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THE NORMING SETS OF L(™I7)
HOPMYIOYI MHOKUHHU B L(™17})

Let n € N, n > 2. Anelement (z1,...,x,) € E™ is called a norming point of T € L("E) if ||z1]| = ... = |lzn]| =1
and |T(x1,...,zn)| = ||T||, where L("E) denotes the space of all continuous n-linear forms on E. For T' € L("E),
we define

Norm(T) = {(z1,...,2zn) € E": (21,...,%n) is a norming point of T'}.

The Norm(T) is called the norming set of T. For m € N, m > 2, we characterize Norm(T') for every T € L(™I}),
where I = R" with the {;-norm. As applications, we classify Norm(7T') for every T € £(™I}) with n = 2,3 and
m = 2.

Hexait n € N, n > 2. Enemenr (x1,...,z,) € E™ Hasusaetscs Hopmyouoio moukow T € L("E), sxmo ||z1|| = ... =
lzn|| = 11 |T(z1,21,...,20)] = ||T]|, ze L("E) — npoctip ycix HenepepsHux n-nmiHiiiuux dopm va E. na T €
L("E) Bu3Hadaemo

Norm(T) = {(21,...,2n) € E" : (21,...,2n) — TouKa HOpMyBaHHs B T'}.

Muoxuna Norm(7T') nHasuBaetscs nopmyiouoio muoxcunoio ¢ T. Jlns m € N, m > 2, mu xapakrepusyemo Norm(7')
st koxxaoro T' € C(ml?), ne I = R™ 3 Hopmoro l1. Sk 3actocyBaums, Mu kinacudixyemo Norm(7') mist KOXHOTO
TeLl(™})mpun=23im=2.

1. Introduction. In 1961 Bishop and Phelps [2] showed that the set of norm attaining functionals
on a Banach space is dense in the dual space. Shortly after, attention was paid to possible extensions
of this result to more general settings, specially bounded linear operators between Banach spaces.
The problem of denseness of norm attaining functions has moved to other types of mappings like
multilinear forms or polynomials. The first result about norm attaining multilinear forms appeared in
a joint work of Aron, Finet and Werner [1], where they showed that the Radon — Nikodym property
is sufficient for the denseness of norm attaining multilinear forms. Choi and Kim [3] showed that the
Radon — Nikodym property is also sufficient for the denseness of norm attaining polynomials. Jiménez
Sevilla and Paya [5] studied the denseness of norm attaining multilinear forms and polynomials on
preduals of Lorentz sequence spaces.

Let n € N, n > 2. We write Sg for the unit sphere of a Banach space E. We denote
by L("E) the Banach space of all continuous n-linear forms on E endowed with the norm

|T]| = $uP(a;,.. zn)eSpx...xsp | T (@15, 20)|. Ls("E) denote the closed subspace of all continuous
symmetric n-linear forms on E. An element (z1,...,x,) € E™ is called a norming point of T if
|lzill = ... = ||lzn|| =1 and |T(x1,...,z0)| = || T

For T € L("E), we define
Norm(T) = {(x1,...,%,) € E": (%1,...,3,) is a norming point of 7'}.

Norm(T') is called the norming set of T. Note that (z1,...,x,) € Norm(7') if and only if
(e1x1, ..., €enxy) € Norm(T) for some € = £1, k = 1,...,n. Indeed, if (z1,...,z,) € Norm(T),
then
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THE NORMING SETS OF £(™I7) 383

IT(e121,...,enTn)| = €1 ... €T (21,...,20)| = |T(z1,...,2)| = |T,

which shows that (€121, ..., €,2,) € Norm(T). If (€121, .. ., €x2y) € Norm(T') for some € = +1,
k=1,...,n, then

(21, .., 2n) = (e1(e121), - . ., €n(enzn)) € Norm(T).

