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MEASURE PSEUDOASYMPTOTICALLY BLOCH PERIODIC FUNCTIONS
IN THE SENSE OF STEPANOV AND APPLICATIONS

MIPHU IICEBJOACUMIITOTHYHUX BJOXIBCHBKUX INEPIOAUYHUX
®YHKIIIA Y CEHCI CTEHAHOBA TA iX 3ACTOCYBAHHSI

We focus on the measures of Stepanov-like pseudoasymptotically Bloch 7-periodicity and its applications. First, we
define a new notion of measures of Stepanov-like pseudoasymptotically Bloch periodic functions and diccuss some of its
fundamental properties. Then the obtained results are applied to investigate the existence and uniqueness of the measure
Stepanov-like pseudoasymptotically Bloch periodic mild solutions to semilinear delay differential equation in Banach
spaces. Finally, an application is presented to illustrate the efficiency of the results.

Hamy yBary 3ocepemkeHO Ha Mipax CTeNaHOBCHKOI NCEBI0aCUMITOTHYHOI OJIOXIBCHKOI T-mepiogudHOCTI Ta ii 3acTocy-
BaHHsAX. CIOYaTKy BH3HAQYECHO HOBE MOHSATTS MipH CTEHAaHOBCHKHX ICEBIOACHMITOTHYHO IepioguyHux (yHkuiii bioxa
Ta BCTAHOBJEHO JedKi ixHi (yHAameHTanbHi BiacTuBOCTi. [loTiM OTpUMaHi pe3ynbTaTH 3aCTOCOBAHO A0 JOCIIKEHHS
ICHyBaHHS Ta €AMHOCTI Mip IICEBJOACUMIITOTHYHO OJIOXIBCBKUX MEPIOAUMYHUX M’SKHX PO3B’s3KiB THIly CTeraHOBa HaIliB-
JiHIHOTO TU(EepeHIiaTbHOTO PIBHAHHA 13 3ali3HEHHSIM y OaHaXxoBHX HpocTopax. HacamkiHenp HaBeAEHO 3aCTOCYBaHHS,
sIKe LTIOCTpy€e e(peKTHBHICTh OTPUMAHUX PE3YJIBTATIB.

1. Introduction. This work is based on two important principles. The first is the notion of the Bloch
function which came back to the physicist Felix Bloch who worked on the conductivity of crystalline
solids [4]. Recently, this type of function becomes the interest of several mathematicians, such is the
example of Hasler and N’Guérékata [15], which focuses on the fundamental results of Bloch type
T-periodic functions. After, Y.-K. Chang and Y. Wei [6], develops the concept of the Bloch 7-periodic
function in pseudo-S-asymptotically Bloch 7-periodicity, for more results on this type of function
we can see [7, 14, 16, 21]. The second principle is the concept of Stepanov, in [22], Zhi Nan Xia
introduces the notion of weighted pseudo-S-asymptotically periodicity in Stepanov sense. to better
understand Stepanov-like functions, look at [8, 9, 1113, 20].

In this paper, we combine the two principles to define the functions (p1, u2)-Stepanov-like
pseudoasymptotically Bloch 7-periodic with the exponent p, defines, for given 7, p € R, by

t+1

i 1 T F(s)||Pds =
lim (Q)/ t/\|f(s+7')—e F()Pds | dun(t) =0, teR.

r—+00 (19
Qr

We denote the set of all such functions by PSABP; ,(R, X, ju1, 2, p), where p1, o two positive
measures and {2, will define later. To see works that use the notion of measures, it is important to
see [2, 3, 17-19].

We consider the nonlinear differential equation

u'(t) = Tu(t) + g(t,u(t)), (1.1)
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where g € BSP(R x X, X) and T is a linear (unbounded) operator generates an Cp-semigroup
{S(s)}s>0 C BSP(R, X) on a Banach space X.

This paper is organized as follows. Section 2 is preliminaries composing some basic definitions,
remarks and notations. Section 3 we treat some results on (y1, 112)-Stepanov-like pseudoasymptotically
Bloch 7-periodic functions. Section 4 is concerned with the existence and uniqueness of (u1, p2)-
Stepanov-like pseudoasymptotically Bloch 7-periodic solutions to (1.1). In Section 5, we give an
application which explains the work. In the last section we added a conclusion.

