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LYAPUNOV-TYPE INEQUALITIES FOR A NONLINEAR SYSTEM
INCLUDING OPERATORS

HEPIBHOCTI THITY JISINIYHOBA JIUISI AESIKOI HEJIIHIMHOI CUCTEMH
3 OIIEPATOPAMU

We obtain new Lyapunov-type inequalities for a nonlinear system including p-relativistic operator and g-prescribed
curvature operator under the Dirichlet or antiperiodic boundary condition.

OTpuMaHO HOBI HepiBHOCTI Tumy JIsAmyHOBa AJIsl HENMIHIHHOI CHCTEMH, IO BKIIOYAE p-PEIATHUBICTCHKUE omeparop i ¢-
oreparop 3a1aHoi KpUBHHH y BHUIAAKy Jlipixie ab0 aHTUIIePiOAUYIHOI TPAHHYHOT YMOBH.

1. Introduction. In this paper, we get new Lyapunov-type inequalities for the following nonlinear
system:

n .
|| me

~(Gpm (7)) = B ()@ (2m) [ | . m=1,2...,n, neN, (Ll

X

(0 o) o

including p-relativistic operator
[o]P~2

Gpw) = —C " we(-11) and p>1,
(A~ lol)7

and g-prescribed curvature operator

q—2
@Q(u):Luq ueR and ¢> 1.

—1

(L4 |ul9) <
Here, the function h,, satisfies h,, # 0 in any compact subinterval of [t1, to] and

to
n -—1 .
t e A2)nt et : / + (T —t) (k2 — )" pi
hm €A m € loc(tlatQ) . hm(T) ]__[1<(7_ — tl)pi_l + (t2 — T)Pi—l dr < oo )
t1 =

where

Rt (t) = max{0, hy(t)}, (1.2)
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1 < pm < 00, and auy; is a nonnegative constant, m, ¢ = 1,2,...,n. Assume that (z1,z2,...,Ty)
is a real solution (not identically zero) of the nonlinear boundary-value problem (1.1) satisfying the
Dirichlet boundary condition

Enlt1) = 0 = (1) (13)
or the antiperiodic boundary condition

a® () + 28 () = 0, (1.4)
where t1,t2 € R with ¢; < t3 and z,, is not identically zero on [t1,to], k = 0,1, m =1,2,...,n.
We say that (1,22, ...,2y,) is a solution of nonlinear system (1.1), if z,,, € C*[t1,ta], ||7,|lco < 1,
and ¢p,, (z1,(+)), m = 1,2,..., n, is absolutely continuous in any compact subinterval of (¢;,¢2), and

Ty, satisfies the nonlinear system (1.1) and the Dirichlet boundary condition (1.3) (or the antiperiodic

boundary condition (1.4)).

. o . 1 1
Note that the inverse of p-relativistic operator ¢, is ®4(u) = ¢, Y(w), = + = = 1. Moreover,
p

whereas ¢, is a singular function at £1, ®, is a bounded regular function (|®,| < 1). If we take
p = q = 2, they turn out to be the relativistic and prescribed curvature operator, which have been
attracting much attention in differential geometry and partial differential equation [12, 21]. It has
many important applications in physics, biology and other interdisciplines. In this paper, we mainly
consider the Lyapunov-type inequalities for the nonlinear system (1.1) including the p-relativistic
operator ¢, and g-prescribed curvature operator ®, under the Dirichlet boundary condition (1.3)
(or the antiperiodic boundary condition (1.4)). The reader can refer to [1-3, 13— 15] for the results
including these operators. To the best of our knowledge, this is the first paper using the p-relativistic
operator ¢, and g-prescribed curvature operator ®, to study the system (1.1).
In 2019, Yang et al. [22] proved that if

h1 € .Al = h1 S Llloc((tl,tz), [0,00))2 /hl(T)(T — tl)(tg — 7’) dT < 0

t1

and nonlinear problem

gl

V1=l

with the Dirichlet boundary condition (1.3) with n = 1 has a positive solution, then the Lyapunov-type

