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SOME NEW ESTIMATES OF INTEGRAL INEQUALITIES
AND THEIR APPLICATIONS

NESIKI HOBI OIIIHKHU IHTET' PAJIbHUX HEPIBHOCTEH
TA IX 3ACTOCYBAHHS

We obtain several new integral inequalities in terms of fractional integral operators for the functions whose first derivatives
satisfy either the conditions of the Lagrange theorem or the Lipschitz condition. In some special cases, the results obtained
provide better upper estimates than those known in the literature for Bullen-type inequality and Hadamard-type right-hand
side inequality. Finally, some error estimates for the trapezoidal formula are discussed.

OTpHuMaHO KiJIbKa HOBUX IHTErPajbHUX HEPIBHOCTEH y TepMiHaxX APOOOBUX IHTETpalIbHUX onepaTopis st GyHKIiH, mepiri
MOXiJHI SIKUX 33J0BOJBHSIOTE YMOBH Teopemu Jlarpamxka abo ymoBy Jlimmmuis. Y OesKUX 4aCTHHHHUX BHUIIQAKAX OTPUMAaHi
pe3yibTaTh JaloTh Kpamli BEpXHi OLIHKY, HDK BiJOMI B JIITepaTypi M HEpIiBHOCTI TUNy ByiieHa Ta mpaBoCTOPOHHBOI
HepiBHOCTI THITy AnaMapa. HacamkiHes 00roBOpeHo JesKi OLiHKK NOXUOKH Ui (YOPMYIH Tpareii.

1. Introduction. In applied problems, particularly in optimization problems, the role of convexity
theory is well-known. In this theory, particular importance is attached to integral inequalities in
particular the Hermite — Hadamard inequality, which allows us to estimate the upper bound for the
mean value of a function on a closed interval. Along with the classical calculus, fractional integro-
differential calculus plays an important role in the solution of problems related to applied science and
technology. A lot of research was devoted to the refinement of the upper bound for the Hadamard
inequality in terms of operators of fractional calculus.

Let us remember some definitions that are widely known in the literature.

Definition 1. The function ¢ : [¥1,92] — R is said to be convex if we have

(25()\91 + (1 — )\)92) < /\(Z)(@l) + (1 — )\)(25(92) Vo4,05 € [791, 192] and X € [0, 1].
Definition 2. The function ¢: I = [01,92] — R is said to be quasiconvex if we have
Qﬁ()\@l + (1 — /\)92) < max{¢(91), ¢(92)} V01,00 €1 and M€ [0, 1].

Definition 3. Let ¢ € L[, V2|. The right- and left-hand sides of the Riemann — Liouville fraction
integrals in order o > 0 are defined by

0
1
+¢ I‘/ (t)dt, 0 > 94,

Y1

and
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0P
T 0(0) = P(la) / (t—0)° "\ $(t)dt, 0 < s,
6

respectively, where I'(«) is Euler’s gamma function. Here Jgﬁt(@) = Jg; o(0) = ¢(0). And, for
a = 1, the fractional integral turns into the Riemann integral.

The classical Hermite — Hadamard inequality which was first published in [17, 18] gives us an
estimate of the mean value of a convex function ¢: I = [J1,72] — R,

J2

g + 01 1 (V1) + ¢(J2)

¢( : )sﬁrﬂ%/mmwsz.
91

In [7], Bullen proved the following inequality which is known as Bullen’s inequality for convex
function ¢ :

Vo

1 L[ (P2+0 P(V1) + &(92)

G [ oo < gl SRR, n
91

In the last few decades, many researchers in the field of inequalities have refined, extended, and
obtained new inequalities of the Hadamard and Bullen for the convex functions (see, for example,
[1,2, 5,11, 19, 22, 23, 25, 28, 31, 35-38, 40, 42] and the references therein).