2. Preliminaries. We consider the following notations:

(X, |||l is a Banach space,

fa() == f(. 4+ a) with a € R,

Q. :=[-rr], r>0,

[[flloo = supse £ (2)]]-

Definition 2.1 [19]. For given 7,p € R, a function f € Cy(R, X) is said to be Bloch T-periodic
if, forall s € R, f(s+7)=e" f(s).

We denote by BP; ,(R, X) the space of all Bloch 7-periodic functions from R to X.

Remark2.1. From Definition 2.1, we can see that f is 7-periodic if pr = 0, and f is 7-
antiperiodic if p7 = 7.

In the continuation of this paper, we denote by B the Lebesgue o-field of R and by M the set
of all positive measures p on B satisfying p(R) = +o0 and p([a1,az]) < +oo for all aj,az € R
(a1 < az).

Definition 2.2. Let 1, o € M. The measures j11 and g are said to be equivalent (p1 ~ i2)
if there exist a constants cy,co > 0 and a bounded interval J C R (eventually, J = &) such that

c1p2(A) < pr(A) < capz(A)

for all A € B satisfying A(J = 2.

p1(2r)

Let 1, puo € M and r > 0. Suppose that ©, = .
p2(€2r)

In this paper, we need the following hypotheses:
(M1) Let 1, p2 € M such that limsup,_,, , 0, < +00.

(M2) For € M, w € R, there exist v > 0 and a bounded interval J such that p({a 4+ w; a €
A}) < yu(A), when A € B satisfy A(J = .

Lemma 2.1 [5]. Hypothesis (M2) implies, for all w > 0,

) p([—r — w,r + wl)
e = r))

< +00.

3. (1, p2)-Stepanov-like pseudoasymptotically Bloch 7-periodic functions.

Definition 3.1 [10, 20]. The Bochner transformation f°(t,s), t € R, s € [0,1], of a function f
R — X is defined by

fb(t, s):= f(t+s).
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Definition 3.2 [10, 20]. Let p > 1. The space BSP(R, X) of all Stepanov bounded functions,
with the exponent p, consists of all measurable functions f: R — X such that f* € L>(R, LP([0,1],
X)). This is a Banach space with the norm

1
t+1 P

1flse = 12l oqe.ze) = sup / £ (@)|fPdew
teR )

Remark3.1. Let p > 1. It is obvious to have the following results:
LP(R,X) C BSP(R, X),
BSP(R,X) C BSYR,X) for p>g>1.

Example3.1. There are some functions in BSP(R, X), but are not bounded. For example, let
p > 1 and A is the function defined by

1
k, ifk<t<k+-—, pec N*
A(t): kp p

0, otherwise.

Then A is not bounded; however A € BSP(R, X), in fact

t+1 [t]+2 [t]+1 k"_k’ip
/ IA(s)Pds < / A(s)Pds = 3 / IA(s)[Pds = 2.
t t] k=[t] %

Definition 3.3. Let 1, pa € M. The function f € BSP(R, X) is said to be (u1, j12)-Stepanov-
like pseudoasymptotically Bloch T-periodic with the exponent p (or (1, p2)-SP-pseudoasymptotically
Bloch T-periodic), if, for given T,p € R,

!
Jin —os [| [ Ire=n—emsolfas | que =0, rer
Qp t

We denote the set of all such functions by PSABP; ,(R, X, u1, pa, p).
If pT = 0, we have
t+1 »
/ / |f(s+7)— f(s)|Pds | dui(t) =0, teR.

7’—>+oo ,uQ

Then f is called (u1, p2)-Stepanov-like pseudoasymptotically 7-periodic with the exponent p (or
(w1, p2)-SP-pseudoasymptotically 7-periodic) denoted by PSAP, (R, X, u1, 12, p).
If p7 = m, we obtain

t+1

//Hfs+7+f()\|pds dn(t)=0, teR
Q

m
r—-+00 :U'2

Then f is called (p1, p2)-Stepanov-like pseudoasymptotically 7-antiperiodic with the exponent p (or
(w1, p2)-SP-pseudoasymptotically 7-antiperiodic) denoted by PSAAP, (R, X, u1, 2, p).
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If 1 = pa = p, we get

t+1
im L ) — etPT P _
dm M(Qr)/ t/Hf(er ) —ePTf(s)||Pds | du(t) =0, teR.

