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SOME NEW CESARO SEQUENCE SPACES OF ORDER «
JESKI HOBI IPOCTOPH MOCJIIOBHOCTEM YE3APO MOPSJIKY o

We introduce the spaces £oo(Co ), f(Ca), and fo(Ca) of Cesaro bounded, Cesaro almost convergent, and Cesaro almost
null sequences of order «, respectively. Moreover, we establish some inclusion relations for these spaces and determine
the a-, 8- and «y-duals of the spaces o (Co) and f(C.a). Finally, we characterize the classes of matrix transformations
from the space f(Cy) to any sequence space Y and from any sequence space Y to the space f(Ca).

Baeneno npoctop {oo(Co), f(Ca) 1 fo(Cqa) Yesapo oOMmexennx, Yesapo maibke 30DkHHX 1 Ue3apo Maibke HyTbOBHX
MOCIITOBHOCTEH MOPSAKY v BiIOBiAHO. KpiM TOro, BCTAHOBIICHO JiesiKi CHIBBITHOMICHHS BKJIFOYEHHS JUIS IUX MIPOCTOPIB
i BU3HAYEHO v-, B- Ta y-AyanbHi mpoctopr Wist £oo(Co) Ta f(Cy). HacamkiHenp oxapakTepH30BaHO KIACH MaTPHIHUX
nepetBopersb 3 mpoctopy f(Cy) B NOBUIBHHEN MPOCTIp MOCHIAOBHOCTEH Y Ta 3 AOBLIBHOTO MPOCTOPY MOCIIIOBHOCTEH Y

y npocrip f(Cq).

1. Introduction. We denote the space of all complex valued sequences by w. Any vector subspace
of w is called a sequence space. We write ., ¢ and ¢q for the spaces of all bounded, convergent
and null sequences which are Banach spaces endowed with the sup-norm ||z||cc = supsen |zx/,
respectively, where N = {0,1,2,...}. Also by bs, ¢s and ¢, we mean the spaces of all bounded,
convergent and absolutely convergent series, as usual, which are Banach spaces endowed with the
norms ||z| = suppey | Zj:o zj| and ||z]|; = Zk |xk|, respectively. For simplicity in notation,
here and in what follows, the summation without limits runs from 0 to cc.
The multiplier space S(X,Y") of the sequence spaces X and Y is defined by

S(X,Y)={z= () €Ew: xz = (zp2) €Y forall z € X}. (1.1)

With the notation of (1.1), the -, 3- and ~y-duals X, X? and X7 of a sequence space X are
defined by

X*=S(X,0), X°P=8X,es) and X =S5(X,bs).

If a normed sequence space X contains a sequence (b,,) with the property that for every = € X
there is a unique sequence of scalars (ay,) such that

lim H;C - (aobg +a1by +... .+ anbn>H =0,

n—o0

then (by,) is called a Schauder basis (or, briefly, basis) for X. The series Zk obi, which has the

sum z, is called the expansion of x with respect to (b,,), and is written as x = Zk ob.
Let X and Y be any two sequence spaces, and A = (a,j) be an infinite matrix of complex
numbers a,j, where k,n € N. Then we say that A defines a matrix transformation from X into
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Y and denote it by writing A: X — Y, if, for every sequence z = (z;) € X, the sequence
Az = {(Az),}, the A-transform of x is in Y, where

(Azx), = Z anrr foreach n e N. (1.2)
k

By (X :Y'), we denote the class of all matrices A such that A: X — Y. Thus, A € (X:Y) if and
only if the series on the right-hand side of (1.2) converges for each n € N and every z € X, and we
have Ax € Y for all x € X. Also, we write A,, = (ank)ren for the sequence in the nth row of A.

Banach [1] proved the existence of a functional L on the space /., satisfying the following
conditions for all x,y € {, and all scalars A and yu:

() LAz + py) = AL(x) + pL(y),

(i) xp > 0 for all £ € N implies L((zx)52,) > 0,

(iil) L((znir)iy) = L((zk)3,) forall n € N,

(iv) L(e) =1, where e = (1,1,1,...).
Lorentz [15] defined a Banach limit to be any functional on /., satisfying the conditions in (i) —(iv).
Then a sequence z = (x) € lo is said to be almost convergent to the generalized limit [ if all
Banach limits of x are coincide and are equal to [ [15]. This is denoted by f — lim zp = [. The shift
operator P is defined on w by P,(x) = x,41 for all n € N. Let P’ be the composition of P with
itself ¢ times and write, for a sequence = = (x),

