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WEIGHTED DISCRETE HARDY’S INEQUALITIES

ЗВАЖЕНI ДИСКРЕТНI НЕРIВНОСТI ГАРДI

We give a short proof of a weighted version of the discrete Hardy inequality. This includes the known case of classical
monomial weights with optimal constant. The proof is based on the ideas of the short direct proof given recently in
[P. Lefèvre, Arch. Math. (Basel), 114, № 2, 195–198 (2020)].

Запропоновано коротке доведення зваженої версiї дискретної нерiвностi Гардi, яке включає вiдомий випадок кла-
сичних мономiальних ваг з оптимальною сталою. Доведення спирається на iдеї короткого прямого доведення, що
було нещодавно наведено в роботi [P. Lefèvre, Arch. Math. (Basel), 114, № 2, 195 – 198 (2020)].

In the sequel, we work with p > 1 and p\prime =
p

p - 1
denotes its conjugate exponent.

The notation \BbbN 0 stands for the set of nonnegative integral numbers: 0, 1, 2, . . . .

For y \in \BbbR +, we write [y] = \mathrm{m}\mathrm{a}\mathrm{x}\{ k \in \BbbN 0 | k \leq y\} its integral part.

As usual, given a sequence (wn)n\geq 0 of positive numbers, \ell p(w) is the space of sequences of
complex numbers a = (an)n\geq 0 such that

\sum 
n\geq 0

| an| pwn < \infty , equipped with the norm

\| a\| \ell p(w) =

\Biggl( 
+\infty \sum 
n=0

| an| pwn

\Biggr) 1
p

.

When wn = 1 for every n \in \BbbN 0, we simply write \ell p.

Given a sequence a = (ak)k\geq 0 of complex numbers, we associate the sequence

An =
1

n+ 1

n\sum 
k=0

ak.

We recall the discrete Hardy inequality.

Let p > 1. For every a \in \ell p, the sequence A = (An)n\geq 0 belongs to \ell p and \| A\| \ell p \leq p\prime \| a\| \ell p , i.e.,\Biggl( 
+\infty \sum 
n=0

\bigm| \bigm| \bigm| \bigm| \bigm| 1

n+ 1

n\sum 
k=0

ak

\bigm| \bigm| \bigm| \bigm| \bigm| 
p\Biggr) 1

p

\leq p\prime 

\Biggl( 
+\infty \sum 
n=0

| an| p
\Biggr) 1

p

.

This inequality is equivalent to the boundedness of the Cesáro operator defined by \Gamma (a) =

(An)n\in \BbbN , with \| \Gamma \| \leq p\prime , viewed as an operator on \ell p. Actually the constant p\prime is optimal and
\| \Gamma \| = p\prime . See [3] for the original result, [7] for a very interesting historical survey on the subject,
[6] for a very recent nice extension, and [8] for a short proof.
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The aim of this note is to give a short proof of the boundedness of \Gamma as an operator on weighted
\ell p(w) spaces, with a sharp norm, under an homogeneity type assumption, following the same ideas
than [8].

In particular, this includes the case of classical weights
\bigl( 
n\alpha p
\bigr) 
n\geq 0

(with exact norm), so that
we recover easily some results of [1] (see Corollary 8 (iii), applied with 1  - \alpha and \beta = \alpha , but
where the norm is not given) and [5] (see Theorem 6.2, applied with p\alpha instead of \alpha ). For instance,
this inequality is one of the ingredient of the nice paper [2] on the spectrum of the discrete Cesáro
operator.

Main theorem. Let w = (wn)n\geq 0 and w\prime = (w\prime 
n)n\geq 0 be sequences of nonnegative real numbers

and (wn)n\geq 0 is nondecreasing.

We assume that there exists a measurable positive function f on (0, 1) such that

1) we have a subhomogeneity property: w\prime 
n \leq f(s)w[(n+1)s], where s \in (0, 1) and n \in \BbbN 0,

2) K =

\int 1

0

\biggl( 
f(s)

s

\biggr) 1
p

ds < \infty .