Then f is called u-Stepanov-like pseudoasymptotically Bloch 7-periodic with the exponent p (or
- SP-pseudoasymptotically Bloch 7-periodic) denoted by PSABP; ,(R, X, 11, D).

Lemma 3.1. Let p1, 1o € M satisfy (M1) and (M2), f,g,h € PSABP; ,(R, X, pu1, 12, D).
Then we have the following results:

(i) g+he PSABP; ,(R, X, p1, pi2,p), cf € PSABP; ,(R, X, ju1, pi2, p) for each ¢ € R;

(ii) the function f, € PSABP: ,(R, X, 1, po, p) for any a € R;

(iii) the space PSABP; ,(R, X, p1, pi2,p) is a Banach space with the norm ||.||s».

Proof. (i) Hence,

t+1 %
— s [ Mg+ ms 47 = rig - mPas | o
Q \t
. t+1 1
< ,U‘Q(QT)/ /||g(8+7')_eip7'g(s)||pd$ dyua (1)
Q. \1
1 t+1 .
+M2(Qr)/ /||h(8—|—7‘)_eipTh(S)HPdS d,ul(t)
Q. \1
and
1 t+1 L
o [ [ ents e n - erenipas | amo
) t+1
= 'C‘m(w/ / [£(s+7) = &7 f(s)|[Pds) 7 dpu (1).
Q
Then

g+ h,cf € PSABP; ,(R, X, i1, pi2, p).

(i1) For each a € R, hence,

t+1

/ /Hf(s—i—a—i—r)—eipr(s—i-a)des dpq (t)

T

1
p2(82)
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r+a /t+1 %
i S T _eiT s D s
Smmm_la /I!f( 1) = (s) | Pds | dpu(t
r+lal /t+1 1
7 1pT
Suzmr)__/' t/Hf<S+T>—ep 7(s)|[7ds | dpur (1

pa([=r —la|, 7 + |al])

X

=, 1)
1 r+lal /t+1 >
o ] e | amo).
el \

For sufficiently large r, by using Lemma 2.1, we obtain that f, € PSABP; ,(R, X, p1, pi2,p).
(iii) Let {fn}n € PSABP; ,(R, X, ji1, p2,p) converge to f as r — oo. Then, for any € > 0,
we can choose suitable constants N > 0 and 7. such that, for n > N and r > r., we have

and

Then we get

/

Qr

1
NQ(QT)

B M?(Qr)

1 e ;
M2(Qr)/ /||fn(8+7')—eiprfn(8)|2?ds d#l(ﬂﬁé
” t
€

— » < .

1o = Fllse < 35
1
t+1 L

/Hf(s—i-T)—ei’”f(s)des dpn (t)

t+1

S| S 1sts 40 = s 1)+ fuls+7)
Qr t

P

e fu(s) + €77 fuls) — €7 f(s)|Pds | dua(t)

t+1 %
= MQ(QT)Q/ t/Hf(SJrT)—fn(err)des dyus (t)
) t+1 L
e Q/ / €77 fu(s) — €7 f(s)|[Pds | dp(t)
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t+1 .
+ #2(197‘) / / [ fn(s+T)— eiprn(5)||pds dpin (t)
- \t
1 t+1 1
<20, fn — fllsr + M2(Qr)/ / lfn(s+T)— ei’”fn(s)des dpq (t)
Qr \t
€ €

Which gives that the space PSABP; ,(R, X, ju1, p12,p) is a closed subspace of BSP(R, X), it is,
therefore, a Banach space equipped with norm ||.||s».
Theorem 3.1. Let puq, 2 € M satisfies (M1) and J be a bounded interval (eventually, J = &)
and f € BSP(R, X). Then the following assertions are equivalent:
(i) f e PSABP; ,(R, X, pu1, p12,Dp);
1

t+1 . ) A
i) limy oo —— T) — e’ =4
() ey p2(€2:\J) /QT\J (/t |74 7) = 1) ds) dnlf) =0

(iii) for any € > 0,

1 <s € Q,\J, </tt+1 | f(s+7)— eipr(s)des>; > e>

= 2 (@) "
Proof. (i) < (ii) Denote by
t+1 v
Ay =pe(d), A= / /Hf(s +7) = €T f(s)|[Pds | dua(t), Az =p(J).
7 \1