The following examples show that Norm(7) = & or an infinite set.
Examples. (a) Let

o0

1
T((zi)ien, (¥i)ien) = Z 5i Lili € Ly(%co).
i=1

We claim that Norm(7T") = @. Obviously, ||T|| = 1. Assume that Norm(T') # @. Let ((z;)en,
(yi)ien) € Norm(T)). Then

i=1 i=1

which shows that |z;| = |y;| = 1 for all i € N. Hence, (x;);en, (¥i)ien € co. This is a contradiction.
Therefore, Norm(7') = .
(b) Let

T((zi)ien, (Yi)ien) = z1y1 € L(%co).
Then
Norm(T) = {((11,x2,x3, )y (L g, ys, ) € co X cot o] < 1, [y < 1 for 5 > 2}.

A mapping P: E — R is a continuous n-homogeneous polynomial if there exists a continuous
n-linear form L on the product £ x ... x E such that P(z) = L(x,...,x) for every z € E. We
denote by P("™E) the Banach space of all continuous n-homogeneous polynomials from E into R
endowed with the norm || P|| = sup) ;=1 | P(2)].

An element x € E is called a norming point of P € P("E) if ||z|| =1 and |P(x)| = || P||. For
P e P("E), we define

Norm(P) = {z € E: z is a norming point of P}.

Norm(P) is called the norming set of P. Note that Norm(P) = & or a finite set or an infinite set.

Kim classified in [7] Norm(P) for every P € P(*l%), where 12, = R? with the supremum
norm.

If Norm(T') # @, T € L("E) is called a norm attaining n-linear form and if Norm(P) # @,
P € P("E) is called a norm attaining n-homogeneous polynomial (see [3]).

For more details about the theory of multilinear mappings and polynomials on a Banach space,
we refer to [4].

It seems to be natural and interesting to study about Norm(7') for 7' € L("E). For m € N,
let [7* := R™ with the the /;-norm and /2, = R? with the supremum norm. Note that if F = []*
or I2, and T € L("E), Norm(T) # @ since Sg is compact. Kim [6, 8 - 10] classified Norm(7)
for every T € LS(ngo), E(ngo), £(2l%), £5(2l§) or [,5(3@). Recently, Kim [11] classified
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384 SUNG GUEN KIM

Norm(T') for every T € £(2R%(w)), where R%(w) denotes the plane with the hexagonal norm
(2, 9|l h(w) = max{|yl, =] + (1 — w)|y|} with weight 0 < w < 1.

In this paper, for m,n € N, m,n > 2, we characterize Norm(7T") for every T € C(ml?), where
[ = R™ with the [;-norm. As an application, we classify Norm(T') for every T' € L(™I}) for
n=23and m = 2.

2. The norming sets of £(™I7).

Theorem A [10]. Let n,m > 2. Let T € E(ml’f) with

T((xgl)v'-'vxg))v'-'v (xgm)77$$zm))) = Z a“lmxgll)x(m)

tm
1< <n,1<k<m

for some a;,. ;. € R. Then
|T|| = max {|a;, i, |: 1 <ix <n, 1 <k <m}.

By simplicity we denote T' = (i, ...i,,, )1<iz<n,i<k<m- We call a;, ;. ’s the coefficients of T.
Note that if | T|| = 1, then |a;,. 4,,| <1 forall 1 <ip <n, 1<k <m.

Theorem B [10]. Let n,m > 2. Let T € ﬁ(ml’f) be the same as in Theorem A. Suppose that
() (™)) € Norm(T). If lay g | < Tl for 1< i <m, 1<k <m,
then tg,l) . tg,m) =0.

1 m

Theorem C. Let n,m > 2. Let T = (ai,. i, )1<ip<n,i<k<m € L(™}) be the same as in
Theorem A with ||T| = 1. Let 6;, ., = 1 if |ay..q,,| =1 and 6. 5, = 0 if |aiy. 4, | < 1. We
define

Ts = (@iy...ipOir i N1<iy<ni<k<m € L(M).

