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LEONARDO AND HYPER-LEONARDO NUMBERS VIA RIORDAN ARRAYS

ЧИСЛА ТА ГIПЕРЧИСЛА ЛЕОНАРДО В ТЕРМIНАХ МАСИВIВ РIОРДАНА

A generalization of the Leonardo numbers is defined and called the hyper-Leonardo numbers. Infinite lower triangular
matrices, whose elements are Leonardo and hyper-Leonardo numbers are considered. Then the A- and Z -sequences of
these matrices are obtained. Finally, the combinatorial identities between the hyper-Leonardo and Fibonacci numbers are
obtained using the fundamental theorem of the Riordan arrays.

Визначено узагальнення чисел Леонардо, яке називається гiперчислами Леонардо. Розглянуто нескiнченнi нижчi
трикутнi матрицi, елементами яких є числа Леонардо та гiперчисла Леонардо. Крiм того, отримано A- та Z -
послiдовностi цих матриць. Насамкiнець за допомогою фундаментальної теореми про масиви Рiордана отримано
комбiнаторнi тотожностi мiж гiперчислами Леонардо та числами Фiбоначчi.

1. Introduction. Special number sequences are one of the subjects that researchers study. One of the
most studied special number sequences is the Fibonacci sequence. The Fibonacci sequence is defined
by the following recurrent relation for n \geq 2:

Fn = Fn - 1 + Fn - 2

with the initial conditions F0 = 0, F1 = 1. The generating function of the Fibonacci sequence is

gF (t) =

\infty \sum 
n=1

Fnt
n =

1

1 - t - t2
.

More information on the Fibonacci numbers can be found in [9].

There are so many generalizations of the Fibonacci sequence. One of these generalizations is the
hyper-Fibonacci sequence. The hyper-Fibonacci sequence is defined by Dil and Mezo as follows:

F (r)
n =

n\sum 
k=0

F
(r - 1)
k

such that F (0)
n = Fn, F

(r)
0 = 0 and F

(r)
1 = 1 where F

(r)
n is the nth hyper-Fibonacci number [6].

Also, the generating function of the hyper-Fibonacci sequence is given by

gF (r)(t) =

\infty \sum 
n=0

F (r)
n tn =

t

(1 - t - t2)(1 - t)r
.

The other properties and identities of the hyper-Fibonacci numbers can be found in [2, 6].
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Now, we give information about the Leonardo numbers. In [4], the Leonardo sequence is
introduced by Catarino and Borges. The Leonardo sequence is defined by the following recurrent
relation for n \geq 2:

Len = Len - 1 + Len - 2 + 1

with the initial conditions Le0 = Le1 = 1. As well, the other recurrent relation for the Leonardo
sequence is given as

Len+1 = 2Len  - Len - 2

for n \geq 2. In addition, there is a relation between the Fibonacci and Leonardo numbers which is
stated as follows:

Len = 2Fn+1  - 1.

The generating function of the Leonardo sequence is given as

gLe(t) =

\infty \sum 
n=0

Lent
n =

1 - t+ t2

1 - 2t+ t3
. (1.1)

Also, some other properties and generalizations of the Leonardo numbers are given in [1, 16].
The Riordan arrays play an important role in combinatorics for obtaining combinatorial identities.

In addition, the Riordan arrays have applications in many fields of mathematics. The Riordan arrays
are infinite lower triangular matrices defined by the formal power series.

Let us consider the following formal power series:

g(t) = g0 + g1t+ g2t
2 + . . . and f(t) = f0 + f1t+ f2t

2 + . . .

with g0 \not = 0, f0 = 0 and f1 \not = 0. A Riordan matrix is represented as a pair of the formal power series
with D = (g(t), f(t)). The generating function of kth column of the Riordan matrix is defined as
g(t)(f(t))k for k = 0, 1, 2, . . . . The elements of the Riordan matrix D are given by

dn,k =
\bigl[ 
tn
\bigr] 
g(t)(f(t))k, (1.2)

where
\bigl[ 
tn
\bigr] 

is the coefficient operator. The multiplication of two Riordan matrices is defined by

(g(t), f(t)) \ast (h(t), l(t)) = (g(t)h(f(t)), l(f(t))). (1.3)

The set of Riordan matrices is a group under the multiplication given by (1.3). This group is known
as the Riordan group and it is denoted by \scrR . The identity element of the Riordan group is given by
I = (1, t) and the inverse of (g(t), f(t)) is defined by

