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OPTIMAL MATCHING PARAMETERS OF THE INVERSE HILBERT-TYPE
INTEGRAL INEQUALITY WITH QUASIHOMOGENEOUS KERNELS
AND THEIR APPLICATIONS

OITUMAJIbHI TAPAMETPH Y3IOJKEHHSI OBEPHEHOI IHTEI PAJIBHOI
HEPIBHOCTI TUITY I'VIBBEPTA 3 KBA3IOJHOPIJTHUMMU SIIPAMU
TA IX 3ACTOCYBAHHS

By using the inverse Holder inequality and the weight function method, we establish the inverse Hilbert-type integral
inequality. In the case of a quasihomogeneous kernel, we obtain the necessary and sufficient conditions for the optimal
matching parameters. Finally, their applications in the operator theory are discussed.

3a nomomMororo obepHeHoi HepiBHOCTI [enbiepa Ta MeToay BaroBoi (GyHKIIiI BCTAHOBIEHO 0OEpHEHY iHTErpalibHy HEPiBHICTh
tuny ['inebepra. Y Bunaaky KBa3ioJHOPiJHOTO s/1pa OTPUMaHO HEOoOXiIHI Ta JOCTAaTHI YMOBH JUIsl ONITHUMAaJIbHHUX IapaMeTpiB
y3ropkeHHs. HacamkiHelb 06roBopeHo iX 3acTOCYBaHHS B TEOPil Omeparopis.

1. Introduction. Suppose that  # 0, a € R, let K(x, y) be nonnegative and measurable. Define
+o00 1/r
L20.+00) = § f(@) 2 0: |fllne = | [ a7 (@)dn | < oc
0

1 1
For—-+-=1,0<p<1, ¢g<0, wecall
p q

—+00 +00

A(f.g) 2 / / K () (2)g(y)dxdy > M]|f
0 0

P, |9Hq,ﬁ )

the inverse Hilbert-type integral inequality, and
A(f,9)
£ 1lp.allglle.s

the optimal constant factor of (1).

Vo = nt{ 0 1l < +90.0 < gl < +oc

Let G(u, v) be a A-order nonnegative homogeneous function, A\jAe # 0, we say K(x, y) =
G(z, y*?) is a quasihomogeneous kernel with parameters {\, A1, A2}. There are some obvious
properties of K (x, y) as follows: if ¢ > 0, then

K(te,y) = MK (x, 1 2y), K(x,ty) = K, y).
In particular,

K(t,1) = "MK (1,t02/22) 0 K(1,1) = tMe K (22201,
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If the matching parameters a and b are introduced, the following inverse Hilbert-type inequalities
can be obtained by using the inverse Holder integral inequality and the weight function method:

/ / K () f (2)g(y)dady
0 0
“+00 400

- [ [ (50) (Lot Kt vyisdy

0 0

> M(A A1, A2, a,0)[[f

p,Oé()\,Al,)\Q,a,b)Hqu,B()\,Al,)\Q,a,b)7 (2)
where the constant factors M, «, 8 are all related to A\, A1, A2, a and b.
For any given matching parameters a, b, the constant factor M (A, A1, A2, a,b) of (2) is not

optimal. When — + — =1, p > 1, ¢ > 1, the optimal matching parameters of positive Hilbert-

p
type integral inequality are discussed in [1—-4], and equivalent conditions of the optimal matching
are established. Some inverse Hilbert-type integral inequalities are given in [5—9]. In this paper,

the inverse Hilbert-type integral inequality with quasihomogeneous kernels is studied in the case of
1 1 . . . .
-4+ —-=1,0<p<1, g <0, and the necessary and sufficient conditions for optimal matching
p q

parameters are obtained.