Then Norm(T') = Norm(Ty).
Proof. (C). Let ((tgl), - S)), e (tgm), e ,t,(lm))) € Norm(7'). Then

—
I
N~
—~
—~
~
——

Dty )|

— 1) (m) (1) (m)
- Z azllz'/mtlll T t’l;n + Z ail---imtil et tim

lag i, I<1 |aiy.im [=1

= Z ailmimtl(ll) .. ti:) (by Theorem B)

‘allll;n|<1 |ai1“'i7n|:1

— |75 ((#Y, .t D), ().
(D). Let ((¢17, ..., t), ... (™. 1)) € Norm(Ty). Write
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THE NORMING SETS OF £(™I7) 385

T((z),..2D), . (@™, 2m)

rrn

= T(g((a:gl), .. ,xg)), A (a:gm), . ,x;m>)) + Z ail.,,imx(l) ™,

i1 im

Let T_ € £(™I}) be such that

T (0t (e )

rrn

:Tg((:pgl),...,xg)),..., ($§m),...,l‘$lm))) — Z ailmimw(l)...x(m).

N Im
laiy . im <1

By Theorem A, ||7_|| = 1. It follows that

1> [T, D), (™)

— TV, D), (L

~
—
3
N
~—
~—
_|_
S
B
o
3
S
=
—
.y
T

1> 7o (87, t D), (™ )|

=T (), D) ) = ST gt

which implies that

1
+ Z ailnimtl('l) - tEZ)
@iy iy |<1
1
=14+ Z ailuimtz(l) - ti:j) .
[@iq i |<1
Thus,
1
Z ai1...imtz(1) . tl(:r:) = 0
@iy i <1
and so

T ) (1 ) = [T (0 tf), o (7t = 1.

Theorem C is proved.
The following shows that we can classify Norm(7") for every 7" € L(™I]*) with ||T|| = 1 if we

St ST v >

every 1 <ip <n, 1 <k<m.
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Theorem D. Let n,m > 2. Let T = (ail...im)lﬁikﬁn,lﬁkﬁm S ﬁ(ml?) with HT” = 1. Let
Ciy..imy € R DY [Ciy iy, | = 1 for every 1 <iij, <, 1 <k <m.
Deﬁne S = (bi1...im)1§ik§n,1§k§m S E(nl{n) be such that bi1...z’m = Q4y..ip, lf ]ail.,,iml =1 and
biy.im = Ciy.oiiy ¥ |4y iy | < 1. Then
Norm(T') = {((tgl), e ,tg)), e (tgm), e ,tflm))) € Norm(S5):

tg,l) =0or ..., or t,g,m) =0 whenever |ay .y | <1
1 m m

for some 1 Si; <n, 1<k Sm}.
Proof. Let

F = {((tgl),...,tﬁll)),...,(tgm)7._.,t(m))) € Norm(S) : tg,l)...t(,m) -0

n 1 'Lm
if a o | <1 forsome 1<if<n, 1<k< m}

We will show that Norm(T") = F.
(©). Let (¢, ), ..., (™. ti™)) € Norm(T). Then

’S((t&l), T ’t7(11))7 ceey (tgm), . ,t(m)))‘

1 1
= Z Ci’l-uiintz('/l) . tg:f) + Z ail.‘.imtz(‘l) .. .tg;n)

‘aill.”i;n|<1 laiy...im [=1

- Z ailn_imtgll) ... tz(-::) (by Theorem B, tz(.,ll) .. tl(.,m) = 0)

m

@iy ..im |=1

= T((tgl),...,tg))’_“’(tgm%_‘_’tnm)))):17

SO ((tgl), - 511)), e (tgm), o ,t;m))) € Norm(S) satisfying ¢
Thus, (17, t), ..., (™., i) e F.
(D). Let ((tgl), e ,t,g)), e (tgm), e &m))) € F. It follows that

s/ ;!
7 i

1= S((tﬁl),..,,t(l)),_”’(tgm)’_”’t(m)))‘

1 1

[<1 laiy . im |=1
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= Z ail._.imtl(.ll) . .t,g:?) (since tg,ll) .. .tg,m) = 0)

m

— |75 (¢t D), (8, 89)) | (by Theorem C)

= Tt 0) o ()

n

which implies that ((£17,...,¢(), ..., (t{™, ..., £7)) € Norm(T).
Theorem D is proved.