Napoles et al. [27] presented a survey study of various classes of convex functions. A number of
articles were devoted to obtaining new Hadamard-type inequalities for the functions whose derivatives
belong to different convexity classes (for example, in [3, 8, 26, 30, 32, 41]). Bayraktar in [3] for the
s-Godunov - Levin convex and Butt et al. in [8] 7-quasiconvex functions obtained Hadamard-type
inequalities in terms of fractional integral operators. Butt et al. in [32, 41] also obtained some new
generalized variants of Hadamard-type inequalities for differentiable convex mappings in terms of
several fractional integral operators. Some recent research on fractional Hermite —Jensen — Mercer
inequalities with several applications to special functions can be observed in [9, 10, 13]. In [25],
Cakmak presented the Bullen inequalities of using s-convexity via fractional integrals involving
hypergeometric function. Napoles et al. in [26] established new Hermite — Hadamard inequalities for h-
convex functions by using a generalized integral. Ozdemir et al. [30] and Bayraktar et al. [4] obtained
new integral inequalities for (v, s, m)-convex and (s, m1, mo)-convex functions, respectively. In [35],
Samet and Sarikaya presented the Bullen inequalities for via fractional integrals for the Lipschitzian
functions.

Dragomir and Agarwal in [16], by using the convexity of the first derivatives of the function,
obtained the following estimate for the trapezoid inequality.

Theorem 1. Let 191,192 € R with Y1 < Y9 and ¢Z I = [ﬁl,ﬁg] — R. ]f¢ S 01[191,192] and
|¢'| is a convex on 91,13, then the inequality

V2
1) + (0 1 Vg — 0 / /
$(01) ! o(V2) 192_191/¢(9)d9 < = ([FW0[ + 16/ W2)]) @)
91

is true.
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This inequality was confirmed in some recent articles (see, for example, Remark 3.6 (Theorem
1.5 for « = 1) in [11], Theorem 1.1 in [12], Corollary 3.1(4) in [24], Remark 2.10 in [26], Remark
1(ii) in [29], Remarks 1 and 2 in [34], Remark 3.7 in [36], Remark 2.5 in [37], Remark 3 in [38] and
Remark 2.2 (for a = 1) in [40]).

The main result for quasiconvex functions was formulated by Ion in [21]:

Theorem 2. Assume that V1,95 € R with 91 < Vg and ¢: [91,92]— R and ¢ € C[91, ).
If |¢'] is quasiconvex on [91,73], then the inequality

¥2
V1) 4+ o9 1 Yo — 0 / /
$(¥1) ! ¢(02) _ ﬁQ_ﬁl/qﬁ(e)de < = max{|¢/(91)], |¢/(92)]} 3)
91

is true.

This inequality as an estimate of the Hadamard-type trapezoid inequality was given in a number
of studies (see, for example, [19, 23, 31, 42]).

Remark 1. In [20, Remark 4.2], Hwang et al. obtained the following estimate for the upper bound
for the Bullen inequality:

0P
B P
91

“4)

Theorem 3 (Lagrange’s theorem on the mean value of a function). Let ¢: [¥1,92] — R be a
continuous function on the closed interval [V1,02] and differentiable on the open interval (91,72).
Then there exists some § in (V1,72) such that

$(V2) — ¢(V1)

Uo —91

Definition 4 [33]. A function ¢: [U1,92] — R is said to satisfy a Lipschitz condition on
interval [91,v92] (M -Lipschitzian) if there exists positive constant M such that, for any two points
01,02 € [V1,92],9(61) — ¢(02)| < M|[01 — O]

Remark?2. 1t is known that if a function is differentiable, then M < max(|¢'(0)]). Also, if a
function ¢ has a continuous derivative on the interval [J1, 2], then it satisfies the Lipschitz condition
on this interval with the constant M = max(|¢’(6)]).

In [39], Sarikaya et al. established some inequalities including (2) for fractional integrals by

¢'(§) =

proving the following identity:
Lemma 1. Let 191,192 € R with 91 < 192, ¢I [191,192] — R, and ¢ S Cl<191,292). [f(ﬁ/ €
L[Y1,92], then the following equality holds:
¢(1) + ()  I(a+1)

. - By B ) [T 6(02) + T 6(01)

By

/ (1= 0)% — 698891 + (1 — 0)92)db.
0
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The motive for this study was the article by Delavar and Dragomir [15], in which the authors
obtained an estimate in terms of the Lipschitz constant.

The purpose of this article is to obtain new estimates for a Hadamard-type inequality for functions
whose first derivatives satisfy the conditions of the Lagrange theorem or the Lipschitz condition.