(g(t), f(t)) - 1 =

\Biggl( 
1

g
\bigl( 
f(t)

\bigr) , f(t)\Biggr) , (1.4)

where f (t) is the compositional inverse of f(t) [17]. Let h(t) be the generating function of the
sequence \{ hk\} and D = (g(t), f(t)) be the Riordan matrix. From the fundamental theorem of the
Riordan arrays, the following identity is held:
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n\sum 
k=0

dn,khk =
\bigl[ 
tn
\bigr] 
g(t)h(f(t)). (1.5)

The diagonal sum of the Riordan matrix is given as follows [18]:

n\sum 
k=0

dn - k,k =
\bigl[ 
tn
\bigr] g(t)

1 - tf(t)
. (1.6)

The coefficients method is an important technique for proving combinatorial identities. The
coefficient shifting is defined by

[tn]tg(t) = [tn - 1]g(t). (1.7)

Also, the coefficient differentiation has been performed by following rule:\bigl[ 
tn
\bigr] 
g\prime (t) = (n+ 1)

\bigl[ 
tn+1

\bigr] 
g(t), (1.8)

where g\prime (t) is the first derivative of g(t) [14].
There are some properties of the Riordan matrix, two of which are given in [13, 15]. Rogers

has found that every element of a Riordan matrix D = (dn,k) (except d0,0) has been stated as a
linear combination of the elements in the preceding row, starting from the preceding column in [15].
Merlini et al. have given that every element in column 0 can be expressed as a linear combination of
all the elements in the preceding row in [13]. By these studies, it is seen that a Riordan array can be
characterized by two sequences, known as sequence characterizations of the Riordan arrays. These
sequence characterizations are given in the following theorem.

Theorem 1.1. Let D = (dn,k) be an infinite triangular matrix. D is a Riordan matrix if and
only if there are two sequences A = \{ a0, a1, a2, a3,...\} and Z = \{ z0, z1, z2, z3,...\} with a0 \not = 0 such
that

dn+1,k+1 = a0dn,k + a1dn,k+1 + a2dn,k+2 + . . .

and

dn+1,0 = z0dn,0 + z1dn,1 + z2dn,2 + . . . .

A = \{ a0, a1, a2, a3,...\} and Z = \{ z0, z1, z2, z3,...\} are called the A- and Z -sequences of the
Riordan matrix D, respectively. If A(t) and Z(t) are the generating functions of the A- and Z -
sequences of the Riordan matrix D = (g(t), f(t)), respectively, then f(t) and g(t) are two solutions
of the following equations [13]:

f(t) = tA(f(t)) (1.9)

and

g(t) =
d0,0

1 - tZ(f(t))
. (1.10)

Also, some other properties of the A- and Z -sequences have been found in [7, 8, 18]. In [8], the
characterization matrix of D = (g(t), f(t)) is given as
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P =

\left(       
z0 a0 0 0 0 . . .

z1 a1 a0 0 0 . . .

z2 a2 a1 a0 0 . . .

z3 a3 a2 a1 a0 . . .
...

...
...

...
...

. . .

\right)       , (1.11)

where z0, z1, z2, . . . and a0, a1, a2, . . . are elements of the Z - and A-sequences, respectively. The
matrix D - 1 = (g(t), f(t)) - 1 is the inverse of D with characterization matrix P . Then we have

P = D2P
\bigl( 
D - 1

\bigr) 2
. (1.12)

Many researchers have studied the subgroups of the Riordan group. In [11], the algebraic structure
of the Riordan group is considered and some properties of the Riordan subgroups are given. Moreover,
new proofs for some known properties are obtained in [11]. Marshall and Nkwanta have considered
the stochastic subgroup, which is the set of Riordan matrices, whose row sums are equal to 1 and
they have defined stochastic Lucas arrays and Fibonacci arrays. Also, they have constructed pseudo-
involutions of these arrays in [12]. Moreover, the applications of the Riordan arrays have been studied
by some researchers. In [10], some combinatorial identities are obtained using the generalized Pascal,
Fibonacci and Pell matrices. In [5], the combinatorial identities of the harmonic and hyperharmonic
Fibonacci numbers are given. Also, many researchers have considered some analogues of the Riordan
representation. Tuglu et al. have studied analogues of the Riordan representation of Pascal matrices
via Fibonomial coefficients in [19]. In [20], the q-analogue of the fundamental theorem of the Riordan
arrays are given and two new binary operations are defined. Baran and Tuglu have obtained q-matrices
by using the q-Riordan representation in [3].

