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ESTIMATION OF THE CENTROID BANACH – MAZUR DISTANCE
BETWEEN PLANAR CONVEX BODIES

ОЦIНКА ЦЕНТРОЇДНОЇ ВIДСТАНI БАНАХА – МАЗУРА
МIЖ ПЛОСКИМИ ОПУКЛИМИ ТIЛАМИ

We consider a version of the Banach – Mazur distance \delta \mathrm{c}\mathrm{e}\mathrm{n}BM (C,D) between two convex bodies C and D from Ed with

an additional requirement that their centroids coincide. We prove that \delta \mathrm{c}\mathrm{e}\mathrm{n}BM (C,D) \leq 69

17
for any two convex bodies C

and D in E2.

Розглянуто варiант вiдстанi Банахa – Mазурa \delta \mathrm{c}\mathrm{e}\mathrm{n}BM (C,D) для двох опуклих тiл C, D з Ed з додатковою вимогою,

що їхнi центроїди збiгаються. Доведено, що \delta \mathrm{c}\mathrm{e}\mathrm{n}BM (C,D) \leq 69

17
для будь-яких опуклиx тiл C, D з E2 .

1. Introduction. By \scrC d we denote the family of convex bodies (i.e., closed bounded convex sets
with nonempty interior) of the d-dimensional Euclidean space Ed :

Our theorem concerns the two-dimensional case of the so-called centroid Banach – Mazur distance
of convex bodies C,D \in \scrC d :

\delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(C,D) = \mathrm{i}\mathrm{n}\mathrm{f}
a,h\lambda 

\bigl\{ 
\lambda ; a(C) \subset D \subset h\lambda a(C) and \mathrm{c}\mathrm{e}\mathrm{n}(a(C)) = \mathrm{c}\mathrm{e}\mathrm{n}(D)

\bigr\} 
,

where a stands for an affine transformation and h\lambda denotes a homothety with a ratio \lambda \geq 1 whose
center is at the centroids \mathrm{c}\mathrm{e}\mathrm{n}(a(C)) = \mathrm{c}\mathrm{e}\mathrm{n}(D) of a(C) and D. For the notion and properties of the
centroid see § 2 and § 7 of the book [4]. For the notions of affine transformation and homothety see
Part 1.1 of the book [11].

For every C and D we have \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(C,D) = \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(D,C) (see Section 3).
In connection with this, recall that the extended Banach – Mazur distance of C,D \in \scrC d is defined

as

\delta \mathrm{B}\mathrm{M}(C,D) = \mathrm{i}\mathrm{n}\mathrm{f}
a, h\lambda 

\bigl\{ 
\lambda ; a(D) \subset C \subset h\lambda 

\bigl( 
a(D)

\bigr) \bigr\} 
,

where a stands for an affine transformation and h\lambda denotes a homothety with ratio \lambda \geq 1. It is
well-known that this is a generalization of the original definition for centrally-symmetric C and D

as given by Banach [2] in behalf of him and Mazur (formally it is shown in claim of [7]). The
centroids of C,D \in \scrC d in the definition of \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(C,D) take over the roles of the centers of the
centrally-symmetric bodies in the original definition of the Banach – Mazur distance. A survey on the
Banach – Mazur distance is given in the book [10]. Moreover, in Sections 3.2 and 3.3 of the book
[11] and in Section 4.1 of the book [1].
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As usual, by an affine-regular hexagon we understand a nondegenerated affine image of the
regular hexagon. Besicovitch [3] proved the following theorem:

(A) For every A \in \scrC 2 there is an affine-regular hexagon HA inscribed in A.

In our theorem we prove that for every planar convex bodies C and D we have \delta \mathrm{c}\mathrm{e}\mathrm{n}BM (C,D) \leq 69

17
,

which is 4.058 . . . . In the proof we substantially apply the following fact proved in [8]:

(B) Let A \in \scrC 2 and HA be an affine-regular hexagon inscribed in A. Then the centroid of A

belongs to the homothetic image of HA with ratio
4

21
and center in the center of HA.

2. An estimate of the centroid BM-distance.

Theorem. The centroid Banach – Mazur distance between arbitrary two planar convex bodies

is at most
69

17
.

