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JORDAN HOMODERIVATION BEHAVIOR
OF GENERALIZED DERIVATIONS IN PRIME RINGS

ПОВЕДIНКА ЖОРДАНОВОЇ ГОМОПОХIДНОЇ
ДЛЯ УЗАГАЛЬНЕНИХ ПОХIДНИХ НА ПРОСТИХ КIЛЬЦЯХ

Suppose that R is a prime ring with \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}(R) \not = 2 and f(\xi 1, . . . , \xi n) is a noncentral multilinear polynomial over
C(= Z(U)), where U is the Utumi quotient ring of R. An additive mapping h : R \rightarrow R is called homoderivation if
h(ab) = h(a)h(b) + h(a)b+ ah(b) for all a, b \in R. We investigate the behavior of three generalized derivations F, G,
and H of R satisfying the condition

F (\xi 2) = G(\xi )2 +H(\xi )\xi + \xi H(\xi )

for all \xi \in f(R) = \{ f(\xi 1, . . . , \xi n) | \xi 1, . . . , \xi n \in R\} .

Припустимо, що R — просте кiльце з \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}(R) \not = 2, а f(\xi 1, . . . , \xi n) — нецентральний мультилiнiйний полiном над
C(= Z(U)), де U — фактор-кiльце Утумi R. Адитивне вiдображення h : R \rightarrow R називається гомопохiдною, якщо
h(ab) = h(a)h(b) + h(a)b+ ah(b) для всiх a, b \in R. Дослiджено поведiнку трьох узагальнених похiдних F, G та
H на R, що задовольняють умову

F (\xi 2) = G(\xi )2 +H(\xi )\xi + \xi H(\xi )

для всiх \xi \in f(R) = \{ f(\xi 1, . . . , \xi n)| \xi 1, . . . , \xi n \in R\} .

1. Introduction. In this paper we consider that R is a prime ring of characteristic different from 2.

Also U is the Utumi quotient ring of R, C = Z(U) is the extended centroid of R and f(\xi 1, . . . , \xi n)

is a noncentral multilinear polynomial over C. By the word derivation of R, we mean an additive
mapping d : R \rightarrow R such that d(ab) = d(a)b + ad(b) holds for all a, b \in R. By the word Jordan
derivation of R, we mean an additive mapping d : R \rightarrow R such that d(a2) = d(a)a + ad(a) holds
for all a \in R. Any derivation is Jordan derivation, but the converse is not true in general. Herstein
[15] proved that every Jordan derivation in a prime ring of \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}(R) \not = 2 is a derivation.

An additive mapping F : R \rightarrow R is called a generalized derivation, if there exists a derivation
d on R such that F (ab) = F (a)b + ad(b) holds for all a, b \in R. Basic examples of generalized
derivations are derivations, generalized inner derivations (i.e., maps of type x \rightarrow a1x+xb1 for some
a1, b1 \in R). In [18], Lee proved that any generalized derivation of R can be uniquely extended to a
generalized derivation of U and its form will be g(x) = ax+ d(x) for some a \in U, where d is the
associated derivation. The Lie commutator of x, y is [x, y] and also defined by [x, y] = xy  - yx for
all x, y \in R; also the symbol x \circ y stands for the anticommutator xy + yx.

An additive mapping F : R \rightarrow R is called a homomorphism or antihomomorphism on R if
F (ab) = F (a)F (b) or F (ab) = F (b)F (a) holds for all a, b \in R, respectively. The additive mapping
F is called a Jordan homomorphism, if F (a2) = F (a)2 holds for all a \in R.

It is natural to consider a map which will behave like a derivation as well as a homomorphism.
In this point of view, El Sofy [13] introduced the concept of homoderivation maps on a ring R. An
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additive mapping h from R into itself is called homoderivation if h(ab) = h(a)h(b)+h(a)b+ah(b)

for all a, b \in R. An example of such mapping is h(a) = f(a)  - a for all a \in R, where f is an
endomorphism on R. As above, we can define Jordan homoderivation maps. An additive mapping
h from R into itself is called Jordan homoderivation if h(a2) = h(a)h(a) + h(a)a + ah(a) for
all a \in R. It is very clear that every homoderivation is Jordan homoderivation, but in general the
converse need not be true. There are few papers in literature which studied the homoderivation maps
in prime rings and obtained commutativity of ring under certain conditions (see [2 – 4, 21]).

In the spirit of consideration of above maps, in the present paper we consider three generalized
derivations F, G, H which satisfy the situation

F (\xi 2) = G(\xi )2 +H(\xi )\xi + \xi H(\xi )

for all \xi \in f(R).

There are many papers in literature which studied the homomorphism or antihomomorphism
behavior of generalized derivations in prime rings (see [1, 5, 9 – 12, 23]).

In the present paper, we study the Jordan homoderivation behavior of three generalized derivations
in prime rings.

More precisely, we prove the following theorem.

Theorem 1.1. Let R be a prime ring with \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}(R) \not = 2 and f(\xi 1, . . . , \xi n) be a noncentral
multilinear polynomial over C(= Z(U)), where U be the Utumi quotient ring of R. If F, G and H

are three generalized derivations on R satisfying

F (\xi 2) = G(\xi )2 +H(\xi )\xi + \xi H(\xi )

for all \xi \in f(R), then d, g and h are three inner derivations or g is inner, d, h are outer, d, h
are linearly C -dependent modulo inner derivations of U. Moreover, the forms of the maps are as
follows:

(1) there exist a derivation d on R and \lambda 1, \lambda 2, \lambda 3 \in C such that F (x) = \lambda 1x+d(x), G(x) = \lambda 2x

and H(x) = \lambda 3x+ d(x) for all x \in R with \lambda 1 = \lambda 2
2 + 2\lambda 3;

(2) there exist a derivation d on R, a1 \in U and \lambda 1, \lambda 2, \lambda 3 \in C such that F (x) = \lambda 1x+ d(x),

G(x) = \lambda 2x and H(x) = \lambda 3x + [a1, x] + d(x) for all x \in R with f(R)2 \in C and \lambda 1 =

\lambda 2
2 + 2\lambda 3.

If we consider H = 0 in our main theorem, then we get the following corollary.