2. Main results. The new estimates we obtained in this article are based on the following lemma.

Lemma 2. Let 91,92 € R with 91 < 99 and ¢: [U1,02] — R be a differentiable function on
(91,92). If ¢ € L[¥1,92] and ¢ is nonnegative real number, then the equality

[¢<W> + ¢<W> +¢(2) + ¢(z91)] - +(1912)"T?91)a

41

0
_¢<€+1

is true, where

(a * 1) (Fl + Fz)
1
= o ol 0 0
S /[(1_9) _9][¢<£+1ﬁ1+<1_£+1>§2>
0
1924—(1—“_91)191)]619
I 767 a 791"‘&92
F, = J(ﬂlzt21192)+¢(192) +J ¢<€+1>7
o 091 4+ 99
F2—J(wll++lm92>f¢( 1) + +¢< I+ 1 )

Proof. By integrating the first integral (/1) by parts, we obtain

e i

09 0
(o )

(+1 U1 + 0 +1
= 9
792—791¢< (1 )+q92—791¢( 2)
(L+1) h 69 0
+ 1, pa-1 1 B
192791/ +6 ]¢<£+1+<1 €+1>192>d9.
0
. . . . 094 (5—1—1—9)’192 B
After replacing the integration variable T + T = z, we have
for  0=0=2z=192 and Gzl:z:w,
{+1
+1 C+1
= — 9:—
0 192_191(192 z), d 192—191dz’
10— C+1 2_1914—&92
¥y — (+1 )
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Thus, for the integral on the right-hand side of I, we can write

1
t+1) e (89 (E+1-0)0y
192—191/ S L Uiy s e L
0
P}
- o () e et
9140y
£+1
) 9o
a(ﬁ + 1)a+1 1 + 109 a—1 -
W =0T [ (-5) e [ - otas|
D11ty 91 +009
41 yas)

By performing some simple transformations, we get

+1 [¢<191+€192

I =
L N (+1

) + ¢>(192)}

+ 1M (a+1)
- (09 — 9y)oF1

+1

JZ“191H02)+¢(792) + J§2¢(W>] _

Similarly, for the second integral (I3), we can write

{+1 Jo + 001
Py — U, [¢< (+1 )J”Ml)]

0+ 1) (a+1)
(192 _ le)aJrl

I =—

o 091 + U2
Ty -900) + +¢( 1t ).

41

Then, for the difference between integrals, we have

vy — N Wt + £ Po + 1
11 (I — D) = ¢<H1> ¢<€+1> + ¢(02) + o(V1)
(L +1)°T(a+1)
T oy FrtF2)

Lemma 2 is proved.

Remark3. For ¢ = 0, we obtain an analogue of Lemma 1.
In what follows, we need the following lemma.

Lemma 3. For the all o > 0 and € > 0, the equality

2c
1 m fOl" E—O,
W(l0) = /|(1—0)°‘—9°‘||£+1—29d9: ) 1 5)
- — >
0 a—|—1<1 2a> for (£>1

is true.
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Proof. For the £ = 0, we have
1

1
/|(1 —0) — 6%||0 4+ 1 — 26]d6 — /1(1 —0)™ — 0%||1 — 20]d6
0 0

1
2 1

_ /[(1 —0)™ — 6°)(1 — 20)d0 + /[9a — (11— 6)*)(20 — 1)db

0

[NIES

=2 [[(1—6)* — (1 - 26)do. (6)
/

It is not difficult to verify that

O\N\»—t

1 1 1 1
2 2 2 2
[(1—0)* — 6°](1 — 20)d6 = /(1 — 0)*df — 2/9(1 — 0)df — /eade + 2/61+ad9
0 0 0 0

1
1 1
=— -2 [ 6%1—0)do
2°‘+1(a+1)+a+1 / ( )
1
3

1 2
- 20+ (o + 1) T 2042(q 4 2)
2 . 1 . 2
20t (a+1)  a+1 29F2(a+2)

o 1 1 o 1 1

a <a+1_2a+1(a+1)>+ <a+2_20‘+2(a+2)>
o

~(a+D(a+2) 7

From (6) and (7) the proof of the first part of (5) follows.
For the ¢ > 1, we have