2. Preliminary lemmas.

Lemma 1 [10]. Assume that Q, C R}, v = (21, ..., ), ]1? —l—; =1,0<p<1, qg<+oo,
f(z) >0, g(y) >0, w(x) > 0. Then we have an inverse Holder s integral inequality
1/p 1/q
[r@gein = | [ peweis) | [
Qn Qn Qp

1 1
Lemma 2. Suppose that — + - =1, 0 < p <1, ¢ <0, M\ > 0,a,b € R, K(x, y) =
p q

G (2™, 92) is a quasihomogeneous function with parameters {\, \1, \a}. Denote

Wi ( /KlttdtW2 /Ktltsdt
Then
(b, p, /K T,y bpdy—xh[)‘ A2(1)10_1)]1/[/'( bp)
(a,q,y /K r e dz = 235 @] ag)
Iff —i——b /\#—i—i-i then—W( b)—iW(—a)
aq )\p A Ay’ )\11 p—)\22 q).
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Proof. Since K (x, y) is a quasihomogeneous function with parameters {\, A1, A2}, it follows
that

+00 +o0
A
wi(b,p, x) = 2™ /K(lvw”l”z’y)y‘bpdy—xm”‘l’(bpl)/K(l,t)t"’pdt
0 0

_ M A= (bp—1)] Wy (—bp).

Similarly, we can prove

1 (ag—
wa(a,q,y) = yAQ[A“l( 7-1) Wa(—aq).

1 1 1 1
If — S bp= )AL 1 — th
A1QQ+)\2p +)\1+)\2, en
e A +o00 R .
Wi(=bp) = /K(t_A2/>\1,1)t>‘>‘2_bpdt: )\—1 / K(u,l)ufﬁ(Mbep)*T;fldu
0 2 5
A +o00 \
= 71 / K(u, 1)u‘“qdu — 71W2(_aq)'
A9 Ao
0
1 1
Hence, W1 (~bp) = ~Wa(~aq).
)\1 )\2

Lemma 2 is proved.
1 1
Lemma 3. Assume that — + - =1, 0<p<1,¢<0, o, € R, K(z, y) >0, f(x) >
P q
0,9(y) > 0. Define T' by

+00
T(f)(y) = / K (2, y) f(2)da.
0

Then (1) is equivalent to the operator inequality ||T(f)||ps01—p) = M||fllp.a-
Proof. 1 [|T(f)lps01—p) = M||f||p,a> then by virtue of Lemma 1 we have

—+00 +00 —+00

/ /K(x,y)f(:v)g(y)dwdyz /g(y)T(f)(y)dy
0 0

0

—+00

= /(yﬁ/qg(y)) (y’ﬁ/qT(f)(y)>dy

0

+00 1/p 400 1/q
> / yPB(T(f) ()P dy / P gi(y)dy
0 0
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= IT(Nlppa-pll9lle.s = M|[fllp.allglles-

On the contrary, if (1) holds, then

+00
1T s = [ VP @ @)y
0
+o0 +o0o p
= / y ) / K(z,y)f(x)de | dy

0 0
+00 / 400 p—1

/ /K:py _B/K:L‘y dy.

+o00 p—1
Denote g(y) = (y‘ﬂ K(z, y)f(a:)dx) . Then we obtain
0

+o00 +o00

1Ty = [ [ Ka)s@atdady
0 0
+o0o 1/q
> M| lnallglas = Ml | [ o5y
0
+o00 /g
=Ml | [P | = Ml PO

0

Thus, [|T(f)lp,s0-p) = M| fllp.a-
Lemma 3 is proved.
3. Sufficient and necessary conditions for optimal matching parameters.

1 1
Theorem 1. Suppose that — + - =1,0<p<1,¢<0, MA2>0,a,beR, K(z,y)isa
P q

quasihomogeneous nonnegative measurable function with parameters {\, \1, A2}, W1(—bp) < 400,
Wy(—aq) < +oo, there exists a constant ¢ > 0 such that at least one of Wi(—bp + o) and
Wa(—aq £ o) converges. Then:

(i) Denote

1 a b 1 b a
A (22 A e
“ 1{ R </\1 >\2>]’ F= 2{ N <)\2 /\1>]’

= / /K(x,y)f(x)g(y)dwdy
0 0
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> WP (—bp) Wy ! (—aq) || f1lpal 918, (3)

where f(x) € Ly(0,+00), g(y) € L*g(O, +00).
(i1) The following three conditions are equivalent:
(a) the constant factor Wl/ P(— bp)W; / Y(—aq) of (3) is the best;

1
b) — —b A+ —
(b) aq+)\p +A1+)\2

() )\—1W1(—bp) = EW2(_GQ)-

1 1 1 1
ii1) For — —bp=A+—+ —
(i11) For N aq + " 74 + N + "