Corollary 1.1. Let R be a prime ring of \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}(R) \not = 2 with Utumi quotient ring U and extended
centroid C and f(\xi 1, . . . , \xi n) be a multilinear polynomial over C, which is a noncentral valued on
R. If F and G are two nonzero generalized derivations of R such that

F (\xi 2) = G(\xi )2

for all \xi = (\xi 1, . . . , \xi n) \in Rn, then one of the following holds:

(1) there exists \lambda \in C such that F (x) = \lambda 2x, G(x) = \lambda x for all x \in R;

(2) there exist \lambda \in C and a \in U such that F (x) = \lambda 2x+ [a, x], G(x) = \lambda x for all x \in R with
f(\xi 1, . . . , \xi n)

2 is central valued on R.
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Example 1.1. Let R =

\biggl\{ \biggl( 
a b

0 0

\biggr) \bigm| \bigm| \bigm| \bigm| a, b \in \BbbZ 
\biggr\} 
, where \BbbZ be the set of all integers. Then it is

clear that R is not prime ring, because

\biggl( 
0 1

0 0

\biggr) 
R

\biggl( 
0 1

0 0

\biggr) 
= (0). Define the maps F,G, d, g :

R \rightarrow R by F

\biggl( 
a b

0 0

\biggr) 
=

\biggl( 
a 0

0 0

\biggr) 
, d

\biggl( 
a b

0 0

\biggr) 
=

\biggl( 
0  - b

0 0

\biggr) 
and G

\biggl( 
a b

0 0

\biggr) 
=

\biggl( 
 - a 0

0 0

\biggr) 
,

g

\biggl( 
a b

0 0

\biggr) 
=

\biggl( 
0 b

0 0

\biggr) 
on R. Then F and G are generalized derivations of R associated derivations

d and g, respectively. Now we consider a multilinear polynomial f(X,Y ) = XY, which is not central
valued on R. We see that F

\bigl( 
f(X,Y )2

\bigr) 
= G

\bigl( 
f(X,Y )

\bigr) 2
for all X,Y \in R but G(X) \not = \lambda X, where

\lambda \in C. This example show that the primeness hypothesis is not superfluous in our above corollary.
2. The matrix ring case and results for inner generalized derivations.
Lemma 2.1 [8, Lemma 1]. Let C be an infinite field and m \geq 2. If \kappa 1, . . . , \kappa t are not scalar

matrices in Mm(C), then there exists some invertible matrix P \in Mm(C) such that all the entries
of P\kappa 1P

 - 1, . . . , P\kappa tP
 - 1 are nonzero.

Lemma 2.2. Suppose that R = Mm(C), m \geq 2, be the ring of all m\times m matrices over the field
C and f(R) be the set of all evaluations of the polynomial f(\xi 1, . . . , \xi n) in R. If A1, A2, A3, a3, a4 \in 
R such that

A1u
2 + u2A2 + a3ua3u+ uA3u+ ua4ua4 + a3u

2a4 = 0

for all u \in f(R), then a3 and a4 are scalar matrices.
Proof. 1. C is infinite field. To prove this case of the lemma, we assume on contrary that

a3 /\in Z(R) and a4 /\in Z(R). We prove that this case leads to a contradiction. Since a3 /\in Z(R) and
a4 /\in Z(R), by Lemma 2.1 there exists a C -automorphism \theta of Mm(C) for which a\prime 3 = \theta (a3) and
a\prime 4 = \theta (a4) have all nonzero entries. Clearly, A\prime 

1 = \theta (A1), A
\prime 
2 = \theta (A2), A

\prime 
3 = \theta (A3), a

\prime 
3 and a\prime 4

must satisfying the condition

A\prime 
1f(\xi )

2 + f(\xi )2A\prime 
2 + a\prime 3f(\xi )a

\prime 
3f(\xi )

+ f(\xi )A\prime 
3f(\xi ) + f(\xi )a\prime 4f(\xi )a

\prime 
4 + a\prime 3f(\xi )

2a\prime 4 = 0. (1)

By eij , we consider a matrix unit with 1 in (i, j)-entry and zero elsewhere. Then it is obvious that
e2ij = 0. Since f(\xi 1, . . . , \xi n) is not central valued, by [19] there exist some matrices r1, . . . , rn \in 
Mm(C) and 0 \not = \gamma \in C such that f(r1, . . . , rn) = \gamma eij with i \not = j.

Therefore, substituting f(\xi ) = \gamma eij in (1), we get

a\prime 3eija
\prime 
3eij + eijA

\prime 
3eij + eija

\prime 
4eija

\prime 
4 = 0.

Multiplying by eij in left-hand side of the above relation, we have

eija
\prime 
3eija

\prime 
3eij = 0,

which gives a contradiction, since a\prime 3 = \theta (a3) have all nonzero entries. Thus, we conclude that a3 is
scalar matrix. Again we multiplying by eij in right-hand side of the above relation, we obtain

eija
\prime 
4eija

\prime 
4eij = 0,

which gives a contradiction, since a\prime 4 = \theta (a4) have all nonzero entries. Thus, we conclude that a4 is
scalar matrix. Therefore, when C is infinite field, then a3 and a4 are scalar matrices.
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2. C is finite field. Suppose that K be an infinite field which is an extension of C. Let R =

Mm(K) \sim = R \otimes C K. Notice that the multilinear polynomial f(\xi 1, . . . , \xi n) is central-valued on R if
and only if it is central-valued on R. Now the generalized polynomial identity is

\Psi (\xi 1, . . . , \xi n) = A1f(\xi 1, . . . , \xi n)
2 + f(\xi 1, . . . , \xi n)

2A2

+ a3f(\xi 1, . . . , \xi n)a3f(\xi 1, . . . , \xi n) + f(\xi 1, . . . , \xi n)A3f(\xi 1, . . . , \xi n)

+ f(\xi 1, . . . , \xi n)a4f(\xi 1, . . . , \xi n)a4 + a3f(\xi 1, . . . , \xi n)
2a4 = 0.

This is not only a generalized polynomial identity for R, but also a multihomogeneous of multidegree
(2, . . . , 2) in the indeterminates \xi 1, . . . , \xi n.

Hence, the complete linearization of \Psi (\xi 1, . . . , \xi n) yields a multilinear generalized polynomial
\Theta (\xi 1, . . . , \xi n, t1, . . . , tn) in 2n indeterminates, moreover,

\Theta (\xi 1, . . . , \xi n, t1, . . . , tn) = 2n\Psi (\xi 1, . . . , \xi n).