1 1
/|(1 _0) — 6|+ 1 — 26]d6 — /1(1 —0) — 6%|(0 + 1 — 26)d0
0 0

= /[(1 —6) — 6°](£ + 1 — 26)db
0

1
+ [l — -0+ 1 - 200

=
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For the first integral, we get

o
(NI

1
2
[(1—6)* —6°](£ + 1 — 26)d6 = £+1/ °‘d9—2/0(1—9)"‘d9
0 0

o=
Nl

— (£+1)/9°‘d9+2/0a+1d0
0 0
20 (-1 2
__2‘1+1(oz+1)+a+1+a+2’ ®

Given that

1
1 2

/[ea —(1—0)*)(L+1—20)do = /[(1 —6) — 6°](£ — 1 + 26)d6,

0

=

similarly to the first integral, we obtain

1
1
20 41 2
1—-60)* —0%(—1+20)do = — — . 9
/[( ) I( +20) 20+1(a+1)+a+1 a+2 ©)
0
From (8) and (9) the proof of the second part of (5) follows.
Lemma 3 is proved.
Theorem 4. Let ¢: I — R and ¢ € C*(I°). For 0 < 91 < 09, suppose that 91,92 € I° and
|| is convex on [¥1,92 |. Then, for a > 0, the following inequality holds:

[¢<M> + ¢<M> + ¢(V2) + ¢(191)] WEDRACER) [F1 + F2

(41 0+1 (g — 1)
(09 — V1)? 1 2
<a+1<1_>(e+1 [|¢'(2)] + |&' (01)]], (10)

where £, ¥1 and Fo are defined in Lemma 2.
Proof. From Lemma 2, we have

(1) o (B ) oo+ ot - D 4

1
— 9
(1 - 0) —6°]
/
/ 9791 0 ’ 9192 0
@ (a7 (=)o) |

— 9
= I Io]). 11
£+1(\1!+|2\) (11)
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For the first integral, we obtain
1

Vo — Uy o o
| = /|<1—9> 6
0

do
+1

00, 0
' 1—— )
¢<£+1+< £+1>2>

sﬁ;‘ﬁl/lml—e)“—eﬂ L]+ (1- o )] a
0

(+1 i+

1

= WW%H/Klwamww

0

1
+[¢'(92)] /!(1 —0)* —6%|(L+1—0)db|.
0

It is not difficult to verify that
1

0 a1 1
/ﬂ1—m —0|M9_a+1<1 w)’
0

1

« « — 1 _i —
/](1—9) —0%(+1 9)d6_a+1<1 za)(% 1).
0
So, we get
192—191 1 1 / /
IL| < —(1-= 9 92)[(20 —1)].
< 2t (10 (0] + o a2 - )
Analogously for the second integral, we can write
192—’191 1 1 / /
I < —(1-= P2)| + 91)1(2¢ — 1) |.
< 2 (1 g0 ) [0 + [0 - 1)

Taking into account the last two inequalities from (11), we obtain (10).
Theorem 4 is proved.
Remark4. If we take £ = 1 and « = 1, then, from (10), we obtain (4).

By using Lemma 2, we obtain a trapezoid-type inequality for functions whose first derivative

satisfies the Lipschitz condition.

Theorem 5. Let ¢: I — R and ¢ € CH(I). If ¢’ satisfies a Lipschitz condition on [91, 02 | with

respect to My, then, for a > 0, the following inequality holds:

[qﬁ(M) ¥ ¢(M> +6(0) + ooy - DT D gy

(+1 (+1 (92 — V1)
M (95 — 01)*
—\I]

where { is a nonnegative real number and ¥1, Fa, ¥ ({, o) are defined above.

(12)
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Proof. From Lemma 2, we have

) >

+1

{5
| oo

Vo — 3§
< 1/&1—ma—eﬂ

(+1
0
09, 0 092 o
/ T ol T
. ¢(€+1+<1 £+1>792> ¢(£+1+(1 €+1)191> 40
M (92 — 91)? / My (93 — th)*
<—= = [|(1-6)*—¢* 1 —20|d0 = v :
< J1a=o 6%+ 1~ 26100 ()

0

Theorem 5 is proved.
Corollary 1. Under the conditions of Theorem 5, the following inequality holds:

[¢C%+&%)+¢C%+&%)+¢wa+¢wn}

{+1 l+1
9 A2
200+ 1
_Ae+ D) /'¢wme+ / 6(0)d6
Uy — V1
91+E09 91
41
2
My (9, m)wwﬁy (13)

= (L+1)2

Proof. For a = 1, the proof follows from (12).
Corollary2. Under the conditions of Theorem 5, the following inequality holds:

