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n-GENERALIZED SCHUTZENBERGER-CROSSED PRODUCT OF MONOIDS

n-Y3ATAJJbHEHUM NEPEXPECHUM ITYTUEHBEPTEPIBCHKHUI
NTOBYTOK MOHOIIIB

We study the n-generalized Schiitzenberger-crossed product from the viewpoint of combinatorial group theory and define
a new version of this product. For given monoids of this new product, we obtain a representation of the n-generalized
Schiitzenberger-crossed product of arbitrary monoids. In addition, we give necessary and sufficient conditions for the
regularity of this product.

Mu BHBYAEMO M -y3arajbHEHHH IEPeXpecHuil LIyTHeHOeprepiBCbKUi J0OyTOK 3 TOUKH 30py Teopii KOMOIHATOPHHX rpym
Ta BBOJMMO HOBY Bepcilo 1(boro 100yTKy. [y 3a1aHUX MOHOI/IB IIbOr0 HOBOTO JOOYTKY OTPHMAaHO 300pa)KeHHS Ui 1-
y3arajqbHEHOTO MEPEXPECHOr0 MIYTIeHOEPrepiBChbKOro M0OYTKY MOBIMBHUX MOHOIAIB. KpiM Toro, HaBeqeHO HEOOXimHi Ta
JIOCTATHI YMOBH JUISl PETyISIPHOCTI IBOTO JOOYTKY.

1. Introduction and preliminaries. 1.1. The Schiitzenberger product. The Schiitzenberger product
is an action on monoids that was first developed for automata theory problem-solving and formal
language theory analysis of the syntactic properties of the concatenation product. The Schiitzenberger
product was first introduced by Schiitzenberger [15] for two monoids, and it was later expanded by
Straubing [16] for any number of monoids. The authors obtained a presentation for the Schiitzenberger
product of two monoids and provided the normal form structure of this product’s constituent parts [11].

Let M = (X1 | R1) and My = (X5 | R2) be monoids. For P C My x My, u € M;, v € My,
we define

uP = {(uc,d) | (¢,d) € P}, Pv={(c,dv) | (c,d) € P}.

The Schiitzenberger product of My and M, denoted by M;< My, is the set My x P(My x M) x My
with multiplication (u1, Py, v1)(ug, P, v2) = (ujue, PyveUuq Py, v1v2). The Schiitzenberger product
of M, and M5 is presented by

— 2 — —
PMioMy = <Z | R1, Ry, Rwiwe = Fwiwzy FwiweFwlwh = Fwiwh Fwrwes

xlzwl,wg = Zl‘l’wl,wQ(Bla Zwi,wa L2 = T22w1,woxns L1T2 = .%'2(131>,

where w;,w, € M;,z; € X;, i € {1,2}, and Z = {zyw, | w1 € M1, wy € Mo} U X; U
Xo (see [11]).

A generalized Schiitzenberger product for finite monoids has investigated and found presentation
of this generalized product. We are referred to [7, 10, 14, 16] for a detailed survey on n-generalized
Schiitzenberger product.

Definition 1.1. Let Uy,Us,...,U,—1 and U, be monoids. For P;; ;1 C U; x Uj;1, 1 <1 <
n—1, and u; € U;, 1 <i < n, we define

uP; i1 = {(uxs, xiv1); (i, ¥ig1) € Piis1},
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n-GENERALIZED SCHUTZENBERGER-CROSSED PRODUCT OF MONOIDS 277

Piiv1v = {(zi, 24 10); (Ti, Tiv1) € Piiv1}

n-Generalized Schiitzenberger product of monoids Uy,Us, ..., U,_1 and U,, denoted by
Ui OURS ... OU,, is the set Uy X P(Ul X UQ) x Uy X P(UQ X Ug) xUsgx...x ’P(Unfl X Un) x U,
with the multiplication

I pl I pl / / /
(Ula P1,27 uz, P2,37U3, <. 7Pn—1,mun> (u17pl,2a U, P2737u3? SR) n—l,n?un)

/ / !/ !/ / !/
— (ulul, U]_PLQ U P]_72U2, U2U2, U2P2’3 U P2,3U37 ey
!/ P/ U P !/ !/
Up—1Up_1, Un—1 n—1n n—1,nUyp, UnU, |.

