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ALMOST EVERYWHERE CONVERGENCE OF \bfitT MEANS
WITH RESPECT TO THE VILENKIN SYSTEM OF INTEGRABLE FUNCTIONS

ЗБIЖНIСТЬ \bfitT СЕРЕДНIХ МАЙЖЕ СКРIЗЬ
ЩОДО СИСТЕМИ IНТЕГРОВНИХ ФУНКЦIЙ ВIЛЕНКIНА

We prove and discuss some new weak-type (1,1) inequalities for the maximal operators of T means with respect to the
Vilenkin system generated by monotone coefficients. We also apply these results to prove that these T means are almost
everywhere convergent. As applications, we present both some well-known and new results.

Доведено та обговорено деякi новi нерiвностi слабкого типу (1,1) для максимальних операторiв T середнiх щодо
системи Вiленкiна, породженої монотонними коефiцiєнтами. Отриманi результати застосовано для доведення того
факту, що цi T середнi збiжнi майже скрiзь. Як застосування наведено деякi вiдомi та новi результати.

1. Introduction. The definitions and notations used in this introduction can be found in our next
section.

It is well-known (for details see, e.g., [1, 12, 34]) that the Walsh – Paley system is not a Schauder
basis in L1(Gm). Approximation properties of Vilenkin – Fourier series with respect to one- and
two-dimensional cases can be found in [2, 27, 36, 37, 43, 44].

Almost everywhere convergence of Walsh – Fourier series of function f \in Lp(Gm) for
1 < p < \infty was proved by Sjölin [35] (see also [4, 6]), while for bounded Vilenkin systems
by Gosselin [11]. Schipp [31 – 33] (see also [23, 50]) investigated the so-called tree martingales and
gave a proof of Carleson’s theorem for Vilenkin – Fourier series. In each proof, they show that the
maximal operator of the partial sums is bounded on Lp(Gm), i.e., there exists an absolute constant
cp such that

\| S\ast f\| p \leq cp\| f\| p as f \in Lp(Gm), 1 < p <\infty .

Moreover, if we consider subsequences of partial sums, then the following result is true.
Theorem S1. Let f \in L1(Gm). Then

y\mu 

\biggl\{ 
\mathrm{s}\mathrm{u}\mathrm{p}
n\in \BbbN 

| SMnf | > y

\biggr\} 
\leq c\| f\| 1, y > 0.

Hence (for details see [5, 34]), if f \in L1(Gm), then SMnf \rightarrow f a.e. on Gm.

In the one-dimensional case the weak-type (1,1) inequality for the maximal operator of Fejér
means \sigma \ast f := \mathrm{s}\mathrm{u}\mathrm{p}n\in \BbbN | \sigma nf | can be found in [30] for Walsh series and in [22] for bounded Vilenkin
series (see also [48, 49]). It follows that if f \in L1(Gm) then

\sigma nf(x) \rightarrow f(x) a.e. on Gm.

In [42] it was proved that the maximal operator R\ast of Riesz means is bounded from the Lebesgue
space L1 to the space weak-L1. Hence, we get that, for f \in L1(Gm),
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Rnf(x) \rightarrow f(x) a.e. on Gm.

Approximation properties of Fejér and Reisz means with respect to Vilenkin systems can be found in
[3, 10, 28, 38 – 41] (see also [13, 25, 26, 29]).

Mуricz and Siddiqi [14] investigated the approximation properties of some special Nörlund
means of Walsh – Fourier series of Lp function in norm. In the two-dimensional case approximation
properties of Nörlund means were considered by Nagy [15 – 17] (see also [18 – 21]). In [24] it was
proved that the following is true.

Theorem T1. The maximal operators t\ast of Nörlund means defined by

t\ast f := \mathrm{s}\mathrm{u}\mathrm{p}
n\in \BbbN 

| tnf | ,

either with nondecreasing \{ qk : k \in \BbbN \} sequences or nonincreasing \{ qk : k \in \BbbN \} sequences, sati-
sfying the condition

1

Qn
= O

\biggl( 
1

n

\biggr) 
as n\rightarrow \infty ,

are bounded from the Lebesgue space L1 to the space weak-L1.