Based on the preceding studies, we consider the Riordan array by the Leonardo numbers and find
the A- and Z -sequences of the Riordan array. Then the hyper-Leonardo sequence is defined and the
generating function of this sequence is given. Finally, the relationship between the Fibonacci matrix
and a special matrix is given. Using this relation, some combinatorial identities are obtained.

2. Leonardo numbers with Riordan arrays. In this section, we define an infinite lower
triangular matrix with the Leonardo numbers and give the inverse of this matrix. Then the A- and
Z -sequences of these matrices are obtained.

Let us consider an infinite lower triangular matrix defined by Leonardo numbers as follows:

Le =

\left(           

1 0 0 0 0 0 . . .

1 1 0 0 0 0 . . .

3 1 1 0 0 0 . . .

5 3 1 1 0 0 . . .

9 5 3 1 1 0 . . .

15 9 5 3 1 1 . . .
...

...
...

...
...

...
. . .

\right)           
. (2.1)

The Riordan representation of the Leonardo matrix in (2.1) is given by

Le =

\biggl( 
1 - t+ t2

1 - 2t+ t3
, t

\biggr) 
. (2.2)
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Proposition 2.1. The elements of the Leonardo matrix Le are defined as follows:

ln,k =

\left\{   Len - k, n - k \geq 0,

0, otherwise,

for n, k \geq 0.
Proof. By (1.2), we have

ln,k =
\bigl[ 
tn
\bigr] 1 - t+ t2

1 - 2t+ t3
tk.

By using (1.7), we get

ln,k =
\bigl[ 
tn - k

\bigr] 1 - t+ t2

1 - 2t+ t3
.

By (1.1), we obtain

ln,k =
\bigl[ 
tn - k

\bigr] \infty \sum 
k=0

Lekt
k = Len - k.

Using (1.9) and (1.10), the generating functions of the A- and Z -sequences for the Leonardo
matrix in (2.2) are obtained as follows:

A(t) = 1 and Z(t) =
1 + t - t2

1 - t+ t2
,

respectively. It is clear that the elements of the A-sequence are stated as 1, 0, 0, 0, 0, 0, 0, 0, 0,

0, . . . . Also, the first few elements of the Z -sequence can be given as 1, 2, 0,  - 2,  - 2, 0, 2, 2, 0,

 - 2,  - 2, 0, 2, 2, . . . .

If we consider (1.11), then the characterization matrix of the Leonardo matrix Le is obtained as
follows:

PLe =

\left(             

1 1 0 0 0 0 0 . . .

2 0 1 0 0 0 0 . . .

0 0 0 1 0 0 0 . . .

 - 2 0 0 0 1 0 0 . . .

 - 2 0 0 0 0 1 0 . . .

0 0 0 0 0 0 1 . . .

2 0 0 0 0 0 0 . . .
...

...
...

...
...

...
...

. . .

\right)             
.

Now, we give the inverse of the Leonardo matrix Le. Using (1.4) and (2.2), the Riordan representation
of the inverse matrix Le - 1 is obtained as

Le - 1 =

\biggl( 
1 - 2t+ t3

1 - t+ t2
, t

\biggr) 
.

Also, the inverse matrix Le - 1 is given as
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Le - 1 =

\left(             

1 0 0 0 0 0 0 . . .

 - 1 1 0 0 0 0 0 . . .

 - 2  - 1 1 0 0 0 0 . . .

0  - 2  - 1 1 0 0 0 . . .

2 0  - 2  - 1 1 0 0 . . .

2 2 0  - 2  - 1 1 0 . . .

0 2 2 0  - 2  - 1 1 . . .
...

...
...

...
...

...
...

. . .

\right)             
.

Using (1.12), the characterization matrix of the matrix Le - 1 is obtained as follows:

PLe =

\left(       
1 0 0 0 . . .

1 1 0 0 . . .

3 1 1 0 . . .

5 3 1 1 . . .
...

...
...

...
. . .

\right)       
2\left(       

1 1 0 0 . . .

2 0 1 0 . . .

0 0 0 1 . . .

 - 2 0 0 0 . . .
...