Proof. Consider any convex bodies C, D of E2. By (A) there exists an affine-regular hexagon
HC = c1 . . . c6 inscribed in C and an affine-regular hexagon HD = d1 . . . d6 inscribed in D. Since
we deal with C and D, and thus with HC and HD, up to nondegenerated affine images, we may

assume that ci = di =

\biggl( 
\mathrm{c}\mathrm{o}\mathrm{s}

2\pi 

6
i, \mathrm{s}\mathrm{i}\mathrm{n}

2\pi 

6
i

\biggr) 
, where i = 1, . . . , 6, in a rectangular coordinate system.

By (B) the centroid (p, q) of C and the centroid (r\ast , s\ast ) of D are in
4

21
HC =

4

21
HD. Since this

hexagon is the union of 12 congruent triangles (obtained by dissecting the hexagon by its 12 axes of
symmetry), without loosing the generality we may assume that the centroids (p, q) and (r\ast , s\ast ) are

in the triangle T with vertices (0, 0),

\biggl( 
4

21
, 0

\biggr) 
and

\biggl( 
1

7
,
1

21

\surd 
3

\biggr) 
.

Our considerations are not narrower if we assume that for instance p \leq r\ast (in the opposite case
we change the roles of C and D).

We provide the affine transformation \tau given by r =
3

2
r\ast +

1

2

\surd 
3s\ast , s =  - 1

2

\surd 
3r\ast +

3

2
s\ast (it

is the superposition of the rotation by  - 30\circ with a homothety with ratio
\surd 
3). The obtained points

(r, s) form the triangle T+ with vertices (0, 0),

\biggl( 
2

7
, - 2

21

\surd 
3

\biggr) 
and

\biggl( 
2

7
, 0

\biggr) 
.

Since r\ast \geq 0 and s\ast \geq 0, we have r =
3

2
r\ast +

1

2

\surd 
3s\ast \geq r\ast . Thus from the assumption p \leq r\ast 

we get p \leq r.

Translate C by the vector [ - p, - q] and denote by C \prime the image. Simultaneously, by this vector

[ - p, - q], translate HC = c1 . . . c6 up to HC\prime = c\prime 1 . . . c
\prime 
6. We have c\prime i =

\biggl( 
\mathrm{c}\mathrm{o}\mathrm{s}

2\pi 

6
i - p, \mathrm{s}\mathrm{i}\mathrm{n}

2\pi 

6
i - q

\biggr) 
for i = 1, . . . , 6 (see Fig. 1).

Let ci =

\biggl( \surd 
3 \mathrm{c}\mathrm{o}\mathrm{s}

\biggl( 
2\pi 

6
i - \pi 

6

\biggr) 
,
\surd 
3 \mathrm{s}\mathrm{i}\mathrm{n}

\biggl( 
2\pi 

6
i - \pi 

6

\biggr) \biggr) 
for i = 1, . . . , 6. Take the translation c\prime i of

ci by [ - p, - q]. Thus ci =

\biggl( \surd 
3 \mathrm{c}\mathrm{o}\mathrm{s}

\biggl( 
2\pi 

6
i - \pi 

6

\biggr) 
 - p,

\surd 
3 \mathrm{s}\mathrm{i}\mathrm{n}

\biggl( 
2\pi 

6
i - \pi 

6

\biggr) 
 - q

\biggr) 
. Construct the star

S(HC\prime ) over HC\prime being the union of the triangles c\prime 1c
\prime 
3, c

\prime 
5 and c\prime 2c

\prime 
4c

\prime 
6.

Take into account \tau (D) and \tau (HD) = \tau (d1) . . . \tau (d6). We have \tau (di) =

\biggl( \surd 
3 \mathrm{c}\mathrm{o}\mathrm{s}

\biggl( 
2\pi 

6
i  - 

\pi 

6

\biggr) 
,
\surd 
3 \mathrm{s}\mathrm{i}\mathrm{n}

\biggl( 
2\pi 

6
i - \pi 

6

\biggr) \biggr) 
for i = 1, . . . , 6. Clearly, \tau (di) = ci for i = 1, . . . , 6.

ISSN 1027-3190. Укр. мат. журн., 2024, т. 76, № 5



778 MAREK LASSAK

Fig. 1. Illustration to the proof of theorem.