= hl(t)l'l

inequality

to

to —t1 < /(T—tl)(tg —T)h1(7') dr (1.5)

t1

holds.
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LYAPUNOV-TYPE INEQUALITIES FOR A NONLINEAR SYSTEM INCLUDING OPERATORS 477

If we take n = 1 and 11 = p1 = 2 in the nonlinear system (1.1), then it reduces to the following
single equation:

Y (R T IS O S 1.6
Qﬂ—um) O e o

Recently, Aktas [1, 2] has considered the Lyapunov-type inequalities for Hamiltonian-type system

p—2
33/1 = hg(t) T+ %,
(14 [yfP) »
(1.7)
q—2
) L
(1+ |oq2) 9

under the Dirichlet boundary condition and (n + 1)st order nonlinear differential equations

Ol

1
- — Z hit _ (1.8)
(n)|P pT qT
(=) e )
under the antiperiodic boundary conditions. Note that if we take p = ¢ = 2 and ho(t) = 0 in the

system (1.7) and p = ¢ = 2 and n = 1 in Eq. (1.8), then they reduce to Eq. (1.6).
Our motivation comes from the recent papers of Aktas [1, 2], Tiryaki et al. [18], and Yang et al.

P2\ )

[22]. In this paper, on Lyapunov-type inequalities, we prove new results for nonlinear system (1.1)
with (1.3) (or (1.4)) including p-relativistic operator and g-prescribed curvature operator. For some of
the most recent works on Lyapunov-type inequalities for the systems under various types of boundary
conditions, the reader is referred to [4—11, 17-19].

2. Main results. Now, we give one of the main results.

Theorem 2.1. Assume that there exists a solution (not identically zero) (e, e, ..., e,) of the
linear system

n
em (1 - O‘””””) -y Sme —o, 2.1)

where 0 < Zn 1622 and 0 < ey, m = 1,2,....n. If (x1(t),x2(t),...,xn(t)) is a solution (not
1=
identically zero) on [t1,ts] for the problem (1.1) with (1.3) and h,}, € A, m =1,2,...,n, then

&
n Xmi m

-‘r T—1 tQ—T)]pifl ) P;
1<H /h H(T—tlpl 1_’_(2_7_);”_1 dr (22)

m=1 t =1

holds, where h (t) is given in (1.2).
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Proof. Let x,,(t1) = 0 = xzp,(t2), m = 1,2,...,n where n € N, t1,t2 € R with t; < to and

T, m = 1,2,... n, is nonzero on [t1, to]. From z,,(t;) = 0 and Holder’s inequality, we get
t P
|xm ()] < /|x T)|dr < (t — t1) Pzzml /|x )‘pm dr

t1

form=1,2,...,n and t € [t1,t2]. Then we have
t
e (6= 1) < [P ar 3
t

form =1,2,...,n and ¢ € [t1,t2]. On the other hand, from x,,(t2) = 0 and Holder’s inequality,
we obtain

to
(P (t2 = 17 < [ ol ()™ dr @4
t
form=1,2,...,n and t € [t1,t2]. Adding (2.3) and (2.4), we have

[(f*tl)(b*t )Pt Pm
Pm m

for m = 1,2,...,n and t € [t1,ts]. Note that 2 (t) # 0, m = 1,2,...,n for all t € (t1,t2).
If ,,(t) =0, m = 1,2,...,n, t € (t1,t2), then, from (2.5), we obtain that z,,,(t) = 0, m =
1,2,...,n, t € (t1,t2), which contradicts (1.3). Then =/, (¢t) #0, m = 1,2,...,n, forall t € (t1,t2)
holds. Therefore, we get

|2 ()P < BmCin(t), (2.6)

where

[(t — 1) (tg — )Pt
(t —t1)Pm=L 4 (tg — t)pm—1

m—/‘x 7)|P"dr and Cp(t) =

t1

form=1,2,...,n and t € [t1,12]. If we take the im g power of (2.6), we have

m
|z, (1) |%™ < Byy™ Ci™ (1) (2.7)

for m,i = 1,2,...,n and t € [t1,t2]. Multiplying of inequality (2.7) with ¢ = m by
n