T means are generalizations of the Fejér and the Reisz logarithmic means. According to this fact
it is of prior interest to study the behavior of operators related to T means of Vilenkin – Fourier series.
Moreover, if we define maximal operator of T means by

T \ast f := \mathrm{s}\mathrm{u}\mathrm{p}
n\in \BbbN 

| Tnf | ,

in [46] it was proved that if \{ qk : k \in \BbbN \} is nonincreasing or nondecreasing and satisfying the
condition

qn - 1

Qn
= O

\biggl( 
1

n

\biggr) 
as n\rightarrow \infty , (1)

then

y\mu \{ T \ast f > y\} \leq c\| f\| 1, f \in L1(Gm), y > 0.

The boundedness of the maximal operator of T means does not hold from L1(Gm) to the space
L1(Gm). However, \| Tnf  - f\| p \rightarrow 0 as n\rightarrow \infty for f \in Lp(Gm), 1 \leq p <\infty .

In this paper, we prove and discuss some new weak-type (1,1) inequalities of maximal operators
of of T means with respect to the Vilenkin system generated by monotone coefficients. We also apply
these results to prove almost everywhere convergence of such T means. As applications, both some
well-known and new results are pointed out.

This paper is organized as follows. In order not to disturb our discussions later on some definitions
and notations are presented in Section 2. For the proofs of the main results we need some auxiliary
lemmas, some of them are new and of independent interest. These results are presented in Section 3.
The main results and some of their consequences can be found in Section 4. The detailed proofs of
the main results are also given in Section 4.
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2. Definitions and notation. Denote by \BbbN + the set of the positive integers, \BbbN := \BbbN + \cup \{ 0\} .
Let m := (m0, m1, . . .) be a sequence of the positive integers not less than 2. Denote by Zmk

:=

\{ 0, 1, . . . ,mk  - 1\} the additive group of integers modulo mk .
Define the group Gm as the complete direct product of the groups Zmi with the product of the

discrete topologies of Zmj ’s.
The direct product \mu of the measures \mu k

\bigl( 
\{ j\} 
\bigr) 
:= 1/mk, j \in Zmk

, is the Haar measure on Gm

with \mu (Gm) = 1.

In this paper we discuss bounded Vilenkin groups, i.e., the case when \mathrm{s}\mathrm{u}\mathrm{p}n\in \BbbN mn <\infty .

The elements of Gm are represented by sequences

x :=
\bigl( 
x0, x1, . . . , xj , . . .

\bigr) 
, xj \in Zmj .

Set en := (0, . . . , 0, 1, 0, . . .) \in Gm, the nth coordinate of which is 1 and the rest are zeros
(n \in \BbbN ). It is easy to give a basis for the neighborhoods of Gm :

I0(x) := Gm, In(x) :=
\bigl\{ 
y \in Gm | y0 = x0, . . . , yn - 1 = xn - 1

\bigr\} 
,

where x \in Gm, n \in \BbbN .
If we define In := In(0) for n \in \BbbN and In := Gm/In, then

IN =

\Biggl( 
N - 2\bigcup 
k=0

N - 1\bigcup 
l=k+1

Ik,lN

\Biggr) \bigcup \Biggl( N - 1\bigcup 
k=1

Ik,NN

\Biggr) 
, (2)

where

Ik,lN :=

\left\{   IN (0, . . . , 0, xk \not = 0, 0, . . . , 0, xl \not = 0, xl+1, . . . , xN - 1, . . .) for k < l < N,

IN (0, . . . , 0, xk \not = 0, 0, . . . , xN - 1 = 0, xN , . . .) for l = N.

If we define the so-called generalized number system based on m in the following way:

M0 := 1, Mk+1 := mkMk, k \in \BbbN ,

then every n \in \BbbN can be uniquely expressed as n =
\sum \infty 

j=0
njMj , where nj \in Zmj , j \in \BbbN +, and

only a finite number of nj ’s differ from zero.
We introduce on Gm an orthonormal system which is called the Vilenkin system. At first, we

define the complex-valued function rk(x) : Gm \rightarrow \BbbC , the generalized Rademacher functions, by

rk(x) := \mathrm{e}\mathrm{x}\mathrm{p}(2\pi ixk/mk), i2 =  - 1, x \in Gm, k \in \BbbN .

Next, we define the Vilenkin system \psi := (\psi n : n \in \BbbN ) on Gm by

\psi n(x) :=
\infty \prod 
k=0

rnk
k (x), n \in \BbbN .

Specifically, we call this system the Walsh – Paley one when m \equiv 2.