...
...

...
. . .

\right)       

\left(       
1 0 0 0 . . .

 - 1 1 0 0 . . .

 - 2  - 1 1 0 . . .

0  - 2  - 1 1 . . .
...

...
...

...
. . .

\right)       
2

=

\left(             

 - 1 1 0 0 0 0 0 . . .

 - 3 0 1 0 0 0 0 . . .

 - 5 0 0 1 0 0 0 . . .

 - 9 0 0 0 1 0 0 . . .

 - 15 0 0 0 0 1 0 . . .

 - 25 0 0 0 0 0 1 . . .

 - 41 0 0 0 0 0 0 . . .
...

...
...

...
...

...
...

. . .

\right)             
.

By the definition of the characterization matrix, the elements of the A-sequence of the matrix Le - 1

are stated as 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, . . . . Also, the first few elements of the Z -sequence of the
matrix Le - 1 are given by  - Le1, - Le2, - Le3, - Le4, - Le5, . . . .

Proposition 2.2. Let us consider the Riordan matrix D as follows:

D = (dn,k) =

\biggl( 
1

1 - t - t2
,

t

1 - t+ t2

\biggr) 
(2.3)

for n, k \geq 0. The diagonal sum of the matrix D is the Leonardo number.
Proof. Using (1.6), we have

n\sum 
k=0

dn - k,k =
\bigl[ 
tn
\bigr] \biggl( 1

1 - t - t2

\biggr) \left(   1

1 - t
t

1 - t+ t2

\right)   =
\bigl[ 
tn
\bigr] 1 - t+ t2

1 - 2t+ t3
.

By (1.1), we obtain

n\sum 
k=0

dn - k,k =
\bigl[ 
tn
\bigr] \infty \sum 
k=0

Lekt
k = Len.

The first few entries of the matrix D in (2.3) are given as follows:
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D =

\left(             

1 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0

2 2 1 0 0 0 0 0

3 3 3 1 0 0 0 0

5 4 5 4 1 0 0 0

8 6 6 8 5 1 0 0

13 10 7 10 12 6 1 0

21 17 11 9 17 17 7 1

\right)             
.

Proposition 2.3. Let us consider the Riordan matrix H = (g\prime Le(t), t), where gLe(t) is the
generating function of the Leonardo sequence in (1.1). The elements of the matrix H are

hn,k =

\left\{   (n - k + 1)Len - k+1, n - k \geq 0,

0, otherwise,
(2.4)

for n, k \geq 0.
Proof. Using (1.2), we obtain hn,k =

\bigl[ 
tn
\bigr] 
g\prime Le(t)t

k. By (1.7), we get hn,k =
\bigl[ 
tn - k

\bigr] 
g\prime Le(t). If we

use (1.8), then

hn,k =
\Bigl[ 
tn - k+1

\Bigr] 
(n - k + 1)gLe(t)

=
\Bigl[ 
tn - k+1

\Bigr] 
(n - k + 1)

1 - t+ t2

1 - 2t+ t3
.

By (1.1), we obtain

hn,k =
\Bigl[ 
tn - k+1

\Bigr] 
(n - k + 1)

\infty \sum 
s=0

Lest
s = (n - k + 1)Len - k+1.

The few entries of the matrix H in (2.4) are given as follows:

H =

\left(           

1 0 0 0 0 0 0

6 1 0 0 0 0 0

15 6 1 0 0 0 0

36 15 6 1 0 0 0

75 36 15 6 1 0 0

150 75 36 15 6 1 0

287 150 75 36 15 6 1

\right)           
.

Let us consider the generating function of the Leonardo sequence in (1.1). If we take h(t) =
1

1 - t
in (1.5) to obtain the stochastic Leonardo number arrays, we have

h(f(t)) =
1 - 2t+ t3

(1 - t+ t2)(1 - t)
,

f(t) =
2t
\bigl( 
 - t+ t2

\bigr) 
1 - 2t+ t3

.
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Then the stochastic Leonardo number array is\Biggl( 
1 - t+ t2

1 - 2t+ t3
,
2t
\bigl( 
 - t+ t2

\bigr) 
1 - 2t+ t3

\Biggr) 
. (2.5)

