e el A w(e)

Suppose now that there exists a point zg € |z| < 1 such that |w(zp)| = 1 and |w(z)| < 1 when
|z| < |z0|. If we apply Lemmas 1, 2 and 3, we obtain

" 10 6
20f (zo)} — Re _Re[ﬁ_eie]"FRe[)\k_eeie}

A2 — 10
Re[l—i— M
:RG[A(Q_ —Cosﬁ—zsmﬂ)} _Re[2k(0080+zsm0) ] R [)\k(cos@+251n9)

A — et

f'(20)
A —cosf —isinf " —cosf —isind — (cosf + isinf)

_ A227" — A227" cos ) — N2 cos B + A n k27" cos — k n Ak cosO — k
(A — cos 0)* + sin? @ (277 —cos ) +sin?0 (A —cosf)® +sin 6
A1 = Xcosf) — A27"(\ — cosh) k27" cosf — k n Ak cosf — k
N 1+ A2 —2cosf 1+27—2"cos 1+ A2 —2\cosf
_ (I=AcosO)[AM1—-2"") k]  Kk(1—27"cosb)
N 1+ A2 —2cosf 142720 —21=7cosf’

According to the above, we can write the inequality

zof”(zo)] _30-pE-27)
f'(z0) ] 7200+ 1)(2+277)

ISSN 1027-3190. Ykp. mam. scypn., 2023, m. 75, Ne 7

Re{l—i—



1000 HASAN SAHIN, ISMET YILDIZ

Thus, according to the last inequality above, we can come to the conclusion that

fz) ==(1- ;)H and  mz=Inz+(A-Dh(1-2),

2f'(z) i A—1 . A1 —2)

flz)  A—z A—z
which implies the subordination (1). In this way, the proof is completed. If —1 < b < a < 1, then an
important class is defined by

zf'(z)  1+4az
S*[1, 1] = : < )
-1 = {0 T < 1
) . . zf'(z) . . . :
Geometrically, this means that the image of |z| < 1 by 02) is inside the open disk centered on
z
1— 1

the real axis with diameter end points  and +a Special selection of a and b lead us to the

1—p ™ 11y

1
following: S*[(1 — 27 "), —1] = S* is the class of starlike functions. S*[(1 —27"), —1] = S’*(

or )
1 1 1
0 < — < 1, is the class of starlike functions of order —, defined by f(z) € S* <> Also,
2r 2r 2r
1 1 1
K 7 is the class of starlike functions of order o defined by f(z) € K <2T> if and only if

/ AN zf"(z) 1 ) .
zf'(z) e S o ) Les 0<Re(l+ < — for z € |z|] < 1. We will work on the following

fliz) ) =2
1
class in this study under conditions 0 < or < > and A > 0:
1
1-27" 4 2—7"2}0, ((")’)
SN2 =4 f(z) € A: e 2 _(1-27) <Ay for zeU={z: |z <1},
f(z)

1 1 . . .
0< o < 3 and give sufficient conditions that embed it into the classes S*[a, b]. In this we will first
use Lemma 2 for subordination.

2. Main theorem for subordination.

2 T 1
Theorem 4 (main result 1). If f(z) € A,—1<b<a<]1, z i ;arl < > <1 and
a
.271” "
-2 4 f/(f)(Z) 14+02  2277(a" —b")
? —r 1-r : — —
2 1—-2 =
zf'(z) B * )1 +a’z + (1+arz)? 9(2),
f(z)

then f(z) € S*[a",b"].
Proof. Let us define the following functions:

I

— __ol—r -r — _9—T
= 1xas Y w)=1-2"")w+2 and P(w) 27"

p(z) = 7 q(2)
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Then ¢(z) is a convex function. Realy,

14072 b" —a”
i) =t )= o
b —a”
2q'(z) = El—i—c:z))z and In(2) +In(¢'(2)) =Inz —2In (1 +a"2),
1 N 2q"(z) 1 2d" and |+ 2q"(z) 1 2a"z
T T e i) T raa)

Then we have

/! 2 T
Re(14 203 Jge(1- 22 ) g
q(z) 1+arz
Thus, from Lemma 2, ¢(z) is convex and univalent. On the other hand, from Lemma 2 we obtain

p(2) = 2q (2)Y(a(2))  and  g(2) =9(a(2)) + p(2),

140672 b" —a”
= d  d@)=——2
a(z) 1+arz an 7(2) (1+arz)?