The norms (or quasinorms) of the spaces Lp(Gm) and weak-Lp(Gm), 0 < p <\infty , are respecti-
vely defined by
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\| f\| pp :=
\int 
Gm

| f | pd\mu , \| f\| p\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{k} - Lp
:= \mathrm{s}\mathrm{u}\mathrm{p}

\lambda >0
\lambda p\mu (f > \lambda ) < +\infty .

The Vilenkin system is orthonormal and complete in L2(Gm) (see [47]).
Now, we introduce analogues of the usual definitions in Fourier analysis. If f \in L1(Gm) we can

define Fourier coefficients, partial sums and Dirichlet kernels with respect to the Vilenkin system in
the usual manner:

\widehat f(n) := \int 
Gm

f\psi nd\mu , Snf :=
n - 1\sum 
k=0

\widehat f(k)\psi k, Dn :=
n - 1\sum 
k=0

\psi k, n \in \BbbN +.

It is well-known that (see [1]) if n \in \BbbN , then

DMn(x) =

\left\{   Mn, x \in In,

0, x /\in In.

Moreover, if n =
\sum \infty 

i=0
niMi and 1 \leq sn \leq mn  - 1, then we have the following identity:

Dn = \psi n

\left(  \infty \sum 
j=0

DMj

mj - 1\sum 
k=mj - nj

rkj

\right)  .
It immediately follows that

| Dn(x)| \leq cMs, x \in Is\setminus Is+1, s = 0, . . . , N  - 1, (3)

where c is an absolute constant.
Let \{ qk : k \geq 0\} be a sequence of nonnegative numbers. The nth T means Tn and Nörlund

mean tn for a Fourier series of f are respectively defined by

Tnf :=
1

Qn

n - 1\sum 
k=0

qkSkf and tnf =
1

Qn

n\sum 
k=1

qn - kSkf, (4)

where Qn :=
\sum n - 1

k=0
qk.

It is obvious that

Tnf(x) =

\int 
Gm

f(t)Fn(x - t)d\mu (t) and tnf(x) =

\int 
Gm

f(t)F - 1
n (x - t)d\mu (t),

where

Fn :=
1

Qn

n\sum 
k=1

qkDk and F - 1
n :=

1

Qn

n - 1\sum 
k=0

qn - kDk (5)

are called the T kernels and Nörlund kernels, respectively.
If qk \equiv 1 in (4) and (5), we respectively define the Fejér means \sigma n and Fejér kernels Kn as

follows:
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\sigma nf :=
1

n

n\sum 
k=1

Skf, Kn :=
1

n

n\sum 
k=1

Dk.

It is well-known that (for details see [1, 7]) if n > t, t, n \in \BbbN , then

KMn(x) =

\left\{             

Mt

1 - rt(x)
, x \in It\setminus It+1, x - xtet \in In,

Mn  - 1

2
, x \in In,

0, otherwise.

Moreover, for all n \in \BbbN ,

n| Kn| \leq c

| n| \sum 
l=0

Ml| KMl
| and \| Kn\| 1 \leq c <\infty .

The well-known example of Nörlund summability is the so-called (C,\alpha ) means (Cesàro means)
for 0 < \alpha < 1, which are defined by

\sigma \alpha nf :=
1

A\alpha 
n

n\sum 
k=1

A\alpha  - 1
n - kSkf, where A\alpha 

0 := 0, A\alpha 
n :=

(\alpha + 1) . . . (\alpha + n)

n!
.

We also consider the “inverse” (C,\alpha ) means, which is an example of T means:

U\alpha 
n f :=

1

A\alpha 
n

n - 1\sum 
k=0

A\alpha  - 1
k Skf, 0 < \alpha < 1.

Let V \alpha 
n denote the T mean, where

\bigl\{ 
q0 = 0, qk = k\alpha  - 1 : k \in \BbbN +

\bigr\} 
, that is,

V \alpha 
n f :=

1

Qn

n - 1\sum 
k=1

k\alpha  - 1Skf, 0 < \alpha < 1.

The nth Riesz logarithmic mean Rn and the Nörlund logarithmic mean Ln are defined by

Rnf :=
1

ln

n\sum 
k=1

Skf

k
and Lnf :=

1

ln

n - 1\sum 
k=1

Skf

n - k
,

respectively, where ln :=
\sum n - 1

k=1
1/k.

