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A REFINEMENT OF SCHWARZ’S LEMMA AT THE BOUNDARY
YTOYHEHHS JIEMH HIBAPIHA HA MEXKI

We investigate a boundary version of the Schwarz lemma for analytic functions. In addition, an analytic function satisfying
the equality case is found by deducing inequalities related to the modulus of the derivative of analytic functions at a
boundary point of the unit disk. Some coefficients used in the Taylor expansion of the function are considered in these
inequalities. In the last theorem, by analyzing the Taylor expansion about two points, we obtain the modulus of the derivative
of the function at point 1.

Jocnimxeno rpanudny Bepcito semu [lIBapua st anamitnanux ¢yHkuiii. Kpim toro, aHamitHuHy ¢yHKLitO, 10 3310-
BOJIbHSIE BUTIAJIOK PIBHOCTI, 3HAWJCHO NIIIXOM OTPUMAaHHs HEPIBHOCTEH, sIKi IMOB’s3aHI 3 MOIYJIEM MOXITHOI aHaTITHYHUX
(yHKIIH y MeBHIM rpaHUYHIA TOYIl OMMHUYHOTO Kpyra. B IMX HEpIBHOCTAX PO3MIANAIOTHCS NesiKi KoedillieHTH, 10 BH-
KOPUCTOBYIOThCS B po3kiazni Teinopa nanoi gyHkmii. B ocranHiii Teopemi, BpaxoBytoun poskiaz Teliopa B OKOJi JBOX
TOYOK, OTPUMAHO MOIYJb NOXigHOI GyHKUIi B ToUmi 1.

1. Introduction. We have the following well-known result, also referred to Schwarz’s lemma,
regarding the values of an analytic function in a disc.

Let f be an analytic function in the unit disc U = {z: |z| < 1}, f(0) = 0 and |f(z)| < 1
for |z| < 1. For any point z in the unit disc U, we have |f(z)| < |z| and |f’(0)] < 1. Equality in
these inequalities (in the first one, for z # 0) occurs only if f(z) = Az, |A| = 1 [4, p. 329]. For
historical background about the Schwarz lemma and its applications on the boundary of the unit disc,
we refer to (see [2, 9, 11]). A complex valued activation function which is obtained by using the
Schwarz lemma is proposed in this study and a complex-valued extreme learning classifier is utilized
to analyze its classification performance [11]. Use of positive real function and boundary analysis of
these functions for circuit synthesis can be given as an exemplary application of the Schwarz lemma
in electrical engineering. Furthermore, it is also used for analysis of transfer functions in control
engineering and multinotch filter design in signal processing [9].

Let g(2) = b+ c12 + c22% + ... be analytic in U, b = g(0) and |g(z)| < 1 for z € U. Then

l9'(0)] <1~ b,
Obviously, this inequality is sharp. This expression will be used to prove Theorem 3.

Now, at a unit disc boundary point, our main interest is with analytic functions that map the unit
disc into itself. According to the Schwarz lemma, if an analytic function f of the unit disc into itself
has f(0) = 0 and extends continuously to the boundary point ¢ with |¢| =1, |f(c)| = 1, and f’(c)
exists, then |f/'(c)| > 1. The following lemma, known as the boundary Schwarz lemma, is found
in [7, 13].

Lemma 1. If f(z) extends continuously to some boundary point ¢ with |c| = 1, |f(2)| < 1 for
|z| <1 and f(0) =0, and if |f(c)| =1 and f'(c) exists, then
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and

[f'(e)] = 1. (1.2)
In addition, the equality in (1.2) holds if and only if f(z) = ze, where 0 is a real number.
Also, the equality in (1.1) holds if and only if f is of the form f(z) = —217—
constant T € (—1,0].
In proving our main results, we shall need the following lemma due to Julia— Wolff [12].
Lemma 2 (Julia— Wolff lemma). Let f be an analytic function in U, f(0) =0 and f(U) C U.
If, in addition, the function f has an angular limit f(c) at ¢ € OU, |f(c)| = 1, then the angular
derivative f'(c) exists and 1 < |f'(c)| < oo.
The geometric theory of functions greatly benefits from the inequality (1.2) and its generalizations,

z
— Vz € U for some
— Tz

which are still hot subjects in the mathematics literature [5-8, 10, 13].

2. Main results. In this section, the derivative of the function at point 1 is evaluated from
below. Some of the coefficients in the Taylor expansion of the function are used in this evaluation.
In addition, in the last theorem, Taylor’s expansion around two points will be used to obtain more
general inequalities.