Rt (t) Hizl |x; ()] and integrating from ¢; to ty, we obtain
i#Em

to to
/ H |xl |Oémz dr < By} P'm /h+ C Pm H |$z |Oémz dr (2.8)
t1 t1 z;ém
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form=1,2,...,n.
On the other hand, multiplying the mth equation of nonlinear system (1.1) by z,,, and integrating
from ¢ to to, we get

t2 t2 / Pm
B,, = /‘:c;n(r)v)m dr S/ [ (7)] —— dT

J S0 e )
t2 n Qs

— /hm(T)H ()] T dr
g () o) e
to n

< / i (o) [ () o dr (2.9)
i i=1

form=1,2,...,n. By using (2.9) in (2.8), we have

to
By, < Bp,i™ / ht(r C om H |2i (7)™ dr (2.10)
t1 z;ém

for m = 1,2,...,n. Thus, by using (2.7) in inequality (2.10), we obtain

t2 n Qopy i o277y
1—omm amm Zmi  Zmi
By " < / hh(nCat™ (1) [ B, ¢;" ()dr
t1 i=1
i#Em
and so
_aomm 2 n Smi
Bn, ™ < H B b /h;(T)Hci i (7)dr (2.11)
Z#m b i=1
for m = 1,2,...,n. Raising the both sides of inequality (2.11) to the power e,, for each m =
1,2,...,n, respectively, and multiplying the resulting inequalities side by side, we get
n em ( mi - n 2 n Qs o
1] 5o <H "] 1I [ Ile™ @
m=1 i=1 m=1 \; i=1
i£m 1
and, hence,
Bm ) < H B 11 /h;(f)HCﬁ (1) dr
m=1 m=1 m=1 i i=1
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Next, we prove that B, >0 form=1,2,...,n. If B, >0, m =1,2,...,n, is not true, then
to
there exists mo € {1,2,...,n} such that B,,,, = / |2, (7) |70 dr = 0. 1t follows that

t1

(1) =0, te [t ta] (2.12)

mo

Combining (2.5) with (2.12), we obtain that z,,,(t) = 0, t; < t < t9, which contradicts (1.3).
Therefore, B,, > 0, m = 1,2,...,n, holds. Thus, we have

n n t2 n i em
I8 <11 /h;(T)Hq. Pi(rydr |, (2.13)
m=1 m=1\{, i=1
where
o Y
emzem(l_m> _Z Zmez
Pm i—1 Pm
i#Em
form = 1,2,...,n. From the assumption, the linear system (2.1) has a solution (not identically zero)
(e1,€9,...,6ey) such that 6,, =0, m = 1,2,...,n, where 0 < ¢,,, m = 1,2,...,n, and at least
one 0 < ej, j € {1,2,...,n}. If we choose one of the solutions (ey, ea,...,e,), then, from (2.13),

we obtain inequality (2.2).

Theorem 2.1 is proved.

Remark?2.1. 1f we take n = 1 and a7 = p; = 2 in inequality (2.2) with hq(¢) > 0, then it
reduces to inequality (1.5).