Up to now we have considered T means in the case when the sequence \{ qk : k \in \BbbN \} is bounded,
but now we consider T summabilities with unbounded sequence \{ qk : k \in \BbbN \} .

If we define the sequence \{ qk : k \in \BbbN \} by
\bigl\{ 
q0 = 0, qk = \mathrm{l}\mathrm{o}\mathrm{g} k : k \in \BbbN +

\bigr\} 
, then we get the class

Bn of T means with nondecreasing coefficients:

Bnf :=
1

Qn

n\sum 
k=1

\mathrm{l}\mathrm{o}\mathrm{g}(k + 1)Skf, where Qn =
n\sum 

k=1

\mathrm{l}\mathrm{o}\mathrm{g}(k + 1).
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3. Auxiliary lemmas. Next lemma is very important to study problems of almost everywhere
convergence.

Lemma 1. Suppose that the \sigma -sublinear operator V is bounded from Lp1 to Lp1 for some
1 < p1 \leq \infty and \int 

I

| V f | d\mu \leq C\| f\| 1

for f \in L1 and Vilenkin interval I which satisfy

\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p} f \subset I,

\int 
Gm

fd\mu = 0. (6)

Then the operator V is of weak-type (1,1), i.e.,

\mathrm{s}\mathrm{u}\mathrm{p}
y>0

y\mu 
\bigl( 
\{ V f > y\} 

\bigr) 
\leq \| f\| 1.

Lemma 2. Let T, Tn : Lp(Gm) \rightarrow Lp(Gm) are sublinear operators for some 1 \leq p < \infty with
T bounded and Tnf \rightarrow Tf a.e. on Gm as n\rightarrow \infty for each f \in X0, where X0 is dense in Lp(Gm).

Set

T \ast f := \mathrm{s}\mathrm{u}\mathrm{p}
n\in \BbbN 

| Tnf | , f \in X.

If there iexists a constant C > 0, independent of f and n, such that

yp\mu 
\Bigl( \bigl\{ 

| Tf | > y
\bigr\} \Bigr) 

\leq C\| f\| pX

and

yp\mu 
\Bigl( \bigl\{ 
T \ast f > y

\bigr\} \Bigr) 
\leq C\| f\| pX ,

for all y > 0 and f \in Lp(Gm), then

Tf = \mathrm{l}\mathrm{i}\mathrm{m}
n\rightarrow \infty 

Tnf

a.e. on Gm for every f \in Lp(Gm).

We need the following auxiliary lemmas.

Lemma 3 (see [7]). Let n \in \BbbN and x \in Ik,lN , where k < l. Then

KMn(x) = 0, if n > l, (7)

and

| KMn(x)| \leq cMk. (8)

For the proof of our main results we also need the following lemmas.

Lemma 4 (see [45]). Let n \in \BbbN and \{ qk : k \in \BbbN \} be a sequence either of nonincreasing
numbers or nondecreasing numbers satisfying condition (1). Then

\| Fn\| 1 < c.
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Lemma 5 (see [45]). Let \{ qk : k \in \BbbN \} be a sequence of nonincreasing numbers and n > MN .
Then \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n - 1\sum 
j=MN

qjDj(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq c

MN

| n| \sum 
j=0

Mj | KMj | ,

where c is an absolute constant.
Lemma 6 (see [45]). Let \{ qk : k \in \BbbN \} be a sequence of nondecreasing numbers satisfying (1).

Then \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n - 1\sum 
j=MN

qjDj(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq c

MN

| n| \sum 
j=0

Mj | KMj | ,

where c is an absolute constant.
The next two lemmas are very important for our further investigations to prove almost everywhere

convergence of T means generated by nonincreasing sequences \{ qk : k \in \BbbN \} .
Lemma 7 (see [45]). Let \{ qk : k \in \BbbN \} be a sequence of nonincreasing numbers. Then

\int 
Gm

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n - 1\sum 
j=MN

qjDj(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu (x) \leq c <\infty ,

where c is an absolute constant.
Proof. Let n > MN and x \in Ik,lN , k = 0, . . . , N - 2, l = k+1, . . . , N - 1. Combining Lemma 5

with (7) and (8), we get that\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n - 1\sum 
j=MN

qjDj(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 1

MN

l\sum 
i=0

Mi| KMi(x)| 

\leq 1

MN

l\sum 
i=0

MiMk \leq cMlMk

MN

and

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n - 1\sum 
j=MN

qjDj(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 1

MN

| n| \sum 
i=0

Mi| KMi(x)| \leq 
cMlMk

MN
. (9)