Since the interval J is bounded and f € BSP(R, X), then Ay, Ay and A3 are finite. For » > 0 such
that J C Q, and po(2,\J) > 0, we have

t+1 1
oy | | [ 156 +0 = s)as | amio

" Q-\J \1

1 t+1 L
T () — A / / f(s+7) =7 f(s)|[Pds | dpni(t) - A

Q t

- 1 / 7luf<s+r>—ewf<s>upds dn(t) — —2
#alfd) = 4 ,uz(Qr)Q t p2(S2r)

Since po(R) = oo, we deduce that (ii) < (i).
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(iii) = (ii) Denote by ®f and U the following sets:

t+1 P
o5 = seQT\J,( / 1£(s+7) — 7 f( >pds) Sey,

t

t+1 %
Ue =< se\J, (/ | f(s+7) eip'rf(s)pds) <e
t

Assume that (iii) holds, that is,

Since

=

t+1
/ ( / }f<s+7>eif”f<s>pds) dp (1)
Q\J \'t

- z
= / ( / 1£(s +7) e“’Tf(S)pdS) dpan (1)
Pe \t
t+1 %
+ / ( / | £(s+7) e“”f(8>pd8) dp (t),

we \t

then

t+1 :
1 p
12(\T) / (/fs” T f(s)| d5> dpa (t)

Q-\J
11 (3€) 11 (¥r7)

< 2| fllsr (1Q \J) + /LQEQT\J)E

p(®r) ()
< 2fls 0T @
=2l Ay * o) = A

As
=2|flls» m(®) i) <1 _ /‘1(9’”)> €
p2 (2 \J) 12(92 )(1 — Al)
r 12 (S2)
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T

1 (®;) 1 (82)

<9 ) L g, Hav)
=2l * O AL
12(S2r)

For sufficiently large r, since u1(R) = pa(R) = oo, we have, for all € > 0,

1 t+1
@) / /Hf (s+7)— P f(s des du (t) <
Qr\J t
Then
1 t+1 P
. ipT p _
'r‘ll{gom / / Hf S+T)—€p f H dS d,LLl(t)—O
Q\J t

Consequently, (ii) holds.
(il) = (iii) Assume that (ii) holds. Then

t+1

(S\J / /Hf”T o (6)Pas | dote
g \'t
r+1 v
(Q\J/ /Hfs—i-T ) — €T f(s des dp (t)
p1(®7)

= @)

For sufficiently large r, we obtain (iii).

Theorem 3.1 is proved.
Corollary3.1. A continuous function f € BSP(R, X) satisfying

g, =0
Then f € PSABP; ,(R, X, pu1, p2, p) for all pi1, po € M satisfies (M1).
Proof. We have || f(s+7) — €7 f(s HSP < 2| flse-
By hypothesis (M1),

t+1
hm /Hf s+7)—ePTf(s) des =0

for all € > 0, there exists v > 0 such that
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. 559



560 YOUSSEF KHEMILI, MOHSEN MIRAOUI, MOUNIR BEN SALAH

1
t+1 P

s>v= /Hf(s—i—T)—eipr(s)des <e

Then, for all r > v,

t+1

se\v o) | [lfs+n - solfas| >ep -

We conclude by using Theorem 3.1.

Proposition 3.1. Assume that (M1) holds. If 1, po,v1,v2 € M and 1 ~ v, po ~ va, then
PSABP; ,(R, X, ji1, pi2,p) = PSABP; ,(R, X, v1,19,D).

Proof. Since py ~ v1, g ~ v, then, for all A € B satisfying A () Q, = &, by Definition 2.2,
there exists a1,y > 0, 81,82 > 0 such that ajvi(A) < pi(A) < Brvi(A), and agre(A) <
p2(A) < Bava(A).

For sufficiently large r, we have

o iz ({s € Q\J; (/:H | f(s+7)— eip'rf(s)des>p > e})

B2 v (2, \J)

p <{s € Q\J; (/:H | f(s+7)— ei,DTf(S)deS>Il) > e})

= PGRY)

5 vy ({5 € Q\J; (/ttﬂ |f(s+7)— eipr(s)des>p > e})
< — .

%) VQ(QT\J)

Hence, PSABP; ,(R, X, ji1, p2,p) = PSABP; ,(R, X, v1,2,p) by Theorem 3.1.
Proposition 3.1 is proved.