The n-generalized Schiitzenberger product U; U< . .. OU, defines a monoid.
Theorem 1.1. We consider the monoids U; = (X; | R;), 1 < i < n. The n-generalized
Schiitzenberger product Uy OUx<$ ... QU,, is defined by generators

Z={X;,1 <i<n}U{zuu 1 ui € Ui uig1 €Uip1,1 <i<n—1}
and the relations
viwj =225, 1<4,7<n, i#j],
TiZus i = Zeiuiuig Tis 1 <1<n—1, u; €U, wuiy1 € Uiga,
TiZujuipr = PujugyrLis 1<i<n,1<j<n-—1,1i#j, u; € Uj, ujp1 € Ujyq,
Zujuipr Titl = Tit12u;upqzi1 L <0 <n—1, u; € Uy, uip1 € Uiy,

22 1<i<n-—1,

Uiy Uj4-1 = Zuiyui+17
Zuguier Fujagen = Pupuga fuuies LS JS<n—10# ],

RiURyU...UR,.

1.2. Crossed product. As is common knowledge, crossed product construction can be found in
Lie algebras, C*-algebras, and group theory, among other fields of algebra. There are numerous uses
for this product in other branches of mathematics, such as topology and group representation theory.
Here, we look at the building of crossed products from the perspective of combinatorial group theory.
This product is more significant than established group structures, since it contains direct, semidirect
[3], twisted [17], and knit [4] products. Let us move on by explaining what it means “crossed product
of monoids”. In [1, 2], there contains almost all of this product’s specific information.

Let U and V be two monoids. A crossed system of these monoids is a quadruple (U, V, ¢, f),
where ¢: V — End(U) and f:V x V — U are two maps such that the following compatibility
conditions hold:

1 <y (v2 g w) = f(01,02)((V102) < u) = f(v1,v9) ", (1)

f(v1,v2) f(v1ve,v3) = (v1 <y f(va,v3)) f(v1, v203) ()
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278 ESRA KIRMIZI CETINALP

for all w € U and vy, v9,v3 € V. The crossed system (U, V, ¢, f) is called normalized if f(1,1) = 1.
(U,V, ¢, f) is normalized crossed system then f(1,v) = f(v,1) =1 and 1<, u = u for any v € U
and v € V. Here, the notation “<” is defined u <, u = ¢, (v) as semidirect product action.

Let U and V' be two monoids, ¢: V — End(U) and f:V x V — U be two maps. Let
U #f;V := U x V as a set with a binary operation defined by the formula

(ur,v1)(uz,v2) = (u1(v1 < u2) f(v1,v2), v1ve)

for all ui,us € U and v1,v9 € V. Then (U#{;V, ) is a group with the identity element (1y7, 1y/) if
and only if (U,V, ¢, f) is a normalized crossed system [1]. The group U#éV is called the crossed
product of U and V' associated to the crossed system (U, V, p, f). For more current research on the
crossed product and its derivations, see [5, 6, 12].

In [6], authors defined iterated crossed products, which are more important than known group
constructions, since it possesses direct, semidirect [3], twisted [17], knit [4] and crossed products of
groups. Additionally, they discovered a complete rewriting system and obtained a presentation for the
iterated crossed product of cyclic groups, which allowed them to determine the normal form of the
various components of this new construction.

Definition 1.2. Let Uy, Us, ..., U, be finite cyclic monoids of order ui,us, . . ., u,, respectively.
A crossed system of these monoids is a quadruple

(U Ui 2 Uit 5 Ui fi), 1<i<n—1,
where o : UiH#éﬂi U@+2#£ﬁﬁ e #3;1111 Up — End(U;) and
fi: (Uz'+1#£ii111Uz‘+2 . --#5’;__11(]0 X <Ui+1#£i:§-11 2 - --#é’;__llUn> —U;
are maps such that (1), (2) and the following compatibility conditions hold:
u1,2 oy (u272 Aoy (u173u2,3 oy ( <y, o (ul,nuzn b, U3’1) .. ))fl (u2,2, U3,2))

=u1z2 <y (uLg s ( - ay,_o (ul,n L1 |:'U/2’2 <y ( - ay,_o (’U,gm L1 U371) .. )

filuzz,us2)]) - ). (3)
For the other condition, we use the notation f;(Urm, i+1,Un,i+1) instead of
Jil(Umiv1, 1040 -5 10, )5 (Ungig1s 1U,pgs - - -5 1U))
to have more understandable expressions in multiplications. So,
JilUmit1, Unjit1) = Umi, 2<i<n-—1, “4)

where Uj; is the jth element of ith monoid.
The iterated crossed product of cyclic monoids Uy,Us, . .., U, associated to the crossed system
with respect with the actions given above is the set Uy X Ua X ... x Uy, with the multiplication

