DOI: 10.3842/umzh.v76i4.7330
UDC 517.956

Ulas Yamanc1', Ismail M. Karli (Department of Statistics, Suleyman Demirel University, Isparta, Turkey)

ON THE BEREZIN NUMBER OF OPERATORS ON THE REPRODUCING
KERNEL OF HILBERT SPACE AND RELATED QUESTIONS

ITPO YUCJIO BEPE3IHA OIIEPATOPIB HA BIITBOPIOIOYHOMY A/1PI
I'VIBBEPTOBOT'O ITPOCTOPY TA IIOB’SA3AHI IIUTAHHS

We obtain some new inequalities for the Berezin number of operators via the Cauchy —Schwarz-type inequalities. Some
other related questions are also discussed.

3a nomomororo HepiBHOCTed THiry Komi — [IIBapna oTprMaHo Jiesiki HOBI HEpiBHOCTI JUTs YHCIIa onepaTopis B ceHci bepesina.
Takox 0OroBOpEHO JesiKi iHII OB’ sI3aHI MUTAHHS.

1. Introduction. A reproducing kernel Hilbert space (shortly RKHS) H = H () is a Hilbert space
of all complex valued functions on a nonempty set €2, which has the property that for every A € Q)
the linear functional (evaluation functional) f — f(A) is bounded on H.

Then by the classical Riesz representation theorem for each A € € there exists a unique function
kx € H such that f(\) = (f, k) for all f € H. The function k) is called the reproducing kernel of
the space #. For any orthonormal basis {e,(2)},>0 of the space H(2) (see [4, 19])

Let E,\ denote the normalized reproducing kernel of the space H (note that by (ii), we surely

Ex
[IFexll
have ky # 0). For a bounded linear operator A on the RKHS 7, its Berezin symbol A is defined by
the formula (see [5])

AN = (Aky k), A eQ.
() = (AkaFr)

The Berezin symbol is a function that is bounded by norm of the operator.
Karaev in [13] defined the Berezin set and the Berezin number, respectively,

Ber(A Range( ) { A€ Q} and ber(A) := sup{‘g()\)‘ DS Q}
Recall that W(A) := {(Af, f): || fll; = 1} is the numerical range of the operator A and

w(A) = sup{[{Af, )] - [Ifll5, = 1}

is the numerical radius of A (for more information, see [8]).
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Garayev and Yamanci [11] gave an upper bound for two Hilbert space operators as follows:
r * 1 2r 2r
ber' (B*A) < 5ber(|A| + B ) (1.1)
They also proved that
ber? (B*A) < [a ber (||« ) + (1 = a)ber (|By%)} .

Also, some important result related with Berezin number inequalities were obtained by authors
in[6,7,9, 12,17, 18, 20-24].

The Berezin number of an operator A holds the following properties:

(i) ber (4) < || 4],

(if) ber (aA) = |a|ber (A) forall o € C,

(iii) ber (A + B) < ber (A) + ber (B).

It is known that the Berezin number does not generally define a norm. But, if H is a RKHS of
analytic functions (for instance, on the unit disc D ={z € C: |z| < 1}), then ber(A) defines a norm
on B(#H (D)), which follows from the following result (see, for instance, [25]):

Let H = H(D) be a RKHS of analytic functions on D and A € B(#) be an operator. Then the
Berezin symbol A uniquely defines the operator A, i.e., A = 0 if and only if A=0.

The Berezin norm of the operator A on the RKHS H = H(£2) is defined by formula

| Aller = sup| ARy |
AEQ H

Obviously, || A||per holds the properties (i) - (iii) with ber (A). Moreover, since the family {ky: A € Q}
is complete in 7, it is clear that || A||per = O if and only if A = 0. So, all these properties mean that
| Al|ber is @ norm in B(#H). Obviously, ber (A) < ||A||per for any A € B(H).

The Cauchy — Schwarz inequality in an inner product space is

(@, )] < [l (1.2)

for all vectors = and y. In recent, Kittaneh and Moradi [15] gave the refinement of (1.2) as follows:

1
[, ) < [ )l Iyl + 5(||~’6||2Hy||2 - \<x,y>\2) < llzl*lyl*.

Let T € B(H) be a positive operator. Then the classical Schwarz inequality for positive operators
has the form

Tz, y)|* < (Tz,2)(Ty,y) (1.3)

for any vectors x,y € H.
A companion of Schwarz inequality (1.3) was introduced by Kato [14] in 1952, sometimes known
as the mixed Schwarz inequality, which states that
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(Ta,y)P < (TP, 2) (I P Vy,y), 0<a<t,

for all operators T' € B(H) and any vectors x,y € H. In particular, we get

(Ta,z)| < V(|T|z, 2){T*|z, ).