Let n > MN and x \in Ik,NN . By using (3), we can conclude that\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n - 1\sum 
j=MN

qjDj(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq c

Qn

n - 1\sum 
j=MN

qjMk \leq Qn  - QMN

Qn
Mk \leq cMk,

so that

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n\sum 
j=MN

qn - jDj(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq cMk. (10)
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Hence, combining (2) and estimates (9) and (10), we get that

\int 
Gm\setminus IN

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n - 1\sum 
j=MN

qjDj(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu 

=
N - 2\sum 
k=0

N - 1\sum 
l=k+1

mj - 1\sum 
xj=0,j\in \{ l+1,...,N - 1\} 

\int 
Ik,lN

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n - 1\sum 
j=MN

qjDj(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu 

+
N - 1\sum 
k=0

\int 
Ik,NN

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n - 1\sum 
j=MN

qjDj(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu 

\leq c
N - 2\sum 
k=0

N - 1\sum 
l=k+1

ml+1 . . .mN - 1

MN

MlMk

MN
+ c

N - 1\sum 
k=0

Mk

MN

\leq 
N - 2\sum 
k=0

(N  - k)Mk

MN
+ c < C <\infty .

The lemma is proved.
Lemma 8. Let \{ qk : k \in \BbbN \} be a sequence of nondecreasing numbers satisfying (1). Then, for

any n,N \in \BbbN +, \int 
Gm

\mathrm{s}\mathrm{u}\mathrm{p}
n>N

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n - 1\sum 
j=MN

qjDj(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu (x) \leq c <\infty ,

Proof. If we apply Lemma 6 the proof is analogous to Lemma 7, so, we leave out the details.
4. Main result.
Theorem 1. Let Tnf be the T means and Fn be the corresponding kernels such that

\int 
IN

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

n - 1\sum 
k=MN+1

qkDk(x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu (x) < c <\infty .

If the maximal operator T \ast of T means is bounded from Lp1 to Lp1 for some 1 < p1 \leq \infty , then
the operator T \ast is of weak-type (1,1), i.e., for all f \in L1(Gm),

\mathrm{s}\mathrm{u}\mathrm{p}
y>0

y\mu \{ T \ast f > y\} \leq \| f\| 1.

Proof. In view of Lemma 1 we obtain that the proof is complete if we show that\int 
I

| T \ast f(x)| d\mu (x) \leq c\| f\| 1 (11)

for every function f, which satisfies conditions in (6), where I denotes the support of the function f.
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Without lost the generality we may assume that f is a function with support I and \mu (I) =MN .

We may also assume that I = IN . It is easy to see that Tnf = 0 when n \leq MN . Therefore, we can
suppose that n > MN . Moreover, Snf = 0 for n \leq MN ,

1

Qn

\Biggl( 
MN\sum 
k=0

qkSkf(x)

\Biggr) 
= 0 and

\int 
IN

1

Qn

\Biggl( 
Mn\sum 
k=0

qkDk(x - t)

\Biggr) 
f(t)d\mu (t) = 0.

Hence,

| T \ast f(x)| \leq \mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 
IN

1

Qn

\Biggl( 
MN\sum 
k=0

qkDk(x - t)

\Biggr) 
f(t)d\mu (t)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
+ \mathrm{s}\mathrm{u}\mathrm{p}

n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 
IN

1

Qn

\left(  n - 1\sum 
k=MN+1

qkDk(x - t)

\right)  f(t)d\mu (t)
\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 

= \mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 
IN

1

Qn

\left(  n - 1\sum 
k=MN+1

qkDk(x - t)

\right)  f(t)d\mu (t)
\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| . (12)

Let t \in IN and x \in IN . Then x - t \in IN and (12) implies that\int 
IN

\bigm| \bigm| T \ast f(x)
\bigm| \bigm| d\mu (x) \leq \int 

IN

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\int 
IN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

\left(  n - 1\sum 
k=MN+1

qkDk(x - t)

\right)  f(t)
\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu (t)d\mu (x)

\leq 
\int 
IN

\int 
IN

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

\left(  n - 1\sum 
k=MN+1

qkDk(x - t)

\right)  f(t)
\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu (t)d\mu (x)