Theorem 1. Let g(z) = b+ c1z + c22% + ... be analytic in U, b = g(0), a = argb and

lg(2)| < 1 for z € U. Assume that, for 1 € OU, g has an angular limit g(1) at 1, g(1) = —e™'?.
Then we have the inequality

1+ ||

"(1)] > : 2.1
01> 1)
The equality in (2.1) occurs for the function
—iq |b| —Z
g(z) - 1— Z|b‘

Proof. Consider the function

|p(1)] =1 for 1 € OU. From (1.2), we obtain
eog' (1) (b2 — 1)
(e g(1)]p] — 1)°

ey (1) (> = 1) | _ g/ ()I(1 — o)
(ol = 1)? oI+ 1

ey (1) (b2 — 1)
(ei(—e—)[p] — 1)?

1< (1] =

and

1+ b
1— b
Now, we shall show that inequality (2.1) is sharp. Let

_ _—ix |b| -z
9(2) = e T

lg' (D] =

Then we take
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(1 — z[b]) + [Bl(J6] - =)

e (R R
11— i —(L [b]) + b~ 1)
s=e (= oI?
and
oy LD

Theorem 1 is proved.

By considering ¢y, the first coefficient in the expansion of the function g(z), inequality (2.1) can
be strengthened as shown in the following.

Theorem 2. Under the assumptions of Theorem 1, we have

/ 2(1 + [b])°
g (Wl = — TEEP. (2.2)

Inequality (2.2) is sharp with extremal function

1y —

1—z[b|

Proof. Let o(z) be as in the proof of Theorem 1. Using inequality (1.1) for the function ¢(z),
we obtain
EEO b+ 1
Since

'(0)] |c1
o= 1208 -

we have

2 _ gl o)
ol = o1

1— b2

2(1-[p?) < lg'WIA — o))

1—1b)2+ |e1| — bl + 1

1+

and
2(1 + |b))?
") > —————.
gl = 1= b2 + |c1]
To show that inequality (2.2) is sharp, take an analytic function

__—i« |b‘ —Z
9= =y

Then

1+ [b]
"(1)| = .
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On the other hand, we have

[b] — =

b 2y =ete .
+c1z + ez + e l—z\b\

If we take the derivative of both sides of the last equation, we obtain

—ia -1+ |b|2

2 .= —_
1+ 2c0z + e (T —2))?

Passing to limit as z tends to O in the last equality, we get
e =—e (1 [b]?)
and
ley | =1 — |b%
Therefore, we have

201+ [b)* 21+ b)) 1+ b
L= +ei] 1= +1—b2 1—[b]

Theorem 2 is proved.
In the following theorem, inequality (2.2) is strengthened by adding term ¢y of the function g(z).
Theorem 3. Under the assumptions of Theorem 1, we have

2
1+ o] (1 . 2(1 — [b2 — |1 ) )

lg'(1)] = ;
1—[o| (1= p2)2 = |2 + |ea (1 — [B]2) + eio]p|e3|

(2.3)

Inequality (2.3) is sharp for the function given by

__—ix |b| _22
g(z) =e 1—22|b|.

Proof. Let ¢(z) be as in the proof of Theorem 1 and B(z) = z. By the maximum principle, for
each z € U, we get |p(2)| < |B(z)|. So,

p(2) eg(z) — |b]
B(z)  z(e'g(z)[b] = 1)

is an analytic function in U and |h(z)| < 1 for |z| < 1.
In particular, we obtain

|c1]
h = <1
|h(0)] T =

and

_ Jea (1= [BP) + e™pled]

o (1 [pf2)°
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The function
h(Z) — h(0)
— h(0)h(z)

is analytic in the unit disc U, |®(z)| < 1 for |z| < 1, ®(0) =0 and |®(1)| =1 for 1 € 9U.
From (1.1), we have

O(z) =

2 1 —[n(0)?
P — < ! - h/ 1
e < O aomop )
1+ |n(0)],, 1+\h0|
< — —1}.
< T O = T PO -1
Since
1— 2
(z) = ——OF 0,
(1 — h(0)h(2))
W (0)]
@/ _ ‘
}62(1 — |b|2) + eia]b|c%‘
_ (1—[p)? _ Je2 (1 [p?) + e*[blet]
el ) (1= )" = |1 |?
1 — ]2
we get
2 | 1—b!2+!q!{\g’(1>|<1—b!) _1}
‘02(1 — [b]?) + e™[blc ’ 1— b2 = |ea] |b] + 1 ’
(1= [p2)* = Jer |2
m2\2 2
2((1— PP)° ~lerP) L= b —Jei| _ DI — o)
(1= 102)% = [ea]? + [e2 (1 — B[2) + eiafple3| L= [bP + el = (B[ +1
and
2(1— [b]? = |er])* L1 < I =)
(1= p2)° = e + |ea(1 = [B2) + eioplez| — —  [bl+1