I &
=0

Lorentz [15] proved that f — lim 2, = [ if and only if limy,, 00 tmn () = [ uniformly in n. It is
well-known that a convergent sequence is almost convergent such that its ordinary and generalized
limits are equal. For more detail on the Banach limit, the reader may refer to Colak and Cakar [9], and
Das [10]. Therefore, we define the spaces fp and f of almost null and almost convergent sequences
by

m
fo:i= {x = (2g) € loo: n%grcl)o kg_o 1= 0 uniformly in n},

m+
oz
fi=<x= (k) € ln: Ja € C such that lim Z "R — & uniformly in n p.
m—o00 prt m+1
One can easily see that the inclusions
co C fo, cCf and foCf

are strictly hold.

Let « € R with @« > —1 such that —« ¢ N. The Cesdro matrix of order « or, in short, the

)

Cq-matrix is defined by the matrix C,, = (cif;C ) which is given by
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( n—k+a-—1
n—k
(a) ) 0§k§n7
Cnke = n+a«
n
L0, otherwise,

for all k,n € N. Then we define the sequence y = (yx) by the C, -transform of a sequence = = (x),

1e.,
1 K (k—jta-1
yk(ca;c)km;;( b );z;j forall ke N. (1.3)
k

Then the inverse C;! = (E(nolz)) of the C,-matrix is determined by

—-k—a-1 k
i (n o )(—i—a)7 0<k<n,
CnC;c: n—k k

07 k>n7

for all k,n € N [21, p. 9, Problem 3] and [18, p. 35, Example 7.7]. Therefore, the éa -transform of
the sequence y = (y,(f‘)) is given by

n

_ k—a—1\(k .
xn—(cay)n—z<" S 1)( Za)yé) (1.4)

k=0

forall @« > —1 and n € N. We should note here that the reader can refer to Malkowsky and Rakocevic
[18, p. 28 —44] for some details related to the Cesaro methods of order greater than —1. Also, each
C,-matrix is a regular matrix when « > 0. When —1 < a < 0, C,-matrix is not regular [8, 16].

If we choose o € N and 0 < k < n, then

<n—k—a—1> n—k—a—-1)n—k-a—-2)...(—a)

n—k - (n—k)! =0

—k—a-1

forn—k eRyt1 ={a+1,a+2,a+3,...}. Hence, (n ok

> # 0 for max{0,n — a}.

Therefore, the inverse matrix éa = (Eff,;))n kN of the matrix C,, of order o € N is obtained by
(1.4) that
—k—a—1\(k
(o) " « ta , max{0,n —a} <k <mn,
cn‘z = n—=k k (1.5)
0, k> mn,

for all k,n € N.
For example, in the special case of a = 1, one can derive from (1.4) and (1.5) that
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yO ) n = 0,
e W (1)
—ny, 1 +m+Dyn’, n>1
Therefore, we conclude for the matrix 51 = (E(nlk))n kEN with the convention that terms with a

negative index are equal to zero, as follows:

—n, k=n-—1,
& k) n+1, k=n,
0, 0<k<n-—1lork>n,
for all k,n € N.

2. Some new Cesaro sequence spaces of order ac. We introduce the spaces (5 (Cy), f(Ca),
and fo(Cy,) as the sets of all Cesaro bounded, Cesaro almost convergent, and Cesaro almost null
sequences of order «, respectively.

Now, we introduce the sequence spaces (o (Cy), f(Cy), and fo(Cy) by

k
—j+a—1>
loo(Cy) =< x = () Ew: su Ti| < o0y,
e gt (L
k

f(Cy) =Rz=(2}) Ew:NeC > hm;

m—oco m + 1

<n+k—j+a—1>

m n+k .

n+k—j

X z; = [ uniformly in n p,

2 ke " y
n+k

n+k—j+a—-1
m n+k n—i—k—]

fo(Cp) :i= ¢ x = (x) Ew: W}gnoo 1 Z Z (n h a) xj = 0 uniformly in n

k=0 =0
n+k

Let X be any sequence space. Then the domain X 4 of an infinite matrix A in X is defined by
Xa={r=(rp) Ew: Az e X}. 2.1

Using the notation in (2.1), one can redefine the sequence spaces ¢, (Cy), f(Cq), and fo(Cy) by
(oo(Co) = {Loo}Car (Ca) = {F}cur and fo(Ca) = {fo}c., respectively.

The reader can refer to the monographs [3] and [19] for the background on the normed and
paranormed sequence spaces, and summability theory and related topics.