[(t —ta)(tz — )]t
(t—t)pm=t 4 (tg — t)Pm—1

It is obvious that the function M (t) = takes its absolute maximum

t1 +ty .
value at , l.e.,
2
t1+t2 (tg —t1)Pm—1
M(t) < M(t)=M =
()=, max M(t) < 2 ) 2pm
for m = 1,2,...,n. Thus, we obtain the following result.
Corollary2.1. Assume that there exists a solution (not identically zero) (ey,ea,...,e,) of the

linear system (2.1). If (z1(t), z2(t), ..., zn(t)) is a solution (not identically zero) on [t1,ts] for the
problem (1.1) with (1.3) and

to
ht e A2 bt e LL (t1,t): /h;(f) dr < oo

t1

form=1,2,... n, then
n n ) ami 12 €m
(ta — tl)pl_l P
1< ] <2pi b (r) dr (2.14)
m=1|i=1 th

holds, where h (t) is given in (1.2).
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Remark?2.2. 1f we take n = 1 and a7 = p; = 2 in inequality (2.14) with hq(t) > 0, then we
have the classical Lyapunov inequality

to

4

< /h1<7') dr. (2.15)
ty — 1
t1
Note that if the condition

Y=l i=12,..,n, (2.16)

— Pm

holds, then, from Theorem 2.1, we get the following result.
Corollary2.2. If (z1(t),z2(t), ..., zn(t)) is a solution (not identically zero) on [t1,ts2] for the
problem (1.1) with (1.3) under condition (2.16) and h} € A, m =1,2,...,n, then

n

> P

pm

j=1

- - )l - |
1 b (7 T dr | 3#m 2.17
1| [ () o @1

holds, where h} (t) is given in (1.2).
Proof. Proceeding as in the proof of Theorem 2.1, we obtain inequality (2.13), where

n
em:€m<1—%n> —Zazmei
)

Xmg

Pm -1 Pm
for m =1,2,...,n. From Theorem 2.1, the linear system (2.1) has a solution (not identically zero)
(e1,€2,...,e,) such that 0, =0, m =1,2,...,n, where 0 < e,,,, m = 1,2,...,n and at least one

0 <ej, je{l1,2,...,n}. If we use condition (2.16) in the linear system (2.1), then we have the
equality

3 e = Zn: Lim o (2.18)
] [

i=1 —1 Pm

i#m i#m

for m = 1,2,...,n. If we perform elementary row operations on the coefficient matrix of the
homogeneous system (2.18), we obtain a matrix having a zero row. So, the homogeneous system
(2.18) has infinitely many solutions (not identically zero) (ej,es,...,e,). Hence, we may take

em = @’ j#m, j, m=1,2,...,n, and, from inequality (2.13), we get

m

jim

Pm

' n Xmi
1<H / nl[c" (r)dr . j#m, j=12,....n
m=1 1 =1

Multiplying the resulting inequalities for j # m, j = 1,2,...,n, we have inequality (2.17).
Corollary 2.2 is proved.
Applying Holder’s inequality to inequality (2.17), we obtain the following result.
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Corollary2.3. If (x1(t), z2(t),...,z,(t)) is a solution (not identically zero) on [ti,ts] for the
problem (1.1) with (1.3) under condition (2.16) and h,}, € A, m =1,2,...,n, then

- (T —t1)(t )Pt B2 ; -
T—l)l2 — 7)1 4,
1< d j#m
H H / (1 —t)Pi7 L + (g — 7)Pi~1 T
m=11i=1
holds, where h (t) is given in (1.2).
Now, if we take the condition
=1, m=12,...,n, (2.19)

instead of condition (2.16), then we get the following result from Theorem 2.1. The proof is almost
the same as the proof of Corollary 2.2 with e,,, =1, m = 1,2,...,n, and hence is omitted.

Corollary2.4. If (x1(t),z2(t),...,xz,(t)) is a solution (not identically zero) on [t1,ts] for the
problem (1.1) with (1.3) under condition (2.19) and h,}, € A, m =1,2,...,n, then

“mi

. —t)(tg — )P} i
1 hi (7 4 d
<H/ 11;[1<T—t1”‘“r(2—7)1”i_1 !

m= lt1

holds, where h (t) is given in (1.2).