(ui,1,u1,2, ..., u10)(U2,1,U22,...,U27)
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n-GENERALIZED SCHUTZENBERGER-CROSSED PRODUCT OF MONOIDS 279
= (U171 (ULQ <y (U173 Ly ( < Lo (uLn a1 U2,1) .. )))

f1(f2(- .- (fnfl (Ul,na u2,n)> U2,n71), .- -), U2,2), U1 2u2,2,U1,3U2.3,- .., Ul,nUQ,n)

SJorall uj; € U;, 1 <i<n.
This product is denoted by Uy #% Up#12 .. #(J;T; U,

Let us think about the steps mentioned above. Then the iterated normalized crossed product
Ul#f1 Ug#f2 ) #é’;‘_llUn defines a monoid with the identity (1¢,,1y,,..., 1y, ) if and only if

(UZ, Ul+1#al+1 HQ#&% . #é’;:ll Un, o, j}-), 1 <i<mn-—1,is a normalized crossed system.
The reader is referred to [6] for more details.

In this article, we define a new generalized monoid construction combining an iterated crossed
product and the n-generalized Schiitzenberger product. Then we give a monoid of this new product
and obtain a presentation for the n-generalized Schiitzenberger-crossed product of arbitrary monoids.

2. n-Generalized Schiitzenberger-crossed product of arbitrary monoids. We begin by defining
the n-generalized Schiitzenberger-crossed product of arbitrary monoids.

Let Uy,Us,...,U,—1 and U, be monoids. For P; ;11 CU; x Ujy1, 1 <i<n-—1, and u; € U;,
1 < i < n, we define

uP;ip1 = {(uws, Ti1); (i, Tiv1) € Piiga},
Piit1v = {(i, 2i410); (6, Tig1) € Piia}-
Let us think about the following multiplication:

/ / / / / / /
(Ul,Pl,’UQ,PQ,Ug, o 7Pnflaun)(ulvpl?u27p2?u3’ trey n—lvu’n)

- (m (112 90y (43 90 (- - Gy (10 Gy 1) --)))
fl (fg( .. (fn_l(un, u%), u;l_l), .. .),Ulz),

!/ / !/ !/ / !/ /
Pruby U Py, uguly, Pyuy U P usul, ..., Py_qul, U P! uyul, )

on the set Uy x P(U; x Uz) x Uy x P(Uz x Ug) x Ug X ... x P(Up—1 x Up) x Uy, where «;:
Ui AUira#t6 s - #\Un — End(U;) and

fir (Usni#biaUssa o o0 Un) x (Ueni#83 Usra o #5200 ) 2 U,

are given in above. Let us denote this new product by U; <>f ! U2<>£22 . <>£f:1 U,.
2.1. Monoid construction for Uy <>£11 U2<>£f2 <>£Z:l 11 U,. In this subsection, we give the
first main result of this paper.

Theorem 2.1. Let Uy, Us,...,U,_1 and U, be monoids. For all u; € U; and P; ;11 € P(U; X
Ui+1), let us consider the actions given in (1), (2), (3) and (4). Then n-generalized Schiitzenberger-
crossed product defines a monoid.
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280 ESRA KIRMIZI CETINALP

Proof. We start by demonstrating the associative feature. To accomplish this, for any u;, u}, u €
Ui, 1 <@ < n,let (u, Pryug, Po,... uy), (uy,P{,ub, Py, ... ul), (uf,P/,uy, Py, ... ul) €
U OR U208, ... O\ Un.

So, we have

/ roo / / / "nopl 1 plt 1" "
[(ulaPMUQaPQv-'~aPnflaun)(ulaPI’u%PZa"'7 n—lvun)](uhPl’u% 25 n—l»un)

- (ul(u2 or (- <y (tn <oy 4 05) - )L (fa oo (Fat (o)) il ), )

(w2t <oy (- ez (Unthy Sy 07) ) 1 (fa (- (fom (Ui, ), s u)),

(Prdy U PY)ug U P usuu, (Pady, U P3)ul§ U P, (Pooyedy U Py iy U Py gy )
= (1 (2 90 (- (tn Sy ) )

fi (uz, u'2) (uzué oy ( - lay, o (unu;1 a1 u'l') .. )) fi (uzué, ug),

(by (1))

!N /1 /! /N /N /.1 /! N / " /! N
Pruguy U Pluy U Py ugusuy, Pouszus U Pyus U Py, ..., Py_quyu, UP,_ju, UP, 4, ununun>
/ / / / "
= (ul(ug dag (- (Un <ap_y 1) ) (u2 <oy (uh <y [usul<o, (- <ap_s (Unt), <o,y i) -..)]))

