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TURAN-TYPE INEQUALITIES FOR GENERALIZED k-BESSEL FUNCTIONS
HEPIBHOCTI THUITY TYPAHA JJIS1 Y3ATAJIbHEHUX k-®YHKIIA BECCEJISA

We propose an approach to the generalized k-Bessel function defined by

Ulz;-,q,r(z) =

k]

> (—=r)" 2)2"+€

":Ork<nk+p+% )n! 2

where k > 0 and p,q,r € C. We discuss the uniform convergence of U;‘,yqyr(z). Moreover, we prove that the analyzed

function is entire and determine its growth order and type. We also find its Weierstrass factorization, which turns out to be an
infinite product uniformly convergent on a compact subset of the complex plane. The integral representation for U;q,r (2)
is found by using the representation for k-beta functions. We also prove that the specified function is a solution of a second-
order differential equation that generalizes certain well-known differential equations for the classical Bessel functions.
In addition, some interesting properties, such as recurrence and differential relations, are demonstrated. Some of these
properties can be used to establish some Turan-type inequalities for this function. Ultimately, we study the monotonicity
and log-convexity of the normalized form of the modified k-Bessel function T} , ; defined by Ty, 1(2) =i~ & Uy 4.1(i2),
as well as the quotient of the modified k-Bessel function, exponential, and k-hypergeometric functions. In this case, the
leading concept of the proofs comes from the monotonicity of the ratio of two power series.

3anpornoHoBaHo MiAXijx 0 BUBUSHHS y3aranpHeHol k-¢yHkuii beccens, mo Biu3HaYeHa PiBHICTIO

(—r)" 2)2"4'%

1 (5
n=0 T, <nk +p+ %k) n!

I

Ul;,q,r(z) =

ne k > 01 p,q,r € C. Mu 06roBoptoeMo piBHOMIpHY 301XKHICTb Ugﬁw(z). Kpim Toro, noBeneHo, mo nana QyHKLIS €
IIJIOI0, 1 BU3HAYCHO MOPSJIOK 11 3pocTaHHs i THml. | HaBiTh Olmbmne, 3HalmeHo 1i dakropusanito Beepmrpacca y BUmsai
HECKIHUYEHHOTO J00YTKY, PIBHOMIPHO 301KHOTO B KOMITaKTHIM IMiJMHOXHHI KOMIUIEKCHOI IUIOIMHM. [HTerpampHe 300pa-
KEHHS AT U;w(z) 3HAMEHO 3a IOMOMOrolo 300pakeHHs uis k-Oerta-pyHkuii. Takox 1oBeneHo, o BKazaHa (yHKIS
€ PO3B’s3KoM JU(EPEHIIATEHOTO PIBHSHHS APYTOro MOPSIKY, K€ y3aralbHIOE TIEBHI BioMi nudepeHIiaabHi piBHIHHS
quist knacuaHux QyHkuii beccens. I HaBiTh Ginbliie, TPOJEMOHCTPOBAHO JISsIKi LiKaBi BIaCTUBOCTI, TaKi SIK PEKYPEHTHICTb,
Ta IudepeHianpHi CriBBiTHOMIEHHS. JlesKi 3 IMUX BIaCTHBOCTEH MOXYTh OyTH KOPHCHUMH IPH BCTAHOBJICHHI MEBHUX
HEepiBHOCTEH TypaHiBCBKOTO TUIY Ui Li€l QyHKINI. 3pemToo, MI TaKoX BUBYAEMO MOHOTOHHICTB Ta l0g-OmyKiIicTh HOp-
Maji3oBaHoi (opmu MomudikoBaHoi k-dynkuii beccens T;fyq’l(z) = z‘_%U;qyl(iz), a TaKoXK YacTKy Moau(ikoBaHOT
k-dynkuii Beccens, excrioHeHIianbHOI Ta K-rimepreoMeTpudHOi (GYHKIIA. Y IIbOMY BHIAIKy OCHOBHA i/esl TOBEACHHS

0a3y€eThCsl HA MOHOTOHHOCTI BiJIHOIIICHHS JBOX CTEICHEBUX PSIIiB.

1. Introduction and preliminaries. In recent years, considerable attention has been given to the role
of special functions, especially in mathematics and physics due to their numerous applications.
They have long served as an influential tool to use in solving different types of ordinary and
partial differential equations. Many mathematicians have recently paid special attention to study
some properties of the k-analog of some special functions. Such an extension has been sought to
get interesting results analogous to those in the theory of classical functions. For a complete list of
references on this subject, interesting readers may consider [13, 15] for k-gamma and k-beta functions,
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TURAN-TYPE INEQUALITIES FOR GENERALIZED k-BESSEL FUNCTIONS 235

[2-5, 17-19, 26, 29] and [35] for k-Bessel functions and [14] for k-zeta and k-hypergeometric
functions. Results of this type seem to be quite essential in the development of the theory of special
functions.

Modified k-Bessel functions are closely related to modified Bessel functions which lie among
the most essential special function. Their properties can be useful in a variety of mathematical
physics. Applications of modified Bessel function can be found in several problems which naturally
arise in fluid mechanics, wave mechanics, biophysics, quantum billiards, electrical engineering, finite
elasticity, mathematical physics, special relativity, probability and statistics among many others. For
more articles on the subject, we refer, e.g., to [8, 20—22, 27, 33] and the references therein. In
this paper, we restrict ourselves to the generalized k-Bessel function. We get some promising results
that could be helpful for other research projects on special functions. Further work regarding the
generalized k-Bessel function is underway and will be presented in a future paper.