Translate \tau (D) up to D\prime and simultaneously \tau (HD) up to HD\prime by the vector [ - r, - s], which

means that HD\prime has vertices d\prime i =

\biggl( \surd 
3 \mathrm{c}\mathrm{o}\mathrm{s}

\biggl( 
d
2\pi 

6
i - \pi 

6

\biggr) 
 - r,

\surd 
3 \mathrm{s}\mathrm{i}\mathrm{n}

\biggl( 
2\pi 

6
i - \pi 

6

\biggr) 
 - s

\biggr) 
for i =

1, . . . , 6.

The bodies C \prime and D\prime have their centroids at o = (0, 0).

Of course, \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(C \prime , D\prime ) = \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(C,D).

Since 0 \leq p \leq 4

21
and 0 \leq r \leq 2

7
, then from p \leq r we see that the number

3 - 2p

3 - 2r
is at least 1.

Consider the homothetic image HD\prime \prime of HD\prime with this ratio
3 - 2p

3 - 2r
. Clearly, d\prime \prime i =

3 - 2p

3 - 2r
d\prime i

for i = 1, . . . , 6 are the vertices of HD\prime \prime (again see Fig. 1). In particular, d\prime \prime 1 =

\biggl( 
3 - 2p

3 - 2r
\times \biggl( 

3

2
 - r

\biggr) 
,
3 - 2p

3 - 2r

\biggl( 
1

2

\surd 
3 - s

\biggr) \biggr) 
and d\prime \prime 6 =

\biggl( 
3 - 2p

3 - 2r

\biggl( 
3

2
 - r

\biggr) 
,
3 - 2p

3 - 2r

\biggl( 
 - 1

2

\surd 
3 - s

\biggr) \biggr) 
.

We have
3

2
 - p =

3 - 2p

3 - 2r

\biggl( 
3

2
 - r

\biggr) 
(in order to see this multiply both sides by 2(3  - 2r)).

Thus the first coordinates of d\prime \prime 1, c
\prime 
1, c

\prime 
6 and d\prime \prime 6 are equal, i.e., these points are in one vertical line.

Moreover, by p \leq r and q \geq s, we have (3  - 2r)
\bigl( \surd 

3  - 2q
\bigr) 
\leq (3  - 2p)

\bigl( \surd 
3  - 2s

\bigr) 
which leads

to
1

2

\surd 
3 - q \leq 3 - 2p

3 - 2r

\biggl( 
1

2

\surd 
3 - s

\biggr) 
. Consequently, c\prime 6c\prime 1 \subset d\prime \prime 6d

\prime \prime 
1. Thus, HD\prime \prime contains c\prime 6 and c\prime 1.

We let the reader to show that HD\prime \prime contains also the remaining c\prime i. Hence, HD\prime \prime \supset S(HC\prime ) \supset C \prime .

Taking into account the inclusion HD\prime \prime \subset D\prime \prime , we get C \prime \subset D\prime \prime .

Prolonging d\prime \prime 1d
\prime \prime 
2, d\prime \prime 3d

\prime \prime 
4, and d\prime \prime 5d

\prime \prime 
6 we obtain a triangle. Prolonging d\prime \prime 2d

\prime \prime 
3, d\prime \prime 4d

\prime \prime 
5, and d\prime \prime 6d

\prime \prime 
1 we

also get a triangle. The star being the union of these two triangles is denoted by S(HD\prime \prime ) and
called the star over HD\prime \prime Denote its “outer” vertices by d\prime \prime i for i = 1, . . . , 6 so that d\prime \prime i - 1 \in 

d\prime \prime i - 2d
\prime \prime 
i (\mathrm{m}\mathrm{o}\mathrm{d}6), where i = 1, . . . , 6. Since d\prime \prime 3 =

\biggl( 
3 - 2p

3 - 2r

\biggl( 
 - 3

2
 - r

\biggr) 
,

3 - 2p

3 - 2r

\biggl( 
1

2

\surd 
3  - s

\biggr) \biggr) 
and d\prime \prime 4 =

\biggl( 
3 - 2p

3 - 2r

\biggl( 
 - 3

2
 - r

\biggr) 
,
3 - 2p

3 - 2r

\biggl( 
 - 1

2

\surd 
3  - s

\biggr) \biggr) 
, its length is

3 - 2p

3 - 2r

\surd 
3 and the middle
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of the segment d\prime \prime 3d
\prime \prime 
4 is