Clearly, the multilinear polynomial \Theta (\xi 1, . . . , \xi n, t1, . . . , tn) = 0 is a generalized polynomial identity
for R and R too. Since char (C) \not = 2, we obtain \Psi (\xi 1, . . . , \xi n) = 0 for all \xi 1, . . . , \xi n \in R and then
conclusion follows as above when C was infinite.

Lemma 2.2 is proved.
Lemma 2.3. Suppose that R is a prime ring of \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}(R) \not = 2 and f(x1, . . . , xn) is a noncentral

multilinear polynomial over C. If A1, A2, A3, a3, a4 \in R such that R satisfies \Psi (\xi 1, . . . , \xi n), then
a3 \in C and a4 \in C.

Proof. We will show this case by contradiction. Suppose that both a3 and a4 are not central. By
hypothesis, we have

\Psi (\xi 1, . . . , \xi n) = A1f(\xi 1, . . . , \xi n)
2 + f(\xi 1, . . . , \xi n)

2A2

+ a3f(\xi 1, . . . , \xi n)a3f(\xi 1, . . . , \xi n) + f(\xi 1, . . . , \xi n)A3f(\xi 1, . . . , \xi n)

+ f(\xi 1, . . . , \xi n)a4f(\xi 1, . . . , \xi n)a4 + a3f(\xi 1, . . . , \xi n)
2a4 = 0

for all \xi 1, . . . , \xi n \in R.

Since R and U satisfy the same generalized polynomial identities (see [7]), so, U satisfies
\Psi (\xi 1, . . . , \xi n) = 0. Suppose that R does not satisfy any nontrivial GPI. Let T = U \ast C C\{ \xi 1,
\xi 2, . . . , \xi n\} , the free product of U and C\{ \xi 1, . . . , \xi n\} , the free C -algebra in noncommuting indetermi-
nates \xi 1, \xi 2, . . . , \xi n. Then \Psi (\xi 1, . . . , \xi n) is zero element in T. This gives that \{ A1, a3, 1\} is linearly
C -dependent, hence, there exist \alpha 1, \alpha 2, \alpha 3 \in C such that \alpha 1A1 + \alpha 2a3 + \alpha 3.1 = 0. If \alpha 1 = 0, then
\alpha 2 \not = 0 and so a3 =  - \alpha  - 1

2 \alpha 3 \in C, a contradiction. Therefore, either \alpha 1 \not = 0. Then A1 = \alpha a3 + \beta ,

where \alpha =  - \alpha  - 1
1 \alpha 2, \beta =  - \alpha  - 1

1 \alpha 3. Hence,

(\alpha a3 + \beta )f(\xi 1, . . . , \xi n)
2 + f(\xi 1, . . . , \xi n)

2A2

+ a3f(\xi 1, . . . , \xi n)a3f(\xi 1, . . . , \xi n) + f(\xi 1, . . . , \xi n)A3f(\xi 1, . . . , \xi n)

+ f(\xi 1, . . . , \xi n)a4f(\xi 1, . . . , \xi n)a4 + a3f(\xi 1, . . . , \xi n)
2a4 = 0.

Since \{ a3, 1\} is linearly C -independent, we have
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\alpha a3f(\xi 1, . . . , \xi n)
2 + a3f(\xi 1, . . . , \xi n)a3f(\xi 1, . . . , \xi n) + a3f(\xi 1, . . . , \xi n)

2a4 = 0,

that is,

a3f(\xi 1, . . . , \xi n)\{ \alpha f(\xi 1, . . . , \xi n) + a3f(\xi 1, . . . , \xi n) + f(\xi 1, . . . , \xi n)a4\} = 0.

Since a3 /\in C, the term a3f(\xi 1, . . . , \xi n)a3f(\xi 1, . . . , \xi n) can not be canceled and, hence, a3f(\xi 1, . . . ,
\xi n)a3f(\xi 1, . . . , \xi n) = 0 in T which implies a3 = 0, a contradiction.

Next suppose that U satisfies the nontrivial GPI \Psi (\xi 1, . . . , \xi n) = 0. Then, by the well-known
theorem of Martindale in [20], U is a primitive ring with nonzero socle H and with C as its
associated division ring. By Jacobson’s theorem [16, p. 75], U is isomorphic to a dense ring of linear
transformations of a vector space V over C.

If V is finite dimensional over C, that is, dimCV = m, then, by density of U, we have
U \sim = Mm(C). As U is noncommutative, m \geq 2. By Lemma 2.2, a3 \in C and a4 \in C, a contradiction.

If V is infinite dimensional over C, then, by [22, Lemma 2], the set f(U) is dense on U. Thus,
U satisfies

A1\xi 
2 + \xi 2A2 + a3\xi a3\xi + \xi A3\xi + \xi a4\xi a4 + a3\xi 

2a4.

Since a3 /\in C and a4 /\in C, they can not commute any nonzero ideal of U, i.e., [a3, H] \not = (0) and
[a4, H] \not = (0). Therefore, there exists h1, h2 \in H such that [a3, h1] \not = 0 and [a4, h2] \not = 0. By [14],
there exists idempotent e \in H such that a3h1, h1a3, a4h2, h2a4, h1, h2 \in eUe. Since U satisfies
generalized identity

e
\bigl\{ 
A1(e\xi e)

2 + (e\xi e)2A2 + a3(e\xi e)a3(e\xi e) + (e\xi e)A3(e\xi e) + (e\xi e)a4(e\xi e)a4 + a3(e\xi e)
2a4
\bigr\} 
e,

the subring eUe satisfies

eA1e\xi 
2 + \xi 2eA2e+ ea3e\xi ea3e\xi + \xi eA3e\xi + \xi ea4e\xi ea4e+ ea3e\xi 

2ea4e.

Since eUe \sim = Mt(C) with t =dimCV e, by above argument a3 or a4 are central elements of eUe.