Turan’s inequality for the Legendre polynomials, denoted by P, (z), is given by (Pn(x))2 >
Ppt1(z)Pp_1(x), for z € [-1,1], n € N, where equality gets valid if x = +1 only. This inequality
was proved by Szegd [30] and Turan [32]. There are many generalizations of this inequality for
various special functions and orthogonal polynomials. For recent articles regarding this inequality,
we refer the reader to [9, 11, 12, 24, 25, 30, 32] and the references therein.

This paper is organized as follows. The uniform convergence of the k-analog of the generalized
Bessel function of the first kind of order p, denoted by U;W(z) is discussed. Moreover, it has

been proved that the prescribed function is entire and find its growth order, type and Weierstrass

k
p,q,r

representation for the k-beta functions. It has been further proved that the specified function is

factorization. Section 2 is devoted to finding the integral representation for U _.(z) using the
a solution of a second-order differential equation that generalizes certain well-known differential
equations for the classical Bessel functions. Furthermore, some interesting properties like the recurrence
as well as differential relations are obtained. Some of them may be useful to establish some Turan-
type inequalities for it. Ultimately, the monotonicity and log-convexity of the normalized form of
the modified k-Bessel function leiq,l defined by T1;7q71(z) = f%Ul;’qvl(iz) are studied as well as
the quotients of modified k-Bessel function and exponential or k-hypergeometric functions where the
leading concept of the proofs comes from the monotonicity of the ratio of two power series.

We start this section by recalling the second-order differential equation [34, p. 38]
220" (2) + 2w (2) — (p? — 2Hw(z) =0, (1)

where p is an unrestricted real or complex number. The homogeneous equation associated with (1) is
called Bessel equation. A particular solution of (1) is called Bessel function of the first kind of order
p, and it can be expressed as

o e (_1)" E 2n+p
Jp(2) '_T;)F(n+p+1)F(n+1)<2> forall z e C.

Increasing attention is being given to scientific and technical problems, which lead to differential
equation of the modified Bessel type. The modified Bessel equation is given by [34, p. 77]

220" (2) + 20/ (2) — (P* + 22)w(z) =0, ()
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236 HANAA M. ZAYED

and a particular solution of this equation is the modified Bessel function of the first kind defined by

s 1 2n
I,(2) :== z;) T <§) +p forall z e C.

n+p+1)T(n+1)

In addition, the differential equation
zQw”(z) + 20/ (2) — [p(p +1)— zz]w(z) =0,

which differs from (1) and (2) in the coefficients of zw’(z) and w(z), is called spherical Bessel
function. Its solution is called spherical Bessel function of the first kind of order p and is defined by

o —1)" 2n+
Sp(z) = Z ( ? (%) " forall zeC.
n=0 I‘(n +p+ 2>F(n+ 1)

On the other hand, Baricz in [7] has investigated the second-order differential equation
22" (2) + qaw'(2) + [(1 = g)p + 72 = p’lw(z) = 0 3)

for p, q,c € C, which can be considered as a solution of

= —r)" 2n+
Upgr(2) = Z (qfk)l (%) : forall zeC.
n=0 F<n+p+ 2>F(n+ 1)

Another generalization of the Bessel functions has been established by Mondal and Akel in [26]. This
generalization is given by the infinite series representation, for p > —1, k > 0 and ¢ € R,

AR - (=r)" z\2n+E
U, (2) =Y TS Uy (2) forall zeC, )

n=0

which is a particular solution of the differential equation

— k—12(p2 —rz’k)w(z) = 0.

Here, I'y; stands for the k-gamma function defined by

220" (2) 4+ 20/ (2)

o0

ek
Ti(z) == / lemxde,
0

where R{z} > 0 and k > 0. For more information regarding the k-gamma function, the interested
reader is referred to [13—15] and the references therein. It shall be noted that the classical gamma
function and the k-gamma function, for a complex number z and k > 0, are related by I'y(z) =
k(z/9)=1Ty (z/k). It is notable that the 'y (2) satisfies

1 z z > zZ
Te(z +k) = 2%(2),  Di(z) =1, :zk—ﬁemﬂ(ui)e—m
with Euler’s constant .
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It is worth mentioning that as k — 1 in (4), we obtain the classical Bessel functions J,(z) while
the classical modified Bessel functions I,(z) will follow if we let k — 1 and r = —1.
Recently, in [14], the authors defined the k-hypergeometric function by

o

2F1,k[()‘7k)v(:u’k);(Vvk);z] = Zw{ia Q)
n=0 n ’

which is a particular solution of the differential equation
kz(1 —kz)w”(2) = [(A + p+k)z — 7] 2w (2) — Auw(z) = 0,
where (), stands for the Pochhammer k-symbol defined by

_ I'y(z +nk)
(x)n,k = W

We proceed to recall that a function U that is real entire function belongs to the Laguerre — Polya

=z(z+k)(z+2k)... (z+ (n— k).

class LP if it can be written as follows:

o
x @

U _ opm—azi+br 14+ 2 Ve

(z) =cx™e H + . e wn,

n=1

where ¢, b, z, € R, m € Nyg = NU{0} and Z x,2 < 0o. The class LP consists of entire functions
which can be approximated by polynomials with only real zeros, uniformly on the compact sets of
the complex plane and it is closed under differentiation.

The main object of this paper is to introduce an elegant power series ngﬁ(z) defined by

© —_r\n 2n4-2
WE, () = 3 o (5™ ®)
n=0 Fk<nk+p+ S k)F(n+ 1)

where k > 0 and p,q,r € C.

Using the power series (6), it is a considerable computational and conceptual advantage for the
prescribed function to provide explicit and interpretable solutions for problems in the forthcoming
sections.

Before we proceed, we will present the following definitions and lemmas that will be used in the
proofs of the main results of this paper.