Theorem 2.1. The sequence spaces fo(Cy) and f(Cy,) are BK-spaces endowed with the norm
given by
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Hfo(Ca) = ||Ca$||f = sup [|tmn(Caz)l,

m,ne

where

1 m
tmn(Ca) = P E (Ca )tk
k=0

<n+k—j+a—1>

m n+k .

1 n+k—j

. ;. for all

m+1kzzojzo ntktay OOt
n+k

m,n € N.

Proof. Since fy and f endowed with the norm || - ||, are BK -spaces [7, Example 7.3.2 (b)]
and C, is a triangle matrix, Theorem 4.3.2 of [25, p. 61] gives the fact that fy(C,,) and f(C,) are
BK -spaces endowed with the norm || - || ¢(c,)-

Remark2.1. 1t is immediate that the absolute property does not hold on the spaces fy(C,) and
f(Ca), ie, ||zl pcy # @l f(c.) for at least one sequence x in each of these spaces, where
|z| = (|zk|). Thus, the spaces fo(C,) and f(C,) are BK -spaces of nonabsolute type.

Theorem 2.2. The sequence spaces fo(Cy) and f(Cy) are norm isomorphic to the spaces fy
and f, respectively, i.e., fo(Cy) = fo and f(C,) = f.

Proof. Since it can be easily shown in a similar way that the spaces fo(C,) and fy are linearly
norm isomorphic, we consider only the case f(Cy) = f. To prove this, we should show the existence
of a linear bijection between the spaces f(C,) and f which preserves the norm. Consider the
transformation 7" defined, with the notation of (1.3),

T:f(Co) — f

x —  y=Tzr=Cux. 2.2)

Since the transformation 7' is represented by the matrix C, the linearity of 7T is clear. Further, it is
trivial that x = 6 whenever T'x = 6 and, hence, T is injective.
Let us take any y = (yx) € f and define the sequence = = (x1) by

k . .
k—j—a—1\[j+a«
a=d (M 23)
— —J j
J
for all £ € N, where max{0,k — a} < j. Then it is immediate that

n+k—j7+a—-1 n+k—j7+a—1

%( n+k—j >w—§< n+k—j >Zj:<jia1>(i+a
= n+k+a« J_j:(] n+k+a = J—i i
n+k n+k

which gives that

> yl = yn+k'7

n+k—j+a-—1
R N e 1 &
m+1ZZ n+k+a $j_m+1zy”+’“'
k=0 j=0 k=0
n+k

Therefore, we have
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1 & 1 & . .
lim —— Z(Cax)n+k = lim —— » ypyr =1 uniformlyin n.
k=0 k=0

This means that x € f(C,) and, hence, T is surjective. Thus, one can easily see from (2.2) that
Izl f(cy = [IT|| ¢, i.e., T is a norm preserving transformation.

The theorem is proved.

Theorem 2.3. The sequence space {~(Cy,) is a Banach space endowed with the norm

k

1 k—j+a-1
zllo, a:Coﬂ?oo:S‘lpi ( . >1U‘7
i = ICazl = sup (kw)jig k-j )"

k

and the space l~(Cy,) is linearly norm isomorphic to the space {.

Proof. Since this is a routine verification, we omit details.

It is known from Corollary 3.3 of Basar and Kiris¢i [6] that the Banach space f has no Schauder
basis. It is also known from Theorem 2.3 of Jarrah and Malkowsky [12] that the domain X 4 of a
matrix A in a normed sequence space X has a basis if and only if X has a basis whenever A = (a,x)
is a triangle. Combining these two facts one can immediately conclude that both the space f(Cy)
and the space fy(C,) have no Schauder basis.

Definition 2.1 (Petersen [20]). A regular matrix A = (ang) is strongly regular if and only if it
is translative, i.e.,

Jim. Z |ank — ankt1| = 0.
k

Theorem 2.4. Let o > 0. Then the Cesaro matrix of order « is strongly regular.