We use the following assumptions which will be applied in the rest of this paper:
(A1) let g € BSP(R x X, X) forall (s,7) €ER x X, g(s+7,7) = eTg(s,e " x);
(A2) there exists a constant L, > 0 such that

g(s,21) = g(s,22)|| < Lyl — 22l
(A3) let g € BSP(R x X, X) with p > 1 such that, for all z1,29 € X, s € R, we have

lg(s.21) — g(s,22)|| < Lg(t) |21 — all,

where L, € BS™(R,Ry) with m > max {p, Ll :
p [e—
Theorem 3.2. Let 1, s € M and g € BSP(R x X, X) satisfy (A1) and (A2). Then, for each
¢ € PSABP; ,(R, X, pi1, 2, p), 9(.,¢(.)) € PSABP; ,(R, X, ji1, pi2, p).
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Proof. Let ¢ € PSABP; ,(R, X, p1, p2), s € R. Then we obtain

) t+1 .
lim —— T ()P —o.
Jim s [ [ lets+m) = et pas | ) <o
Qr t
On the other hand,
. t+1 »
S [ ats + 7ot + 1) = emgts.ptoplas | o)
N2(Qr)
Q. t
1
. t+1 >
B S 1emgts.emots o) = égts. s Pds | din o
#2(Qr)
Q t
I t+1 p
< g / /e_i”T s+7)—o(s)||Pds | duq(t
< e~ (s + 7) — (s)Pds | dpn (1
Q t
. t+1 >
=1L s+7) — ePTo(s)||Pds | duy(t)).
W [ t/w )= () | dp (o)
Thus,
1
1 t+1 »
i — iPT p —
Jim s [ | [ ot moots 4 ) = gl sl | diante) = 0
Qr t
ie.,

g(:@()) € PSABPT,p(RvaulaM%p)'

Theorem 3.2 is proved.
Theorem 3.3. Let py,pu2 € M and g € BSP(R x X, X) satisfy (Al) and (A3). If ¢ €
PSABP; ,(R, X, ju1, pi2,p), then there exists q € [1,p) such that g(.,¢(.)) € PSABP; ,(R, X,

M1, 12, Q)
Proof. Let ¢ € PSABP; ,(R, X, ju1, p12), s € R. Then we have

t+1
1

lim_ s / / lp(s +7) — ¥ p(s)|Pds | dpur (1) = 0.

r—+00 /1'2(97‘

T

Since m > Ll’ there exists ¢ € [1,p) such that m = P4 e pose p1 = P2~ 1 and
p_ — J—
1 1
q1:£>1,then—+—:1.
q P @1
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On the other hand,

1 t+1 %
s+T1,0(8+T — P s, 0(s)||%ds | du (¢
—7/ /wm o5+ 7)) — €9 g(s, 0())|ds | dpn (1)
1
1 t+1 3
— eiPT 8,€_i'DT s+T _eipT s, s aqs | a "
uﬂ&)/ [ 17 gt 7ol 7)) = (s, ps)) P | e
Q- t
1
) t+1 L
< Ly(s)[le ™ (s + 1) — p(s)|)ds | dp(t
i | [ @l ot = eolas | )
Q- t
1 L2
1 t+1 Pl t+1 a\?
< S| atomras | { et m) = empmas || dmio)
HZ(QT)
Qr t t
1
1 41 ) t+1 wa
< /(Lg(s)qmds)q”l /\¢(8+T)—eip7g0(s)|]qQIds dp (t)
HZ(QT)
Qr t t
1
1 t+1 t+1 >
L 1pT
= / / (Lole)™ds) / le(s+7) = ep(s)|Pds | dpu(t)
HZ(QT)
Qr t t
1
1 t+1 .
= [1Lg]lsm / (s +7) —e*To(s)|[Pds | dui(t).
[ Lg]l 120 / (s + 1) ()|l (t)

Then ¢ € PSABP; ,(R, X, p11, 2, p) and Ly € BS™(R, X). Thus,

1
t+1 q
1

gg;wm%%/ /Wms+ﬂ¢w+7»—a“mam@w%s«maw—m

r

1.e.,
g(.,(.)) € PSABP; ,(R, X, i1, 12, q)-

Theorem 3.3 is proved.