Definition 1. Let X be a nonempty convex set in R. A function f: X — R is convex on X if
one of the following conditions hold.:

() if af (@) + (1 —a)f(y) > flaz+ (1 — a)y) for every o € [0,1] and z,y € X;

(i) if f is increasing, twice differentiable and " is nonnegative.

Definition 2. Let X be a nonempty convex set in R. A function f: X — R is

(i) concave on X if —f is convex on X;

(ii) strictly convex on X if the inequality in (1) in Definition 1 is < and strictly concave on X if

—f is strictly convex on X;
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238 HANAA M. ZAYED

(iii) log-convex or superconvex on X if f > 0 and log f is convex on X, that is, alog f(z) +

(1—a)log f(y) > log f(az+ (1 — a)y) or equivalently, (f(x))"(f ()™ > f(az+ (1 —a)y),
Jor every x,y € X and a € |0, 1] and log-concave if —f is log-convex;

(iv) absolutely monotonic on X if it has derivatives of all orders and satisfies ™ (z) > 0 for
every x € X and n > 0.

Lemma 1 [10]. Let a, € R and b, > 0 for n € Ny. If A(z) = Zn>0 anz" and B(z) =
Zn>0 bnz" be a convergent power series in |z| < R and {an/bn}n>0 is (strictly) increasing
(decreasing), then the ratio A(z)/B(z) is (strictly) increasing (decreasing) on (0, R).

Note that the above lemma can be applied if A(z) and B(z) are power series of the form

A(z) = Zanz% and B(z) = Z b 2",

n>0 n>0

Lemma 2 [16]. Let f: (0,00) — R be a function. If f(z)/z is increasing, then fis super-
additive.

Lemma 3 [28]. Suppose that f(z) = Z anz" and that can be represented by f(z) =

n>0
eaZQh(z), a <0, and h is of the form

h(z) = ae®* H <1 - Z) e en
Cn

n=1

with o, 8 € R, Z o len| ™2 < 00, f has real zeros (or no zeros at all), and g(n) is of the form
n>

[e.e]
9(z) = ] (1 + ;)e—;;,
n=1
where § € R, d,, > 0, Z . d.% < co. Then Z . ang(n)z" has only real zeros.
n= n=z

Lemma 4 [23]. Let f be an entire function with infinite zeros 0, a1, as,..., ap,.... Then f
can be represented as

_ ,m_g(z) - .
fz) =2 J[G<an’p>’
where

1_w7 l]{ p:07
G(w,p) =

2 D
(1—w)exp<w—i—u;+...+1;), if p>0,

and m is the order of zero of f at z =0, g is an entire function.

Lemma 5. Suppose that p > 0, k > 0 and (p/k) + (¢ — 1)/2 > 0. Then the function Ul;br is
an entire function of order p = 1/2 and type T = 2\/17/\/E
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Proof. First of all, we shall prove that (6) is uniformly convergent on a bounded subset of the

complex plane. Note that

p
z)2n+§

2

q+1
++2

K+ (n
k 2 k

Ir\”
<

)

Z)2n+§
2

y

‘Z|2n+§

k2

KR (
Using the D’ Alembert ratio test, we have

ITIIZ\2

&

22n+€ ’

lim T
n—oo
n+ + 1 5

4k(n+1)< :

L)

=0,
!

so, by using the Weierstrass test, the uniform convergence follows. On the other hand, (6) has an

infinite radius of convergence as follows:

1/n

1 .\
— = limsup (=r) 1

n—00 (nk+p+qk)

1/n
= lim sup (=r) =0,
n—o0 kn+fi+q£1r< 2y atl )m
k 2 ’

and so it represents an entire function. In addition, the order

)

nlogn

evaluated as

p = lim sup
n—oo

nlogn
b+1
—l— + —

kBT
k 2 k 2

(="

log

of the entire function UI; p, €an be

1

= lim sup

+
n—00 IOg + 4 L

k 2

|:kn+£+qglr<

and the type of U;bﬂ” is given by
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1/2n

S 2/

7= —limsup{ n = ——.
Pe n—co k""‘ﬁ""(]glf‘( + : 4 q —5 1)7”L! \/E

The lemma is proved.

The proof of the next lemma goes in the same steps as [31, Lemma 2.1].

Lemma 6. Assume that p,r,k > 0 such that (p/k) + (¢ —1)/2 > 0. Then z — quT( z) has
infinite number of zeros and these zeros are real. Further, the Weierstrass factorization of Up 7 +(2)
is

P
Z\ k
k (5) - a
UP#LT(Z) = q+ H 1= X R E (7
Fk< + k> (up7q,hn)
where uX stands for the nth positive zero of Up qr and the uniform convergence of the above

PN
infinite product on a compact subset of the complex plane holds.

Proof. Lemma 3 is applied to prove that the zeros of Ulzqu,r are real. This will be done by setting
f(z) = e (/2% and g [0,00) — R with

|
g(n) = -
1
T <nk ot q;k>

It is notable that f is in the Laguerre —Pdlya class LP as well as g. So, by Lemma 3, the zeros of
Uk arereal if p,r,k > 0 and (p/k) + (¢ —1)/2 > 0.

p,q,r

k
Now, we will recall that U}, . .

factorization theorem, every function of non-integral order has infinitely many zeros. It is concluded

is of order 1/2 from Lemma 5 and by making use of the Hadamard

that Ul; ¢ has infinitely many zeros and all are real. Thanks to (3), the infinite product (7) follows.
After we have recalled and developed the necessary basics, we can move on to the main results
of this paper.
2. Properties of the generalized k-Bessel functions. In the following, the integral representation
of the generalized k-Bessel functions is established based upon the next representation for the k-beta

functions (see [14])