Then \Gamma is bounded from \ell p(w) to \ell p
\bigl( 
w\prime \bigr) with \| \Gamma \| \leq K :\Biggl( 

+\infty \sum 
n=0

w\prime 
n

\bigm| \bigm| \bigm| \bigm| \bigm| 1

n+ 1

n\sum 
k=0

xk

\bigm| \bigm| \bigm| \bigm| \bigm| 
p\Biggr) 1

p

\leq K

\Biggl( 
+\infty \sum 
n=0

| xn| pwn

\Biggr) 1
p

.

Point out that the subhomogeneity property can be formulated in the following way: for every
n \in (\lambda m, \lambda (m+ 1)) \cap \BbbN , w\prime 

n - 1 \leq f(1/\lambda )wm, where \lambda \geq 1 and m \in \BbbN 0.

In particular, it applies to w\prime 
n = wn = (n+ 1)\alpha p for n \in \BbbN 0 with f(s) = s - \alpha p (for s \in (0, 1)).

We get immediately the following theorem.
Theorem 1. Let \alpha \in [0, 1/p\prime ).

Then \Gamma is bounded on \ell p(w) with \| \Gamma \| =

\biggl( 
1

p\prime 
 - \alpha 

\biggr)  - 1

:

\Biggl( 
+\infty \sum 
n=0

\bigm| \bigm| \bigm| \bigm| \bigm| 1

(n+ 1)1 - \alpha 

n\sum 
k=0

xk

\bigm| \bigm| \bigm| \bigm| \bigm| 
p\Biggr) 1

p

\leq 
\biggl( 
1

p\prime 
 - \alpha 

\biggr)  - 1
\Biggl( 

+\infty \sum 
n=0

| xn| p(n+ 1)\alpha p

\Biggr) 1
p

.

It is easy to see that this bound is sharp. Indeed, for \varepsilon \in 
\bigl( 
0, 1/p\prime  - \alpha 

\bigr) 
, just test the sequence

an = (n+ 1)
1
p\prime  - \alpha  - \varepsilon  - n

1
p\prime  - \alpha  - \varepsilon 

.

Before giving the proof of the main theorem, let us mention a general remark about monotone
rearrangements of sequences.

We recall that we can define the monotone rearrangement of a vanishing sequence of nonnegative
numbers (bk)k\geq 0 as the following nonincreasing sequence:

b\ast N = \mathrm{i}\mathrm{n}\mathrm{f}
| E| =N

\mathrm{s}\mathrm{u}\mathrm{p}
n \not \in E

bn \forall N \in \BbbN 0.

The following consequence of the Abel transform principle is well-known:
Let (ck)k\geq 0 be a nonincreasing sequence of nonnegative numbers. Let (uk)k\geq 0 and

\bigl( 
u\prime k
\bigr) 
k\geq 0

be

two sequence such that, for every n \geq 0,
\sum n

k=0
u\prime k \geq 

\sum n

k=0
uk.
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Then
\sum N

n=0
cnu

\prime 
n \geq 

\sum N

n=0
cnun for every N \geq 0.

Indeed write U \prime 
n =

\sum n

k=0
u\prime k and Un =

\sum n

k=0
uk and defines for convenience U \prime 

 - 1 = U - 1 = 0.

A simple Abel transform gives, for every N \geq 0,

N\sum 
n=0

cnu
\prime 
n =

N\sum 
n=0

cn
\bigl( 
U \prime 
n  - U \prime 

n - 1

\bigr) 
= cN+1U

\prime 
N +

N\sum 
n=0

(cn  - cn+1)U
\prime 
n \geq cN+1UN +

N\sum 
n=0

(cn  - cn+1)Un

and another Abel transform gives the result.

In particular, we have the following simple fact.

Fact. Let (ck)k\geq 0 be a nonincreasing sequence of nonnegative real numbers. Let (uk)k\geq 0 be a
vanishing sequence of nonnegative numbers and

\bigl( 
u\ast k
\bigr) 
k\geq 0

its monotone rearrangement.