The first few entries of (2.5) are obtained as follows:\left(             

1 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0

3  - 2 0 0 0 0 0 0

5  - 4 0 0 0 0 0 0

9  - 12 4 0 0 0 0 0

15  - 26 12 0 0 0 0 0

25  - 56 40  - 8 0 0 0 0

41  - 112 104  - 32 0 0 0 0

\right)             
. (2.6)

It is clear that the row sums of (2.6) are equal to 1. It is noted that the matrix in (2.6) does not
have an inverse. Nevertheless, we can regulate this matrix so that it belongs to the Riordan group. If
the generating function of the Leonardo sequence starts from Le1, we obtain a stochastic Leonardo
matrix as follows: \biggl( 

 - t2 + t+ 1

t3  - 2t+ 1
,

2t

t2 + t - 1

\biggr) 
. (2.7)

Then, the first terms of (2.7) are given as follows:\left(           

1 0 0 0 0 0 0

3  - 2 0 0 0 0 0

5  - 8 4 0 0 0 0

9  - 20 20  - 8 0 0 0

15  - 46 64  - 48 16 0 0

25  - 96 176  - 184 112  - 32 0

41  - 192 432  - 584 496  - 256 64

\right)           
. (2.8)

Using (1.9) and (1.10), the generating functions of the A- and Z -sequences of the matrix in (2.8)
are given as

A(t) =
2t2

 - t+ 2 - 
\surd 
5t2  - 4t+ 4

and

Z(t) =

\Bigl( 
t - 2 +

\surd 
5t2  - 4t+ 4

\Bigr) 2
 - 2t

\Bigl( 
t - 2 +

\surd 
5t2  - 4t+ 4

\Bigr) 
 - 12t2\Bigl( 

t - 2 +
\surd 
5t2  - 4t+ 4

\Bigr) 2
+ 2t

\Bigl( 
t - 2 +

\surd 
5t2  - 4t+ 4

\Bigr) 
 - 4t2

,

respectively. A few elements of the A-sequence can be given by

 - 2, 1,
 - 1

2
,
 - 1

4
, 0,

1

8
,

3

32
,
 - 1

64
,
 - 11

128
,
 - 15

256
, . . . .

Also, the first few elements of the Z -sequence can be given by

3, 2,
5

2
,
11

4
,
11

4
,
21

8
,
81

32
,
163

64
,
337

128
,
689

256
, . . . .
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Proposition 2.4. Let us consider the Riordan matrix as follows:

B = (bn,k) = (l(t), tl(t)),

where l(t) =
1 - t+ t2

1 - t - t2 + 2t3
. The row sum of the Riordan matrix B is Leonardo number.

Proof. Taking h(t) =
1

1 - t
in (1.5), we obtain

n\sum 
k=0

bn,k =
\bigl[ 
tn
\bigr] 
l(t)

1

1 - tl(t)

=
\bigl[ 
tn
\bigr] \biggl( 1 - t+ t2

1 - t - t2 + 2t3

\biggr) \biggl( 
1 - t - t2 + 2t3

1 - 2t+ t3

\biggr) 
=
\bigl[ 
tn
\bigr] 1 - t+ t2

1 - 2t+ t3
.

By (1.1), we have

n\sum 
k=0

bn,k =
\bigl[ 
tn
\bigr] \infty \sum 
k=0

Lekt
k = Len.

The first few entries of the matrix B is obtained as follows:

B =

\left(           

1 0 0 0 0 0 0

0 1 0 0 0 0 0

2 0 1 0 0 0 0

0 4 0 1 0 0 0

2 0 6 0 1 0 0

 - 2 8 0 8 0 1 0

0  - 4 18 0 10 0 1

\right)           
.

3. Hyper-Leonardo numbers and Riordan arrays. In this section, we define the hyper-Leonardo
numbers and give the generating function of the hyper-Leonardo sequence. Then some identities are
obtained by using Riordan arrays.

Definition 3.1. Let r be a positive integer. Then the nth hyper-Leonardo number Le(r)n is defined
as follows:

Le(r)n =

n\sum 
k=0

Le
(r - 1)
k (3.1)

with Le
(0)
n = Len , Le(r)0 = 1 and Le

(r)
1 = r + 1.