“4)

(4) values are written in their places above and if the necessary operation are performed. Then,
according to the following equations, we get

o) = (lae) = ST n(plo) = s -2 (1),
2 (2) 2a"2 1—a"z 29/ (2)\ 2" 2
o(2) _1_1+a7“z_1+a7“z and Re< o(2) >_Re(1_1+a’”z>>o’

p(z) is starlike in U = |z| < 1. From the hypothesis of Theorem 3 and Lemma 2,

1+0b0"z2 227" (a" —0")
1+arz (1+arz)?

9(2) = 9(q(2)) + p(z) =277 + (1 = 2'7")
and
227"(a" —b")
(1+arz2)?

If necessary operations are performed in the above equation, then

p(z) =

(1=2"")(" —a")(1+a"2) + (a" —b")(1 —a"z)

/ —
9(2) = (1+arz)3
(" =a")(1-327"+a"z—a"2.27")
(1+arz)? ’
z(b"—ad")(1-32""+a"z—a"2.27"
e 2 =) )

(1+arz)3

29'(z)  2(b"—a")(1—-327"4+a"z2—a"2.27") (1+a"z2)?

o(z) (1+arz2)3 2.277((a" — b")
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1002 HASAN SAHIN, ISMET YILDIZ

, zZ €zl <1,

/
zg'(2) 1 2 1 2
“Re(1- — 4 —2 Js1-— 4=
(@(2) > e( 2 Trfel) T e T i ]

that is necessary and sufficient to get the greatest value or equal to the value of 27" must be

1 24 a"|
— > .
2r 7 5+ |a”|
According to Lemma 2 p(z) < ¢(z). So from here f(z) € S*[a",b"]. According to the definition of

subordination, Theorem 3 means that g(U) has the largest region in the complex plane. In this the
following condition must be met:

2f"(2)

1277 425
TEL ¢ gw)

2f'(2)
f(z)

forall z € |z| < 1. Then f(z) € S*[a",b"], and, thus, we have that

2 T 1
+‘a|<—<1 for —1<b<a<l.

—-1<
5+ Jar] S 2

Lemma 4 [6, 11]. Suppose that w(z) is a nonconstant analytic function in a given domain D
with w(0) = 0. If |w(z)| attains its maximum value on the circle |z| = r < 1 at a point zo € D, then

zow' (29) = kw(2),

where k is a real number satisfying k > 1.

Lemma 5 [10]. Let us take two analytical functions named as f(z) and g(z) in the unit disk.
If we have an analytic function ¢ providing the conditions ¢(0) = 0 and |p(2)| < 1 such that
f(z) = g(p(2)) for z € D, then we state that f is subordinate to g written as f < g.

3. Main theorem for convexity.

Theorem 5. [f the function f(z) provides the following inequality for close to convex function

f(z) € A:
z2f"(z) 2r—1
Re( 1
(+57) > 57
forr=1,2,3,..., then
1
Re f'(2) > -.
4
14277 1
Proof. f'(z) = W is defined for w(z), where w(z) # —1, z € U, 0 < 27" < X
Clearly, w(z) is analytic in U with w(0) = 0. If necessary operations are made by taking the

derivative from both sides of the equality

roy o 2(14+27Tw(z))
zf'(z) = T lte(s)

9
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we get
oy oy [0 27 0(E) 4 2]+ w(2) = ()1 + 2 ()
PG+ 20e) e
_ (1+w(2)(14+27"w(2)) + 27 20 (1 + w(z)) — zw' (1 + 27"w(z))
(1 + w(z))? ’
L4 e w(2))*(1+27"w(2)) + 227w/ (2)(1 + w(2)) — 20/ (1 + w(2))(1 + 27 w(2))
') (1+277w(2)) (1 + w(2))” |
f”( ) 227"w'(2)  2w'(2)
P T T e T T et

Assume that there exists a point zp € U with |z| < |zp| and such that |w(zp)| = 1 and |w(z)| < 1.
By applying Lemma 4, we find zow'(z) = kw(z) for k& > 1 and w(z) = €, # € R and
r=1,2,3,.... Thus, we have

f// 9—r 19 kei@
1 =1 —_—
Re[ + f’( + Re 1+2 T o reil — Re T o
27" (cos @ +i27"sin @) (1 + 2 "cos§ — 2 "sin 9)}
(1+2-7cosh)? + (2-"sin 0)*

—1+Re[k

Re [k‘ (cos @ —|— isin ) (1 + cos f — isin 0)}

1+ cos)* + (sin 6)?