But then we have contradiction as a3h1 = (ea3e)h1 = h1ea3e = h1a3 and a4h2 = (ea4e)h2 =

h2(ea4e) = h2a4. Therefore, we get that a3 and a4 are central.
Lemma 2.3 is proved.
Lemma 2.4. Let R be a prime ring of \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}(R) \not = 2, C the extended centroid of R and

f(x1, . . . , xn) a noncentral multilinear polynomial over C. If a1, a2, a3 \in R such that

a1f(\xi )
2 + f(\xi )a2f(\xi ) + f(\xi )2a3 = 0

for all \xi = (\xi 1, . . . , \xi n) \in Rn, then a2 is central.
Proof. By using the similar argument above as in Lemma 2.3, we get that a2 is central.
Lemma 2.5 [10, Lemma 2.9]. Let R be a noncommutative prime ring and p(\xi 1, . . . , \xi n) be any

polynomial over C. If there exist a1, a2, a3, a4 \in U such that

a1p(\xi ) + p(\xi )a2 + a3p(\xi )a4 = 0

for all \xi = (\xi 1, . . . , \xi n) \in Rn, then one of the following holds:
(1) a2, a4 \in C and a1 + a2 + a3a4 = 0;
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(2) a1, a3 \in C and a1 + a2 + a3a4 = 0;

(3) a1 + a2 + a3a4 = 0 and p(\xi ) is central valued on R.

Proposition 2.1. Suppose that R is a prime ring of \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}(R) \not = 2 and F, G, H are three inner
generalized derivations on R. If

F (\xi 2) = G(\xi )2 +H(\xi )\xi + \xi H(\xi )

for all \xi \in f(R), then one of the following holds:
(1) there exist a derivation d on R and \lambda 1, \lambda 2, \lambda 3 \in C such that F (x) = \lambda 1x+d(x), G(x) = \lambda 2x

and H(x) = \lambda 3x+ d(x) for all x \in R with \lambda 1 = \lambda 2
2 + 2\lambda 3;

(2) there exist a1, a2 \in U and \lambda 1, \lambda 2, \lambda 3 \in C such that F (x) = \lambda 1x+ [a1, x], G(x) = \lambda 2x and
H(x) = \lambda 3x+ [a2, x] for all x \in R with f(R)2 \in C and \lambda 1 = \lambda 2

2 + 2\lambda 3.

Proof. By our hypothesis, generalized derivations F,G and H all are inner. Then there exist
a1, a2, a3, a4, a5, a6 \in U such that F (x) = a1x+ xa2, G(x) = a3x+ xa4 and H(x) = a5x+ xa6
for all x \in R. Now F (\xi 2) = G(\xi )2 +H(\xi )\xi + \xi H(\xi ) for all \xi \in f(R) gives

(a5  - a1)f(\xi )
2 + f(\xi )2(a6  - a2) + a3f(\xi )a3f(\xi )

+ f(\xi )(a5 + a4a3 + a6)f(\xi ) + f(\xi )a4f(\xi )a4 + a3f(\xi )
2a4 = 0 (2)

for all \xi = (\xi 1, . . . , \xi n) \in Rn. By Lemma 2.3, we get that a3 and a4 are central. Then (2) reduces to

(a23 + a24 + a3a4 + a5  - a1)f(\xi )
2 + f(\xi )2(a6  - a2) + f(\xi )(a5 + a3a4 + a6)f(\xi ) = 0 (3)

for all \xi = (\xi 1, . . . , \xi n) \in Rn. Now applying the Lemma 2.5, we obtain that a5 + a3a4 + a6 \in C,

that is, a5 + a6 \in C and (3) reduces to\bigl( 
a23 + a24 + a3a4 + a5  - a1

\bigr) 
f(\xi )2 + f(\xi )2(2a6  - a2 + a5 + a3a4) = 0

for all \xi = (\xi 1, . . . , \xi n) \in Rn. By application of Lemma 2.5, we have
(i) a23+a24+a3a4+a5 - a1 \in c, that is, a5 - a1 \in c, 2a6 - a2+a5+a3a4 \in C, that is, a6 - a2 \in C

and a23+a24+a3a4+a5 - a1+2a6 - a2+a5+a3a4 = 0, that is, (a3+a4)
2+2(a5+a6) = a1+a2.

Since a5  - a1 \in c and a6  - a2 \in C, so a1 + a2 \in C.

Therefore, in this case we get F (x) = a1x+xa2 = a1x+x(a1+a2) - xa1 = [a1, x]+(a1+a2)x,

where a1 + a2 \in C and G(x) = a3x+ xa4 = (a3 + a4)x, a3 + a4 \in C. Also

H(x) = a5x+ xa6 = (a5  - a1)x+ a1x+ x(a6  - a2) + xa2

= (a5 + a6  - a1  - a2)x+ (a1x+ xa2)

= (a5 + a6  - a1  - a2)x+ [a1, x] + (a1 + a2)x = (a5 + a6)x+ [a1, x],

where a5 + a6 \in C, (a3 + a4)
2 + 2(a5 + a6) = a1 + a2, this is, conclusion (1).

(ii) f(x1, . . . , xn)
2 is central valued and a23 + a24 + a3a4 + a5  - a1 +2a6  - a2 + a5 + a3a4 = 0,

that is, (a3 + a4)
2 + 2(a5 + a6) = a1 + a2 implying a1 + a2 \in C.

Therefore, in this case we get F (x) = a1x+xa2 = a1x+x(a1+a2) - xa1 = [a1, x]+(a1+a2)x,

where a1 + a2 \in C and G(x) = a3x+ xa4 = (a3 + a4)x, a3 + a4 \in C. Also

H(x) = a5x+ xa6 = a5x+ x(a5 + a6) - xa5
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= [a5, x] + (a5 + a6)x = [a5  - a1, x] + [a1, x] + (a5 + a6)x,

where a5 + a6 \in C, also (a3 + a4)
2 + 2(a5 + a6) = a1 + a2 with f(x1, . . . , xn)

2 is central valued
on R, this is, conclusion (2).

Proposition 2.1 is proved.

3. Proof of Theorem 1.1. Here R is a prime ring and U the Utumi quotient ring of R and
C = Z(U) (see [6] for more details). It is well-known that any derivation of R can be uniquely
extended to a derivation of U. Now we consider f(\xi 1, . . . , \xi n) be a noncentral multilinear polynomial
over the field C and d be a derivation on R.

We shall use the notation

f(\xi 1, . . . , \xi n) = \xi 1\xi 2 . . . \xi n +
\sum 

\sigma \in Sn,\sigma \not =id

\alpha \sigma \xi \sigma (1)\xi \sigma (2) . . . \xi \sigma (n)

for some \alpha \sigma \in C, and Sn denotes the symmetric group of degree n. Then we have

d(f(\xi 1, . . . , \xi n)) = fd(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , d(\xi i), . . . , \xi n),

where fd(\xi 1, . . . , \xi n) be the polynomials obtained from f(\xi 1, . . . , \xi n) replacing each coefficients \alpha \sigma 

with d(\alpha \sigma ).