1

Fe(@Tk(B) 1 [ o 11— g2t

By (o, 8) = Fka+5 k/fk dl.
0

Note that if we now replace ¢ by ¢2 on the above integral, then we obtain

1
i/e“—l — )k lae (8)
0

1
with ®{a} > 0, R{8} > 0 and k > 0. For a = nk + %k and 3 = p, it finds
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q+1

2

Fk <7’Lk + k) Fk (p) 1
1 2
Bx <nk—|—p—i— quk,p) = 2 = /£2"+q(1 — )k,

+1 k
I‘k<nk+p~l—q2k> J

where R{p} > 0, R{q} > —1 and k > 0.
It is significant to note that (6) can be expressed as

1
oo (—7)"Byg <nk +p+ q_gk,p)

2\ 2n+E
(3)

1
n=0 T (nk + 2 t k> Tk (p)n!
o n 2 P 1
- 12{2 (17“)1 )™ /22"+Q(1 — )k
n=0 'y <nk + q2k> Tx(p)n! 0

0 n=0 '} [ nk + ?k

h > —r)" z\ 2n
:Fk2(p)<;)k/£q(1—g2)£1z < ( q)+1 )n!<2)2 de.

By making use of the property I'i(kz) = k*'T'(2), we obtain

p 1 00 _)n P n
Iﬁgww>]miﬁ<;>k!7%lE%ﬁ1§%P<ni(8;1>m(éi@>2de

b+1 »

B g N e
) oo () T ()

241

k
Another integral representation for the UX _(z) will follow by setting o = nk + 5 and 8 =

p’q7".
p+ %k in (8) as outlined below. From (8), we have

k
Iy nk+ = )T p—|—dék 1
Bk nk+§,p+§k = :E 14 (1*€)k 27 dl.

b+1
Fk<nk+p+ ;k> 0
Now from (6), we get
2 o (—r)" 2tE |
E -r AN n pia_
Ul;,qﬂ"(z) Kk Kk <§> ‘ /EQ (1—*)kt21qe
= 2 q5\,1
n 0Fk<nk+ 2)Pk<p—|— 2k>n. A
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k n €2n

k2Fk<p+

m
O\H
H
|
~
l\')
"d
+
/\
Do | =
\_/
s
—
NN
N
[\~
3
o8
~

By using the Legendre s duplication formula

F(z)F<z+ 1) _ VT ppo

2

for z =n + 1/2, we obtain

r<n + ;)I‘(n +1) =272"/7'(2n + 1),

p )nan 2\ 2n
(1 -kt 1an2 2nfr(2n+1)( ) at

(!
isEa
$

|
-
[V
)1
—
N
ISR
+
o
N—
/N
IR
N—
FaliS]
o —

1
2 % / g+g 1 i 7" EZ n
— K3 i drt. ©)]
kT (p + 2 J 2T (20 + 1)
If » > 0, then (9) leads to
B 1
par(z) = ’ k/ (*ﬂz>d€ (10)
Vrkly (P +3 0 vk
If r <0, (9) yields
1
k 2 % 2 g ng
Up () = q / (1 —2)t2 1 cosh (11)
kD, (p + 51{) J vk

Substituting £ = cost in (10) and (11), we get

3

-2 z
Ullj7q7r(z) = mrk (p—|— gk) (5)

0
/i R
B 2 2\ ¥ 2ig1, (ﬁzcost)
- z ) VIZOSEN gt (12)
VT (p + 1K) (3) O/Sm PUVR
and
k 2 f w40 h(fzcost) .
) \/ﬂFk( ) 0/ (sint) cos NG dt. (13)
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In the above integral representations (12) and (13), if we consider as a special cases k — 1
and ¢ = r = 1, the well-known representations for the Bessel and the modified Bessel functions are
obtained (see [1]).

We now move on to another result of this section. In particular, we prove that Up q.r 18 @ solution
of a second-order differential equation which generalizes certain well-known differential equations

for the classical Bessel functions as in the following proposition.
1
Proposition 1. Suppose that p,q,r € C, k > 0 and p + %k # 0, =k, —2k,.... Then

U;W(Z) satisfies the second-ovder differential equation

(U8 (2) + 02(U5 0 (2)) + 1 [rke? = 57 = k(g = D] UK, (2) =0 (14)

Remark 1. The above proposition generalizes the results given in [7, 26] when k — 1 and g = 1,
respectively.

In the remainder of this section, the recurrence as well as differential relations for generalized
k-Bessel function are obtained as in the following propositions

Proposition 2. Assume that p,q,r € C, k > 0 and p + 71{ #0, —2k,.... Then

(@) ZUP qu( )+kTZUp+qu< z) = [Qp—i—(q— 1)k]qur(z>'
(11) kz( pqr(z)) + [p'i_(q_l)k}Ulpfqr( )_ZUp qu( )

— 1)k o0
(i) UX_, . (2) = (qZ)JFZm (p + 2mK) Uy s ot .0 (2);

(iv) ke(Ug (=) +kezUg 0 (2) = pUg 4.0 (2);

(V) 21{2( pqr( )) _ZUk qu( ) kCZUl;+qu( ) (1_Q)kZqur( )

The above proposition generahzes some of the recurrence relations given in [7, Proposition 2.14]
and [26] when k — 1 and ¢ = 1, respectively. On the other hand, (i) and (iv) for ¢ = r = 1 among
other relations have been proved for k-Bessel function JI;(Z) in [18] using the series expansion of
J};(z). Here, another proof is given using the generating function for Jg(z) which has been obtained
in [17]. The generating function for lef(z) has the form

o0

Gi(w,1) = /YR @NVR=(R/2) = 3™ ok ()

p=—00

for all = # 0 and finite z. Differentiating Gy (x,¢) with respect to z and = yield