Proof. Let a > 0. From the definition of the Cesaro matrix Cy,, = (cff,?) of order o, we have
(n —k+a-— 1>
()
Coke n—k n—k+a-1 a—1
o) n—k+a—2 n—k +n—k_
n,k—+1
n—k—1

Casel. For all n < m,

PN RS DI CHET N
k=0

k=0
= (et — i) + (@7 = ) oo (s — i) + (e = i)

Taking limit in (2.4) as m — oo, we obtain

m 00 o o
: § : (o) (@) | _ § ' (o) () — 1 _
W}Lnéo ‘cnk ~ Cnkr1l T ‘an — Cnkr1l T lim -
k=0 k=0
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Therefore, we get

o0
o
lim c(a) — C(a) = lim =0
n—00 k:ZO ‘ nk n,k+1 n—oo M + a ’

as desired.
Case?2. For all n > m,

Z ‘ng? - Cfffiﬂ\ = Z (CSZ) - 0532“)
k=0

= (chi) — i) + (e’ = %)) + oo+ (ot = ki) + (chim = 1)

_ () _ (@ :<n+3_1>_(n_1(:i+(ﬂlz):§_l>

o

We conclude using similar calculations as in Case 1 with Sandwich theorem.
The theorem is proved.
Definition 2.2. An infinite matrix A is said to be almost strongly regular if A transforms all
almost convergent sequences into an almost convergent sequence with the same limit [11].
Theorem 2.5. Let o > 0. Then the inclusions fo C fo(Cq) and f C f(Cy) strictly hold.
Proof. Let o > 0. We take a sequence x = (xy) in the space f. The matrix Cy, = (cg),;)) is a
almost strongly regular matrix by Part (i) of Example 4.5.5 in [19]. So, Cpx € f which implies that
x € f(Cy). Therefore, the inclusion f C f(Cy) holds.

Moreover, consider the sequence x = (zj) defined by

k . ,
(k—i—a—-1\/1+«
= E -1) 2.5
for all £ € N with max{0,k — o} <. It is immediate that = ¢ f because x ¢ {, but

<n+k—j+a—1>
m n+k

. 1 « . 1 n+k—j
n}gnoom+1;0(0am)"+k_n}gnoom+1kz_0; <n+k+a> i
n+k

<n+kj+oz1>

m n+k .

. 1 n+k—j

:rggnoom—f—lkzojz_% <n+k—|—a)
B n+k
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()

— lim Y (=1)™* = lim <_1)n[1+(_1)m} =0,

2
k=0

ie., Cox € f, so x € f(Cy). This means that the inclusion f C f(C,,) is strict.
By similar arguments as above, we obtain similar results for the space fo(Cy).
The theorem is proved.
Theorem 2.6. The inclusion fo(Cy) C f(Cy) strictly holds.
Proof. Take a sequence x = () in the space fo(Cy). Then we have Cpx € fy. Since fy C f,
we obtain C,z € f, which means that € f(C,). Therefore, the inclusion fy(C,) C f(Cy,) holds.
Now, consider the sequence = = (xy) defined by

)

=0
for all £ € N, where max{0,k — o} < i. Then we observe that

nt+k—jt+a-1
N R 1 R\ n+k—y
nggnoonmkz_o(@x)m =nggnoonmkz_0; <n+k+a> "
= T n+k

n+k—j+a-—1
1 §E§%< n+k—j )

m—>oom—|—1k:0j:0 <n+k:—|—a>

n+k
4 j—t1—a—1\/i+«
X
()
=0
1 & 1
= N 1= hm P
m—oo m + 1 m—oo m + 1

ie., Cox € f, which means that x € f(C,). Obviously, x € f(Cq)\fo(Ca), i.e., the inclusion
fo(Cy) C f(Cy) is strict.

The theorem is proved.

Theorem 2.7. The inclusions ¢(Cy) C f(Cy) C loo(Cy) strictly hold, where ¢(Cy,) was defined
by Roopaei and Basar [22] as ¢(Cq) = {x = (z1) € w: Cox € c}.

Proof. Take a sequence x = (x1) in ¢(Cy). Then Cpx € ¢ and the inclusion ¢ C f holds. Thus,
we have Cpx € f. This means that x € f(C,). Hence, the inclusion ¢(C,) C f(Cy) holds. Now,
reconsider the sequence x = (x1) defined by (2.5). Therefore, we get

. (nsia1>
“%”":g% (n;i)
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= (—=1)" forall neN,

which shows that C,x ¢ ¢, that is, x ¢ ¢(C,). But, it is known from the proof of Theorem 2.5 that
x € f(Cy). So, the inclusion ¢(Cy) C f(Cy) strictly holds.

Now we establish the second inclusion. Let y = (yx) € f(Ca). Then, since Cpy € f and
f C 4, we have Cpy € lo. Therefore, the inclusion f(Cy) C ¢oo(Cy) holds.