=Tl =xhv >

Norm(T) = {((t§1>,...,tg>),...,(t§m>,...,t ™) € (i)™

n

((tgl), - ,tgll),O), e (tgm), . ,t%m),0)> € Norm(T’)}7
where T' = (b, i, )1<ip<n+1,1<k<m € E(ml?ﬂ) is such that by, _;, = ai,. 4, if 1 <ip <mn for
every 1 <k <mand b;, ;, =1 otherwise.
Proof. By Theorem A, ||T'|| = 1. Let

M= {((tgl)v 7tn1))7' . a(tgm), . ,tnm))) c (Slll)m
(1 t00), . (1™ 0)) e Norm(T’)}.

(©). Let ((#17,...,¢), ..., (8™, ..., #™)) € Norm(T). Obviously,

n+1
ll

rv'n I

Then

(", t0,0), ., (1 60,0))

st

= Z bil...imtz('ll) - tg:)

1<ip<n+1,1<k<m

=Thl=xhv >

= [T D) () | = 1T = 1,

thus, (117, 65,0), ..., (™. 15, 0)) e M.
(). Let (£, ¢0,0),..., (6™, ..., 4i™ 0)) € M. Obviously,

H((tgl)’”"tnl))?"'y(t(lm)a-~'7tnm))) 1
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Then

n

P o) ()

= Z Qi t(l) .. t(m)
1 m 7] Tm

1<ip<n,1<k<m

1<ip<n,1<k<m

- T,((tgl),. ' "tgll)’o)""’(tgm)a"wt%m)ao))

=TI =1,

thus, (.60, (1™, 40M)) € Norm(T).

Theorem E is proved.

3. Applications. In this section, as an application of Theorems D and E, we classify Norm(7')
for every T € L£(™I}) for n = 2,3 and m = 2.

Theorem F [10]. Let (z,y) € Spz.

(D) If|lzty| =1, then |x| =1 or ly| = 1.

(2) Let a,b € R such that 0 < |x| <1, |a| <1and |b| <1.If1=|xa+yb| then |a| = |b| =1
and sign(xy) = sign(ab).

Let T((x1,y1,21), (x2,Y2,22)) = ax1x2 + by1ya + cz122 + dx1ys + exayr + fr120 + groz +
hyi1zo + itys21 € E(Ql:f) for some a,b,c,d,e, f,g,h,i € R. For simplicity we denote T =
(a,b,c,d,e, f,g,h,i). By Theorem A,

7| = max {|al, [b], lc|, |d], lel, | /1, g, I, |i] }.

Theorem G. Let T((x1,y1,21), (2,y2,22)) = axixa + byrye + cz122 + driys + exayr +
fxizo + gxoz1 + hyi129 + iy2z1 € E(Ql:{’) for some a,b,c,d,e, f,g,h,i € R. Then there are
a*,b*, c*, d* e, f* € {£a,+b, ¢, £d, +e,+f,+g, th, £i} such that «* > b* > ¢* > 0, |d*| >
le*|, f*>0,h* >0 and ||T|| = |(a*,b*,c*, d* e, f*, g", h*, i*)|.

Proof. 1f [b| > |a|, we consider T1((z1,y1, 21), (T2,Y2, 22)) = T((y1, 21, 21), (Y2, T2, 22)). Note
that ||73|| = ||T7||. Hence, we may assume that |a| > |b]. If |¢| > |a|, we consider T5((x1,y1, 21),
(z2,y2,22)) = T((21, 71,91), (22, 2, y2)). Note that ||T>|| = ||T'||. Hence, we may assume that |a| >
max{|b|, |c|}. If |¢| > |b], we consider T5((z1,y1,21), (T2, Y2,22)) = T((x1, 21,y1), (2, 22, y2))-
Note that ||73]| = ||T'||. Hence, we may assume that |a| > [b] > |¢|]. f a < 0, Ty = =T €
Ls(%13). Note that || Ty|| = ||T||. Thus, we may assume that a > [b] > |¢[ > 0. If b < 0, we let
Ts5((x1,91, 21), (x2,Y2, 22)) = T((z1, —y1,21), (T2, Y2, 22)). Note that ||T5]| = ||T||. Thus we may
assume that b > 0. If ¢ < 0, we let Ts((z1,y1,21), (T2, 92, 22)) = T((x1,y1, —21), (T2, Y2, 22)).
Note that ||7g|| = ||7'||. Thus, we may assume that ¢ > 0. Hence, we assume that a > b >
¢c>0.1fd <0, we let T7((x1,y1,21), (T2,92,22)) = T((—x1,y1,21), (—x2, Y2, 22)). Note that
|T7|| = ||T||- Thus we may assume that d > 0. If e < 0, we let T5((z1,y1,21), (T2, Y2,22)) =
T((x1,y1,—21), (x2,y2, —22)). Note that | Tg|| = ||T’||. Thus, we may assume that e > 0.