Wo
A(f,9) > WHf”p,apq 1119llg,bpg—1 “)

, (3) becomes

where Wy = |A2|W1(—bp) = | \1|Wa(—aq).
Proof. (i) It follows from Lemmas 1 and 2 that

Af.g) = / /Oo( 1)) (Lotw) ) i)y

~+00 +00 » P / 400 +00 bq 1/q
¢ Y
>\ [ [ mrereid) | [ [ Gew e
0 0 0 0
+oo Ur /4o 1/q
| [ r@aepad| | [P
0 0
+oo 1/p

=W -ag) | [P pan
0

+00 /g

% / ybq+)\2 [)\fﬁ(aqfl)] gq (y)dy
0

1 1
WP (—bp) Wy (—aq)|| f1]p.al 9]]q.5-

Hence, (3) holds.

1
(i) (b) = (a) Suppose that 3, + )\—bp = A+ )\71 + = )\

1
addition, it follows from Lemma 2 that )\—Wl(—bp) = /\—Wg(—aq). Consequently, (3) becomes (4).
1 2

,then a = apg— 1,6 =0bpg— 1. In

If the constant factor in (4) is not optimal, then there exists a constant My > Wo /(| A1|/9|Ao|'/P)

such that A(f,g) > Mo|f|lp.apg—19llq.6pg—1-
When Wi (—bp + o) < +o0, for sufficiently small € > 0, take
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i) gapg=IMle)/p g > ) y(Ctra=hale)/a g > 1,
xr) = =
0, 0<z<l, gV 0, 0<y <1,
one has
e N e B W
1 1
B 1
AP AV aE
+00 “+o0o
—ag—121le —_pp—Pale
A(f,g9) = /w P /y ¢« K(z,y)dy | dx
1 1
+o00o +oo
|Aqle [ Ao e
= [ [y R e ey | do
1 1
+00 +o0
MO E = sag— L bp)— A —bp— 12212
— T Xo A X2 t P K(1,t)dt | dx
1 —A1/A2
+0o0 “+o0o
A2l
< /x1|’\1|€dx/t T K(Lt)dt
1 0
1 |>\2|6>
-
Aufe T g
Thereupon

M,
W1< b |)‘2|5> > 0
q

A1 IA1[M/P|Ag| Ve
Since g < 0, then —% > 0. And since ¢ is sufficiently small, we have —M < o, it follows
that ! !
1 +00
114! (—b |/\2|€) /t"’p‘ K(1,t)dt + / B K (1 e
0 1

“+oo

§/t_pr(1,t)dt—|—/t_bp+”K(1,t)dt
0 1

< Wi(=bp) + Wi(=bp + o) < +00.
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Applying the Lebesgue dominated convergence theorem, we have

A
e—0t q
consequently,
1 My
Wy (—b 0
)

Thus, My < Wo/(|A1|"9|X2|/P), which is in contradiction with My > Wo/(|A1] 2| Xo|1/P).
If Wi(—bp — o) < 400, take, for sufficiently small ¢ > 0,

£ glapatMla)/p 0 < o <1, ( ytratilea o <y <1,
x) = =
07 x > 17 4 O7 Yy > 1.

Then similar results can be obtained

! Aale My
—W bp :
e )2 NI
[A2le |Aale
It follows from g < O that < 0. Owing to ¢ is sufficiently small, then > —o and
q q

1 +o0
[Aale \
/ PR (1 t)dt+/ R (1Lt
0

W1< bp + |A2|6)

+oo

g/t_bp_"K(l,t)dt+/t_pr(l,t)dt
0

1

< Wi(=bp — o) + Wi(=bp) < +o0.

It follows from the Lebesgue dominated convergence theorem that
A
lim W1< bp + | 2‘5) = Wi (—bp).
e—0t q

Thereupon we also get My < Wy/(|A1]"/9|A2|'/?), which is in contradiction with M, >
Wo/ (]| Ag] /7).

In conclusion, when Wi (—bp + o) < 400 or Wi(—bp — o) < 400, the constant factor in (4) is
the best.

Similarly, the case of Wa(—aq + ) < +o0 or Wi(—ag — o) < +o0 can be proved.