’; [qb(ﬁg) + ¢(Vh) +¢<191 +q92>}

2 2
20‘72F(O¢+ 1) M1(192 —’ﬁ1>
——F Fol| < w(l
CASEALT [F1+F2]| < T (1, a),

where
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(0% « ,191 +192
Fl _J<191+192)+¢<192)+J192¢< 2 >7
2
o o U1 + 92
F2:J<191+192>—¢(191)+‘]19T¢< 5 )7
2

(l,a) = —(1-1).
a+1 2

Proof. For ¢ =1 the proof follows from (12).
RemarkS. 1f we take ¢ = 0, then, from (13), we get the trapezoid inequality

J2

d(02) + o(V1) 1 M (99 — 91)?

> — 99— 0, /qb(@)dﬂ < — 1 (14)
91

3(1¢"(01)[ + ¢ (92)])
2(Js — 1)

3max{|¢'(V1)], |¢'(V2)[}
Yo — N

Remark 6. If the inequality M; <
better than (2).
Remark 7. If the inequality M; <

be better than (3).
Example 1. Let ¢(x) = 22, 2 € [91,72], where 0 < 91 < .
1. For the right-hand side of the inequality (2), we get

is satisfied, then estimate (14) will be

is satisfied, then estimate (14) will

Po — O
8

2 _ 92
(o' + ¢/ )]y = 270

and since M7 = max{|¢"(z)|} = 2, for the right-hand side of inequality (14), we have

Mi(0y —91)% (09 —091)?
12 6 '

Since the difference between the estimates

2 _ 92 _ 2 _
Y2 1 (0 6191) = (9 191)1(;92+5191) >0 forall 91,95 € [0,400),

then estimate (14) is better than (2).
2. For the right-hand side of inequality (3), we obtain

Po — Do (P9 —
2= (' (00| o ()] = 202 =00,
and since
2(92 — 1) — (92 — ¥1)? - (02 — 91)(202 + ¥1) >0 forall 91,95 € [0,+00)
2 6 6 ’ ’ ’

the estimate (14) is better than (3).
Remark8. For the function ¢(z) = 22,2 € [1,02], where 0 < 91 < U9, it is easy to see that
(14) gives a zero error.
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Example?2. Let ¢(x) = e®,x € [}1, 2], where 0 < ¥4 < Os.
1. For the right-hand side of inequality (2), we get

)

BT ()] + o)) = 2

8 (e + ),

and, for the right-hand side of inequality (14), since M; = max{|¢”(z)|} = €72, we have
Mi(03 —01)* _ (92 =91) ,

12 12
Then the difference between the estimates will be
Vo — U My (92 — 91)?
T(W(ﬁl)’ + |¢' (92)]) — — 1
_ o — ¥ (6191 . 6192) _ (99 — 191)26792 _ o — ¥ eVl 4 V2 B Vo — 1916192
8 12 4 2 3

(192 — 191) 36191 + [3 — 2(?92 — 01)]602
4 6 '

3
It is clear that, for example, if 99 — ¥ < > then estimate (14) is better than (2).
2. For the right-hand side of inequality (3), we obtain

292 — 291 (192 — 191)6192

4

max{l(b/(z?l)

¢ (92)|} =
Then the difference between the estimates will be

(’02 — 191)6192 _ (192 — 191)26192 _ (192 — 191)6192 (1 _ ’192 — ’ﬁl)

4 12 - 4 3

)

Obviously, if v9 — 91 < 3, then estimate (14) is better than (3).

Remark9. Of course, it is impossible not to notice that the implementation of the upper bound
(14), with rare exceptions, requires limiting the length of the interval and the upper bounds (2) and
(3) do not depend on the length of the interval.

Remark10. For ¢ = 1, then, from (13), we get an upper bound for inequality (1):

P
1[¢(192) + ¢(0) +¢<191 +192>} . 1 . /¢(e)d0 M =0) g
2— V1
Y1

2 2 2 32

Theorem 6. Let ¢: I — R. If ¢ satisfies the conditions of the Lagrange theorem, then, for
a > 0, there exists a point £ € (91,192) such that the following inequality holds:

0 o (208) ] 3

(W2 —01)%" ()] (92 — 91)°]|¢" ||
=z rels Ty

where ||¢" |l = maxgey, 9, |¢"(0)| and F1, Fa, W({, ) are defined above.

v/, ), (16)
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Proof. From Lemma 2, we have

o) o) 4 ot + oo | - T e, oy
192 - / ¢ (ffi + L +£1+_10)192>
J ¢,<002 (£+1—9)191>

(41 (+1

dae |,

from the Lagrange theorem, we can write

_ (- 91)°

e | =0 =0+ 1 - 20)d0

(U2 —

:4(64_1 ‘qb”

(1= 6) = 6%)(¢+ 1 — 20)df

(V2 — 91)?[¢" |00
= (L+1)2

[P (2, a)l.