/ / " /i /1 /! !N !N / " /! !N
fi (u2, uz)fl (u2u2, u2) , Prugug U Piug U P uguqusy, . .., Ppqju,u, U P, _qu, UP,_;, ununun)

(by (2))
— ({2 9y (- (tn o, 04) ) (2 S0y (1 oy [0 -+ S (it Sy ) --)])
(102 a1 (uy05)) i (2, ), Prchy U Py U P, Py U Py U Piy gy )
= (w1 (w2 %, (- (tn 40, ) )

(u2 oy (u'g oy [U3ug<la2 ( . (unu; a1 u'l') . )])fl (uIQ, ug))

(by (3))

fi (UQ, uéug) , Plu'gug U P{ug U Pl”, el Pn_lu'nu;; U P,fb_lu;; U P,’L'_l, unu;u@
= (w1 (w2 <y (- (tn 40, ) )
<u'1 on (- (tn Sy [t Sy (- (tly Sy ) ) fr (i u)]) )

A/ /) /1 /! !N / " /! /i
fi(ug, uyuy ), Pruguy U Plug U Py, ... Py_qupu, U Py qun U P, ununun)>
and

/ / / / / / " /! " /! 7 "
(U]_,P]_,UQ,PQ,...,Pn_17un)|:(ul7P17U27P27...7Pn_1,un)(U1,P1 ,UQ,PQ,...,PTL_I,U”)}
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n-GENERALIZED SCHUTZENBERGER-CROSSED PRODUCT OF MONOIDS 281

- <u1 (2 <an (- Fans (tn Gy [1] (1 o (- Sy (ty Sy ) - ))

fl(fg(. .. (fn,l(u%,u;;),ug_l), .. ),ug)}) .. ))fl(fg( ..fn,l(mn,x%x;;),...),33'21:’2'),

P (ugug) U (P{ug U P{'),uzuéug, Py (ugug) U (Péug U Pg"), cee
P (ulul?) U (P ull U Pg_l),unu;u;;)
= (w1 (2 91 (- s (tn 0, W) )

(ull oy ( ooy (un a1 [u’Q oy ( ooy (u; a1 u’ll) . )f1 (w’z, xé’)]) . )fl (uz, uéug),

Prubuly U Pjuy U P Jugubuly, ..., Py_qulup U P, _jul UPY unu;u;;))
Let 1¢,, 1y,, .. ., 1y, be the identity elements of monoids Uy, Us, ..., U,, respectively. So, n-

generalized Schiitzenberger-crossed product Uy <>2;11 Uy <>,’;22 . <>£T;’_11 U, is a monoid with the identity
(1y,,0,1¢,,0,...,0,1g,).

Theorem 2.1 is proved.

2.2. A presentation for U,y 0511 U, 0100122 e <>£’:L__11 U,,. In this subsection, we give the second
main result of this paper, which gives a presentation of the n-generalized Schiitzenberger-crossed
product of monoids.

Theorem 2.2. Let the monoids U;, 1 < i < n, be defined by the presentations (X; | R;).
Then the n-generalized Schiitzenberger-crossed product U1<>](;11 U2<>£22 e <>£T:f_11 U, is defined by
generators

7 = {Xi, 1 gifn}U{zui,ui+l; u; € Ui,ui+1 € Ui+1, 1 Siﬁn—l}

and the relations

R, 1<i<n-—1, %)

Rn = M/, (6)

zrix; =z, 1<i<n, 2<j<n,i#}j, (7

Tixy = (iL‘Z a1 xl)xi, 2 <i<n, (8)

TiZusur = ZopusuiaTis 1 <1 <n—1, u; € Ui, uiy1 € Upg, )
Zuj i Ti = TjZujuir, 1<1<n—1,1<j<n,i+1 %4, (10)
TiZujujp = Zujuj i, 1 <i<n, 1<j<n-—1 i#7, uj €Uj, uj1 € Ujqy, (11)
Zug i Titl = Tit1 2upuiaivs, 1<t <n—1, u; € Us, uiq1 € Ujg, (12)
i = Pupuigs 1 <i<n—1 (13)

Pus i P g = Pugger Fuiuigs 1 <6 J Sn—1, 4 # j, (14)
Zui7ui+1zu§,u;+l = Zu;,u§+1zui,ui+1a ui,u; e U;, UZ‘_H,U,;JA S UZ‘_H), (15)
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282 ESRA KIRMIZI CETINALP

where W = fi(xn1,2n2) f1(@n1%n2,2n3) ... [1(Tn1Tn2 ... Tnn—1,Tnn) is the reduced word
on Xj.
Proof. Let us denote the set of all words in Z by Z*. Let € be a homomorphism defined by