Therefore, we obtain

_pl2 _ 2
PEEe=au (1+ bRl )
1—|b] (1= b2)" = Je1]2 + |ea (1 — [B]2) + eie[b|cF]

Now, we shall show that inequality (2.3) is sharp. Consider the function

[b] — 22
1— 22|

—i

g(z) =e
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Then we have

On the other hand, we obtain

bl — 22

b 2 4=t L&
+c12 +co2” 4+ c32” + e 1—22|b|

If we take the derivative of both sides of the last equation, we get

i —22(1—[0)?)

C1+2czz+30322—|—...:
(1— 22[p])?

Passing to limit in the last equality yields ¢; = 0. Similarly, using straightforward calculations, we
take ¢z = —e"*(1 — |b|?). Therefore, we obtain

1+ b 2(1— b — |e1])” )
L= (H (1= 162)" = feal? + [ea (1 = [bf2) + et(bled|
L]y 2(1 - [b?)”
C 1 b (1 * (1= [B]2)° + |—e—io (1 — [b]2) (1 — |b|2)}>

1+ |b] 2(1— b2)? 1+ [
= 1+ 5 5| =2 :
1— [b| (1—[6]2)" + (1 — [b]2) 1— ]

Theorem 3 is proved.

In this theorem, considering the Taylor expansion around two points, the modulus of the derivative
of the function at point 1 is obtained. Based on the results of the work presented in [1], the following
result is obtained.

Theorem 4. Let g(z) = b+ c1z + c222 + ... be analytic in U, b = ¢(0), g(c0) = ¢(0),

0< || <1, a=arghand |g(z)| <1 for z € U. Assume that, for 1 € U, g has an angular limit
g(1) at 1, g(1) = —e™*. Then we have the inequality

14+ |b 1= |cnl? 1 — |2 —1d'(0
1g'(1)] > + | \<1+ |€0|2 +( | |2)|<o| Ig,( )|
1=l (1= 1[b2) 0l +1g'(0)]

< {H (1= 161%)* 50+ 19" (s0) | (1= |sol?) g’ (0)] = (1= [b1*)Ig"(s0) | (1 = |so]?) — (1= [B]?) £ (0)] 1§0|2]>'
(1—16[2)|co 2 +1g"(50) | (1= lso[2) 197 ()| + (1= [B12) |9/ (s0) | (1 — <0 ) + (1 [b[2) | £7(0) | 11 =50l
(2.4)

Inequality (2.4) is sharp, with equality for each possible value of |g’(0)| and |g’(<o)|-
Proof. Let

Z — 90
1—gz

u(z) =
Also, let : U — U be an analytic function and ¢y € U such that
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Z—90
1 -5z

= [u(2)]

and

() < ol Ju2)

= T r(llufz) )

by the Schwarz—Pick lemma [4]. For an analytic function v: U — U and 0 < |s| < 1, if we take
into account the function

r(z) — U(Z);U(O)
(=) z(l—v( )v(z))
in (2.5), then we get
20) 20O |y
o2 o) | |0(1- 20w
(1= v(0)u(2)) |~ v() —v(0) |
1+ (1 — 0(0)(so)) u(z)]
and
|C] + |u(2)]
v < O Ol oo
" 1 o(o) | 1E L |
1+ |Cl[u(z)|
where
_vlw) —v(0)
s (1 —v(0)v(0))
If we take
_ p(2)
v(z) = Z<z—§o>
1—5z
then
~¢'(0) ' (s0) (1 — |<o]?)
v(0) = o v(sp) = ”
and

¢ (0) (1 — lol?) L #(0)

m = <0 <0
70) ¢'(s0) (1= [sol?)
§0<1+90()80(0)( [%0f?)
S0 S0
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where |m| < 1. Let |v(0)| = 8 and

¢ (s0) (1 — Isol?)