By [18, Theorem 3] every generalized derivation g of R can be uniquely extended to a generalized
derivation of U and its form will be g(x) = ax+d(x) for all x \in U, where a \in U and d is a derivation
of U. Thus, we can assume that F (x) = ax + d(x), G(x) = bx + g(x) and H(x) = cx + h(x)

for all x \in R with some fixed a, b, c \in U and d, g, h are derivations on U. Thus, by [7, 19], our
hypothesis yields

af(\xi )2 + d
\bigl( 
f(\xi )

\bigr) 
f(\xi ) + f(\xi )d

\bigl( 
f(\xi )

\bigr) 
= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )g(f(\xi ))

+ g(f(\xi ))bf(\xi ) + g
\bigl( 
f(\xi )

\bigr) 2
+ h
\bigl( 
f(\xi )

\bigr) 
f(\xi ) + f(\xi )h

\bigl( 
f(\xi )

\bigr) 
(4)

for all \xi = (\xi 1, . . . , \xi n) \in Un. If d, g and h are three inner derivations, then F, G and H are three
inner generalized derivations and in this case conclusions follow by Proposition 2.1. Therefore, to
prove Theorem 1.1, we need to consider the following cases:

1) d, g are inner and h is outer;

2) g, h are inner and d is outer;

3) d, h are inner and g is outer;

4) h is inner and d, g are outer;

5) d is inner and g, h are outer;

6) g is inner and d, h are outer;

7) d, g, h all are outer.

We divide these 7 cases into the following cases:

Case 1: d, g are inner and h is outer.
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Let d(x) = [p, x] and g(x) = [q, x] for all x \in R and for some p, q \in U. By (4), we get

af(\xi )2 + [p, f(\xi )]f(\xi ) + f(\xi )[p, f(\xi )]

= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )[q, f(\xi )]

+ [q, f(\xi )]bf(\xi ) +
\bigl( 
[q, f(\xi )]

\bigr) 2
+ h
\bigl( 
f(\xi )

\bigr) 
f(\xi ) + f(\xi )h

\bigl( 
f(\xi )

\bigr) 
(5)

for all \xi = (\xi 1, . . . , \xi n) \in Un. Since h is outer derivation, by Kharchenko’s theorem [17], we may

replace h(f(\xi 1, . . . , \xi n)) by fh(\xi 1, . . . , \xi n) +
\sum 

i
f(\xi 1, . . . , zi, . . . , \xi n) in (5) and then U satisfies

blended component\sum 
i

f(\xi 1, . . . , zi, . . . , \xi n)f(\xi 1, . . . , \xi n) + f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , zi, . . . , \xi n) = 0.

In particular, for z1 = \xi 1 and z2 = . . . = zn = 0, we have 2f(\xi 1, . . . , \xi n)
2 = 0. Since \mathrm{C}\mathrm{h}\mathrm{a}\mathrm{r}(R) \not = 2,

so f(\xi 1, . . . , \xi n)
2 = 0, which implies f(\xi 1, . . . , \xi n) = 0, a contradiction.

Case 2: g, h are inner and d is outer.
Let g(x) = [p, x] and h(x) = [q, x] for all x \in R and for some p, q \in U. By (4), we get

af(\xi )2 + d
\bigl( 
f(\xi )

\bigr) 
f(\xi ) + f(\xi )d

\bigl( 
f(\xi )

\bigr) 
= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )[p, f(\xi )]

+ [p, f(\xi )]bf(\xi ) +
\bigl( 
[p, f(\xi )]

\bigr) 2
+ [q, f(\xi )]f(\xi ) + f(\xi )[q, f(\xi )] (6)

for all \xi = (\xi 1, . . . , \xi n) \in Un. Since d is outer derivation, by Kharchenko’s theorem [17], we may

replace d(f(\xi 1, . . . , \xi n)) by fd(\xi 1, . . . , \xi n) +
\sum 

i
f(\xi 1, . . . , xi, . . . , \xi n) in (6) and then U satisfies

blended component\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n)f(\xi 1, . . . , \xi n) + f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n) = 0.

In particular, for x1 = \xi 1 and x2 = . . . = xn = 0, we have 2f(\xi 1, . . . , \xi n)
2 = 0, which implies

f(\xi 1, . . . , \xi n) = 0, a contradiction.
Case 3: d, h are inner and g is outer.
Let d(x) = [p, x] and h(x) = [q, x] for all x \in R and for some p, q \in U. By (4), we obtain

af(\xi )2 + [p, f(\xi )]f(\xi ) + f(\xi )[p, f(\xi )]

= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )g(f(\xi ))

+ g(f(\xi ))bf(\xi ) + g(f(\xi ))2 + [q, f(\xi )]f(\xi ) + f(\xi )[q, f(\xi )] (7)

for all \xi = (\xi 1, . . . , \xi n) \in Un. Since g is outer derivation, by Kharchenko’s theorem [17], we may

replace g(f(\xi 1, . . . , \xi n)) by fg(\xi 1, . . . , \xi n) +
\sum 

i
f(\xi 1, . . . , yi, . . . , \xi n) in (7), and then U satisfies

blended component

bf(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)
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+
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)bf(\xi 1, . . . , \xi n) + fg(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

+
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f
g(\xi 1, . . . , \xi n) +

\Biggl( \sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

\Biggr) 2
= 0. (8)

Putting yi =  - yi, we get

 - bf(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

 - 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)bf(\xi 1, . . . , \xi n) - fg(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

 - 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f
g(\xi 1, . . . , \xi n) +

\Biggl( \sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

\Biggr) 2
= 0. (9)

Now adding (8) and (9), we get 2
\Bigl( \sum 

i
f(\xi 1, . . . , yi, . . . , \xi n)

\Bigr) 2
= 0. In particular, for y1 = \xi 1 and

y2 = . . . = yn = 0, we have 2f(\xi 1, . . . , \xi n)
2 = 0. Since \mathrm{C}\mathrm{h}\mathrm{a}\mathrm{r}R \not = 2, so f(\xi 1, . . . , \xi n)

2 = 0, which
implies f(\xi 1, . . . , \xi n) = 0, a contradiction.