Now, we state a lemma which we will use in the proofs of results obtained for the problem (1.1)
under the antiperiodic boundary condition (1.4). The proof of the following lemma proceeds along
the lines of that of Lemmas in [8, Lemma 2.1] and [20, Lemma 3.1], and hence is omitted.

Lemma 2.1. [f (x1(t), z2(t),...,z,(t)) is a solution (not identically zero) of the problem (1.1)
under the antiperiodic boundary condition (1.4), then we have

pm—1 t2 pPm

|2 ()] < (tz_t;)pm / |, (1) [P dr (2.20)
t1

form=1,2,....n

The following theorem is another main result of this paper for the problem (1.1) under the
antiperiodic boundary condition (1.4).

Theorem 2.2. Assume that there exists a solution (not identically zero) (e, e, ..., e,) of the
linear system (2.1). If (x1(t), z2(t), ..., z,(t)) is a solution (not identically zero) on [t1,ts] for the
problem (1.1) with (1.4) and h}, € As, m =1,2,... n, then

i t2 em

1< H H(M)l) " /h;(f) dr 2.21)

m=1 |i=1 i

holds, where h (t) is given in (1.2).
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Proof. Let o8 (1)) + 2W (1) = 0, k = 0,1, m = 1,2,...,n, where t1,t € R with ¢; < 5
and z,,, m = 1,2,...,n, are nonzero on [t1,¢2]. By using inequality (2.20), we get

to
(tog — tp)Pm ! m
e < D [l ()] ar
t1

form =1,2,...,n, 2,,(t) #0, m = 1,2,...,n, for all t € (t1,t2), as shown in the proof of
Theorem 2.1. Therefore, it is easy to see that we have

to
to — ¢ pPm—1 / Pm
|z () [P < (t2 1) / |25, (7)) dr
(

2o 1= [a), (7)Pm) S

for m = 1,2,...,n. The proof is completed by proceeding the same as the proof of Theorem 2.1
and hence is omitted.

Remark?2.3. When n = 1 and a1 = p; = 2, if z1(t) is a solution (not identically zero) on
[t1,t2] for the problem (1.6) with (1.4) and h{ € Ay, then from inequality (2.21), we have the
classical Lyapunov inequality (2.15) [16].

The proofs of the following results obtained under the antiperiodic boundary condition (1.4) are
almost the same as the proof of the results obtained under the Dirichlet boundary condition (1.3),
respectively, and hence are omitted.

Corollary2.5. If (z1(t),z2(t),...,xzn(t)) is a solution (not identically zero) on [t1,ts] for the
problem (1.1) with (1.4) under condition (2.16) and h}, € Ay, m =1,2,...,n, then

> S

n n to =1 pPm

t< 11 H(h_tﬁ) )W/h;@m m

= th

holds, where h} (t) is given in (1.2).
Corollary2.6. If (x1(t),z2(t),...,xzn(t)) is a solution (not identically zero) on [t1,ts] for the
problem (1.1) with (1.4) under condition (2.19) and h}}, € Ay, m =1,2,...,n, then

ami 12

1< nillﬁ((tQ _gili)pil) / bt (7) dr

t1

holds, where h}(t) is given in (1.2).
Now, we give sufficient conditions for the nonexistence of nontrivial solutions of the boundary-
value problem (1.1) with (1.3) or (1.4) as immediate consequences of Theorems 2.1 and 2.2.
Corollary2.7. (a) Assume that there exists a solution (not identically zero) (e, ez, ..., e,) of
the linear system (2.1) and

. €Em
Xmi

- +( - T—t)(tg — )P} P
1> h, d 2.22
| o TP Y7 e
m=1 i i=1
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where i} (t) is given in (1.2). The problem (1.1) with (1.3) has no nontrivial solution.

(b) Assume that there exists a solution (not identically zero) (e1,ea,...,e,) of the linear system
(2.1) and
1 Gmi to ém
to —t1)P Pi n
1> H H BT hh(r)dr| (2.23)
m=1 [i=1 t1

where hf (t) is given in (1.2). The problem (1.1) with (1.4) has no nontrivial solution.