Theorem G is proved.

Let W C 553 x Sp3. We denote
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THE NORMING SETS OF £(™I7) 389

Sym(W) := {(X,Y), (Y, X): (X,Y) € W}.

To classify Norm(T') for every T € L(%13), by Theorem D, it suffices to classify Norm(.S) for every
S € L(%13) such that the absolute value of every coefficient of S is equal to ||.S||. By Theorem G,
if T = (a,b,c,d,e, f,g,h,i) € L(*), then we may assume that a > b > ¢ >0, |d| > |e|, f >0,
h > 0.

Theorem H. Let T'((x1,y1,21), (T2,Y2,22)) = x1T2 + y1y2 + 2122 + dr1y2 + exoyr + x122 +
9oz + Y122 + oz € L(31) such that |T|| =1 withl=a=b=c=|d =le|]=f=|g] =
h = l|i|. We consider 16 cases:

Casel: l=a=b=c=d=e=f=g=h=1.

Norm(T) = {(j:(r,s,t), +(r, 8 1)) :
Irts+tl=r|+s|+[t| = |r' + s+t =] + |5 + || =1}-
Case2: 1=a=b=c=—-d=—e=f=g=h=i.
Norm(T) = Sym({ (+(1,0,0), %(r, —s,1)), ((0,1,0), +(r, —s, ~1),
(£(0,0,1), £(r, 5,1)), (£(0,u,1—u),£(0,v,1 —v)),
(£(u,0,1 = u),+(v,0,1 —v)), (£(u, —(1 —u),0),£(v,—(1 —v),0)):
0<u, v<l, |r+s+ty_|r|+|s|+\t\_1})
Case3: l=a=b=c=d=e=f=—g=h=—
Norm(T) = {(i (u,1 = u,0), £(r, 5,8)), (£(0,0,1), £(r, 5, —t)),
(£00,u, —(1 =), £(v,1 = v,0)), (£ (u 0, —(1 —w)),£(v,1 - v,0)),
(£(u,0,1 —u),+ 001) (£(0,u, 1 —u),+(0,0,1)): 0 < u,v <1,
[rt st = Jrl -+ Is| + ¢ = 1}.
Cased: l=a=b=c=d=ec=f=—g=h=1i.
Norm(T) = {(:l:(u, 1—u,0),£(r,5,8)), (£(r,s,1), 2(0,u,1 - w)),
(£(0,0,1), £(r, —s, —t)), (£(0,u, —(1 —u)),£(1,0,0)),
(£(u,0,—(1 —u)),£(1,0,0)): 0 < u < 1,
et s 8] = ol + Is| + 1] = 1.
Case5: l=a=b=c=d=e=f=g=h=—
Norm(T) = {(:l:(u, 1—u,0), £(r,5,8)), (£(0,0,1),£(r, —s,1)),
(£(r,s,t), £(u, 0,1 —w)), (+(r,s,—t),£(0,1,0)):