Cuzt) _ 1 z/2Vk)((z/Vk)—(Vk/z)) _ S £ /
EP —2\/1;((95/\/1;) (\f/x)) (2/2VE) ((z/VK)—(Vk/z)) _ Z . (Jg(z)>,

p=—00

OGk(z,t) = 2/2VR)(2/VE) - (VE/2)) P p-
o _2\/1;((1/\/@ (\f/$ )) /2vEk)((z/Vk k/x)) Z 1Jk

p——oo

Replacing Gy (x,t) with its power series expansion in the above equation yields

OGi(z,t) 1 SN o~ '
o = (V) - Wiy 3 i = 3 ot (1K)

p=—00 p=—00
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6Gk(xat) _ ? ((1/&)+(\/E/$2)) i kak i p ——le

ox 2k e p_iook
Hence,
o] » / 1 0 » 0 »
> AEE) =g X b -5 3 aba)
p=—00 p=—00 p==00
> ke = g X e 5 3 f ),
p:—oo p=—00 p=—00

gives the required recurrence relations.

—1
Proposition 3. If'p,q,r € C, k > 0 such that p+ %k #0, =k, =2k, ..., then the following
identities hold:

d/ p. LEta-1
@(Zﬁ—i_q 1Ulp§,q,r<z)> - k Ulgifk,q,r(z)a (15)
d _Pok Pk
%(z kUpWﬂ(z)) =—rz kUpyp 0, (2). (16)
Proof. By using the series expansion (6), the result follows.
Proposition 4. For p,q,r € C, k > 0 such that p — mk + 7k £ 0, —2k, ..., the
following identities hold.:
1d p L pram
<zdz> ( ke 1U11§q7”( )) = k kot +1)U;D mk,q,r (Z) (17)
1d _p m —P_m
()" (- H0b @) = (s U ) 18)

3. Turan-type inequalities and monotonicity properties for the generalized k-Bessel function.
In the next, some Turan-type inequalities are obtained for Up 4. (2) utilizing the recurrence relations (ii),
(iv) and (v) of Lemma 2 as well as the differential equation (14) as outlined below. The following
further lemma is needed.

Lemma 7. Ifk > 0,p, q and r are nonnegative real numbers sunch that p+ (q+1)(k/2) > r/4,
then UX _(2) >0 forall z € (0,1).

Par
Proof. Assume that

z)2n+£
o )

so that

Ub (2 = (1) R(2).

n=0

By using the fact that I'y(kz) = k% ~'I'(z/k), we get
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1 - 1
Fk<nk—|—p—|— q;k) _kn""ﬁ"'qzl]:‘( + £ +H>

k 2
Moreover,
n 27L+k 2 2
Ru(2) = Rupi(2) = r (Z/) | r(z/2) -
KT (4 q2 )n! _ (n+1)k(n+k+(12>
. 7“"(2/ )2n+k - r
1 1
K+ n+ A 4n+1Dk(n+ = Pyats
2 L k 2
B r(z/2)2k d(n)
1 1
k"Jr B+i F<n+ +q;_>n'4n+ <n+k—|—q;>

where

1
®(n):=4(n+1k(n+ = —i—i -
k 2
Since n > 0, then ®(n) > 0 for all n > 0 under the given hypotheses which implies that R, (z) >
Ry11(2) for all n >0 while R, (2) tends to zero as n — oco. On the other hand, UX . (z) can be
written as

p,q,r

UE ,+(2) = Ro(2) — Ri(2) + Ra(2) — R3(2) +... > 0,

under the above hypotheses which ends the proof.
Theorem 1. The following inequalities hold:
(1) if p,r, k>0, ¢,z € Rand (p/k)+ (¢—1)/2 > 0, then

(Ullg,q,r( )) Up qu( )Ul;Jrk,q,r(z) 2 07 (19)

(it) if' p,r, k>0, q,z> 0 and (p/k) + (¢ — 1)/2 > 0, then inequality (19) holds;

(iii) if p,r, k>0, z € (0,1), 0 < ¢ < 1 such that p+ (¢ + 1)(k/2) > r/4, then inequality (19)
holds.

Proof. Taking the logarithmic derivative of (7), we get

z(Uk (2
Gl 2,5 2
pqr(z) z upqrn)

Using (ii) of Lemma 2, this would leads to

Uk (2) 2 ) — 2k
p—k,q,r o p+(q ) <
+D

Ul; q,” ( ) a z n=1 (uqu7’r7n)2 .

Now,
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(U100 (2))” = (U531 (2)) (U ()

(Ul ()"
CkUp () k(UK ()
2 Uk () U (o)

k(UK. (2)) [2p+ (¢ — Dk
(U5 4r())° z

kUpiqr(®)  K(Upiiqr(®)” | KU i () (U (2))

T2 UE,(2) Uk, . (2) (U, ()
Uk Uk_ ' > 2
z qur( ) UIHL ( ) o n=1 [’22 (UIEQT”P]

if p,r, k>0, ¢,z € Rand (p/k) + (¢ — 1)/2 > 0. Replacing p to p + k, we find (19).
(i1) Here, we shall recall (iv) of Lemma 2 and the second-order differential equation (14) to find

(Ug,qﬂ"( )) (Up kg (2 2)) (Ul;Jrk,q,r(z))

— s | R U 2~ K (U, ) | (0,9

+ M(U};qr( )) (Ul;qr( ))I + k [(Ug,q,r(z)),}Q

rz r

(08 () (U () + (U, ()]

rz

= Uk () (U8 () -

(U ()] k 5 4oy en)®
Ul; q,r (Z) rz n=1 [ZQ - (ug,q,r,n)2]2 a

if p,r,k >0, b,z >0 and (p/k) + (¢ — 1)/2 > 0, which completes the proof of (ii).
(iii) Suppose that

_k

(674

)

AI;CL ( ) (Ul;q, ( )) (Up qu( ))(Up—‘rqu( ))