Recently, Altwaijry et al. [3] have given some upper bounds for ber(S*T") and ber(T) via the
Cauchy — Schwarz-type inequalities. In this paper, using the Cauchy— Schwarz-type inequalities and
well-known inequalities, we obtain some upper bounds for the Berezin number of operators which
improve the results in [3].

2. Main results. In order to prove our results we need some well-known results as following.

The Power — Mean inequality means that

a®b) < aat (1- )b < (ad® + (1 - a)b?)7 .

for all « € [0,1], a,b >0 and p > 1 [16].
Let B(H)™ be the cone of positive (semidefinite) operators, ..,

BH)T ={AcB(H): (Az,z) >0 VxcH}.
The following result is known as McCarthy inequality:
(Tz,z)! <(TPz,x), p=1, (2.2)

for T € B(H)" and any vector z € H. Inequality (2.2) is reversed if 0 < p < 1 [10].
Let T, S € B(H) be two positive operators. Then

)=

- 2
for a nonnegative convex function f on [0,00) (see [1]). Also,

HT+S T+ S"

ber N 2

(2.3)

ber

for r > 1 (see [3]). For all vectors = and y in an inner product space, one has

[, ) I* < (1= B)a, ) lelllyll + Bllal*lyll* < llz)*lly)* (2.4)

for all g € [0,1] (see [2]).
The following result is important for proving the next results.
Lemma 1. Let H = H(Q) be a RKHS on Q and T € B(H(Y)). Then

(1% B[ < TP ) 270 )

—_—

1 9|{TR ) Y P 0

e~ e~

< TP TP () 2.5)
forall \, peQ, 0<a<1landp>1.
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Proof. Utilizing inequality (2.2), we can reach that

BITPPNIT* PP () + (1 = B)| (T, ) \p\/ TP )T PO ()

P

> gl P

. 5>]<TEA,@>]”\/ | i)

2 8|(7h B[+ (= (TR B[ (R ) = (7 )

for all 5 €[0,1] and p > 1.
Also, we get

—~——

BITP (M) |T* P07 ()

(1 9|1 ) P P o0

e~ e/~

< BITP ()| T2~ ()

(1= o P Py [T o )

—_—~ e~ e~

= 5‘T’2pa<)\)‘T*’2p(l—a)(u) + (1 _ 5)’T‘Qpa()\)‘T*‘Qp(l_a)(lu)

e~ o~

= BITP* (VIT* 1= (u).

Combining (2.6) and (2.7), we reach that

(18 B < BP0 PP

1 9|{TR ) Y P 0

e~ e~

< TP O[T P07 ()

for any p > 1, which proves the (2.5).
The lemma is proved.

(2.6)

2.7)

Now we give a upper bound for a product of two reproducing kernel Hilbert space operators.
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Theorem 1. Let T, S € B(H). Then

1-p
2

ber?! (§*T) < berf(s*T)H\T|2’°+|5|2’” ) +§H|T|4”+|S|4T

ber

Jorall 5 €0,1] and r > 1.
Proof. Let g)\ be a normalized reproducing kernel. Setting x = T@A and y = SEA in the first
inequality in (2.4), we have

(i) = (i) 1 )«

— (1- )| FTW)] <\/T\|/2<A>)%(\EF<A>); + BITPO)ISP ).

From power mean inequality (2.1), we obtain

1
T 1
T

ﬁ,()\)‘r<@()\)>;<gﬁ(>\)>2+5(!TA|/2()\)>T<\5\2(>\)>T> :

st () : (@F(A))g +o(ITPw) (IsPoy)

s < ((1 —5)

which implies that

s <1-p)

< -0 (W) (S ) "+ ST s o) oy (2:2)
< 51 =A[SFTO| (ITF ) +157 W) + 5 8(1T7 ) + ST W) oy 20)

for all A € Q2. Taking the supremum over all A € €, we have the desired inequality.
The theorem is proved.
For Theorem 1, we can give the following example.
Example1. If Q = {1,2}, then H(Q) = R2 and B(H) = M;(R). Now, by taking k; =

~ 0.5 0.2 0.1 0.04
(1,0), k1 = (0,1), then, for matrices S = , T = ,r=2and 8 =1/2,
0.2 0.33 0.04 0.2
0.058  0.06
we have S*T = . Therefore,
0.033 0.074
1-1/2 1/2
ber!($°T) = 0.000002 < ~— / ber2(S*T)H|Ty4 +1sPr| + éHmS + yS|8Hb
er er

1-1/2 1/2
= 2/ (0.00088)+é(0.00033) = 0.000119.
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Theorem 2. Let T, S € B(H). Then