Case 4: h is inner and d, g are outer.
Let h(x) = [p, x] for all x \in R and for some p \in U. By (4), we get

af(\xi )2 + d
\bigl( 
f(\xi )

\bigr) 
f(\xi ) + f(\xi )d

\bigl( 
f(\xi )

\bigr) 
= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )g(f(\xi ))

+ g(f(\xi ))bf(\xi ) + g
\bigl( 
f(\xi )

\bigr) 2
+ [p, f(\xi )]f(\xi ) + f(\xi )[p, f(\xi )] (10)

for all \xi = (\xi 1, . . . , \xi n) \in Un.

Subcase 4.1: d, g are linearly C -independent modulo inner derivations of U.
Since d and g are outer derivations, by Kharchenko’s theorem [17], we may replace d(f(\xi 1, . . . , \xi n))

by
fd(\xi 1, . . . , \xi n) +

\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n)

and g(f(\xi 1, . . . , \xi n)) by

fg(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n).

Then U satisfies blended component\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n)f(\xi 1, . . . , \xi n) + f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n) = 0.

In particular, for x1 = \xi 1 and x2 = . . . = xn = 0, we have 2f(\xi 1, . . . , \xi n)
2 = 0, which implies

f(\xi 1, . . . , \xi n) = 0, a contradiction.
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Subcase 4.2: d, g are linearly C -dependent modulo inner derivations of U.
In this subcase we get d(x) = \alpha g(x) + [q, x] for all x \in U, for some q \in U and 0 \not = \alpha \in C.

Then from (10) we obtain

af(\xi )2 +
\bigl( 
\alpha g(f(\xi )) + [q, f(\xi )]

\bigr) 
f(\xi ) + f(\xi )

\bigl( 
\alpha g(f(\xi )) + [q, f(\xi )]

\bigr) 
= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )g(f(\xi ))

+ g(f(\xi ))bf(\xi ) + g
\bigl( 
f(\xi )

\bigr) 2
+ [p, f(\xi )]f(\xi ) + f(\xi )[p, f(\xi )]

for all \xi = (\xi 1, . . . , \xi n) \in Un. Since g is outer derivations, by Kharchenko’s theorem [17], we may
replace g(f(\xi 1, . . . , \xi n)) by

fg(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n).

Then U satisfies blended component

\alpha 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f(\xi 1, . . . , \xi n) + \alpha f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

= bf(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)bf(\xi 1, . . . , \xi n)

+ fg(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f
g(\xi 1, . . . , \xi n)

+

\Biggl( \sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

\Biggr) 2
. (11)

Putting yi =  - yi, we have

 - \alpha 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f(\xi 1, . . . , \xi n) - \alpha f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

=  - bf(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) - 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)bf(\xi 1, . . . , \xi n)

 - fg(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) - 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f
g(\xi 1, . . . , \xi n)

+

\Biggl( \sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

\Biggr) 2
. (12)

Now adding (11) and (12), we get 2
\Bigl( \sum 

i
f(\xi 1, . . . , yi, . . . , \xi n)

\Bigr) 2
= 0. In particular, for y1 = \xi 1 and

y2 = . . . = yn = 0, we have 2f(\xi 1, . . . , \xi n)
2 = 0. Since \mathrm{C}\mathrm{h}\mathrm{a}\mathrm{r}R \not = 2, so f(\xi 1, . . . , \xi n)

2 = 0, which
implies f(\xi 1, . . . , \xi n) = 0, a contradiction.

Case 5: d is inner and g, h are outer.
Let d(x) = [p, x] for all x \in R and for some p \in U. By (4), we obtain
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af(\xi )2 + [p, f(\xi )]f(\xi ) + f(\xi )[p, f(\xi )]

= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )g(f(\xi ))

+ g(f(\xi ))bf(\xi ) + g(f(\xi ))2 + h
\bigl( 
f(\xi )

\bigr) 
f(\xi ) + f(\xi )h

\bigl( 
f(\xi )

\bigr) 
(13)

for all \xi = (\xi 1, . . . , \xi n) \in Un.

Subcase 5.1: g, h are linearly C -independent modulo inner derivations of U.
Since g and h are outer derivations, by Kharchenko’s theorem [17], we may replace

g(f(\xi 1, . . . , \xi n)) by

fg(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

and h(f(\xi 1, . . . , \xi n)) by

fh(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , zi, . . . , \xi n),

and U satisfies a blended component\sum 
i

f(\xi 1, . . . , zi, . . . , \xi n)f(\xi 1, . . . , \xi n) + f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , zi, . . . , \xi n) = 0.

In particular, for z1 = \xi 1 and z2 = . . . = zn = 0, we have 2f(\xi 1, . . . , \xi n)
2 = 0, which implies

f(\xi 1, . . . , \xi n) = 0, a contradiction.
Subcase 5.2: g, h are linearly C -dependent modulo inner derivations of U.
Here we get h(x) = \alpha g(x) + [q, x] for all x \in U, for some q \in U and 0 \not = \alpha \in C. Then from

(13) we obtain

af(\xi )2 + [p, f(\xi )]f(\xi ) + f(\xi )[p, f(\xi )]

= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )g(f(\xi )) + g(f(\xi ))bf(\xi )

+ g(f(\xi ))2 +
\bigl( 
\alpha g(f(\xi )) + [q, f(\xi )]

\bigr) 
f(\xi ) + f(\xi )

\bigl( 
\alpha g(f(\xi )) + [q, f(\xi )]

\bigr) 
for all \xi = (\xi 1, . . . , \xi n) \in Un. Since g is outer derivations, by Kharchenko’s theorem [17], we may
replace g(f(\xi 1, . . . , \xi n)) by

fg(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n).