(a) = (b) Assume that the constant factor W11 /P (—bp) VV21 / ?(—aq) of (3) is the best. Denote

1 1 1
— —b —(A+— '=a—-"—, b =b—"F
)\1aq—i-)\2 7Y < +)\1 +)\2> c, a a ,

then
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1 / 4 1 1% /
o =M|A+—+p A =a, B =XA+—4¢q g _a =8
A1 A\

and
+oo +o0
Wa(-ag) = /K(t, L)t~ dt = /t”l—“qK(l,t—h/Az)dt
0 0

+oo
A A
_ & u—/\—?()&q—aq)—ﬁ—l
A1
0

K(1,u)du

A
= Z2Wy (=bp + Agc).
A1

Hence, (3) is equivalent to

1/p A2 Ha
Mﬁmzwlew(wwwwwﬁ) 11l lg

)\1 q?ﬁl'

1 1 1 AiC 1 AocC 1 1 1 1
Note that —a'q+ —b'p = — <a— > +— (b— > = —ag+—bp—c=A+—+—.

MNP Pq ! Pq MNP A1 A2
Then o/ = a’pq — 1, 8/ = V'pg — 1. Thus, (3) is further equivalent to

A 1/q
MﬁszW%wm<%mv@+M@>|MEWWMWMWA- 5)

A

Since the constant factor of (3) is the best, the optimal constant factor of (5) is

1/p A2 Ha
Wl (—bp) <)\1W1(—bp + )\20)) .

1 1 1 1 )\QC )\1

Note also that —a’q+—b'p = A+ —+— and Wy (—-b'p——) = —

ote also a)\laq—l-)\2 P -4—)\1+>\2an 1(=b'p _q) "
to the proof of (b) = (a), the optimal constant factor of (5) is

1 )\2 1/a < )\QC>
([N (=0 == Wil =b — .
|)\1|1/q|)\2|1/p(| 2| Wi ( p)) <)\1> 1 D + p

Wa(—bp) < 400. According

Therefore,

A
Wi (—bp + ;C) = Wll/p(—bp)Wll/q(—bp + A20). (6)

1 1
Since —+ - =1, 0 <p <1, g <0, applying the reverse Holder inequality, we deduce
p q

+00
Wy (—bp+)\26> = / 1- 22009 KC (1, 8)t Pt
q
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+o0 l/p —+o00 l/q
> / 1P K(1,t)tPdt / tM2CK (1, )t Pdt
0 0
= WP (—bp) W/ (~bp + Age). (7)

It follows from (6) that (7) takes the equal sign. Then according to the condition with the equal sign

1
of the reverse Holder inequality holds, we get t*2¢ = constant. Thus ¢ = 0, that is, N + )\—bp =
1 2
1 1

At —+
Al Ae
(b) = (c) It can be obtained by using Lemma 2.

1 1 1 1 1 1
(c) = (b) Assuming )\—lwl(—bp) = /\—QWQ(—aq), denote still /\—laq+)\—2bp— ()\ + N + )\2) =
¢, then
A MNOT
Wi (=bp) = ZWy(—aq) = = / M (1, M) g
A2 A2
0
+00 +oo
Lgg(ap i1 _
= / pe[Froa (“Alﬂz)]K(Lt)dt = / MK (1, 1)t Pdt.
0 0

1 1
Set —+-=1,0<r <1, s <0, we have
r s

—+00
Wi (—bp) = / 1- MK (1,t)t~%dt
0

+oo 1/s
> Wi/ (—bp) /t’\”SK(l,t)t_bpdt
0

Thus,

+oo
Wi (—bp) > /tAQCSK(l,t)tbpdt.
0

If Aoc > 0, then Aocs < 0. Therefore,

1/2 raes 12
1 CS
Wi(=bp) = / K (1)t Pdt > (2> / K(1,t)t~%dt.
0

We have W1 (—bp) = 400 as s — —oo, which contradicts W1 (—bp) < 400.
If Aoc < 0, then Aocs > 0 and
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“+00
Wi (=bp) > /t)‘WSK(l,t)t_bpdtZZ’\ch/K(l,t)t‘bpdt.
2

Similarly, W;(—bp) = 400 as s — —oo, which contradicts W7 (—bp) < +o0.