1-5
2

1-p
ber+ 2

1 2
ber"(§°T) < 2 B||IT1" + 15/ |||+
er

berT(T)H]T|2T 19>

ber

IN

S8l +sit )

ber” (1) |7 + |

ber

Jorr>1and g €0,1].
Proof. Using inequality (1.1), we have, for all 5 € [0, 1],

ber?” (S*T) = Bber® (S*T) + (1 — B)ber® (S*T)
= Bber® (S*T) + (1 — B)ber” (S*T)ber" (S*T)

1 2r 2r (1_5)
< —
< 8||iTr +1s] e

2
+
ber

berT(S*T)H\T|2T ISP

b
ber

which gives the first inequality in (2.8). Also, from (2.3) we obtain

1-5
2

b 2r ( Qx 2r 2r 2
er” (S*T) < —|[|IT]”" + |S| . +
er

ber’”(S*T)H]T\zT 9>

ber

2
1 _
n Tﬁberf(s*T)H\Tﬁr 19>
ber

) ()| s
2 2
ber

1-p
ber+ 2

21T > + 2|5
2

s

ber

IA

|

berT(S*T)H|T|2T S

ber

:g |T‘4T+ |S‘4T

ber"(S*T)H|T|2T ISP

)
ber

which gives the second inequality in (2.8).
The theorem is proved.
Theorem 3. Let T € B(H). Then

1-p
ber+ 2

ber® () < B[a| T + (1 - a)|T*[*

ber? (1) /T2 4 7+ 21—

ber

forallp>1and 0 < a, g < 1.
Proof. Let k) be a normalized reproducing kernel. Putting the k, = k) in (2.5), we have

T)|” < B3

1 BT P
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< B(I/T\!?”(A)f(l?*\\z’()\))(l_a) (by(2.2))

5 = BT (P00 + P00 ) oy (21)

< 8alt P + (1 - ) (TP |

+ %)T()\)‘% (|T\2P“ + ]T*|2p(1_°‘)>%,@,\>

= B{a (1T + (1 = ) [T x, T )

1 ~ P N~ o~

+5 =BT (TP + [T )k ).

for all A € (). Taking the supremum over all A € 2, we get the required result.
The theorem is proved.

Theorem 4. Let T € B(H). Then

ber?(T) < Bl alT* + (1 = a) T

ber

+(1- B)berp(T)\/Ha]T|2pa +(1— )T

ber

< el + (1= TP

ber
Jorallp>1and 0 <o, p<1.

613

(2.9)

Proof. Let k>\ be a normalized reproducing kernel. Placing the ku = k:A in (2.5), it follows that

e~ e~

T)[" < gy

+ (- g fF| Iy

< 5(ITPw)’ (W(A)) T oy 22)

(1- BT )\/ ) ()

< [am?p( )+(1_a)<yT*|2p( ))]
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. m\’fu))p\/ DT+ (- ) (I W) | oy 20,

Taking the supremum over all A € ), we get the first in (2.9). By using the above inequality, we
obtain

ber?(T) < |[alT1” + (1 — @) TP+ (1~ B)berp(T)\/Ha]T\Qp + (1 — )T

ber
2p *|2p
< o+ @ —ayr7|
ber
which gives the desired consequence.
The theorem is proved.
Theorem 5. Let T € B(H). Then
1 - 1 2 _o)2
berP(T) < = HTZpa T 2p(l—c) —~ (1-8b THT2pa T* 2p(1—a)
¥ (1) < 5 B|lTf 4 0| o0 gpber(n i

forallp>1and 0 <, < 1.
Proof. By using the similar techniques in (2.6) and (2.7), we observe that

(ri B[ < a1 ()

g\/ (o) ()

e~ 1/2 —~ 1/2
< (TFP‘*(A)) (rT*Fp“—“)(m) (2.10)

forallp>land 0 <, < 1.
Putting the k, = k) in (2.10), we have

ool < s ()

\/ (i) - (T@Ww)m

< (T + [P )

+ (1= )| (Thy )

+(1- )T

+ L= T TP T 0 by (21

%

Taking the supremum over all A € 2, we get the required consequence.
The theorem is proved.
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Theorem 6. Let T € B(H). Then

1 _
5 (1= BYber? ()| [T PP PP

1
beer(T) < §5H|T‘4po¢ + ’T*|4p(1—a)

ber ber

forallp>1and 0 < o, 5 < 1.
Proof. Let k) be a normalized reproducing kernel. Putting the k, = k) in (2.5), we have

7" < oI + 7P )

R R T Tt

1

<8

| () + (w@“w)z} (by (21)

+50= DT (T + TP 0) ) by 210)

<

DN =

ﬁ(ﬁmw n rT*T‘*;W(A)) (by (2.2))

+ 50 =BT (TP + 1P

1

2

for all A € ). Taking the supremum over all A € €, we get the required consequence.
The theorem is proved.
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