Now consider the sequence z defined via the sequence y by y := Cyz, where y := (0,0,...,1,

..,1,0,...0,...) defined by Miller and Orhan [17] belonging to the set ¢\ f, where the blocks

of 0’s are increasing by factors of 100 and the blocks of 1’s are increasing by factors of 10. Then z
belongs to the space ¢ (Cy) but not in the space f(Cy,), i.e., 2 € £oo(Ca)\ f(Cq). This means that
the inclusion f(Cy) C loo(Cl) is strict.

The theorem is proved.

3. a-, 3- and y-duals of the spaces £,(Cy) and f(Cy). In this section, we determine the
a-, - and ~y-duals of the spaces (o, (Cy) and f(Cl).

We begin with the following lemmas.

Lemma 3.1 (Kampthan and Gupta [13]). Let X and Y be two sequence spaces, and & €
{a,8,7}. If X C Y, then Y& C X¢.

Lemma 3.2 (Stieglitz and Tietz [24]). Let A = (ank) be an infinite matrix. Then the following
statements hold:

(i) A= (ank) € (loo: 1) = (c: £1) if and only if

sup k| < 00,
2
where N denotes the collection of all finite subsets of N;
(il) A = (ank) € (loo: o) if and only if
sup »  Jank| < oo; (3.1
neN "
(iii) A = (ank) € (boo: ¢) if and only if
(k) Ew > 1i_>m ank =M forall k€N, (3.2)

Z lank| converges uniformly in  n.
k

Lemma 3.3 (S1ddiqi [23]). A = (ank) € (f: lxo) if and only if the relation in (3.1) holds.
Lemma 3.4 (Siddiqi [23]). A = (ank) € (f: ¢) if and only if (3.1) and (3.2) hold, and there
are ng,n € C such that

Jim ; Ank = 1, (3.3)
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lim S A (@ — )| = 0.
k

n—oo

Theorem 3.1. The a-dual of the spaces {+(Cy) and c(Cy,) is the set d defined by

d= {a:<ak>6w: supzé(”‘::(;‘l)(’j“)an <oo}.

KeN
Proof. Let us take a = (ax) € w. We easily derive with (2.3) that

“in—k—a-1\[k+a
anl'nzz< n—k )( k >anyk:(Bay)n

k=0

for all n € N, where B, = (bn‘z)) is defined by

—k—a—-1\(k
b(‘z): (n n—(l: >< —;a)an, max{0,n —a} <k <mn,

0, k> n,

441

(3.4)

(3.5)

for all k£, n € N. Thus, we observe by combining (3.5) with Part (i) of Lemma 3.2 that az = (apx,) €
01, whenever © = (x,,) € loo(Cy), if and only if B,y € ¢1, whenever y = (y,) € ¢o. This gives

that {(o(Cy)}* = d.

In a similar way, we can show that the a-dual of the space ¢(C,,) is the set d. So, we omit details.

Theorem 3.2. The a-dual of the space f(C,) is the set d.

Proof. The inclusions ¢(C,) C f(Cy) C £oo(Cy) hold by Theorem 2.7. Using this fact with

Lemma 3.1, we obtain the desired result.

Theorem 3.3. Let max{0,j — a} < k. Then define the sets dy, da, ds, dy and ds as follows:

~(j—k—a—1\(k
dy := a:(ak)ew:supzz<] j—Z >< —;a>aj < 0 g,
j=k

neN &

~(j—k—a-1\/(k
dy:=<a=(a) €w: () Ew > lim Z(j @ )( +a>aj:77k forall ke N},

k

n—o0

Jj=k J=k

n

. j—k—a—-1\/k+a«a
d3:: a:(ak)6w33?7€©9nlgglozz< j—k )( k >aj:77 5

k j=k

. ik —a—-1\[(k+a
dy = a:(ak)Ew:H(nk)ewanh_)rgozk: Z( Ph )( 5 )aj_nk =0,

=k

" (i—k—a—1\/[k
ds =< a=(ay) Ew: ZZ(J . Z >< —ik_:a>aj converges uniformly in n

k |j=k J

Then the following statements hold:
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(i) {Cal(N} = di, {Ca(N)} =y di
(i) {loo(C)} = di, {loo(C)YP = do N ds.
Proof. (i) Let us take a = (a,,) € w. By using (2.3), we obtain

zam—zz( A G I

k=0 j=0

= ZZ <] T 1) <k Z a) ajyr = (Eal)n (3.6)

k=0 j=k

for all n € N, where E, = (egf,;)) is defined by

n j—k—a—-1\/k+«a .
(@) Zj_k< i—k >< k )aj> max{0,j —a} <k <n,

ke =
0, k> n,

for all k,n € N. Thus, we deduce from Lemma 3.3 with (3.6) that ax = (axxr) € bs, whenever
x = (x) € Cu(f), if and only if E,y € lo, whenever y = (yi) € f. Therefore, we obtain
{Cal)}T = du.