=1+ Rel|k

27"cos O + (27 "cos 0)2 + (27 "sin 9)2
1+ 2=Tcosf + 2727

cos @ + cos 26 + sin26
— Relk -
1 + cos26 + sin26 + 2cos 6
2 "cosf + 272" cosf +1
=1+Relk — k——r
+ e[ 1—1—2—27"—}—21_7"0059] [ 2(1+cos€)}

k27 "(cos+27") K - 2r—1

=1
+ 14220 4 21=7cos 2 = 27

1
forzpe U, 0<277 < 3 It obviously contradicts our hypothesis. That is,

1-f'(2)
'2+f() <h
1-fE <27+ @] =2f(x)>1-27"= f(2) > . _22_T,
Ref'(2) > 1o
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Theorem 6. If f(z) € A provides the inequality

Zf”(Z)) - 3_1_2177"
HOVANEES

Re<1+

1
for zp e U, 0 <277 < 3 then

flz) =1 <1427

1
Proof. 1f w(z) is given by f'(2) = (1+2"w(z)+ 1 for z € U and 0 < 27" < 3 then
2f'(z) = 1 +27")zw(2) + 2,

flz)+2f"(z) =1+ (1427 )w(z)+ (14+277)2w'(2),

L+ z2f"(2) _ I+ (1 +2"w(z)+ (1+277)zw'(2)

f(2) 1+ (14 27")w(z)
B (14+27)zw'(2) (14+27")zw'(2) (1+27")ke®
=147 + (1 +2"w(z) 1+ + (1 +2"w(z) L 1+ (14277’

By using Lemma 4, we have

z2f"(z) ) k(14 27")(cos b + isin )
flz) * 1+ (1+277)(cosf + isinf)

E(1+27")(cos® +isinO)[1 4+ (1 +27")cosf — i(1 + 27")sin 0]

1+

=1+ ’
[1+ (1+2")cosb)® + [(1 4 277)sin 6]
" —r —r\2
Re<1+zf/ (Z)>:1+Re k(142 )cc;s@+(1+2 )
f'(2) 1+ (1427 4+ (142")cosb
-r -r 1—r
14 (I14+27")[kcos@ + (1 +277)] <3+2

N 1+ (1+2 ") cosO+(1+277) — 14277
Otherwise,
flz)= 142w +1= f(z) - 1= (14+2")w(z),
If'(z) =1 =(1+27"),

that is, f(z) € K*.
Theorem 7 (main result 2). If f(z) € A is a function satisfying the inequality

14 2-m)at?
1/(2) = 1|*|21"(2)|" < (+2a+2b) z€D, ab>0,

and r > 0, then
1427
Re f'(2) > EEE
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Proof. The function w(z) is defined as

(1427 w(z)

() = 1+ w(z)
for w(z) # —1, z € U. Then w(z) is analytic in U = |z| < 1 with w(0) = 0. Then
, (12T w(z) (12 Mw(z) -1-w(z) 27" -Dw(z) (27" — 1)€i9
fE-1="=n ~1° I+ u(z) T Tvw@) Lt

From Lemma 4, we have

/ @’ 1-27 127
‘f(Z)_l‘_’ 14 e  1l4cos 2
for # = 0 and
-l (1 _224)5 5)
Otherwise,
ry 2+ 27Tw(z)z v (27T =)z (2)
EA e S R A TR S
F(2)+ 2f"(2) = 14+ w(z) +277w(z) + 27 w(z)? + 2772w/ (2) — 2w/ (2)