By making use of (ii), (v) and (iv) of Proposition 2, we have

(A};,q,r(’z))/: é[(Q‘i‘l) (Up qu( ))(-Uerkq7 ( )) +(1_Q)(U1}{)q, ( ))2]

From Lemma 7, it is easy to verify that (A% (2 ))’ > 0, under the given hypotheses which ends our

claim.
Now, the modified k-Bessel function may be introduced as

0o

1 2\ 2n+E

. Kk

Tp,q,l( )_Z kUqu( )_Z q+1 (5) ’
n—OFk<nk—|—p+ 2k>n!
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and the normalized form of Tlqu’l(z) by

z

p
Tk qg+1

+1
e’} Fk<p+ C]2k>

:Z q+1k>n!<;)2n'

nzork(nk+p+2

We are ready now to pass on the main results of this part.
Theorem 2. Let k > 0 and p,q € R. Then the following assertions hold:

o k
(1) lfpl > p> _§(q+ 1)7 then z — ugl;q(z)/uzljl,q

(ii) if 0 <p; <prandb> —1, then z — Z/{;th(z)b{;‘%q(z)/ulglm q(z) is decreasing on (0, 00);

32,
(i) if p+ ((q+1)/2)k > 1/4, then z — Uy (2)/ exp(2?) is decreasing on (0,0);
(iv) if \>v > —k and 2p+ (q+ 1)k > 0, then z — US (2)/1F1x[(\,k); (v, k); 2] is strictly
decreasing on (0,00).
Proof. (i) By using the power series expansion of L{};q(z), we have

k o0 2n
Us(z) D on(p)2

Z/{[lfl’q(z) Z:OZO O.(pl)zgn .

In view of Lemma 1, it is enough to prove the monotonicity of

1 +1
Ty (p n qk) Ty <nk Fpr qk>
Un<p) 2 2

(z) is increasing on (0, 00);

Fn(Z): = ’
1 1
7nlp) Fk<p1+q'g k)rk<nk+p+q; k>
to get
qg+3 qg-+1
Ik | nk —k |k nk —k
Fo(2) k(n +p1t 5 )k(n +p+ 5 >
= -
Fn(2) Fk<nk+p+q;3k>Fk<nk+p1+q;_ k>
Let

+3
Iy <nk—|—p1 n ‘]21{)
C(p) = Tr1 (20)
Fk<nk—|—p1—|—2k>

Differentiating (20) logarithmically with respect to p;, we get

! 3 1
C(pl)—\llk(nk+p1+Q+ k)—\I/k<nk—|—p1—|—Q+ k).
¢(p1) 2 2

Here, W) stands for the k-digamma function defined by
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0
Wi(2) = o~ logTk(2) =

By using the well-known representation for the k-digamma function

1
Ink — Ek_l - Ez—l

\I/k(z) K

0

where v denotes the Euler — Mascheroni constant given by the series

n—oo

=1
v = lim (Z ~ - log(n)> = 0.5772156649,

n=1

we find ¢'(p1) > 0 so that Fy,11(2) > F,(2), if p1 > p.
(ii) By using the Cauchy product of two power series, we have

k k > A, 220
Up, o(2) Uy, 4(2) _ n=0_"
k - o0 9
um;pz 7q(’z) Zn:() BnZQn
where ) )
+ +
n 1—\k (pl + q2k) I‘k <p2 + qQk>
A, =
1 1
£=0 4"T") (ﬂ( +p1+ q;k)Fk <(n — E)k + p2 + q;k)f'(n — E)'
and
2
p1+p2  qg+1
T
: (g )|
B, =

2 2 2 2

Suppose that

- +1\]° +1
[Fk(pl P2 4 k)} Fk<€k+p1+q2 k)

1 1 '
= 4”Fk<£k+p1+p2 49t k)l“k<(n—€)k+p1 a2 B s k)f!(n—ﬁ)!

v 2 2
e:
1 1
Fk<€k+p1;-p2+q; k>I‘k<(n—€)k+p1;p2+q; k)
g+1
X :
1 1
Iy <P1 + q+k> Iy <P2 + Hk)
2 2
Thus,
g+1 pr+p2 g+l
I'e( (4 Dk ——k x| fk k
Ve k<(+)+p1+ 5 )k( + 5 + 5 >
N 1 1
Ve rk(<£+1>k+p1;p2+q; k)rk(a{wwqgk)

e2))
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+1 + +1
I‘k<(n—€—1)k+p2+qzk)Fk<(n—€)k+p1 2+ 2 k)
X .
+ +1 +1
Fk<(n—€—1)k+p1 2” +1 . k>1“k<(n—€)k+p1+q2k>

Since p1 < pg and ¢ > —1, it is easy to verify that V,; <V, which leads to the required result.
(iii) In the light of Lemma 1, the monotonicity of

1
Fk<p+q; k)

1 )
47T, <nk+p + q—;k>

W, =

must be tested. Since

qg+1
Tr k —k
Wn+1 o i <n +p " 2 )

- T\ 1
Woo <nk +kdp+ q—;k> 4 <nk+p + q;k>

1

<1,

this leads to Z/l;f,q(z) / exp(z?) is decreasing on (0, 00).
(iv) Using (6) and the infinite series representation (5) with Lemma 1, it is enough to check the
monotonicity of

+1
Ty <p n (121{) (AN (nk+v)
X, = - .
AnTy <nk tp+ ‘12k> i ()T (nk+))
Since
Xnt1 _ nk+v <1
Xn

1
4(nk+X) <nk +p+ q;k)

from the above assumptions, which implies to z — Uy (2)/1F1x[(A, k); (v, k); 2] is strictly decreasing
on (0,00), and, consequently, the proof is complete.