0<u<l, yr+s+t|:|r|+ys\+|t|:1}.
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Case6: l=a=b=c=—-d=ec=f=g=h=i.
Norm(T) = {( (01,1 — u), £(r, 5,1)), (£(r,5,1), £(u,0,1 — u)),
(£(r,—s,—t),£(0,1,0)), (£(1,0,0),£(r, —s,t)):
0<u<l, |r+s+ty:|r|+|s|+\t\:1}.
CaseT: 1=a=b=c=—-d=e=f=—g=h=i.
Norm(T {(i (1,0,0), £(r, —s,1)), (%(r,s,—t),%(1,0,0)),
(£(0,1,0), £(r, 5,1)), (£(r, —s, —t),£(0,1,0)),
(£(0,0,1), £(r, s,1)), (£(r, —s, —t),£(0,0,1)),
(£(0,u, 1 —u),£(0,v,1 —v)), (£(u,0,—(1 —u)),£(v,—(1 —v),0)),
(& (u, L E(0,0,1-0)): 0<u, v <1, \r+s+ty:yr\+\s\+\ty:1}.
Case8: l1=a=b=c=-d=e=f=g=h=—i.
Norm(T' {( (u,0,1 — ), £(r, —s,1)), (£(0,u,1 — ), £(v,0,1 - 1)),
(£(r, s,t), £(u, 0,1 —w)), (£(r,—s,t),+(0,1,0)):
0<u, v<l, \r+s+t]_|r\+\s\+]t]_1}

Case9: l=a=b=c=—-d=e=f=—-g=h=—1.

Norm(T) = { (+(1,0,0), £(r, =5,1)), ((0,1,0),%(r,5,1)),
(i(0,0,l (r,s,—t)), (£(r,s,—t),+(1,0,0)),
(£(r, —s,t),£(0,1,0)), (i s,t),£(0,0,1)),
(ﬂ:(O,u, (1— u)) (v,1—v,0)),
(:t(u,O,l +(0, (1—1} ),
(£(u,1 - (vOl—v)):Ogu,vgl,

\r+s+t\:yr\+\s\+\t\:1}.
Casel): l=a=b=c=d=—-e=f=g=h=1.
Norm(T) = {(i(O, 1,0), £(r, —s, —1)), (£(u,0,1 — ), £(r, s,t)),

(£(r,s,t),£(0,u,1 —u)), (£(r,—s,t),£(1,0,0)),
(£(0,u, 1 —u),+(0,v,1=v)): 0 <wu,v <1,

[ret s+t = Il + Js| + 1t = 1.
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Casell: l=a=b=c=d=—-e=f=—-g=h=1.
Norm(T) = {(j:(l,0,0),i(r, 5,1)), (£(0,u,1—u), £(r, —s, —t)),

(:E(T,—S,—t) (100)) ( ( ) (OU1_U))7
(£(u,1 —u,0),+(0,v,1 =v)): 0 < u,v <1,

|r+s+t|:\r|+|s|+|t|:1}.

Casel2: l=a=b=c=d=—-e=f=g=h=—i.

Norm(T) = {(ﬂ:(l,0,0),i(r,s,t)), (£(0,1,0), £(r, —s, —1)),
(i(0,0,l (r,—s,t)), (£(r,— +(1,0,0)),
(£(r, s, —t),£(0,1,0)), (£(r,s,t),4(0,0,1)),
(£(0,u, — (1 —u)), +(v,—(1 - v),0)),
(£(u,0,1 = u),+(v,0,1 —v)),
(£(u,1 —u,0),+(0,v,1 —v)): 0 <u,v <1,

s+ t] = ||+ Js| + |t = 1}.

Casel3: l=a=b=c=d=—-e=f=—-g=h=—i.

Norm(T) = {(j:(l,0,0),j:(r,s,t)), (£(0,1,0), £(r, —s, —1)),
(£(0,0,1), %(r, s, —t)), (£(r, +(1,0,0)),
(£(r,s,—t), £ 010), (£(r, s,t), 001))
(£(0,u,1 = u), £(v,0, (1 = v))),
(£(u,0,—(1 —u)), £(v,1 —v,0)),
(£(u,1—u,0),+ (O,v,l— v)):0<u,v<1
r+ s+t = |r| + |s| + |¢] :1}.