\biggl( 
3 - 2p

3 - 2r

\biggl( 
 - 3

2
 - r

\biggr) 
,  - 3 - 2p

3 - 2r
s

\biggr) 
. This and the fact that the triangle

d\prime \prime 3d
\prime \prime 
4d

\prime \prime 
4 is regular imply that the distance between this middle and d\prime \prime 4 is

3

2
\cdot 3 - 2p

3 - 2r
. Hence

d\prime \prime 4 =

\biggl( 
 - (3 - 2p)(3 + r)

3 - 2r
,  - (3 - 2p)s

3 - 2r

\biggr) 
.

The equation of the straight line of the side c\prime 3c
\prime 
4 of HC\prime is y =  - 

\surd 
3(x+1+p) - q. Intersect it with

the horizontal line y =  - (3 - 2p)s

3 - 2r
passing through d\prime \prime 4. We obtain the point e of intersection whose

first coordinate is

\surd 
3

3

(3 - 2p)s

3 - 2r
 - 1 - p - 1

3

\surd 
3q. We see that d\prime \prime 4 and e are on the same horizontal

level. By f(p, q, r, s) denote the quotient of  - (3 - 2p)(3 + r)

3 - 2r
by

\surd 
3

3

(3 - 2p)s

3 - 2r
 - 1 - p - 1

3

\surd 
3q.

In other words, this is | od\prime \prime 4| /| oe| .
Put HC\prime \prime = f(p, q, r, s)\cdot HC\prime . Its vertices are c\prime \prime i = f(p, q, r, s)\cdot c\prime i (in Fig. 1 we see only c\prime \prime 3 ). Apply

the intercept (Thales’s) theorem for the three straight lines containing the segments oc\prime \prime 3, od
\prime \prime 
4 and oc\prime \prime 3,

and for the two parallel lines containing the segments c\prime \prime 3c
\prime \prime 
4 and c\prime 3c

\prime 
4. We obtain d\prime \prime 4 \in c\prime \prime 3c

\prime \prime 
4 This and

c\prime \prime 3c
\prime \prime 
4 \subset HC\prime \prime imply dd\prime \prime 4 \in HC\prime \prime . We let the reader to show that also the remaining d\prime \prime i are in HC\prime \prime 

and thus in f(p, q, r, s) \cdot C \prime . Hence, S(HD\prime \prime ) \subset f(p, q, r, s) \cdot C \prime . This and D\prime \prime \subset S(HD\prime \prime ) imply that
D\prime \prime \subset f(p, q, r, s) \cdot C \prime . So by C \prime \subset D\prime \prime (established earlier in this proof) we conclude that for every
(p, q, r, s) \in T \times T+ (i.e., when (p, q) \in T and (r, s) \in T+) we get \delta \mathrm{c}\mathrm{e}\mathrm{n}BM (C \prime , D\prime ) \leq f(p, q, r, s)

and, thus,
\delta \mathrm{c}\mathrm{e}\mathrm{n}BM (C,D) \leq f(p, q, r, s).

Having in mind the description of f(p, q, r, s) as a quotient is easy to evaluate it:

f(p, q, r, s) =

\surd 
3(3 - 2p)(3 + r)

(3 - 2r)
\bigl( \surd 

3 +
\surd 
3p+ q

\bigr) 
 - (3 - 2p)s

.

It remains to show that f(p, q, r, s) \leq 69

17
for every (p, q, r, s) \in T \times T+.

From the formula for f(p, q, r, s) we see that if q decreases and s increases while p, r are
constant, then f(p, q, r, s) increases. So the greatest value of f(p, q, r, s) in T \times T+ must be for
some (p, q) in the horizontal side of T and for some (r, s) on the horizontal side of T+.