Then U satisfies blended component

bf(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)bf(\xi 1, . . . , \xi n)

+ fg(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f
g(\xi 1, . . . , \xi n)

+

\Biggl( \sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

\Biggr) 2
+ \alpha 

\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f(\xi 1, . . . , \xi n)

+ \alpha f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) = 0. (14)
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Putting yi =  - yi, we have

 - bf(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) - 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)bf(\xi 1, . . . , \xi n)

 - fg(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) - 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f
g(\xi 1, . . . , \xi n)

+

\Biggl( \sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

\Biggr) 2
 - \alpha 

\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f(\xi 1, . . . , \xi n)

 - \alpha f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) = 0. (15)

Now adding (14) and (15), we get 2
\Bigl( \sum 

i
f(\xi 1, . . . , yi, . . . , \xi n)

\Bigr) 2
= 0. In particular, for y1 = \xi 1

and y2 = . . . = yn = 0, we obtain 2f(\xi 1, . . . , \xi n)
2 = 0. Since \mathrm{C}\mathrm{h}\mathrm{a}\mathrm{r}R \not = 2, so f(\xi 1, . . . , \xi n)

2 = 0,

which implies f(\xi 1, . . . , \xi n) = 0, a contradiction.
Case 6: g is inner and d, h are outer.
Let g(x) = [p, x] for all x \in R and for some p \in U. By (4), U satisfies

af(\xi )2 + d
\bigl( 
f(\xi )

\bigr) 
f(\xi ) + f(\xi )d

\bigl( 
f(\xi )

\bigr) 
= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )[p, f(\xi )]

+ [p, f(\xi )]bf(\xi ) +
\bigl( 
[p, f(\xi )]

\bigr) 2
+ h
\bigl( 
f(\xi )

\bigr) 
f(\xi ) + f(\xi )h

\bigl( 
f(\xi )

\bigr) 
. (16)

Subcase 6.1: d, h are linearly C -independent modulo inner derivations of U.
Since d and h are outer derivations, by Kharchenko’s theorem [17], we may replace

d(f(\xi 1, . . . , \xi n)) by

fd(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n)

and h(f(\xi 1, . . . , \xi n)) by

fh(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , zi, . . . , \xi n),

and U satisfies a blended component\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n)f(\xi 1, . . . , \xi n) + f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n) = 0.

In particular, for x1 = \xi 1 and x2 = . . . = xn = 0, we have 2f(\xi 1, . . . , \xi n)
2 = 0, which implies

f(\xi 1, . . . , \xi n) = 0, a contradiction.
Subcase 6.2: d, h are linearly C -dependent modulo inner derivations of U.
Here we obtain h(x) = \alpha d(x)+ [q, x] for all x \in U, for some q \in U and 0 \not = \alpha \in C. Then from

(16) we get

af(\xi )2 + d
\bigl( 
f(\xi )

\bigr) 
f(\xi ) + f(\xi )d

\bigl( 
f(\xi )

\bigr) 
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= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )[p, f(\xi )] + [p, f(\xi )]bf(\xi )

+
\bigl( 
[p, f(\xi )]

\bigr) 2
+
\bigl( 
\alpha d(f(\xi )) + [q, f(\xi )]

\bigr) 
f(\xi ) + f(\xi )

\bigl( 
\alpha d(f(\xi )) + [q, f(\xi )]

\bigr) 
(17)

for all \xi = (\xi 1, . . . , \xi n) \in Un. Since d is outer derivations, by Kharchenko’s theorem [17], we may
replace d(f(\xi 1, . . . , \xi n)) by

fd(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n).

Then U satisfies blended component\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n)f(\xi 1, . . . , \xi n) + f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n)

= \alpha 

\Biggl( \sum 
i

f(\xi 1, . . . , xi, . . . , \xi n)

\Biggr) 
f(\xi 1, . . . , \xi n)

+ f(\xi 1, . . . , \xi n)\alpha 
\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n) = 0.

In particular, for x1 = \xi 1 and x2 = . . . = xn = 0, we have

(2\alpha  - 2)f(\xi 1, . . . , \xi n)
2 = 0,

implying \alpha = 1. Then (17) reduce to

af(\xi )2 =
\bigl( 
(b+ p)f(\xi ) - f(\xi )p

\bigr) 2
+
\bigl( 
cf(\xi ) + [q, f(\xi )]

\bigr) 
f(\xi ) + f(\xi )

\bigl( 
cf(\xi ) + [q, f(\xi )]

\bigr) 
. (18)

Then by Lemma 2.3, we get that b+ p, p \in C, that is, b, p \in C also the equation (18) becomes

(a - b2  - c - q)f(\xi )2 = f(\xi )cf(\xi ) - f(\xi )2q. (19)

By Lemma 2.4, we have that c \in C, so (19) reduce to

(a - b2  - c - q)f(\xi )2 + f(\xi )2(q  - c) = 0,

by application of Lemma 2.5, we obtain
(1) a - b2 - c - q, q - c \in C and a - b2 - c - q+ q - c = 0, that is, a = b2+2c. Now b, p, c \in C

and a - b2  - c - q, q  - c \in C implies that a, b, c, p, q \in C with a = b2 + 2c.

Therefore, in this section we get F (x) = ax+ d(x), where a \in C and G(x) = bx+ [p, x] = bx,

where b \in C. Also H(x) = cx+ \alpha d(x) + [q, x] = cx+ d(x), where c \in C with a = b2 + 2c. This
is conclusion (1) of Theorem 1.1.

(2) f(\xi )2 \in C and a  - b2  - c  - q + q  - c = 0, that is, a = b2 + 2c. Now b, p, c \in C and
a = b2 + 2c implies that a, b, p, c \in C with a = b2 + 2c.

Therefore, in this section we get F (x) = ax+ d(x), where a \in C and G(x) = bx+ [p, x] = bx,

b \in C. Also H(x) = cx+ \alpha d(x) + [q, x] = cx+ d(x) + [q, x], where c \in C with a = b2 + 2c. This
is conclusion (2) of Theorem 1.1.
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Case 7: d, g, h all are outer.
Subcase 7.1: d, g, h are linearly C -independent modulo inner derivations of U.
Since d, g and h are all outer derivations, by Kharchenko’s theorem [17], we may replace

d(f(\xi 1, . . . , \xi n)) by

fd(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n),

g(f(\xi 1, . . . , \xi n)) by

fg(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

and h(f(\xi 1, . . . , \xi n)) by

fh(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , zi, . . . , \xi n).

Then U satisfies a blended component\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n)f(\xi 1, . . . , \xi n) + f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n) = 0.