Caseld: 1=a=b=c=—-d=—e=f=—g=h=—i.

Norm(T) = {(1(1,0,0), 1), (£(0,1,0), £(r, —s, —1)),
(+(0,0,1), % —t)), (*(r, +(1,0,0)),
(£(r, —s, t) (0,1,0)), (&(r, +(0,0,1)),
(£(0,u, 1 — u), £(v,0, (1 - )))
(£(2, 0,1 =), £(0,v, —(1 = v))),
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(£(u, —(1 = u),0), £(v, —(1 —v),0)) : 0 < u,v < 1,
|r+s+t|:\r|+|s|+|t|:1}.

Casel5: l=a=b=c=—-d=—-e=f=—g=h=1.
Norm(T {( (1,0,0), 2(r, —5,8)), (20,1, 1 — ), £(r, —s, 1)),
(£(r, s,t),£(0,0,1)), (£(r, —s, —t), £(u, —(1 — u),0)):
0<u<l, \T+s+t!—|r\+]3\+]t!—1}
Casel6: l=a=b=c=—-d=—-e=f=g=h=—i.
Norm(T' {( u,0,1 —u),+(r, —s,1)), (£(r,—s,t), +(u, —(1 —u),0)),
(£(r,s,t),£(0,0,1)), (£(0,1,0), £(r, —s, —t)):
0<u<l, |T+s+t|—|r\—l—|s!—|—|t|—1}

Proof. We only prove Case 12 because the proofs of the other cases are analogous.

Casel2: 1=a=b=c=d=—-e=f=g=h=—i.

Let ((z1,y1,21), (%2, Y2, 22)) € Norm(T'). Without loss of generality we may assume that z; > 0
for 7 = 1,2. It follows that

1= |T((x1,y1,21), (T2,Y2, 22))]
= |z1(z2 + dy2 + 22) + y1(exa + y2 + 22) + 21 (g2 + iy2 + 2)|
= |z1] |z + y2 + 22| + |y1| | — 2 + y2 + 22| + |21] |22 — y2 + 22].

Suppose that x; = 0. If y; = 0, then (z1,y1,21) = (0,0,%1), (x2,y2,22) = (r,—s,t) for
st = Il + 5]+ 11 = 1.

If [y1]| = 1, then (z1,y1,21) = (0, £1,0), (22,92, 22) = (1, —s, —t) for [r +s+t| = || +[s] +
[t] = 1.

Let 0 < |y1] < 1. Then 0 < |21] < 1 and

L= |y1]| = 22+ y2 + 22| + | 21| |72 — y2 + 22|.

By Theorem F(2),
1 =|—22+y2+ 22| = |22 — Y2 + 22|.

By Theorem F(1), |22] = 1 or |z2 — y2| = 1. Note that if |z3] = 1, then |y; + 21| = 1, so
(x1,y1,21) = £(0,u, 1 —u), (x2,y2,22) = (0,0,%1) for 0 < u < 1. Note that if |zo —yo| = 1, then
ly1 — z1] = 1, so (z1,y1,21) = £(0,u, —(1 — ), (x2,y2,22) = (v,—(1 —v),0) for 0 < wu,v < 1.
Suppose that z; = 1. Then (z1,y1,21) = (1,0,0), (z2,y2,22) = (r,s,t) for |r +s+t| =
Ir| + |s| + |t| = 1.
Suppose that 0 < z; < 1. Note that if y; = 0, then 0 < |2]| < 1 and
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1 =|z1||z2 + y2 + 22| + |21 |22 — Y2 + 22].

By Theorem F(2), |22+ y2 + 22| = 1 = |x2 — y2 + 22|. By Theorem F(1), |y2| = 1 or |xg + 22| = 1.
If |yo| = 1, then |21 — 21| = 1, so (z1,91,21) = (u,0,—(1 —w)), (z2,y2,22) = (0,£1,0) for 0 <
u < 1. If |z + 22| = 1, then |21 + 21| = 1, so (z1,y1,21) = (u,0,1—u), (x2,y2,22) = (v,0,1—v)
for 0 <wu,v <1.