Thus, we received (16).
Theorem 6 is proved.
Corollary 3. Under the conditions of Theorem 6, we obtain

¥ + Lo ¥ + 091
¢<€+1> +¢< 1 >+¢(Q92)+¢(191>

191€+192
+1

ﬁjjz;l / (6)d6 + / (0)d0

7917%192 Y1
~ (92— 9)%¢"(©)]
B (0 +1)2

Proof. 1f we choose @ = 1 in (16), we get (17).
Corollary 4. Under the conditions of Theorem 6, we have

Lo(Pg) o oot 2

< Wa = 90)[[¢'(92)] + |¢'(9)]]
= 16

(92 = 91)°[19"|oo
Wl 1) < T+ 17 W(e,1). (17)

[F1 + Fy)

¥(1,a), (18)
where
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(6% « r191 +’l92
Fy _J<01+192>+¢(192)+J192¢< 5 )7
2
o Y91+ 99
= Ty 00 T ()
2

(l,a) = —(1-1).
a+1 2

Proof. If in (16) we choose ¢ = 1, we get (18).
Remark11. 1f we take ¢ = 0, then from (17), we obtain the trapezoid inequality

P

(92) + ¢(I1) 1

2 S Y9y — Uy /W)de =
91

It is clear that (14) and (19) are the estimates of the same order.
Remark12. If we take ¢ = 1, then, from (17), we obtain an estimate of order (15).
The following identity is obvious:

[00(01) + (1 = 0)(d2)] — [(1 — 0)p(1) + 09(92)]] = |1 — 20]|p(I2) — ¢(V1)].

It was established that, for some convex functions ¢ on the interval [, 2] for all 6 € [0, 1], the
following inequality holds:

9o —91)%
2 = 007 (19)

[¢(091 + (1 = 0)02) — ¢(002 + (1 — 0)01)] < [1 = 20[[¢(V2) — (V1)]. (20)

For example, it is not difficult to prove that the function ¢(x) = 2™,z € [0, ] satisfies inequality
(20) for all n € N.
Indeed, for the left-hand side of inequality (20), we have

6t 0+ (1= t)d2)) = (L= 1) - 0+ 12))] = [[(1 = 1)D2]" — (1I2)"] = |(L — )" — £"[05,
but for the right-hand side, we get
1= 2t[[¢(0) — p(V2))] = |1 — 2t[3.

It is not difficult to verify that the function

(I—-t)" =" for € [0, ;],
wi(t) = [(1=1)" —t"| =
t"—(1—-t)" for € B, 1]

on each of the intervals (that is, on the interval [0,1]) is convex and, therefore the arcs of this

function on these intervals are below the intervals of the chords of the function wa(t) = |1 — 2¢|, that
is, wi (t) < wo(t) for any n and for all ¢ € [0, 1].

For many functions, it is impossible to analytically prove whether inequality (20) is satisfied

or not, but this fact can be easily established by using an MS Excel spreadsheet. For example, the
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functions f(z) = —In (z+1),g(x) = e, w(z) = sinx+cosz+22 and h(z) = vx2 + 1 are convex
on any interval from the domain of these functions.

It is numerically shown that f, g and w have intervals in which inequality (20) is satisfied. But
it has also been shown that there are intervals where the w function does not satisfy this inequality.
Also, no ranges were found in which the function h satisfies inequality (20).

The following theorem gives an even better estimate:

Theorem 7. Let ¢: I — R and ¢ € C*(I). For 0 < ¥ < 99, suppose that 91,92 € I and ¢’
on [91,02 | satisfies (20). Then, for o > 0, the following inequality holds:

‘ [¢<191£i€1192> + ¢(Q92£i£1191> + ¢(92) + d(V1) | — ¢ 721912)(1_111(9?; D [F1+ Fa]

< Wo = 91)|¢'(¥2) — ¢'(01)]
B (£+1)2
where ¥1, Fo and ¥ (¢, ) are defined above.