1
In conclusion, we get Aoc = 0, hence ¢ = 0, thatis, —aqg+ —bp=A+ — + —
)\ AQ )\1 AQ

(iii) It can be obtained by following the proof of (b) = (a).

Theorem 1 is proved.
4. Applications in operator theory. According to Lemma 3 and Theorem 1, the following
theorem concerning integral operators can be obtained.

1 1
Theorem 2. Suppose that — + - =1,0<p<1,¢<0, MA2>0,a,beR, K(x,y)isa
P q

quasihomogeneous nonnegative measurable function with parameters {\, \1, A2}, W1(—bp) < 400,
Wa(—aq) < +oo, there exist a constant o > 0 such that at least one of Wi(—bp £+ o) and
Wy (—aq £ o) converges. Then:

(i) Denote

a b 1 b a
A (22 A e
o 1[ V. (Al A)]’ F= 2[ Nt (Az Al)]’

1T lpsap) = WP (~bp)Wo'(—aq)|| fllp.as (8)

where f(z) € Ly(0, +00).
i) IF T(f)(y) € Ly 770, +o00), then f(z) € LE(0, +00) if and only if

then

T _
I 2 inf{“f?f”fﬁ“p’ () € LEOD 0, 400), || fllpe > 0}
p7a

— WP (—bp) W,/ (—aq).

1 1 1
(iii) For )\—aq + )\—bp A+ N + (8) becomes

Wo
T () lp,bpg—1) (1—p) = W!\fl!p,apq—1,

where Wy = |A1|Wa(—aq) = | Aa| W1 (—bp).

1
Examplel. Let —+ - =1, 0<p<1,¢g<0, A>0, A >0, Xa>0,a9g<1, bp<l,
p q
1 1 1
)\faq + );bp bW + N A. Define the integral operator 1" by
+oo
1
T(f)(y) = / Wf(m)dw. )
0
Then
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1 1
B +—(1—aq), (1 —bp)
A1 A9
p,(bpg—1)(1—-p) = NN [f1lp,apg—1
1 2

T (f)

and

1 1 1
T = ——B(—(1—aq),—(1—bp) ).
I7IF = 7z (50 -an. 0 -m)

Proof. (i) Given K (z,y) = 1/(z* +4*2)*, then K (z, y) is a quasihomogeneous function with
parameters {—\, A1, A2}. Since

—+00 “+oo

1 _ 1 1 i(l—b )—1
Wi(—bp) = Sl ) —_u? P2 d
1(=tp) /(1+1M2)A /\2/(1+u)A“2 “
0 0

LB =) = B(5 - o).

Ao Ao
1 1
then Wy = [\o| W1 (—=bp) = B —(1 — aq), —(1 —bp) |.

Al Ao

1
Note that 1 —aqg > 0, \; > 0, ¢ = 1, 2, there exists o > 0 such that /\—(1 —aq) — /\1 > 0. Thus,

1 2

+o0o

1
Wi (b = [ ———t Pt
(o+o) = [
0
LT
L (1—-bp+o-1)
= — R TP d
) Grup” "

0

1 1 1
—B((l—bp—i—a),/\—)\(l—bp—i—a))
2

Ao Ao
1 1 1 o

— - B(—(1-b S (l—ag) -2 .
" <)\2( D+ o), /\1( aq) )\2) < 400

The example holds according to Theorem 2.

1 1

Take b = — in Example 1, then bp = — < 0 < 1, bpg — 1 = 0. We obtain the following
pq q

example.

1 1 1
Example2. let —+-=1,0<p<1,¢g<0, A>0, A1 >0, >0, ag <1, )\—(l—aq)—l—
p q 1
1
oy A. Then the integral operator 1" defined by (9) satisfies
2p

|p7apq71

1 1 1
Te = 757 B\ - (1 —aa)s —
|| (f)“P = Ai/q)é/p ()\1( QQ)a )\2p> ||f
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and

1 1 1
= ———B| —(1 - — .
H H )\}/q)\é/p <)\1( CLQ)7 )\2]7)

Remark. Under the conditions of Example 2, the necessary condition of T'(f)(y) € Ly(0,4+00)
is f(z) € LyP"1(0, +00). Thus, we can infer T(f)(y) ¢ Ly, (0, +00) from f(z) ¢ LyP7(0, +00).
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