Theorem 3.1. The generating function of the hyper-Leonardo sequence is

g
Le

(r)
n
(t) =

\infty \sum 
n=0

Le(r)n tn =
1 - t+ t2

(1 - 2t+ t3)(1 - t)r
. (3.2)
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Proof. Using mathematical induction, the formula is true for r = 0. Assume that the formula in
(3.2) is true for r = k. We will prove that the formula above is true for r = k + 1. By using (3.1),
we have

\infty \sum 
n=0

Le(k+1)
n tn = Le

(k+1)
0 + Le

(k+1)
1 t+ Le

(k+1)
2 t2 + . . .

= Le
(k)
0 +

\Bigl( 
Le

(k)
0 + Le

(k)
1

\Bigr) 
t+

\Bigl( 
Le

(k)
0 + Le

(k)
1 + Le

(k)
2

\Bigr) 
t2 + . . .

=

\Biggl( \infty \sum 
n=0

tn

\Biggr) \Biggl( \infty \sum 
n=0

Le(k)n tn

\Biggr) 

=

\biggl( 
1

1 - t

\biggr) \biggl( 
1 - t+ t2

(1 - 2t+ t3)(1 - t)k

\biggr) 
=

1 - t+ t2

(1 - 2t+ t3)(1 - t)k+1
.

Let us consider an infinite lower triangular matrix defined by the hyper-Leonardo numbers as
follows:

Le(r) =

\left(            

1 0 0 0 . . .

r + 1 1 0 0 . . .

1

2
r2 +

3

2
r + 3 r + 1 1 0 . . .

1

6
r3 + r2 +

23

6
r + 5

1

2
r2 +

3

2
r + 3 r + 1 1 . . .

...
...

...
...

. . .

\right)            
. (3.3)

The Riordan representation of the hyper-Leonardo matrix Le(r) in (3.3) is given by

Le(r) =

\biggl( 
1 - t+ t2

(1 - 2t+ t3)(1 - t)r
, t

\biggr) 
. (3.4)

Proposition 3.1. The elements of the hyper-Leonardo matrix Le(r) are given as follows:

l
(r)
n,k =

\left\{   Le
(r)
n - k, n - k \geq 0,

0, otherwise,

for n, k \geq 0.
Proof. By (1.2), we have

l
(r)
n,k =

\bigl[ 
tn
\bigr] 1 - t+ t2

(1 - 2t+ t3)(1 - t)r
tk.

By using (1.7), we obtain

l
(r)
n,k =

\bigl[ 
tn - k

\bigr] 1 - t+ t2

(1 - 2t+ t3)(1 - t)r
.
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By (3.2), we get

l
(r)
n,k =

\bigl[ 
tn - k

\bigr] \infty \sum 
k=0

Le
(r)
k tk = Le

(r)
n - k.

The first few terms of the A-sequence of the hyper-Leonardo matrix Le(r) are stated as 1, 0, 0, 0,
0, 0, 0, 0, 0, 0, . . . . Also, the first few terms of the Z -sequence of the hyper-Leonardo matrix
Le(r) are given by

r + 1,  - 1

2
r2  - 1

2
r + 2,

1

6
r
\bigl( 
r2  - 13

\bigr) 
,  - 1

24
r4 +

1

12
r3 +

25

24
r2  - 13

12
r  - 2, . . . .

Proposition 3.2. Let Le(r)n be the nth hyper-Leonardo number. Then we have

Le(r+2)
n =

n\sum 
k=0

(k + 1)Le
(r)
n - k. (3.5)

Proof. Taking h(t) =
1

(1 - t)2
in (1.5) and using (3.4), we get

n\sum 
k=0

(k + 1)Le
(r)
n - k = [tn]

\biggl( 
1 - t+ t2

(1 - 2t+ t3)(1 - t)r

\biggr) \biggl( 
1

1 - t

\biggr) 2

=
\bigl[ 
tn
\bigr] 1 - t+ t2

(1 - 2t+ t3)(1 - t)r+2 .

By (3.2), we obtain

n\sum 
k=0

(k + 1)Le
(r)
n - k =

\bigl[ 
tn
\bigr] \infty \sum 
n=0

Le(r+2)
n tn = Le(r+2)

n .

If r = 0 in (3.5), we have

Le(2)n =
n\sum 

k=0

(k + 1)Len - k,

where Len is the nth Leonardo number.