Similarly, we have az = (axxi) € cs, whenever © = (x) € Cy(f), if and only if E,y € c,
whenever y = (y;,) € f by Lemma 3.4. We conclude {C,(f)}’ = di NdyNdsNdy.

(ii) The proof is obvious from Parts (i) and (ii) of Lemma 3.2 using the calculations in Part (i).
Therefore, the proof is immediate.

4. Characterization of some classes of matrix transformations. In this section, we characterize
the classes (£oo(Co) : loo), (Co(f):Y), and (Y : Cy(f)) of matrix transformations. Since Y4 =Y
for any triangle A and any sequence space Y, it is trivial that the equivalence ”x € Y, if and only if
y € Y holds, where y = Ax.

Throughout this section, we assume that the entries of the infinite matrices A = (ank) and

F, = ( fT(LZ)) are connected with the relation
@ j—k—a—-1\(k+a
) Z( . )( . )anj @.1)
j=k

for all k,n € N, where max{0,j — a} < k.

Theorem 4.1. Suppose that the entries of the infinite matrices A = (any) and F, = ( ffli)) are
connected with the relation in (4.1) for all k,n € N. Then A € ({s(Cy): leo) if and only if

Ap € {loo(C)Y?  for each n €N, (4.2)
supZZ(j_ _Z_1><k—£a>anj < 00. 4.3)
neN ", =k

Proof. Suppose that A = (ank) € (loo(Cq): ) and take x = (1) € loo(Cy). Also, assume
that (4.1) holds between the entries of the matrices A and F,,, and take into account that the spaces
loo(Cy) and £, are linearly norm isomorphic.
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Since Ax exists and belongs to the space ¢, by the hypothesis, the necessity of the condition in
(4.2) is obvious. With some calculations, we observe that

i—j—a—1\[j—k+a-1
j=k i=j

ie., F,C, exists and A, € {£o(C,)}? which yields that {F},}, € ¢ for each n € N. Hence, F,y

exists and, thus, we see from the relation in (4.4) that

(A2)n =Ytz = (FaCaz)n = > [ 90 = (Fay)n (4.5)
k k

for all n € N. Therefore, we conclude that F,y € (. This means F,, € ({ : ¢~ ). Hence, F,
satisfies the condition in (3.1) which is equivalent to (4.3). This shows the necessity of the condition
in (4.3).

Conversely, suppose that conditions in (4.2) and (4.3) are satisfied, and take © = (x1) € loo(Ch).
Then Ax exists and the condition in (3.1) is satisfied for the matrix F,,. Therefore, we conclude from
the relation in (4.5) that Az = F,y € loo, which means A € ({oo(Cl) : loo)-

The theorem is proved.

Theorem 4.2. Suppose that the entries of the infinite matrices A = (any) and F, = ( fr(lz)) are
connected with the relation in (4.1) for all k,n € N, and Y be any given sequence space. Then
A€ (f(Cy):Y) ifand only if A, € {f(C )}*Bforalln eNand F, e (f:Y).

Proof. Let Y be any given sequence space. Suppose that (4.1) holds between the entries of the
matrices A = (a,) and F, = ( frgk)) and take into account that the spaces f(C,) and f are norm
isomorphic.

Let A € (f(Cy):Y) and take any y € f. Then, from the relation in (4.4), F,y exists and, thus,

k

. X li—k—a—1\/[k+ 1 k—ita-1
Zf,ik’waZ(] ik )( ka>anj <k+a>z< b )””
- k

i=0
(j—k—a-1 b k—z—i—a—l
:Z < j—k >anjz< k— ) Zankxk
k k =0
for all n € N. So, we derive that F,,y = Ax, which leads us to the consequence F,, € (f:Y).

Conversely, let A, € {f(C,)}’ foreach n € Nand F,, € (f: Y), and take = = (x3,) € f(Ca).
Then Az exists. Therefore, we again obtain from the equality

S-S (1))
S (e

k j=k

for all n € N that Az = F,,y. We conclude A € (f(C,):Y).
The theorem is proved.