Theorem 3. Letk >0, z > 0 and 2p+ (¢ + 1)k > 0. Then the following assertions hold:

(i) the function z — U;q(z) is absolutely monotonic function on (0, 00);

(ii) the function Y} (2) := Uy . (v/z) — 1 is superadditive on (0,00);

(iii) the function p — Z/lll,f 4(2) is decreasing on (0, c);

(iv) the function p — Z/{;f’q(z) is log-convex on (0, 00); furthermore,

2
(Z/I;;q(z)) < Z/{;ik’q(z) UII;Jrk,q(Z);

(V) the function b — Uzl;’q(z) is decreasing on (0,00);
(vi) the function b — L{; 4(2) is log-convex on (0, 00); moreover,

(u;){,q(z))Q < U;q—k(z) Z/{;Hk(z),
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Proof. (i) By using the integral representation (3), we have

r atly)
Uy (2) = 2\/;{;?1)531{)) /(1-@2)%3 L cos h<\6§> |

0

and so

JE e PR
9"k (s _ eyt 2 o (Y e s o,
azn Y20 \/7

kT p+ 0

This would lead to the absolute monotonicity of Z/{II; q(z). Another way of proving the absolutely
monotonicity of the prescribed function consists of using the fact that the power series of L{; 4(2) has
a nonnegative coefficient for 2p + (¢ + 1)k > 0 and z > 0 (see [6]).

(ii) The function Y};’q(z) is superadditive on (0, c0) if (6/02)(Y},§7q(z)/z) >0, so

5 (y;;,q@)) = U (V7)) — (U (V) 1)

0z z 22 ’

and

P s (n—1)T <p + q+1k> P
2o U (V2)) = (U, (V2) = 1) = 37 TN 20
? n=1 4”Fk<nk+p+q2 k)

which implies to Y (z) := U¥ (1/z) — 1 is superadditive on (0, 00) for 2p+ (¢ + 1)k >0, k >0
and z > 0.
To complete the proof of (iii) — (vi), let us assume that

1
Fk<p+q_g k)

1
47T <nk +p+ q;k) n!

Ay o (2) = (22)

cee . . . . . k
(iii) The proof follows by evaluating the logarithmic derivative of (22) for A; (z) as

0 K q+1 q+1
%logAP’q(z) = \Ifk<p+ 2k> — \Ifk<nk+p+ Tk .

Using the representation (21), this implies that p — A;q(z) is decreasing on (0, 00). Since the
infinite sum of decreasing functions is also decreasing, this leads to p Z/{; q(z) is decreasing on
2p+ (¢+ 1)k >0 and z > 0.
(iv) Since
2

9 k / q+1 ’ g+1
@logAp,q(Z):W < +Tk -y nk—i-p—i-Tk ;
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by using the well-known representation

o0

Wl (t) = Zow t e R\{0,-1,-2,...},

we have

| |
\I/{<<p+ q—;k> —\Il{{<nk+p+ q;k>

(nk)® + 2nk <mk+p + q_‘_21k>

:Z >0

1.\? 1.\ "7
m=0 (mk—kp—l—q—; k> <nk+nu<+p+q;r k)

which implies that

for 2p 4+ (¢ + 1)k > 0 and z > 0, that is, the function p — Aqu(z) is log-convex on (0, o). Since
the infinite sum of log-convex functions is log-convex too. This implies to p — Z/{IIZ 4(2) is log-convex
on (0,00) for 2p + (¢ + 1)k > 0 and z > 0. On the other hand,

1
log2ht () < 5 (108U 10y (2) + 108Uy ()

or, equivalently, (Z/l}lj‘,q(z))2 <US () U ().
(v) From (22), we obtain

0 k g+1 k g+1
—log Ak (2) = -0 k| — - nk k) <0 23
9g 28 Mal2) = 3 k<p+ 5 ) 5 k(n trt )_, (23)
which implies to ¢ — U (z) is decreasing on (0, 00).
(vi) From (23), we have
2
¢

this leads to ¢ — Z/I;q(z) is log-convex on (0, 00).

Theorem 3 is proved.

4. Conclusions. In the present investigation, interesting properties of the k-analogue of the
generalized Bessel function of the first kind of order p, that is, Ulgy q.(2) have been derived. We further
have discussed the uniform convergence of U;q,r(z). Moreover, we have proved that the prescribed
function is entire and found its growth order, type and Weierstrass factorization. Furthermore, the
integral representation for UII; qu( z) is obtained using the representation for the k-beta functions. We
further have proved that the specified function is a solution of a second-order differential equation that
generalizes certain well-known differential equations for the classical Bessel functions. In addition,
some interesting properties like the recurrence as well as differential relations, have been demonstrated
and some of them have been used to establish some Turan-type inequalities for it. Ultimately, we have
studied the monotonicity and log-convexity of the normalized form of the modified k-Bessel function
Tll[j,q’1 defined by T;qyl(z) = f%Ulg,qJ(iz) as well as the ratio of modified k- Bessel function and
the exponential and k-hypergeometric functions where the leading concept of the proofs comes from

the monotonicity of the ratio of two power series.

2

k +1 k? +1
log A%, (=) = =W (p—!— q2k> - (nk+p + q2k) >0,

ISSN 1027-3190. Ykp. mam. ocypn., 2024, m. 76, Ne 2



252 HANAA M. ZAYED

5. Appendix A. Generalized k-Bessel differential equation. Proof of Proposition 1. It is easy
to observe from (6) that

i o () (2n+) et

za(Umf(Z)) => < q+1 >n! (2

n=0Tt(nk+p+ Tk

24

Differentiating (24) again with respect to z, it finds
d?U% . .(z)  dUk
> (2) |

p,q,r (_T)n <2n i %) 2

(2) &
D,q,r _
dz? Tz B Z ( g+1 )

2\ 2n+2
()

n=0 'y nk—l—p—l—Tk n!

o dn(—r)"(n+ P 2t
+ ( <q—|—1f)>n!<2>2+

n=0 ['y nk—l—p—l—?k

p qg—1
P o An(=r)" (n Tt 2) 2\ 2042
=12 Uar()+ D q+1 (5)
n=0 Ty (nk +p+ 2k> n!