Lemma 3.1. Let us consider the generating function
1

(1 - t)r
. Then we have

\biggl( 
1

(1 - t)r
, t

\biggr) 
=

\left\{   
\biggl( 
r + n - k  - 1

r  - 1

\biggr) 
, n - k \geq 0,

0, otherwise.
(3.6)

Proposition 3.3. The following equation is satisfied:

Le(r+m)
n =

n\sum 
k=0

\biggl( 
r + n - k  - 1

r  - 1

\biggr) 
Le

(m)
k (3.7)

for n \geq 1, m \geq 0 and r > 0.
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Proof. Let h(t) =
1 - t+ t2

(1 - 2t+ t3)(1 - t)m
be in (1.5). By using (3.6), we have

n\sum 
k=0

\biggl( 
r + n - k  - 1

r  - 1

\biggr) 
Le

(m)
k = [tn]

\biggl( 
1

1 - t

\biggr) r\biggl( 1 - t+ t2

(1 - 2t+ t3)(1 - t)m

\biggr) 

=
\bigl[ 
tn
\bigr] 1 - t+ t2

(1 - 2t+ t3)(1 - t)r+m .

By (3.2), we obtain

n\sum 
k=0

\biggl( 
r + n - k  - 1

r  - 1

\biggr) 
Le

(m)
k =

\bigl[ 
tn
\bigr] \infty \sum 
n=0

Le(r+m)
n tn = Le(r+m)

n .

Taking m = 0 in (3.7), we get

Le(r)n =

n\sum 
k=0

\biggl( 
r + n - k  - 1

r  - 1

\biggr) 
Lek,

where Le
(r)
n and Lek are the nth hyper-Leonardo number and the kth Leonardo number, respectively.

Proposition 3.4. Let us consider the Riordan representation with

S = (sn,k) =

\biggl( 
1 - t+ t2

1 - 2t+ t3
,

t

1 - t

\biggr) 
(3.8)

for n, k \geq 0. The elements of the matrix S are Le
(k)
n - k.

Proof. Considering (3.2) and (1.2), we have

sn,k =
\bigl[ 
tn
\bigr] \biggl( 1 - t+ t2

1 - 2t+ t3

\biggr) \biggl( 
t

1 - t

\biggr) k

=
\bigl[ 
tn
\bigr] \biggl( 1 - t+ t2

1 - 2t+ t3

\biggr) 
tk

(1 - t)k
.

By (1.7), we obtain

sn,k =
\bigl[ 
tn - k

\bigr] 1 - t+ t2

(1 - 2t+ t3)(1 - t)k
.

By using (3.2), we get

sn,k =
\bigl[ 
tn - k

\bigr] \infty \sum 
n=0

Le(k)n tn = Le
(k)
n - k.

The first few elements of the Riordan matrix S in (3.8) are obtained as follows:

S =

\left(           

1 0 0 0 0 0 0

1 1 0 0 0 0 0

3 2 1 0 0 0 0

5 5 3 1 0 0 0

9 10 8 4 1 0 0

15 19 18 12 5 1 0

25 34 37 30 17 6 1

\right)           
.
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Also, the first few terms of the A-sequence of the matrix S can be given as 1, 1, 0, 0, 0, 0, 0, 0,

0, . . . . Furthermore, the first few terms of the Z -sequence of the matrix S can be given as 1, 2,  - 2,

0, 2,  - 2, 0, 2, - 2, . . . .

Proposition 3.5. The following identity is satisfied:

Le(s)n =

n\sum 
k=0

\biggl( 
s

k

\biggr) 
Le

(k)
n - k,

where s is a nonnegative integer.

Proof. If we use (3.8) and take h(t) = (1 + t)s in (1.5), then we get

n\sum 
k=0

\biggl( 
s

k

\biggr) 
Le

(k)
n - k =

\bigl[ 
tn
\bigr] \biggl( 1 - t+ t2

1 - 2t+ t3

\biggr) 
h

\biggl( 
t

1 - t

\biggr) 

=
\bigl[ 
tn
\bigr] \biggl( 1 - t+ t2

1 - 2t+ t3

\biggr) \biggl( 
1 +

t

1 - t

\biggr) s

=
\bigl[ 
tn
\bigr] 1 - t+ t2

(1 - 2t+ t3)(1 - t)s
.

By (3.2), we have

n\sum 
k=0

\biggl( 
s

k

\biggr) 
Le

(k)
n - k =

\bigl[ 
tn
\bigr] \infty \sum 
n=0

Le(s)n tn = Le(s)n .