Next, the following result gives a sufficient condition for the uniqueness of the solution of the
nonhomogeneous boundary-value problem

— (bpm (1)) = hn () Paryy ()

n
e
|$Z| mi

<11 o fmlt), m=12...n, neN, te(tt), (o

Xmi—
T (1 fay o) i
i#Em

Tm(t) =0=zpn(ty) or z®t)+2® () =0, k=0,1, m=12...,n,

where p,, > 1, ami, m,i = 1,2,...,n, is a nonnegative constant, hy, fr € C([a,b],R), k =
1,2,...,n, n € N, as an application of Lyapunov-type inequalities (2.2) and (2.21).

Theorem 2.3. Assume that there exists a solution (not identically zero) (ei, e, ..., e,) of the
linear system (2.1). If (2.22) or (2.23) holds, then nonhomogeneous boundary problem (2.24) has a
unique solution.

Proof. To prove the uniqueness, it is sufficient to show that the homogeneous boundary-value
problem (2.24) has only trivial solution. Assume on the contrary that x(¢) # 0 is a solution of
the homogeneous boundary-value problem (2.24). Then, by using Lyapunov-type inequality (2.2) or
(2.21), we have

n to n [(7_ o tl)(tQ _ T)]pi*1 ozTW;i em
1 <£1 t/’hm(T”H((T—tl)pi—l_‘_(tQ_T)pi_1> dr

1< 1 H<(t2_tl )“/lh Ddr|

m=1|i=1

which gives contradiction to (2.22) or (2.23), respectively. Therefore, the homogeneous boundary-
value problem (2.24) has only trivial solution. Because of the theory of boundary-value problems,
the nonhomogeneous boundary problem (2.24) has a unique solution.

Theorem 2.3 is proved.

As an example of Theorem 2.3, we consider the following nonhomogeneous boundary-value
problem:

ISSN 1027-3190. Ykp. mam. ocypn., 2024, m. 76, Ne 4
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/

x N T _ 1 n cost t€<7r 377)
1— |o']? 44/1 + |z]? cos?t  4y/1+ cos?t’ 22 )

o) -0-o(%) o) 0o(5) 0 4G o(%) 0

Since the condition (2.22) or (2.23) is satisfied, the problem (2.25) has a unique solution. One such
solution of the problem (2.25) is x(¢) = cost. Note that |z’| is bounded with 1 and the homogeneous
boundary-value problem corresponding to the problem (2.25) has only trivial solution.

(2.25)

In the following part, we apply the obtained Lyapunov-type inequalities (2.2) and (2.21) to the
eigenvalue problems associated with the nonlinear boundary-value problem

n

- ((bpm (x;n))/ = M (t) Py, (Tm) H o
Zm (L |ai|mi) omi

O s
’:L"L | me

-, m=12...,n, neN,

(2.26)
Tm(t) =0 =zpn(ty) or 2Pt +2B () =0, k=01, m=12...,n,
where py, > 1, i, m,i = 1,2,...,n, is anonnegative constant, iy, € C([a,b],R), k=1,2,...,n

n € N, and A € R is an eigenvalue parameter. As direct consequences of Theorems 2.1 and 2.2, we
obtain the following result.

Theorem 2.4. (a) Assume that there exists a solution (not identically zero) (e1,ea,...,e,) of
the linear system (2.1) and ) is an eigenvalue of the boundary-value problem (2.26). Then

1
N L
n (T —t1)(ta — 7)]Pi™ P
A B e e
m=1 i=1\ (T — t1)Pi= L + (tg — 7)Pi
(b) Assume that there exists a solution (not identically zero) (e, ea, ..., e,) of the linear system

(2.1) and X is an eigenvalue of the boundary-value problem (2.26). Then

1

< |A]

a €m

IT,., H;((btl ) ;;“/!h 2 dr
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