Consider the rectangle Q =

\biggl\{ 
(p, r); 0 \leq p \leq 4

21
, 0 \leq r \leq 2

7

\biggr\} 
. Putting q = 0 and s = 0 into

the above formula for f(p, q, r, s), we get the function

g(p, r) =

\surd 
3(3 - 2p)(3 + r)

(3 - 2r)
\bigl( \surd 

3 +
\surd 
3p

\bigr) .
Below, for this function, we apply the following method of finding the global maximum of a
continuous function f(x, y) in a polygon Q \subset E2. Namely, first we find the points being the
solutions of the system of two equations when partial derivatives of our function f(x, y) are 0 in the
interior of Q. Next we write the equations of the sides in the forms y = u(x) or x = v(y). We find
the critical points in the relative interiors of each side, where the derivative of the respective equation
is 0. Finally, we check the values of f(x, y) at the vertices of Q. The largest value at all the found
points gives the maximum value of f(x, y) in Q.
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We evaluate the partial derivatives g\prime p(p, r) and g\prime r(p, r) and easily check that the system of
equations g\prime p(p, r) = 0 and g\prime r(p, r) = 0 has no solution in the interior of Q.

If we insert 0 in place of p, we get a homographic function of the variable r. The same if we

insert
4

21
. Also if we insert 0 in place of r, we get a homographic function of the variable p. The

same if we insert
2

7
. Since none of homographic functions attains a local extremum on an open

interval, we conclude that g(p, r) considered on Q does not attain a global extremum on the interiors
on each side of Q.

Finally, we check the values of g(p, r) at the corners of the rectangle Q. It appears that the

greatest value is attained at the vertex

\biggl( 
0,

2

7

\biggr) 
of Q. Its value equals to

69

17
.

We conclude that the greatest value of g(p, r) on Q is
69

17
. Consequently, \delta \mathrm{c}\mathrm{e}\mathrm{n}BM (C,D) \leq 69

17
.

The theorem is proved.
3. Final remarks. On the turn of pages 259–260 of [5], Grünbaum says that probably the least

upper bound of \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(C,D) is
5

2
(he uses a different notation). Without a proof, it is added that it can

be shown that
5

2
is attained for the parallelogram and triangle. A proof of this fact is given in [9].

For comparison recall the conjecture from [6] that \delta \mathrm{B}\mathrm{M}(C,D) \leq \mathrm{c}\mathrm{o}\mathrm{s}2 36

\mathrm{s}\mathrm{i}\mathrm{n} 18
which is

2 +
\surd 
5

2
\approx 

2.118. This value is attained for the regular pentagon and the triangle (in their optimum positions the
centroids do not coincide).

By the way, \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(P, T ) \leq 7 - 
\surd 
5

2
\approx 2.382. Namely, in Fig. 2 we see the regular pentagon

P with vertices

\biggl( 
\mathrm{c}\mathrm{o}\mathrm{s}

2\pi 

5
i, \mathrm{s}\mathrm{i}\mathrm{n}

2\pi 

5
i

\biggr) 
, where i = 1, . . . , 5, and the inscribed triangle T with vertex

(1, 0), whose opposite side is in the straight line x =  - 1

2
. We also see the homothetic image T  \star =

7 - 
\surd 
5

2
T. The centroids of P, T and T  \star coincide.

T

P

T
7 – √5

2

Fig. 2. Illustration to the inequality \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(P, T ) \leq 7 - 
\surd 
5

2
.
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At the end, according to the suggestion of the referee, let us show that \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(C,D) = \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(D,C)

for every C,D \in \scrC d, as said in the Introduction. Take into account

\delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(D,C) = \mathrm{i}\mathrm{n}\mathrm{f}
a,h\mu 

\bigl\{ 
\mu ; b(D) \subset C \subset h\mu a(C) and \mathrm{c}\mathrm{e}\mathrm{n}(b(D)) = \mathrm{c}\mathrm{e}\mathrm{n}(C)

\bigr\} 
.

Our considerations are not narrower if we assume that all the centroids in \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(C,D) and
\delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(D,C) are at one point. Look at a(C) \subset D \subset h\lambda a(C) from the definition of \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(C,D). From
a(C) \subset D we get h\lambda a(C) \subset h\lambda D. By this and by D \subset h\lambda a(C) we obtain D \subset h\lambda a(C) \subset h\lambda D.

Apply the affine transformation b = h1/\lambda a
 - 1, which means a - 1 = h\lambda b, to these inclusions. Hence,

b(D) \subset C \subset h\lambda b(D) is equivalent to a(C) \subset D \subset h\lambda a(C). This leads to \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(D,C) = \delta \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{B}\mathrm{M}(C,D).
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