0:2° — U0l 02 o1y,
Ti > 0(%2) = (1U17 (2)7 1U27 @7 ceey @, Z;, @7 ceey 1Un)7
zuiyui-&-l = e(zui7ui+1) = (1U17®7 1U27 ®7 cee 1Ui7 {Ui, ui-i—l}? 1Ui+17 ceey 1Un)

Then 6 is onto by considering the generator set. Now we show that U1<>£11 U2<>£22 e O&j U,
satisfies relations (5) - (15), respectively. For z; ; € U;, 1 <4, j < n, we have

(2,.,0, 10y, ...,0,10,) (21,0, 10, - - -, 0, 107,) - - - (21,0, 10y, - .-, 0, 117,
= (211 (1vy <oy (- <ap_s (L, Qans 12) ) fus 10,), 0, 1y, .-, 0,10, ) - ..
(z10-1,0,10, ..., 0,10, ) (x1.0, 0, 1y, - .., 0, 117,,)
=...=(@r12. .. T1p-1Z10,0, 10y, ..., 0, 117,)

and

(1y,,0,221,...,0,1y,) 1oy, 0, 222, .. ., 0,10,) .. (Lpy, 0, 21 0y - .., 0, 177,)
= (1u, (22,1 <oy (- Yan_s (L, <an_y 21,2) - -)) f(Lu,, 10,), 0,10, -, 0,10, - .
(1,0, 225-1,--.,0,1p,) 1y, 0, 22, ..., 0, 17,)
=...=1y,,0, 221222 ... 22 p—1%2 ;.- ., 0, 11,).

By continuing the above multiplication for the elements of the monoids Us, Uy, ...,U,—1 and U,
this equation gives relation (5). Now for relation (6), we have the following:

(1U17®7 1U27 cee 7@7$n,1)(1U17®7 1U27 cee 7®7xn,2) ce (1U17 ®7 1U27 ) mvxn,n>
= (1U1 (1U2 <lo[1 ( .. <1an,2 (.Cl:‘n,l <]C¥n—1 1U1) .. -))f(l'n,la xn,g), @, 1U27 cey @, l'n’lxmg) .

(1U1>®> 1U27 ceey ®7 xn,n—l)(lUp(b’ 1U27 cee 7®> xn,n)

= (f(xm, Tn2) f(Tn1Tn s Tns) - f(Tnatns . .-
Tnn—1, xn,n)7 @, ey T 1Tn,2 - - 'fn,n—lxn,n)v

(]-UU@a ]-U27' . 'a]-Ui_p@?xi)@, 1U¢+1a" '71Un)(1U17®7 1U27"'71Uj_17®7xj;®a ]-Uj+17"'71Un)
= (1U17®,1U27'--,®7xi7®7'"7®71Uk7®a"'a®a$j7®7"'a1Un)
= (1U17@7 1U27"'71Uj715®7$j7®71Uj+1a"'71Un)

(1U17®) 1U27 BN} 1U¢717@7xi7®7 1U¢+1) R ]-Un)
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This equation gives relation (7). Now, let us show that relation (8) holds:
(1U17(Z)7 1U27 ey 1U¢717®7x’i7 ®7 1Ui+17 R ]-Un) (xh (2)7 1U27 sy 1Ui—17®7 1U~;7 ®7 1Ui+17 e ]-Un)
= (10 (10 < (o (s S (26 9y L (- s (Lt Sy 21) -22))) )

fQu,,1v,),0,1u,, . -, 1Un)

= (2 Yap_, 21,0, 10, ..., 10,) (101, 0, 1o, - Loy, 0,20, 0, 10, -2, 10,y )
Now for relation (9), we have the following:
(10,0, 105, -, 1o, 1, 0,24,0, 10,0, - - 10,) (Loy, 0, 1o, - Lo, {wss wia Y Loy - - -5 Loy
= (1U1,®, 1y, 0, 1y 0, 2, {miwg, wia 1o,y - lUn)
= (10,,0,..., 1y, {ziwi, w1 }, oy s - 1o,) (Lo, 0, 1,1, 0, 24,0, 10, -, 1o,

It is obvious that satisfies relations (10)—(15) by applying the above operations in a similar way.

Hence, these above arguments say that @ induces an epimorphism @ from the monoid, defined by
(5)-(15), say M, onto Uy L U082 . o1, .