Now, let us give the factorization of the matrix S in (3.8). We know that the Riordan representation
of the Fibonacci matrix is given by

F =

\biggl( 
1

1 - t - t2
, t

\biggr) 
. (3.9)

We may define a new matrix M = (mi,j) as an infinite triangular matrix as follows:

mi,j =

\biggl( 
i

j

\biggr) 
 - 
\biggl( 
i - 1

j

\biggr) 
+

\biggl( 
i - 2

j

\biggr) 
. (3.10)

Considering the definition of the matrix M , we obtain

mi,j = mi - 1,j - 1 +mi - 1,j (3.11)

with i, j \geq 1.

Theorem 3.2. Let M be the matrix which is defined in (3.10). Then we have

S = F \ast M, (3.12)

where the matrices S and F are defined in (3.8) and (3.9).
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Proof. Firstly, let us find the Riordan representation of the matrix M . By (3.10), we get

M =

\left(             

1 0 0 0 0 0 0 . . .

0 1 0 0 0 0 0 . . .

1 1 1 0 0 0 0 . . .

1 2 2 1 0 0 0 . . .

1 3 4 3 1 0 0 . . .

1 4 7 7 4 1 0 . . .

1 5 11 14 11 5 1 . . .
...

...
...

...
...

...
...

. . .

\right)             
.

The first column vector of the matrix M is (1, 0, 1, 1, 1, 1, 1, . . .)T . Then the generating function of
the first column is obtained as

gM (t) = 1 + 0.t+ 1.t2 + 1.t3 + . . .

= 1 + t2
\bigl( 
1 + 1.t+ 1.t2 + 1.t3 + . . .

\bigr) 
= 1 + t2

1

1 - t
=

t2  - t+ 1

1 - t
.

By (3.11), we obtain

gM (t)(fM (t))j = tgM (t)(fM (t))j - 1 + tgM (t)(fM (t))j .

Then we have

fM (t) =
t

1 - t
.

Therefore, we find the Riordan representation of the matrix M as follows:

M =

\biggl( 
t2  - t+ 1

1 - t
,

t

1 - t

\biggr) 
.

Considering the Riordan product given in (1.3), we get

F \ast M =

\biggl( 
1

1 - t - t2
, t

\biggr) 
\ast 
\biggl( 
t2  - t+ 1

1 - t
,

t

1 - t

\biggr) 

=

\biggl( 
1

1 - t - t2
t2  - t+ 1

1 - t
,

t

1 - t

\biggr) 
=

\biggl( 
1 - t+ t2

1 - 2t+ t3
,

t

1 - t

\biggr) 
.

This is the Riordan representation of S in (3.8).
Now, let us give a identity between the hyper-Leonardo and Fibonacci numbers. By (3.8), we

know that the elements of the matrix S are Le
(k)
n - k. Considering (3.12) and the matrix product, we

obtain the following identity between the hyper-Leonardo and Fibonacci numbers:

Le
(j)
n - j =

\infty \sum 
k=0

Fn - k+1

\biggl( \biggl( 
k

j

\biggr) 
 - 
\biggl( 
k  - 1

j

\biggr) 
+

\biggl( 
k  - 2

j

\biggr) \biggr) 
. (3.13)

For 0 \leq k < j , we have
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j - 1\sum 
k=0

Fn - k+1

\biggl( \biggl( 
k

j

\biggr) 
 - 
\biggl( 
k  - 1

j

\biggr) 
+

\biggl( 
k  - 2

j

\biggr) \biggr) 
= 0.

Since the matrix S is an infinite lower triangular matrix, we get
\infty \sum 

k=n+1

Fn - k+1

\biggl( \biggl( 
k

j

\biggr) 
 - 
\biggl( 
k  - 1

j

\biggr) 
+

\biggl( 
k  - 2

j

\biggr) \biggr) 
= 0,

where n < k < \infty . So, the expression in (3.13) is reduced

Le
(j)
n - j =

n\sum 
k=j

Fn - k+1

\biggl( \biggl( 
k

j

\biggr) 
 - 
\biggl( 
k  - 1

j

\biggr) 
+

\biggl( 
k  - 2

j

\biggr) \biggr) 
.

Finally, we have the following identity between the hyper-Leonardo and Fibonacci numbers:

Le
(j)
n - j =

n\sum 
k=j

Fn - k+1
(k  - 2)!

(k  - j)!j!
(k(k  - 1) + j(j  - k)).
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