SO
|50 (1 +

¢'(s0) (1 — lsol?)
lp(2)] < [2[Ju(2)]

2

‘wmw>
<o

L+ [u(2)|
1+ lu(z)]
L+ [u(2)|
1+ Iu(z)]

[ =

S0

By (2.6), we get

B+l

1+ Bzl

and

L LG | R IRTI AR RN TE
- lo(e)] | 1+ 4] |1+”u(z)‘ Blzlfu(z)] = u(2)]|=]

1—|z| = (1—|z!)<1+5| 'fiz'f%’\)

L+ [u(z)]
1+ lu(z)]

Lot £(2) = 1+ BRIy

7(z) in the previous inequality, we have

and 7(z) = 1 4+ l|u(z)|. Taking into account the functions £(z) and

Lo . 1 (1 [Pu()? L2 1 )P
I Z&ama{ T @I AT } @7

Since

I+ u(z)] )
1+l!u(z)]> =1+5

limn(z) = lim (1 + lju(z)|) =1+ M,
z—1 z—1

i (<) = liy 1+ 612

z—1

J

— <0
. 1 — 0% 11— \§0|2
1 Y
o MEATEE
for nonnegative integers ¢ and j and
2 2 2
— 1— g 1— |z
ST ok X g Gl 9 [ Gl 9
1—-%2 |1 —Sz|

passing to the angular limit in (2.7) gives

YW =1+

1 — [gol? 1—5[1+1—11—<o\2

+ .
|1—§0|2 1+7 1+l|1—§0‘2
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In addition, since
- w’(O)‘
1-8_1-[w(O) _ S | _ lsol =¥ 0)] _ (1 —161?) sl — |9’ (0)]
1L+8 1+ v(0) 14 @’(0)‘ ol + 12/ (0)] (1 —1[b2)]0| + ¢’ (0)|
S0
¢'(c0) (1 — |s0]?) N ‘90’(0)’
. <0 <0
o / _ 2 /
|<o|<1+ ¢'(s0) (1 = lool) [| ¢ (O)D
1-1 S0
L+ #s0) (1= lsol?) | ‘90’(0)’ |
<o S0
1+ / 1— ’ ’2) / 0
|§0|<1+ #(s0) (1~ Iso ‘sog(o >D
1-1 [s01* + 1’ (<0) [ (1 = [s0/*) 1/ (0)] — |’ (s0) | (1 — [<0l?) — |’ (0)]
L+1 o feof> 4 1 (s0)[(1 = [sol*) ¢’ (0)] 4 [’ (s0)[(1 — [<0|?) + [¢(0))]
and
1-1 _ (1—|bl2)2|<o|2+Ig’(co)l(l—lco\Q)!g’(O)I—(1—|b\2)!9’(<o)|(1—\<o|2)—(1—|bl2)|f’(0)\
141 (1—\512)2\%\2 + 19" (s0)[(1=ls0I?)|g"(0)] + (1—10]2) g (s0)[(1—]<0]2) + (1—16]2)[ f(0)]
we obtain
/ 1- |§0|2 (1= 102)[so| — lg'(0)]
1) >1
P P T T bR ol + 197(0)

(1= 162)*[s0]2 + |9/ (s0)| (1 —

[6*)lg" (<o) I (1—

[50/?) = (L= [6*) £ (0)] 1—1so|?

l50[2) 19/ (0)— (1~
(1= 112)*[s0]2 + 19 (s0) | (1 |s0|2) |9 (0)] + (1~

From definition of ¢(z), we have

o' (1)] =

[612) 19’ (o) I(1—

lso[2) + (1—[b[2)[f7(0)] 11 =<0l |

g’ (1)[(1 — [b])
b +1 -

We thus take inequality (2.4). Let us choose arbitrary real numbers zp,  and y such that 0 < x =

|<o/?

(1~ Jof?)?

2" (0)] < lsol?, 0 <y = |¢(c0)| <

to show that inequality (2.4) is sharp. Let

Z =«
o+ 0

1—5z

Z =90

1
+01—@Z

X

1——=z2
0 144
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where

_1y(—fwf) +=
1—|ool*

S

2
%0 1+zy

From (2.8), with the simple calculations we obtain
P0)=z,  ¢(0)=y
and

1-¢¢ otz . 1-¢¢ a+zy(l—|o?) —y(l—lol?) —=
1-g)? -z (1—0)? g +xy(1 = |so]?) + y(1 = [0f?) + 2

Choosing suitable signs of the numbers zg,  and y, we conclude from the last equality that
inequality (2.4) is sharp.
Theorem 4 is proved.
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