[+ w(z))”
Applying Lemma 4 to the last equation, we get

(27" = Dkw'(z) (27" —1)ke®

" _ (1 *Q_T)k
TtoG)] [1+€ze]2 = |2f"(2)| = 14t

2f"(z) =

Suppose there exists a point zg € |z| < 1 with |z| < |zg| and such that |w(zp)] =1 and |w(2)| < 1,

| oMk 1-27")"k?
o) - 2 g - G220 ©

From (5) and (6), we obtain

_ +b;p —rmatb
/ a 7 b (1-2 T)a k (1-277)
|/ (20) — 1|"|20/" (20)|” = T2 S T am

1
where zp € U and 0 < 27" < ok Our hypothesis is clearly contradicted by the last result. Therefore,
we obtain |w(z)| < 1 for all z € U. It suggests that

f'(z) -1
f'(z) =27r
1-277

1-27"

Clearly, we have |f'(z) — 1] < ‘ . On the other hand, from

Lemma 1,
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1+27"w(z)  1+427"e?
1+w(z)  1+e

f'(z) =

)

(14+cosf)+27"(1+cosh) 14277
2(1 + cos ) 4

Re f'(2) =

for 6 = 0. By using the above equality, we get

14277
8.2-7

Re f'(2) =

Theorem 8 (main result 3). Let f(z) € A be a function which provides the conditions

z2f"(z) 3A-1)(2-277)
Re(” 72) ) St

for 1 < A#2and z € U. Then
z2f'(2) ( 2)

O "
f(2) € A defined by
A—
fe)==(1-2)"" ®
The result is sharp.
Proof. f(z) € A is given as follows:
2f'(2) 27— w(z)] o

fz) A —w(z)

Lemmas 4 and 5 are used for the proof. Here, we say that w(z) is analytic in a domain U = |z| < 1
with w(0) = 0. When logarithmic differentiation is used on both sides of the equation (9), we get

Inz+Inf'(z) —In f(2) lnz-Hn( ) In(A —w(z)),

L (=) _ f'(=) B
+ f(z)  flz) = 2T—w(z)+)\—w(z)’

) ) (s al(e)
i) -t T T e T row(

By logarithmically differentiating from both sides of the equation (8), we easily arrive at:

(10)

1+

Inf(z)=lnz+(\— 1)1n<1 - §>a

zf'(2) _ 1 oA or zf'(z2) 1 (A=1)z
flz) =z

A—z f(z) A—z
Thus, we obtain
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2f'(z) A1z
C (ah
The equality (11) is written instead of at equation (10),
z2f"(z) A2 —w(z)) 2w’ (2) 2w’ (2)
L F(z) — A—wlz) 27" —w(z) +/\—w(z)’

1
where w(0) =0and 0 < 27" < 3 Then

2f/(5) _ 227 —w()

ey A—w(z)

Now assume that there exists a point z € U = |z| < 1 with |z| < |z¢| and such that |w(zp)| = 1 and
|w(z)| < 1. If we apply Lemmas 4 and 5 for the equality (11), we obtain

" 2T — i\ i\ i\
Rel+m :Reg _RGL —I—ReL
2T_ez>\ )\—60‘

A — etr

A(27" — cos @ — isin 0) k(cos 6 + isin ) k(cos @ + isin 0)

=R - R R

e[ A — cosf —isin @ } e[QT—COSH—iSinﬁ ¢ A — (cos B + isin )
AT — N2 Tcos 6 — Acosf + A n k2 "cosO — k n Akcos O — k

(A — cos 0)? 4 sin20 (27" — cos0)? +sin20 (A — cos0)? + sin20

~ A(1—Acos®) — A27"(A — cos b)) k27 "cosf — k n Akcos O — k
N 14+ A2 —2cosé 1427 —2="cosf 1+ A2 —2\cosf
(I =AcosO)[A(1L—-27") k]  k(1—27"cosb)
N 14 A2 —2cos @ 142720 —21=7¢cos§’

According to the above, we can write the inequality as

Z()f”(Zo):| > 3(/\ — 1)(2 — 277“)
f(z0) | —200+1)(2+277)

Re [1 +
Thus, we obtain the next conclusion
2\ A—1
(-3
) ==(1-7
Inz=Inz+ (A— 1)111(1 — ;,)

z2f'(z) A—1 A1-2)
f(2) _l_)\—z< A=z’

which implies the subordination (7).

4. Conclusion. In this paper, the principles of functions close to convex are investigated. In
addition, analytical functions and their properties are discussed. Convexity of analytic functions are
examined and proofs for 27" grade cases are obtained. By considering .S, K and S* functions, proofs
of these functions are obtained by subordination.
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