ISSN 1027-3190. Ykp. mam. ocypn., 2024, m. 76, Ne 3



444 MEDINE YESILKAYAGIL SAVASCI, FEYZI BASAR

Theorem 4.3. Let Y be any given sequence space and the entries of the infinite matrices
A = (api) and Go = (gﬁ)) are connected with the relation

@ 1 ~(n—jt+a—1)
Ink = n+a JZ_(:) < n—j Ajk (4.6)
n
SJorall k,n € N. Then A € (Y: f(Cy)) if and only if G, € (Y : f).
Proof. Let u = (u;;) € Y and the entries of the infinite matrices A = (an;) and Gq (gff,?)
are connected with the relation (4.6) for all n, k € N. Consider the equality

Zgnk Ug = kzo (n—::—a) .Z% <n_‘ii?_ 1>ajklbk
‘]:
n

7=0 k=0

Fra Rl e e
n

which holds for all m € N. Then, by letting m — oo in (4.7), we have (Gou), = {Cq(Au)},, for
all n € N. Since Au € f(Cy), we get Co(Au) = Gou € f.

The theorem is proved.

Of course, Theorems 4.2 and 4.3 have several consequences depending on the choice of the
sequence space Y. Define a(n, k), a(n, k,m), and Aa,y, for all k&, m,n € N as follows:

£ = Zaﬂ‘k, a(n, k,m) = —— +1 Z%w ke and  Adpg = apk — G-

Prior to giving some results as an application of this idea, we give the following basic lemma,
which is the collection of the characterizations of some classes of matrix transformations related to
almost convergence.

Lemma 4.1. Let A = (ayni) be an infinite matrix. Then the following statements hold:

(1) (Duran [11]) A = (ank) € (boo: f) if and only if (3.1) holds and

I, € C> f—limay, =n forall keN, 4.8)
dn, e C> Tr}gnooz la(n,k,m) —nk| =0 uniformly in n (4.9)
k
also hold.
(ii) (Duran [11]) A = (ank) € (f: f) if and only if (3.1) and (4.8) hold, and
IneCs f—lm) an =n, (4.10)
k

dn, € C> h_r)n Z |Ala(n, k,m) —ng]| =0 uniformly in n (4.11)

also hold.

(iii) (King [14]) A = (ank) € (c: f) if and only if (3.1), (4.8), and (4.10) hold.
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(iv) (Basar and Colak [4]) A = (ank) € (cs: f) if and only if (4.8) holds, and

supz |Aani| < oo (4.12)
neN &
also holds.
(v) (Basar and Solak [5]) A = (ank) € (bs: f) if and only if (4.8) and (4.12) hold, and
lim ap, =0 forall neN, (4.13)
k—o0
1|
dn, e C> qli_)rrolo d P ;A[a(n +i,k) —nil]| =0  uniformly in n (4.14)
also hold.

(vi) (Basar [2]) A = (ank) € (f: cs) if and only if (3.1)-(3.4) hold with a(n, k) instead of
k-

Corollary 4.1. The following statements hold:

(1) A= (ank) € (f(Ca): loo) if and only if A, € {f(Ca)}? and (3.1) holds with fé%) instead
Ofank’;

(i) A = (ank) € (f(Ca): c) if and only if A, € {f(Ca)}? and (3.1)-(3.4) hold with [
instead of ang;

(i) A = (ank) € (f(Cy): bs) if and only if A, € {f(Cx)}’ and (3.1) holds with f(®)(n, k)
instead of ang;

(V) A = (ans) € (f(Co): cs) if and only if A, € {f(Cu)}? and (3.1)-(3.4) hold with
@) (n, k) instead of any;

V) A= (ank) € (f(Co): f) if and only if A, € {f(Ca)}? and (3.1), (4.8), (4.10), and (4.11)
hold with f'$) instead of an.

Corollary 4.2. The following statements hold:

() A= (ank) € (loo: F(Cu)) if and only if (3.1), (4.8), and (4.9) hold with g'%) instead of any;

(i) A= (ank) € (f: f(Ca)) ifand only if (3.1, (4.8), (4.10), and (4.11) hold with ¢\ instead
of ang;

(iii) A = (ani) € (c: f(Cu)) if and only if (3.1), (4.8), and (4.10) hold with g% instead of
Anks

(iv) A = (ani) € (bs: f(Ca)) if and only if (4.8) and (4.12)~(4.14) hold with ¢\ instead
of ank;

(V) A= (ank) € (cs: f(Cy)) if and only if (4.8) and (4.12) hold with gfﬁ? instead of anj.