[e.9]

2n(—r)" 2\ 2n+2
_(q_l)z q+1 (5) )
n=0 [} (nk +p+ 5 k) n!

2 0 n r
Pk 4 (=7) AR
=122 2 - ()
n=1 Fk(nk+p—i—2 k)(n—l)!

- VA 27'L+§
( q+1 )n'<2>
2 !

2 o0 n+1 P
p 4 (=) Z\ 2tk
=12 Upar () + 1 D q—1 (5)
n—OFk(nk+k+p+2 k)n!
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(g =1)2(U5, () + Pla = DU, (2)

2 2
P Tz
- Uk (Z) - TUI];,q,r(Z)
p
- (q - l)z(Ug,q,r(’z))/ + E(q - 1)U11§,q,r(z)'

On simplification we easily arrive at the Eq. (14).

253

6. Appendix B. Recurrence and differential relations for generalized k-Bessel function.

Proof of Proposition 2. (i) We shall evaluate the expression Ul;,k q A(2)+ Uk

k k
Upfk,q,r(z) + Up+k,q,r(z)

o0

ptk,q,r

n=0 I nk+p+ ———k =0T nk +p+ ==k

p—k

_ AR (=) 2
_Fk<p+q;1k><2) "2 qlk)n!<2>2+

S (=)t 2\ 20 B
+z_: < q—gl )(n—l)!(Q)

n=1 T ( nk+p—+ ——k
n qg—1. n
| N N e
- q—1 (5) 2 g+1 (2
Fk(p—|—2k> n=1 Fk<nk—|—p+2k>n!
qg—1
= i) e ESmWS),
Pk <p + k) n=1 Fk <nk —l—p + 2k> n'

()2 ”<7”L+1k>m G
2

:i < (_T)Z—l >n!<;>2n+”kk+z < (_r)ZJrS )n'<

z)2”+”kk

O D i e M

1
n=1Ty (nk +p+ q;k) (n—1)!
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2 q—1 1 2\ £ > —r)" 2\ 2n+2
:z(p+ 2 k) q—1 (§)k+ : )q—|—1 (5) k
Fk <p + 21{) n=1 Fk <nk —l—p + 2k> n'
oo (_l)nrnfl P 2n+%
+r-1)>" (5)

1
n=1 Fk<nk—|—p—|— q;k) (n—1)!

2 qg—1
== <p + 2k) UE o (2) + (1= kr)Ug g (2)-

After simple computations, we can arrive at (i). Secondly, to prove (ii), we shall aim to estimate the

expression Ul;—k, gr(7) — UII; g (%) as follows:

k
Ugfk,q,r(z) - Up+k711:7’(z) - q— 1 (5
o )

o () (nkeg o
e R O

n=1 "y <nk +p+ 2k) n!
L ptla- 1)k§: (=r)" Z)zn“’kk

2 1 (5
n=1T"y (nk +p+ q;k) n!

—k

1
n=1 Fk<nk+p—|— q;k) (n—1)!

; p+(g—1Dk
= k(UI;,q,r(z)) + P Ul;;,q,'r(z) - Ul;;—i—k,q,r(z)a
which implies to (ii) after some calculations. Moreover, to prove (iii), it is well-known that (i) can be

expressed as

2p+ (¢ — 1)k
UK () + kUK () = (—)Ugm(z). (25)

p7k7q’r z
Multiplying both sides of (25) by —rk and replace p by p + 2k, we have
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2(p+2k) + (¢ — Dk
> Ul;+2k,q,r(z)-

—rkUp g0 (2) = KU 0, (2) =

Again, multiplying both sides of (25) by r?k? and replace p by p + 4k, we obtain

2(p+4k) + (¢ — 1k

21,27k 3,.3wrk k
r°k Wp+3k,q,r(z) +kr Wp+5k,q,r(z) - Wp+4k,q,r(z)'

Continuing in this manner and adding them, we get (iii). By adding (i) and (iii), we obtain (iv).
Combining (ii) and (iv), we have (v), which ends the proof.

Proof of Proposition 4. We shall prove (17) by applying the mathematical induction. For m = 1,
we get (16). Assuming that (17) is valid for m = v. We have to prove that it also holds for m = v+1
as follows:

1d\""/ o, 1d\(1d\"/ ¢
- cta—1y7k Y e - ¢ Pig—171k
<z dz) <Zk Up’q”"(z)) <z dz) (z dz> (Zk Up7q7r(z)>

Ld {1 ey (uinpk
_zdz[k“Zk UL g (2)

oo

zli 1 £+q—(v+1)z (=r)"

p—vk
k

qg+1 ) |<2
n.

n=0Fk<nk+pvk+2

A 2n+
zdz | kv )

p
(20 — 20+ 22 —1)
1 o (=7) (n v et 2n—20422+q—2

T kvz v 1
=0 92+ <nk +p—vk+ q;k> n!
_ 2 ¢ (=r)" 2n=20+28 +q-2
kU'HZ

—v —1
n=0 22”"'%1‘1{ <nk +p—vk+ q2k> n!

1 BHa—(v+2)k

= o c" p— (v 1)k g (2)-

Thus, (17) is true for m = v 4+ 1 and, consequently it holds for every natural number m. Similarly,
we can prove relation (18).

The author states that there is no conflict of interest.
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