Proof.
From Lemma 2 and by taking into account inequality (20), we have

o(P) o) ot + oo | - R e

1
— O N 0
Jia- (5 (1))
0
0
—¢Q+1 Q—e+J%NW

1

U (l,a), (21)

9

£2+1 3199 (791)}/\(1—9)a—0a|\€+1—2e|d9
0

9y — 5

T+ 2“1) (92) — ¢ (1) [ (£, ).

Thus, we have (21).
Theorem 7 is proved.
CorollaryS. Under the conditions of Theorem 7, the following inequality holds:

P(m+&%>+¢c%+&%>+¢Wﬁ+¢Wﬁ]

{+1 {+1
20+ 1)
e ﬁ/ﬁ¢ d0+/¢
1[-:512
’192
(€+1) [|¢(191)|+|¢(192)|]‘I’(f7 1). (22)
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Proof. For a« = 1 and given the fact that |¢/(02) — ¢' (1) < |¢'(¥1)] + |¢'(92)], the proof
follows from (21).
Remark 13. If we take ¢ = 0, then, from (22), we get the trapezoid inequality

¥2
AL L [swan| < 2U ol + ) @)
91

For the trapezoid inequality, we got an estimate which is 1.5 times better than (2).
Example3. Let ¢(x) = z",x € [0,92],n € N. Then, for the left-hand side of inequality (23),
we get

G0)+6(02) 1 [ o1 f g e
PO\ & N e n _|Y2 _ 2
5 7 /gb(w)dx 5 9, /x dx 5 192(71—1—1)'
0 0
_anf(l 1\ _ (n—1)93
T 2\2 n+41) 2mn+1)
but, for the right-hand side, we have
192 - O 192 n—1 nﬁg
5 ('O + [0/ (W)] = Hros ™ = -

Then the difference between the right- and the left-hand sides will

ny (n—l)ﬁ?_ﬁ%(n n—l)_ﬁg 2—5n+6

12 2(n+1)  2\6 n+1) 2 6(n+1)
V5 (n—2)(n—3)
2 Gmt1 =0 vmelN

,1971
This means that nl—; is the upper bound of the trapezoid inequality. By formula (2), the estimate is

n
ns

equal to . As one can see, the new estimate is one and a half times smaller.

Corollary 6. From (23), we have

Jo
) i) 1 Yo — / /
W) [o0a| < P max{lo 0] @2} @
Y1
and
D)
P(92) + ¢(V1) 1 Ma (92 — 1)
2 R / HO =T =
Y1

where M = supgepg, 9,114 (0)].
Proof. 1t is easy to see that inequality (23) implies (24). Since the function is continuous on the
interval [1, 5], it reaches its largest and smallest value. Then, from (23), follows inequality (25).
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Remark 14. Obviously, the estimate (24) is better than estimate (3).
Remark 15. If we take ¢ = 1, then, from (22), we have an upper bound for inequality (1):

% ¢(192)-2F¢(191)+¢<191-2H92ﬂ

19 /
ﬁg_ﬁl/qs )| < 2|6 (9a)] + |0/ 9)])

Obviously, this estimate for the upper bound is much better than estimate (4).
Remark16. 1f we choose = 1 and ¢ = 0 then, from (21), we get the trapezoid inequality

D)
19 + 19 ]. 19 _19 / /
P(12) ! B(1) S /¢(9)d9 < 212 1 ‘¢ (92) — @ (291)}. (26)

Obviously, the estimate (26) is better than all the previously obtained estimates.

It can be easily proved analytically that the considered 2nd and 3rd degree functions satisfy
inequality (20) on any interval with the positive semiaxis.

Example4. Let ¢p(x) = 2™, x € [U1,02] with 0 < 91 < 2. Then, from right-hand side of
inequality (26), we have the estimate

vy — N n192_'l91)

(|¢'(92)] — |¢' ()] = ( 2

B, = (57— 1),

and, for the left-hand side, we obtain

¢(’l91) + ¢(”l92) 1 o 19? + 193 §721+1 o §n+1
_ . _ 4
J

2 (We—O)mn+1)|
1. For n = 2, we get
]52:(?92*191)2 TQZﬂ%+19§_ U3 -9 (o —th)?
6 ’ 2 3(¥2 — 1) 6 ’

i.e., we got a zero error (Py; = E9 — Ty = 0). Inequality (23) gives us the error

B-03 | |- (Wa—)?