Let w € Z* be any nonempty word. By using relations (7)—(11), we can prove that there exist
words wy, € X7, 1 <1 < n, and wy; u, ., € {zui,uiﬂ,ui eU,uir1 €Ui41,1 <1 <n— 1)}
such that w = Wz, Wy, | wnWay_q -+ - Was Wyg us Wao Wy, us Wz, 11 M. Moreover, it can be noted that
relations (12) and (13) can be used to prove that there exists a set P(wy; u,,,) € U; X U;;1 such that

*
Wy uiy; = I | Zu;uiyq - Therefore, for any word w € Z*, we have
§HUi+1 (ui7“i+l)€P(wui,ui+1) iyUi41 > y )

O(w) = O(w) = 0 (wa, Wup,_ 1y War_y - - - Way Waig s Wao Waty s Wa, )

= 0(wg,, )0(Wu,, 1 un)0(Way, 1) - O(Way )O( Wy g ) O (Way )0 (W, iy )O(Wey )

= (10,0, 105, 1o, 0, we,) (Lo, 0, Lo, - Loy s P(Wap ) 10 - -
(1uy, P(Way us)s 10y -5 1o,y 0,10, ) (W 0, 10, - - -, 10,1, 0, 10, )

= (wxl,P(wuhuz),wm, .. .,wmnfl,P(wunflmn),wzn).

Now, if f(w) = 6(w’) for some w,w’ € Z*, then wy, = wy, in U; and P(wy, u,,,) = P(wy, 4., )-
Relations (14) and (15) imply that w,, = w;i holds in M. So that w = w’ holds as well. Therefore,
0 is injective.

Theorem 2.2 is proved.

Note that the n-generalized Schiitzenberger-crossed product U; <>{;11 U, <>£f2 . Oé’;:ll U,, contains
constructions of n-generalized Schiitzenberger product U OUs< ... OU,, iterated crossed product
Uq #éﬁ Us #@ . #éi’;’_ll U, iterated semidirect product U X, Uz X g, . . . Xq,,_, Un, Schiitzenberger
product U;<CUs, crossed product U #{;Ug and semidirect product Uy x4 Us.

2.3. Regularity for Uy <>g;11 U, <>g;22 ce <>£’:L__11 U,,. In this subsection, we obtained the regularity
of the n-generalized Schiitzenberger-crossed product of monoids U, Us,...,U,—1 and U,. We
recall that a monoid M is called regular if, for every a € M, there exists b € M such that
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aba = a and bab = b (or, equivalently, for the set of inverses of a in M, thatis, a=! = {b € B:
aba = a and bab = b}, M is regular if and only if, for all @ € M, the set a~! is not equal to the
emptyset). We are referred to [8, 9, 13] for a detailed survey on regularity.

The following theorem we use the notation ¢ and d instead of (u3 oy (u4 ag - -
(unqan_lvl) - )) and (1)3<10[2 (v4<1a3. .. (vnqan_lul) ... )), respectively, to have more convenience
expressions in multiplications.

Theorem 2.3. Let Uy,Us,...,U,—1 and U, be any monoids. Then n-generalized Schiitzenber-
ger-crossed product U1<>£}1 U2<>]o:22 e <>£’;111 U, is regular if and only if Uy is regular monoid and
Ui, 2 <1< n, are groups.

Proof. Let us suppose that U <>£11 U2<>£22 . <>£’;’_11 U, is regular. Thus, for
(u17 {(1U1’ 1U2)}7 1U27 {(1U2’ 1U3)}’ SRR 1Un71’ {(1Un717 ]‘Un)}7 1Un) € U1<>£11 U2<>£22 oo <>£r:;11 Un,
there exists (v1, Q1,v2,Q2,...,Qn—1,vy,) such that

(uh {(1U17 1U2)}’ Lu,, {(1U2a 1U3)}7 oo lu, g, {(]‘Un—17 1Un)}’ ]‘Un)

= <U1, {(1U17 1U2)}a 1U2’ {(1U27 1U3)}’ )

1Un717 {(1Un717 1U’n)}7 1Un> (Ul, Q1,v2,. .., Qn-1, 'Un)

(u1, {1y, 1)} Lo { Qv 1) b -5 1oy, { (Lo, 10,) 3 10,
= (ulvl, {1y, 1uy) va U Q1,02 . .y vp—1, {(1u,_y, 1u,) Jon U Qn_l,vn)
(ur, {(Lvy, 10y) 3 Lo, { oy, L) Y- - -5 Loy, { (Lo, Lu) 35 10,
= (u1v1(v2 90y (V3 <y - -+ (Vn oy w1) ---)), {(Luy, 1uy) Yoo U QU{(1uy, 1u) b, 2, - - -, )

and
(v1,Q1,v2, ..., Qn_1,v) = (v1,Q1,V2, ..., Qn-1,0n)