4. Existence of (1, p2)-Stepanov-like pseudoasymptotically Bloch T-periodic solutions. In
this section, we will tackle the problem of existence and uniqueness of a (11, f12)-SP-pseudoasympto-
tically Bloch 7-periodic solution of the equation

u'(t) = Tu(t) + g(t, u(t)),
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where g € BSP(R x X, X) and T is a linear (unbounded) operator generates an Cp-semigroup
{S(s)}s>0 C BSP(R, X) on a Banach space X.

We assume that g and S verify the following hypothesis:

(H) The Cp-semigroup {S(s)}s>0 is exponentially stable, i.e, there exist constants § > 0, M > 0
such that, for all s > 0,

I1S(s)|| < Me™". (4.1)

We can now tackle the existence and uniqueness problem of the (u1, u2)-SP-pseudoasymptotically
Bloch 7-periodic mild solution of the evolution equation

o' (t) = Tu(t) + g(t). 4.2)

Equation (4.2) admits the mild solution given by
us) = [ S99, s ek 43)

Lemma 4.1. If g € PSABP; ,(R, X, ju1, f12,p), then the mild solution u(s) given by (4.3)
belongs to PSABP; ,(R, X, p1, p12,p).

To clearly show Lemma 4.1, it is enough to apply Lemma 3.4 and Theorem 3.6 from paper [1].

Definition 4.1. We say that the function uw: R — X is a mild solution to equation (1.1) if the
Sunction £ — S(s —&)g(&,u()) is integrable on (—oo, s for all s € R and

u(s) = [ 86 gle.uE)ds, ser

Theorem 4.1. Let uy, uo € M satisfy (M1) and (M2). Assume that (H) holds. Then we have:
(1) If g € BSP(R x X, X) satisfies (A1) and (A2), then equation (1.1) admits a unique mild
solution w € PSABP; ,(R, X, u1, pi2,p) whenever
ML,
)
(ii) If g € BSP(R x X, X) satisfies (A1) and (A3), then system (1.1) admits a unique mild
solution w € PSABP; ,(R, X, u1, pi2,p) whenever

1
1—e® dmg mg
HLQHSm < M (1 _ e—(SWo) ’

<1

1 1
where mg > 1 and — + — = 1.
m mo
Proof. We define the operator F: PSABP; ,(R, X, p1, pi2,p) = PSABP: ,(R, X, ji1, 12, p)

by
Fu)s) = [ 6= g ue)ds, seR,
where {S(s)}s>0 verifies the relation (4.1).
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For each u € PSABP; ,(R, X, p1, pt2,p), using Theorems 3.2 and 3.3, the function { —
9(&,u(§)) belongs to PSABP; (R, X, 1, pu2,p). From Lemma 4.1 we have that Fu €

PSABP; ,(R, X, ju1, pi2), which give F is well defined.
(i) For uy,up € PSABP, ,(R, X, ji1, 12, p) and s € R, we get

|(Fur)(s) — (Fua)( H</H58— g€, u1(€)) — g€, un(€))] | de

S

< [ LIS - )l uae) - ua(©)l

—0o0

L. M
< Lyllur — usloc / 15(6))lde < L2

Jur — u2|co-

Therefore,

| Fur — Fuglloo < 5 Ly — usz|so-

. . , L
It means that F is contractive for the assumption —2 < 1.

So there is a unique u € PSABP; ,(R, X, ju1, 12, p) such that F(u) = u via the Banach fixed

point theorem.
(ii) For u1,ue € PSABP; ,(R, X, 1, uo,p) and s € R, we obtain
P

|(Fur)(s) — (Fuz)(s)]| < / 15(s = &)l (6,1 (©)) - 9(&, ua(©)]llde
<M / ) lua (&) — ua(€)||de
00 s—n—+1
§M||U1—u2||ooz / eI Ly ()de
n=1 ",
0 s—n—+1 77%0
<Ml -l 3| [ et | g
n=1 s—n

M (1 ey
<

L
— )" Meallsnln = vl

mod

Therefore,

ISSN 1027-3190. Ykp. mam. oucypn., 2024, m. 76, Ne 4



MEASURE PSEUDOASYMPTOTICALLY BLOCH PERIODIC FUNCTIONS IN THE SENSE OF STEPANOV... 565

1
M 1 — e ™00\ mg
IFur = Fuslloo < 17— < — ) [ Lgllsm [[u1 — uzlloo-

As well as the first result (i), the system (1.1) admits a unique mild solution u € PSABP; ,(R, X,

1—e9 dmg m%)
Mlvﬂ?ap) for HLQHSm < M (1 _ e—émo) ’

Theorem 4.1 is proved.