Then

+\infty \sum 
n=0

cnun \leq 
+\infty \sum 
n=0

cnu
\ast 
n.

Indeed we just point out that, by definition, for every n \geq 0, we have
\sum n

k=0
u\ast k \geq 

\sum n

k=0
uk.

Proof of the main theorem. Let a \in \ell p(w). We assume first that
\bigl( 
| ak| pwk

\bigr) 
k

is nonincreasing.

Let us fix an arbitrary N \in \BbbN 0. For every n \in \BbbN 0, we write

An =
n\sum 

k=0

k+1
n+1\int 
k

n+1

ak ds =

1\int 
0

a[(n+1)s] ds.

Thanks to the triangular inequality for integrals, we have\Biggl( 
N\sum 

n=0

| An| pw\prime 
n

\Biggr) 1
p

\leq 
1\int 

0

\Biggl( 
N\sum 

n=0

| a[(n+1)s]| pw\prime 
n

\Biggr) 1
p

ds \leq 
1\int 

0

\Biggl( 
f(s)

+\infty \sum 
n=0

| a[(n+1)s]| pw[(n+1)s]

\Biggr) 1
p

ds

thanks to the subhomogeneity property.

Here we exploit a variation of the Abel transform argument used in [8], suggested by Y. C. Huang
in [4], although the original trick based on the previous remark would work too in our case (see [9]):

+\infty \sum 
n=0

| a[(n+1)s]| pw[(n+1)s] \leq 
+\infty \int 
0

| a[ts]| pw[ts] dt

because
\bigl( 
| ak| pwk

\bigr) 
k

is nonincreasing.

Therefore, we have, for every s \in (0, 1],

+\infty \sum 
n=0

| a[(n+1)s]| pw[(n+1)s] \leq 
1

s

+\infty \int 
0

| a[x]| pw[x] dx =
1

s

+\infty \sum 
m=0

| am| pwm.

Integrating with respect to s, we get
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\Biggl( 
N\sum 

n=0

| An| pw\prime 
n

\Biggr) 1
p

\leq 
1\int 

0

\biggl( 
f(s)

s

\biggr) 1
p

\| a\| \ell p(w) ds = K\| a\| \ell p(w).

Since N \in \BbbN 0 is arbitrary, the result is proved in the particular case when
\bigl( 
| ak| pwk

\bigr) 
k

is non-
increasing.

Now, in the general case, take a \in \ell p(w). The sequence (uk)k\geq 0 =
\bigl( 
| ak| w

1
p

k

\bigr) 
k

is vanishing, so

we can consider its monotone rearrangement
\bigl( 
u\ast k
\bigr) 
k\geq 0

. We define also ck = w
 - 1

p

k for k \geq 0. By
asumption, the sequence

\bigl( 
ck
\bigr) 
k\geq 0

is nonincreasing.
We point out that for every N \geq 0, thanks to the Fact, we have\bigm| \bigm| \bigm| \bigm| \bigm| 

N\sum 
n=0

an

\bigm| \bigm| \bigm| \bigm| \bigm| \leq 
N\sum 

n=0

| an| =
N\sum 

n=0

cnun \leq 
N\sum 

n=0

cnu
\ast 
n.

Applying the first step to the sequence
\bigl( 
cku

\ast 
k

\bigr) 
k\geq 0

, we get

\| \Gamma (a)\| \ell p(w\prime ) \leq K

\Biggl( 
+\infty \sum 
n=0

wn| cnu\ast n| 
p

\Biggr) 1
p

but \Biggl( 
+\infty \sum 
n=0

wn| cnu\ast n| 
p

\Biggr) 1
p

=

\Biggl( 
+\infty \sum 
n=0

| u\ast n| 
p

\Biggr) 1
p

=

\Biggl( 
+\infty \sum 
n=0

| un| p
\Biggr) 1

p

= \| a\| \ell p(w).

The theorem is proved.
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