5. Conclusion. The algebraic and topological properties of the domain f = (f)B(r,s) of the
double band matrix B(r, s) in the space f was investigated by Basar and Kiris¢i [6]. In this work,
we essentially deal with the domains fy(Cy) and f(C,) of the Cesaro matrix C,, of order « in the
spaces fo and f, respectively. The main results of this study have potential for researchers and will
fill a gap in the existing literature.

Acknowledgement. The authors express their sincere thanks and appreciation to Professor
Eberhard Malkowsky, who reported the inverse of the C, matrix for & € N, with the personal
request of the second author. The authors are also grateful to the anonymous referee for his/her
helpful comments and valuable suggestions which helped them to improve this paper.

On behalf of all authors, the corresponding author states that there is no conflict of interest.

ISSN 1027-3190. Ykp. mam. ocypn., 2024, m. 76, Ne 3



446 MEDINE YESILKAYAGIL SAVASCI, FEYZI BASAR

References

1. S. Banach, Theorie des operations lineaires, Warszawa (1932).
2. F. Basar, Strongly-conservative sequence-to-series matrix transformations, Erc. Uni. Fen Bil. Derg., 5, Ne 12, 888 —893

(1989).

3. F. Basar, Summability theory and its applications, 2nd ed., CRC Press/Taylor & Francis Group, Boca Raton etc.
(2022).

4. F. Basar, R. Colak, Almost-conservative matrix transformations, Turk. J. Math., 13, Ne 3, 91-100 (1989).

5. F. Basar, L. Solak, Almost-coercive matrix transformations, Rend. Mat. Appl. (7), 11, Ne 2, 249-256 (1991).

6. F. Basar, M. Kirisci, A/most convergence and generalized difference matrix, Comput. Math. Appl., 61, Ne 3, 602-611
(2011).

7. J. Boos, Classical and modern methods in summability, Oxford Univ. Press, New York (2000).

8. R. G. Cooke, Infinite matrices and sequence spaces, Machmillen and Co. Limited, London (1950).

9. R. Colak, O. Cakar, Banach limits and related matrix transformations, Stud. Sci. Math. Hung., 24, 429 -436 (1989).

10. G. Das, Banach and other limits, J. London Math. Soc., 7, 501 -507 (1973).

11. J. P. Duran, Infinite matrices and almost convergence, Math. Z., 128, 75-83 (1972).

12.  A. M. Jarrah, E. Malkowsky, BK spaces, bases and linear operators, Rend. Circ. Mat. Palermo (2), 52, 177-191
(1990).

13. P. K. Kampthan, M. Gupta, Sequence spaces and series, Marcel Dekker Inc., New York, Basel (1981).

14. J. P. King, Almost summable sequences, Proc. Amer. Math. Soc., 17, 1219-1225 (1966).

15. G. G. Lorentz, A contribution to the theory of divergent sequences, Acta Math., 80, 167190 (1948).

16. 1.J. Maddox, Elements of functional analysis, Cambridge Univ. Press, London (1970).

17. H. L. Miller, C. Orhan, On almost convergent and statistically convergent subsequences, Acta Math. Hungar., 93,
135-151 (2001).

18. E. Malkowsky, V. Rakocevic, Summability methods and applications, Mathematical Institute of the Serbian Academy
of Sciences and Arts (2020).

19. M. Mursaleen, F. Basar, Sequence spaces: topics in modern summability theory, Ser. Math. and Appl., CRC Press,
Taylor & Francis Group, Boca Raton etc. (2020).

20. G. M. Petersen, Regular matrix transformations, McGraw-Hill, New York etc. (1970).

21. A. Peyerimhoff, Lectures on summability, Lect. Notes in Math., vol. 107, Springer-Verlag, Berlin etc. (1969).

22. H. Roopaei, F. Basar, On the spaces of Cesaro absolutely p-summable, null, and convergent sequences, Math.
Methods Appl. Sci., 44, Ne 5, 36703685 (2021).

23. 1. A. Sidduqi, Infinite matrices summing every almost periodic sequences, Pacific J. Math., 39, Ne 1, 235-251 (1971).

24. M. Stieglitz, H. Tietz, Matrixtransformationen von Folgenrdumen. Eine Ergebnisiibersicht, Math. Z., 154, Ne 1, 1 - 16
(1977).

25. A. Wilansky, Summability through functional analysis, vol. 85, Mathematics Studies, North Holland, Amsterdam
(1984).

Received 27.09.22

ISSN 1027-3190. Ykp. mam. scypn., 2024, m. 76, Ne 3