If 1 = po = p, we have the following result.

Corollary4.1. Let i € M satisfies (M2). Assume that (H) holds. Then we have:

(i) If g € BSP(R x X, X) satisfies (A1) and (A2), then equation (1.1) admits a unique mild
solution w € PSABP; ,(R, X, uu, p) whenever

ML,
)

(ii) If g € BSP(R x X, X) satisfies (Al) and (A3), then system (1.1) admits a unique mild

solution w € PSABP; ,(R, X, i, p) whenever

1
1—e® dmg mg
HLQHSm < M (1 _ e—émo) ’

1

1
where mg > 1 and — + — = 1.
m mo

5. Application. Let p be the measure defined by the following weight: p(s) = esn(s) for all
s € R. Then, for all z > 0, we get

<1

4
— < w([—z,2]) = /esmsds < 2ez.
—z
Therefore, © € M satisfies (M2). Indeed, forall a € A and 7 € R, we obtain 2+sin(a) > sin(r+a),
which implies that p(7 + A) < e2u(A).
We consider the problem

2
Ou O (6, ) + g5, uls)),

35 %) =zl (5.1)
u(0,8) = u(m,s) =0,

with x € [0, 7], s € R.
2

Let X := L?([0,7]), T := % with domain D(T) = {h € H*([0,7]), h(0) = h(r) = 0}.
Then we can write problem (5.1) iﬁ the abstract form (1.1).

It is well-known that 7" is the infinitesimal generator of Cp-semigroup {S(s)}s>0 on X such
that ||S(s)|| < e™*.

We take g(s,)(t) := n(s)e(t). Assume that n(s) is a continuous 7-periodic function, i.e.,
n(s + 7) = n(s). Then we have

g(s +7,0)(t) = n(s +7)eTe (1)
= eTn(s)e T p(t) = €Tg(s, e T (1),
and (A1) is verified.
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We also get

l9(s, 1) = g(s,02) | L2(j0,) < [M(S)[llp1(t) — p2(t) I L2(j0,7)-

If n is a bounded function, we apply Corollary 4.1(i) with L, = ||||c, 6 = 1, and M = 1. Then
equation (5.1) has a unique p-Stepanov-like pseudoasymptotically Bloch 7-periodic mild solution on
R with ||n]je < 1.

If n € BS™(R, X) is a not bounded function, we apply Corollary 4.1(ii) with L, = ||n|/sm,

1
R
3 )

1
)mO, then system (5.1) admits a unique mild solution

d =1, and M = 1. We can take as an Example 3.1 with n(s) =

Hence, ||n||sm < (1 — 6_1)(%
u e PSABP; ,(R, X, i, p).

6. Conclusion. In nature there is a small number of purely periodic phenomena, which gives
us the idea in this paper to define and consider the new space for Stepanov pseudoasymptotic
Bloch periodic functions with measures. Moreover, after the study of some important properties and
characterizations of this new space and with some useful assumptions, we succeeded in showing the
existence and the uniqueness of a measures Stepanov pseudoasymptotically Bloch periodic solution
of the following evolution problem: «'(t) = Tu(t) + g(t,u(t)), where g € BSP(R x X, X) and
T is a linear operator generates an Cp-semigroup {S(s)}s>0 C BSP(R, X) on a Banach space X.
Finally, we finalized the work with a physical model to justify the main result of our paper.

Conflict of interest. The authors declare that they have no potential conflict of interest in relation
to the study in this paper.

Funding. The authors declare that no funds, grants, or other support were received during the
preparation of this manuscript.

Author contributions. All authors have contributed equally to the work.

References

1. Y. K. Chang, Y. Wei, Pseudo S-asymptotically Bloch type periodic solutions to fractional integro-differential equations
with Stepanov-like force terms, Z. Angew. Math. und Phys., 73(77) (2022).

2. E. H. Ait Dads, K. Ezzinbi, M. Miraoui, (u, v)-Pseudo almost automorphic solutions for some non-autonomous
differential equations, Int. J. Math., 26, Ne 11, Article 1550090 (2015).