(e Ao 1)} Lo, {0y 1) -

1y, 1 {(1v, 1, 1u.)}s 1Un> (v1,Q1,v2, - -+, Qn-1,vn)

- (Ul (v2 90y (V3 90y -+ (V0 Gy 1) -+ )5 Q1 U {1y, 10) } s - -

Qu-1 U{(1u,y 1) b v ) (01, Q1. Qe )

= (01 (02 91 (05 90z -+ (00 Sy 1) ) (02 S0y (05 90 - (0 Sy 01) -+ )
Silf2(f3(- - (fa=1(vn, vn), vp—1), - - ), v3), v2),
(QuU{(Ly: 1) D)2 U @1, B3, (@nt U{(Le, 1 10,)}) 0 U Qs B2).
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Therefore, we obtain that u; = 1y,, 2 < ¢ < n. This gives that viujv; = w1 and wjviu; = ;.
Hence, U; is regular.
By using the similar argument, for

(1U17 {(1U17 1U2)}7 U2, {(1U27 1U3)}7 SRR 1Un71’ {(1Un717 1Un)}7 1Un) € U1<>£11 U2<>(];22 s 057;__11 Un,
there exists (v1, Q1,v2, @2, ..., Qn—1,v,) such that
(1U17 {(1U17 1U2)}a u2, {(1U2’ 1U3)}7 SRR ]‘Un717 {(]‘Un717 1Un)}7 1Un)

= (1U17 {(1U17 1U2)}’u27 {(1U27 1U3)}7 R

1y, . {(v,_1, 1u,)}, lUn> (v1,Q1,v2, .., Qn—1,n)

(1U17 {(1U1’ 1U2)}7 u2, {(1U27 1U3)}’ o lu,g, {(1Un—17 ]‘Un)}7 1Un)
= (u2 <oy v1, {(1uy, Luy) Jo2 U Q1 uva, - - -, vn—1, { (L1, 10,,) Yon U Qu—1, vp)

(Lo, {(oy, o)} ue, { Loy o) b - -+ Loy, { Loy 1ua) 3, 1)
= (u2 oy V1, {(1yy, 1uy) Yooua U Qrue U{(1yy, 1p,) }, uovous, . . .
{101+ L) Yomtn U Quotin U{ (1, 1+ 10, vn)
and
(v1, Q15025+ -+, Qn—1,vp) = (v1,Q1, 02, ..., Qn—1,0n)
(1004 (Lo 10}z { (s L)
1. Ao, o)) 1Un>(v1,Q1,v2,...,Qn_l,vn)
= <v1, Qiruz U{(1y,, 1p,) }, voua, . . .,
Qn-1un U{(1u, 1, 10,)}, Un) (v1,Q1,v2, .., Qn_1,vn)
— (01 (v2u2 90y (05 90 - (0 Sy 1) -+ )
Jilf2(fs(o- . (fam1(vn, vn), vn=1), .. .), v3), v2),
Qrugva U{(1y,, 1y,) fva U Q1, vaugva, . . ., Qu_1un U{(1v, ,, lu,) }ontn U Qn_1, bi)

Here, since

{(1U17 1U2)} = {(1U17 1U2)}v2u2 U QIUZ ) {(1U17 1U2)}7

Q1 = Qruzva U{(1yy, 1y,) v2 U Q1
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Qi = Qivit1viy1 U{(lu;, 1, ) Jois1 U Qi 2<i<n—1,

and, in particular, (1g,,vou2) = (1, ly,) and Qiugve = Q1, we get vous = ugvy = ly,. This
says that Us is a group.
By applying the operations given above for the elements

(1U1’ {(1U1a 1U2)}7 1Uza {(1U27 lUs)}v U3y e ey 1Un717 {(1Un717 1Un)}7 1Un)’

(1U17 {(1U17 1U2)}7 1U27 {(1U2> 1U3)}’ <oy Un—1, {(1Un71> 1Un)}7 1Un)7
(1U17 {(1U17 1U2)}’ 1U27 {(1U27 1U3)}’ SRR ]‘Un—17 {(1U'n—17 ]‘Un)}7 un)
€ U1 Ol U0 ... o1 T

Qp—1 M

we obtain

{(1Uiv 1Ui+1)} = {(1Ui7 1U¢+1)}Ui+1ui+1 U Qiui-H U {(1U¢7 1U¢+1)}7 3<i<n-— 17

and
Qi = Qiuir1vi1 U{(1y, 1y ) vis1 UQs, 2<i<n-—1.

Thus, (1y,, vit1uiv1) = (ly;, o, ), Qittiv1vip1 = Qs, and we get v 1u; 41 = uit1vi41 = Ly, ;-
This says that U;, 3 < ¢ < n are groups.