Let 0 < |y1] < 1. Note that if z; = 0, then

L= [z [z2 +y2 + 22| + |w1] | — 22 + y2 + 22

By Theorem F(2), |za+y2+22| = 1 = |—2z2+y2+22|. By Theorem F(1), |z2| = 1 or |y2+22| = 1. If
|z2| =1, then |x; —y1| = 1, so (x1,91, 21) = (u, —(1—u),0), (x2,y2,22) = (1,0,0) for 0 < u < 1.
If |z +y2| = 1, then |y; + 21| = 1, so (z1,y1,21) = (u,1 —u,0), (x2,y2,22) = £(0,v,1 —v) for
0<u, v< 1.

Note that if 0 < |21| < 1, then, by Theorem F(2),
T2 +y2 + 22| =1 = | — 22 + Y2 + 22| = |22 — Y2 + 22|.

By Theorem F(1), zo = 1, |y2| = 1 or |z2] = 1. If 22 = 1, then |x; —y; + 21| = 1
and so (z1,y1,21) = (r,—s,t), (x2,92,22) = (1,0,0) for |r +s+¢t| = |r| +|s| +|t| = 1. If
ly2| = 1, then |x1 + y1 — 21| = 1 and so (z1,y1,21) = (1,8, —t), (z2,y2,22) = (0,%£1,0) for
|r+ s+t =|r|+|s| + |t| = 1. If |22| = 1, then |z1 + y1 + 21| = 1 and so (z1,y1,21) = (7, 5,1),
(w2,Y2,22) = (0,0,%£1) for |r + s +t| = |r| + |s| + [t| = 1. Therefore,

Norm(T) :{ +(1,0,0), £(r, 5,1)), (£(0,1,0), £(r, —s, —t)),

(
(
+(0,u, —(1 —w)), £(v, —(1 = v),0)), (£(u,0,1—wu),+(v,0,1—v)),
+(u, 1 —u,0),4£(0,0,1 —v)): 0 <u,v <1,

st = |l + Js| + 1t = 1}.

Theorem H is proved.

Kim classified in [10] Norm(T) for every T € L(%13) or Ls(%13). In the following we classify
Norm(T) for every T € L(?13).

Theorem L. Let T'((x1,y1,21), (T2, Y2, 22)) = ZISMSB a;jTiy; € £(2li”) such that |T| = 1.
Let M = {(4,7) : |asj| <1, 4,5 =1,2,3}. Define S((x1,y1, 21), (2, Y2, 22)) = Zl<ij<3 bijriy; €
L) by biy = aij if (i,§) ¢ M and biy = 1if (i, j) € M. (Note that by Theorem H, Norm(S)
is known.)

Then

Norm(T') = {((xl,yl,zl), (z2,y2,22)) € Norm(S): z; =0 or y; =0 for every (i,j) € M}
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Proof. This follows from Theorems D and H.

1
Remarks. (a) Let T'((x1,y1,21), (x2,y2,22)) = Z1< i< aij Ty € £(2lif) such that az3 = 2
aj2 = —1 and a;; = 1 for every (4,5) ¢ {(1,2),(3,3)}.
Let M = {(3,3)}. Define S((z1,y1,21), (22, Y2, 22)) = ZKMQ bijziy; € L(*1F) by by =
a;j if (i,7) ¢ M and b3z = 1. o
By Theorem I,

Norm(T') =

{
-

(z1,91,21), (T2, Y2, 22)) € Norm(S): w3 =0 or y3 =0}

+(0,1,0), £(r, 5,1)), (£(u,1—u,0),£(v,0,1 - v)),

((
((
(£(u, —(1 = u),0),£(0,1,0)), (£(1,0,0),£(r, —s,t)),
(£(0,u,1 —u), +(v,1 —v,0)), (£(r,s,t),£(1,0,0)),
(

+(r (o1myonggLv+s+ﬂ:vuqq+m:1}

(b) By Theorems E and I, we can classify Norm (7)) for every T' € £(?I?) which was a result
in [10].
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