3. H. Assel, M. A. Hammami, M. Miraoui, Dynamics and oscillations for some difference and differential equations
with piecewise constant arguments, Asian J. Control, 1 -9 (2021); https://doi.org/10.1002/asjc.2619.
F. Bloch, Uber die Quantenmechanik der elektronen in Kristallgittern, Z. Physik, 52 (1929).

5. I. Blot, P. Cieutat, K. Ezzinbi, Measure theory and pseudo almost automorphic functions: new developments and
applications, Nonlinear Anal., 75, 2426 -2447 (2012).

6. Y.K. Chang, Y. Wei, Pseudo S-asymptotically Bloch type periodicity with applications to some evolution equations,
Z. Anal. und Anwend., 40, 33-50 (2021).

7. C. Cuevas, J. C. Souza, Existence of S-asymptotically w-periodic solutions for fractional order functional integro-
differential equations with infinite delay, Nonlinear Anal., 72, 1683 -1689 (2010).

8. T. Diagana, Stepanov-like pseudo-almost periodic functions and their applications to differential equations, Commun.
Math. Anal., 3, Ne 1, 9-18 (2007).

9. T. Diagana, G. M. N’Guérékata, Stepanov-like almost automorphic functions and applications to some semilinear
equations, Appl. Anal., 86, 723 -733 (2007).

ISSN 1027-3190. Ykp. mam. oucypn., 2024, m. 76, Ne 4



MEASURE PSEUDOASYMPTOTICALLY BLOCH PERIODIC FUNCTIONS IN THE SENSE OF STEPANOV... 567

10. T. Diagana, G. M. Mophou, G. M. N’Guérékata, Existence of weighted pseudo-almost periodic solutions to some
classes of differential equations with S?-weighted pseudo-almost periodic coefficients, Nonlinear Anal., 72, Ne 1,
430-438 (2010).

11. H. S. Ding, J. Liang, T. J. Xiao, Some properties Stepanov-like almost automorphic functions and applications to
abstract evolution equations, Appl. Anal., 88, 1079-1091 (2009).

12. Z. B. Fan, J. Liang, T. J. Xiao, Composition of Stepanov-like pseudo almost automorphic functions and applications
to nonautomous evolution equations, Nonlinear Anal., 13, 131-140 (2012).

13. Z. B. Fan, J. Liang, T. J. Xiao, On Stepanov-like (pseudo) almost automorphic functions, Nonlinear Anal., 74,
2853-2861 (2011).

14. H. Gao, K. Wang, F. Wei, X. Ding, Massera-type theorem and asymptotically periodic logistic equations, Nonlinear
Anal. Real World Appl., 7, 1268 - 1283 (2006).

15. M. F. Hasler, G. M. N’Guérékata, Bloch-periodic functions and some applications, Nonlinear Stud., 21, 21-30
(2014).

16. H. R. Henriquez, C. Cuevas, A. Caicedo, Asymptotically periodic solutions of neutral partial differential equations
with infinite delay, Commun. Pure and Appl. Anal., 12, 2031-2068 (2013).

17. M. Miraoui, Measure pseudo almost periodic solutions for differential equations with reflection, Appl. Anal. (2020);
DOI: 10.1080/00036811.2020.1766026.

18. M. Miraoui, pu Pseudo-almost automorphic solutions for some differential equations with reflection of the argument,
Numer. Funct. Anal. and Optim., 38, Ne 3, 376 -394 (2017); DOI.org/10.1080/01630563.2017.1279175.

19. M. Miraoui, T. Diagana, K. Ezzinbi, Pseudo-almost periodic and pseudo-almost automorphic solutions to some
evolution equations involving theoretical measure theory, Cubo Math. J., 16, Ne 02, 0131 (2014).

20. G. M. N’Guérékata, A. Pankov, Stepanov-like almost automorphic functions and monotone evolution equations,
Nonlinear Anal., 68, 2658 —2667 (2008).

21. E. R. Oueama-Guengai, G. M. N’Guérékata, On S-asymptotically w-periodic and Bloch periodic mild solutions to
some fractional differential equations in abstract spaces, Math. Meth. and Appl. Sci., 41, 9116-9122 (2018).

22. 7. Xia, Weighted pseudo asymptotically periodic mild solutions of evolution equations, Acta Math. Sinica (Engl.
Ser.), 31, 1215-1232 (2015).

Received 08.10.22

ISSN 1027-3190. Ykp. mam. ocypn., 2024, m. 76, Ne 4