Converselly, suppose that U; is regular monoid and U;, 2 < ¢ < n, are groups. Since U,
2 < < n, are groups, there exist u;, v; € U; such that w;v; = vju; = 1y, 2 <7 < n. Also, since
U, is regular, we can take ¢ = ug <, k for some f(uz2,v2)k € afl such that k& € (uy f(ug,v2))7 .
Now, let us consider the following:

w1 (u2 <oy (U3 Qay_g (Un <oy v1) - -.)) f1(uz, v2) (u2v2 <y (- - (Unvn <ap_, w1) ...))
f1(ugve, ug) = uq(ug <a, ) fi(ug, ve) (u2v2 Aoy ( oy g (unvn S ul) .. ))
f1(ugva, uz) = u1(uz 9ay ) f1(uz, v2)ur = ui(uz da, (V2 <ay b)) f1(uz, v2)ur
= uy f1(uz, v2)(ugv2 <oy k)ur = ui f1(uz, v2)kur = us.
Also, we can take d = vg <q, [ for some f(ve,us)l € afl such that [ € (vy f(v2,u2))!. Then
1 (1)2 Loy (vg ooy (vn oy ul) .. .))fl(vg, u2) (vgug oy ( .. (vnun SN vl) .. ))
f1(vaug, v2) = v1(ve <oy d) f1(v2, u2) (vqu Aoy ( ooy (vnun Q4 1)1) .. ))
J1(vaug, v2) = v1(v2 <y d) f1(v2,u2)v1 = v1(V2 Doy (U2 <oy 1)) f1(ve, u2)v1
= v1 f1(v2, u2) (voug <oy Dv1 = vy fi(va, ug)lvy = vy.
Additionally, by choosing, Q); = Pivj+1 C U; x U1, 1 <@ < n—1, where P; C U; x U;;1, we get
(Pvit1 U Qi)uir1 U P = Pvipiuipn UQiuiyr U By

= Pipiuipn U Py u U =P UPRUP =P
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and
(Qiviy1 U Pi)vit1 U Qs = Qiuip1vi41 U Pvip1 U Qi = Pvi1uir1vip1 U Pvi U P
= Pvip1 U P U P = Py = Q.
Consequently, for every (u1, Py, ug, ..., Py_1,uy) € U1<>£11 U2<>£22 .. 05’;111 U,,, there exists
(V1, Q1,v2, -+ -, Qnot,0,) € 1O Up0L2 . O 11,
such that
(u1, Pryug, ..., Poo1,un)(v1,Q1,v2, -« oy Qu—1,0n)(u1, Pr,ug, ..., Py_1,up)
- <u1 (2 <en (- Do s (tn G+ 01) ) F1(F2le o (ot (thm U, Un1),s - ), 02)
(ugvg Ay ( <y, s (unvn Uy, u1) . ))fl(fz( o (frm1(upon, uy)), - - .), ug),

(Pva U Ql)UQ U Py, ugvatus, (P2U3 U QQ)Ug UhbP,...,

(Pn—l'Un U Qn—l)un U Pn—la unvnun)

_ (al(w er (- (U Gy 01).2))

J1(uz, 02)(U202 ay ( o (UnVp oy 1) -))fl(Uﬂ)Za u2),

(Prvg U Q1)ug U Pr,ugvaug, (Povs U Q2)ug U Po, ...,
(Pr—1vn U Qp—1)un U Pp_q, unvnun)
= (u1, Pr,ug, ..., Py_1,up)
and
(v1, Q1,v2, -+, Qn—1,v0) (U1, Pryug, ..., Poo1,un) (01, Q1, 02, .+, Qn—1,0n)
= (vl (vg Aoy ( .. (vn - ul) .. ))fl(fg( o (fam1(pyun) tun—1), .. ), u2)

(v2u2 oy ( <y, s (vnun s vl) .. ))fl(fg( o (fa—1(vpup, bn)), ..., v2),

(Qiug U Pr)va U Q1, vougva, (Qouz U Py)vs U Qa, .. .,
(anlun U Pnfl)vn U anla Ununvn)
= (v1(v2 90, (- (00 Sy w) )

J1(v2, uz) (U2U2 oy ( o ay_o (Vntn Qa,_; V1) - -))fl(UZU% v2),

(Qiuz U Py)vg U Q1, vougva, (Qauz U P)vs U Q2, . ..,
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(Qn-1un U Pp_1)v, U Qp_1, vnunvn) = (v1,Q1,v2,...,Qn-1,0p).
Theorem 2.3 is proved.
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