6 6

_ V1 (02 — V)

Py = 3 ’

and, from inequality (2), we have

V3 — U7
4

—Ty| =

P 93— 03 (92— 01)%| (92— ¥1)(¥2 + 501)
2= 4 6 - 12 '

It is easy to check that P < Py < Po3 for all 1,09 € R™ with P < 9q.
2. For n = 3, from (26), we get
(92 — 91) (05 — %)
4 )

Fs =
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0?95 95 — 9}
2 4095 — 07)

_ (W2 = 91)(03 - ¥})

Ts| =
|3| 4 )

i.e., we got a zero error (P31 = 0). Inequality (23) gives us the error

(V3 +0%) (W2 =)
4

03 (92 — V1)
S m—

and, from inequality (2), we obtain

3(92 — v1) (93 + 9%)
8

(V2 — 1) (V3 + 59%)
5 .

P33 = — 13

It is easy to check that P3; < P3s < P33 for all 91,92 € RT with 91 < 9.

3. Applications of results. Let m € N, 91,99 € R, 91 < ¥2, m > 1 and P be a division of
the interval [1}1, ¥2] into m subintervals, thatis, P: 1 = xp < 21 < 22 < ... < Typy—1 < Ty = V.
Then, for the trapezoid formula, we can write

/ e 6.P) +B(o,p)= Y L) M) (R, P),

4 2
=0

where E(¢, P) is the error estimation in numerical integration.
Proposition 1. Under the conditions of Theorem 5, the following inequality is true:

B6.P) < 205 (- a0,

=0

where M is the Lipschitz constant of the function ¢' on the interval |a,b).
Proof. Let My; is the Lipschitz constant of the function ¢’ on the interval [x;, z;11]. Then, for
E(¢, P) from (14), we can write

! / 3
(b (xz+1)2+ Qb (':Ul) (:EiJrl _ 372) _ / ¢($)d$ < (x7«+1 6'%.1) 17
z;
or, by summing over ¢, we get
b -1
1'g M
- /¢($)d96 < % (Tiv1 — 2)°My; < 761 Z(%’H — )%,
p i=0 i=0

where M; = maxy;{Mi;}.
Proposition 2. Under the conditions of Corollary 5, the following inequality is true:

P =13 Z{ zian — )26/ (i) + /()] }
=0

, ’ m—1
@O e @)

1=0
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Proof. For each subinterval [z;, x;11], by applying Corollary 6, we obtain

¢'(9?z‘+1)2+ ¢’ (x) (2501 — 1) — 71¢($)dx < (@i = xi)QmaX{Glﬁﬁ’(fcm)!<Z5'(=’1?z‘)\}
or, by summing over i, we have
; -
7(6,P) - / CEE PMCHE )]}]
< 0O @) S (e — )

=0

Remark17. The estimate (27) is better than the estimate obtained in the study [16] (see Proposi-
tion 4.1).

Proposition 3. Under the conditions of Theorem 6, the following inequality is true:

._\

m— m— 1

1 (b// g
— 15 xz—l—l - xz ‘¢/I gz = a

12
1=0 2:0

where |¢" (&) = max;{|¢" (&)}

Proof. Let &; € [z;,x;41]. For each subinterval [x;, z;11], by applying Corollary 3 from (17) we
obtain

- xz ’ (28)

z;+1
(g1 — 24) — / p(x)dx| <

Ty

(zir1 — 2:)°[|¢" (&) ]
12

¢ (zir1) + &' ()
2

or, by summing over ¢, we get

U2 m—1 N IV // m—1
—/Qﬁ(w)dw < ; (xl-l-l x112) ‘¢ (gz)‘ ¢ gz ’ ;0 Tit1 _xz

Remark18. With a uniform partition of the interval of integration, from inequality (28), we

(b—a)®
1202

obtain an estimate E(¢, P) = max,y|¢” ()]
[6, p. 285] and [14]).

Proposition 4. Under the conditions of Theorem 7, the following inequality is true:

existing in the literature (see, for example,

,_\

m—

1

=15 2 (i1 = 20)?|¢' (wi1) — &' (22)|

=0

Proof. The proof follows from inequality (26).
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