\leq 
\int 
IN

\int 
IN

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

\left(  n - 1\sum 
k=MN+1

qkDk(x - t)

\right)  f(t)
\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu (x)d\mu (t)

\leq 
\int 
IN

\int 
IN

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

\left(  n - 1\sum 
k=MN+1

qkDk(x)

\right)  f(t)
\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu (x)d\mu (t)

\leq 
\int 
IN

| f(t)| d\mu (t)
\int 
IN

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

\left(  n - 1\sum 
k=MN+1

qkDk(x)

\right)  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu (x)

= \| f\| 1
\int 
IN

\mathrm{s}\mathrm{u}\mathrm{p}
n>MN

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

Qn

\left(  n - 1\sum 
k=MN+1

qkDk(x)

\right)  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| d\mu (x) \leq c\| f\| 1.

Thus, (11) holds so the proof is complete.
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Theorem 2. Let f \in L1 and Tn be the regular T means with nonincreasing sequence \{ qk :
k \in \BbbN \} . Then

Tnf \rightarrow f a.e. as n\rightarrow \infty .

Proof. According to the regularity of T means with nonincreasing sequence \{ qk : k \in \BbbN \} , we
obtain that TnP \rightarrow P a.e. as n\rightarrow \infty , where P \in \scrP is dense in the space L1.

On the other hand, combining Lemmas 4 and 7 and Theorem 1, we can conclude that the maximal
operator T \ast of T means with nonincreasing sequences \{ qk : k \in \BbbN \} is bounded from the space L1

to the space weak-L1, that is,

\mathrm{s}\mathrm{u}\mathrm{p}
y>0

y\mu 
\bigl\{ 
x \in Gm : | T \ast f(x)| > y

\bigr\} 
\leq \| f\| 1.

Hence, according to Lemma 2, we obtain almost everywhere convergence of T means with non-
increasing sequence

\bigl\{ 
qk : k \in \BbbN 

\bigr\} 
.

The theorem is proved.
Corollary 1. Let f \in L1 . Then

Rnf \rightarrow f a.e. as n\rightarrow \infty ,

V \alpha 
n f \rightarrow f a.e. as n\rightarrow \infty ,

U\alpha 
n f \rightarrow f a.e. as n\rightarrow \infty .

Theorem 3. Let f \in L1 and Tn be the regular T means with nondecreasing sequence\bigl\{ 
qk : k \in \BbbN 

\bigr\} 
satisfying condition (1). Then

Tnf \rightarrow f a.e. as n\rightarrow \infty .

Proof. If we apply Theorem 1 and Lemma 8 the proof is analogous to Theorem 2, so we leave
out the details.

Theorem 4. Let f \in L1 and Tn be the regular T means with nondecreasing sequence\bigl\{ 
qk : k \in \BbbN 

\bigr\} 
. Then

TMnf \rightarrow f a.e. as n\rightarrow \infty .

Proof. If we use (for details see [8, 9]) DMn - j(x) = DMn(x) - \psi Mn - 1(x)Dj(x), j < Mn, we
get that

FMn(x) =
1

QMn

Mn\sum 
k=1

qMn - kDk(x)

=
1

QMn

Mn - 1\sum 
k=0

qkDMn - k(x)

=
1

QMn

Mn - 1\sum 
k=0

qk
\bigl( 
DMn(x) - \psi Mn - 1(x)Dk(x)

\bigr) 
= DMn(x) - \psi Mn - 1(x)F - 1

Mn(x).
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Hence,

\mathrm{s}\mathrm{u}\mathrm{p}
n\in \BbbN 

| TMnf | \leq \mathrm{s}\mathrm{u}\mathrm{p}
n\in \BbbN 

| SMnf | + \mathrm{s}\mathrm{u}\mathrm{p}
n\in \BbbN 

| tMnf | .

Combining Theorem S1 and Theorem T1, we immediately have that

y\mu 

\biggl\{ 
\mathrm{s}\mathrm{u}\mathrm{p}
n\in \BbbN 

| TMnf | > y

\biggr\} 
\leq c\| f\| for any f \in L1(Gm), y > 0.

On the other hand, if we repeat analogous steps of Theorem 2, we immediately get the proof of
theorem.

Corollary 2. Let f \in L1 . Then

\sigma nf \rightarrow f a.e. as n\rightarrow \infty ,

Bnf \rightarrow f a.e. as n\rightarrow \infty .
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