In particular, for x1 = \xi 1 and x2 = . . . = xn = 0, we have 2f(\xi 1, . . . , \xi n)
2 = 0, which implies

f(\xi 1, . . . , \xi n) = 0, a contradiction.
Subcase 7.2: d, g, h are linearly C -dependent modulo inner derivations of U.
This implies there exist \alpha , \beta , \gamma \in C and q \in U such that

\alpha d(x) + \beta g(x) + \gamma h(x) = [q, x] (20)

for all x \in R. If we consider \beta = \gamma = 0, then inevitably \alpha \not = 0, which implies the contradiction
that d is inner. So to move forward we have to consider (\beta , \gamma ) \not = (0, 0). Without loss of generality
we assume that \gamma \not = 0. By (20) we obtain

h(x) = \alpha \prime d(x) + \beta \prime g(x) + [q\prime , x]

for all x \in R, where \alpha \prime =  - \gamma  - 1\alpha , \beta \prime =  - \gamma  - 1\beta , q\prime = \gamma  - 1q.

By (4), we get

af(\xi )2 + d
\bigl( 
f(\xi )

\bigr) 
f(\xi ) + f(\xi )d

\bigl( 
f(\xi )

\bigr) 
= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )g(f(\xi ))

+ g(f(\xi ))bf(\xi ) + g
\bigl( 
f(\xi )

\bigr) 2
+
\bigl( 
\alpha \prime d(f(\xi )) + \beta \prime g(f(\xi )) + [q\prime , f(\xi )]

\bigr) 
f(\xi )

+ f(\xi )
\bigl( 
\alpha \prime d(f(\xi )) + \beta \prime g(f(\xi )) + [q\prime , f(\xi )]

\bigr) 
(21)

for all \xi = (\xi 1, . . . , \xi n) \in Un.

Now we have to consider the following two cases:
1. We consider that d, g are linearly C -independent modulo inner derivations of U. Since d and

g are outer derivations, by Kharchenko’s theorem [17], we may replace d(f(\xi 1, . . . , \xi n)) by

fd(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , xi, . . . , \xi n)
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and g(f(\xi 1, . . . , \xi n)) by

fg(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

in (21). Then U satisfies blended component

bf(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)bf(\xi 1, . . . , \xi n)

+ fg(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f
g(\xi 1, . . . , \xi n)

+

\Biggl( \sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

\Biggr) 2
+ \beta \prime 

\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f(\xi 1, . . . , \xi n)

+ \beta \prime f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) = 0. (22)

Taking yi =  - yi, we get

 - bf(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) - 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)bf(\xi 1, . . . , \xi n)

 - fg(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) - 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f
g(\xi 1, . . . , \xi n)

+

\Biggl( \sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

\Biggr) 2
 - \beta \prime 

\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f(\xi 1, . . . , \xi n)

 - \beta \prime f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) = 0. (23)

Adding (22) and (23), we obtain 2
\Bigl( \sum 

i
f(\xi 1, . . . , yi, . . . , \xi n)

\Bigr) 2
= 0. In particular, for y1 = \xi 1 and

y2 = . . . = yn = 0, we have 2f(\xi 1, . . . , \xi n)
2 = 0. Since \mathrm{C}\mathrm{h}\mathrm{a}\mathrm{r}R \not = 2, so f(\xi 1, . . . , \xi n)

2 = 0, which
implies f(\xi 1, . . . , \xi n) = 0, a contradiction.

2. We consider that d, g are linearly C -dependent modulo inner derivations of U and d(x) =

\alpha 1g(x) + [q1, x] for all x \in U and some \alpha 1 \in C. Then (21) reduces to

af(\xi )2 +
\bigl( 
\alpha 1g(f(\xi )) + [q1, f(\xi )]

\bigr) 
f(\xi ) + f(\xi )

\bigl( 
\alpha 1g(f(\xi )) + [q1, f(\xi )]

\bigr) 
= bf(\xi )bf(\xi ) + cf(\xi )2 + f(\xi )cf(\xi ) + bf(\xi )g(f(\xi )) + g(f(\xi ))bf(\xi )

+ g
\bigl( 
f(\xi )

\bigr) 2
+
\bigl( 
\alpha \prime \alpha 1g(f(\xi )) + \alpha \prime [q1, f(\xi )] + \beta \prime g(f(\xi )) + [q\prime , f(\xi )]

\bigr) 
f(\xi )

+ f(\xi )
\bigl( 
\alpha \prime \alpha 1g(f(\xi )) + \alpha \prime [q1, f(\xi )] + \beta \prime g(f(\xi )) + [q\prime , f(\xi )]

\bigr) 
for all \xi = (\xi 1, . . . , \xi n) \in Un. Since g is a outer derivations, by Kharchenko’s theorem [17], we may
replace g(f(\xi 1, . . . , \xi n)) by
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fg(\xi 1, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n).

Then U satisfies blended component

\alpha 1

\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f(\xi 1, . . . , \xi n) + \alpha 1f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

= bf(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)bf(\xi 1, . . . , \xi n)

+ fg(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) +
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f
g(\xi 1, . . . , \xi n)

+

\Biggl( \sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

\Biggr) 2
+ (\alpha \prime \alpha 1 + \beta \prime )

\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f(\xi 1, . . . , \xi n)

+ (\alpha \prime \alpha 1 + \beta \prime )f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) = 0. (24)

Taking yi =  - yi, we get

 - \alpha 1

\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f(\xi 1, . . . , \xi n) - \alpha 1f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

=  - bf(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) - 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)bf(\xi 1, . . . , \xi n)

 - fg(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) - 
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f
g(\xi 1, . . . , \xi n)

+

\Biggl( \sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)

\Biggr) 2
 - (\alpha \prime \alpha 1 + \beta \prime )

\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n)f(\xi 1, . . . , \xi n)

 - (\alpha \prime \alpha 1 + \beta \prime )f(\xi 1, . . . , \xi n)
\sum 
i

f(\xi 1, . . . , yi, . . . , \xi n) = 0. (25)

Adding (24) and (25), we obtain 2
\Bigl( \sum 

i
f(\xi 1, . . . , yi, . . . , \xi n)

\Bigr) 2
= 0. In particular, for y1 = \xi 1 and

y2 = . . . = yn = 0, we have 2f(\xi 1, . . . , \xi n)
2 = 0. Since \mathrm{C}\mathrm{h}\mathrm{a}\mathrm{r}R \not = 2, so f(\xi 1, . . . , \xi n)

2 = 0, which
implies f(\xi 1, . . . , \xi n) = 0, a contradiction.

Theorem 1.1 is proved.
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