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STABLE DIFFERENCE SCHEME FOR THE NUMERICAL SOLUTION
OF THE SOURCE IDENTIFICATION PROBLEM
FOR HYPERBOLIC EQUATIONS

СТIЙКA РIЗНИЦЕВA СХЕМA ДЛЯ ЧИСЛОВОГО РОЗВ’ЯЗУВАННЯ
ЗАДАЧI IДЕНТИФIКАЦIЇ ДЖЕРЕЛА ДЛЯ ГIПЕРБОЛIЧНИХ РIВНЯНЬ

We present a stable difference scheme of the second order of accuracy for a one-dimensional hyperbolic equation. The
well-posedness of the difference scheme is established. Numerical results are presented.

Наведено стiйку рiзницеву схему другого порядку точностi для одновимiрного гiперболiчного рiвняння. Встанов-
лено, що рiзницева схема є коректно поставленою. Наведено числовi результати.

1. Introduction. Identification problems take an important place in applied sciences and engineering
applications and have been studied by many authors (see, e.g., [1 – 8] and the references therein). The
theory and applications of source identification problems for partial differential equations have been
given in various papers (see, e.g., [9 – 25, 28, 29] and the references therein).

In the paper [28], a source identification problem for a class of abstract nonlocal differential
equations in separable Hilbert spaces is investigated. The existence of mild solutions and strong
solutions for the problem of identifying parameter are obtained. The continuous dependence on the
data and the regularity of the mild solutions and strong solutions of nonlocal differential equations
is studied. Examples given in anomalous diffusion equations illustrate the existence and regularity
results.

In the paper [29], two inverse problems with final overdetermination for diffusion and wave
equations containing the Caputo fractional time derivative and a fractional Laplacian of distributed
order are considered. Uniqueness of solutions of these problems is proved. Sufficient conditions for
the uniqueness are stricter for the problem to recover simultaneously the source term, the order of
the time derivative and the fractional Laplacian than for the problem to reconstruct a time-dependent
source term.

In the paper [26], the source identification problem

\partial 2u(t, x)

\partial t2
 - \partial 

\partial x

\biggl( 
a(x)

\partial u(t, x)

\partial x

\biggr) 
= p(t)q(x) + f(t, x), x \in (0, l), t \in (0, T ),

u(0, x) = \varphi (x), ut(0, x) = \psi (x), x \in [0, l],

u(t, 0) = u(t, l) = 0,

l\int 
0

u(t, x)dx = \zeta (t), t \in [0, T ],

(1)
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for a one dimensional hyperbolic equation with local boundary conditions was studied, where u(t, x)
and p(t) are unknown functions, a(x) \geq a > 0, f(t, x), \zeta (t), \varphi (x) and \psi (x) are sufficiently smooth

functions and q(x) is a sufficiently smooth function assuming q(0) = q(l) = 0 and
\int l

0
q(x)dx \not = 0.

Well-posedness of the source identification problem was established. The first order of accuracy
difference scheme for the numerical solution of source identification problem was presented and
studied. Numerical results were given.

Of great interest is the study of absolute stable difference schemes of a high order of accuracy for
hyperbolic partial differential equations, in which stability was establised without any assumptions
in respect of the grid steps \tau and h. At the same time we note that the absolute stable high order of
accuracy difference schemes for the numerical solution of identification hyperbolic problem (1) are
not studied before.

In the present paper, absolute stable second order of accuracy difference scheme for the numerical
solution of identification hyperbolic problem (1) is presented:

uk+1
n  - 2ukn + uk - 1

n

\tau 2
 - 1

2h

\Biggl( 
a(xn+1)

ukn+1  - ukn
h

 - a(xn)
ukn  - ukn - 1

h

\Biggr) 

 - 1

4h

\Biggl( 
a(xn+1)

uk+1
n+1  - uk+1

n + uk - 1
n+1  - uk - 1

n

h

 - a(xn)
uk+1
n  - uk+1

n - 1 + uk - 1
n  - uk - 1

n - 1

h

\Biggr) 
= pkqn + f(tk, xn),

N\tau = T, 1 \leq n \leq M  - 1, Mh = l, tk = k\tau , 1 \leq k \leq N  - 1,

u0n = \varphi (xn), 0 \leq n \leq M,

u1n  - u0n
\tau 

 - \tau 

h

\biggl( 
a(xn+1)

u1n+1  - u0n+1  - u1n + u0n
h

 - a(xn)
u1n  - u0n  - u1n - 1 + u0n - 1

h

\biggr) 
= \psi (xn) +

\tau 

2
f(0, xn)

+
\tau 

2

\biggl[ 
1

h

\biggl( 
a(xn+1)

u0n+1  - u0n
h

 - a(xn)
u0n  - u0n - 1

h

\biggr) 
+ p0qn

\biggr] 
, 1 \leq n \leq M  - 1,

uk+1
0 = uk+1

M = 0,

M - 1\sum 
i=1

uk+1
i h = \zeta (tk+1),  - 1 \leq k \leq N  - 1.

(2)

Here, it is assumed that qM = q0 = 0, and
\sum M - 1

i=1
qi \not = 0.

The well-posedness for the numerical solution of this difference scheme (2) is established. The
theoretical statements for solution of this difference scheme are supported by the result of the
numerical experiments.

2. The well-posedness of the difference scheme. To formulate our results on difference
problem, we introduce the Banach space C\tau (H) = C([0, T ]\tau , H) of all abstract grid functions
\phi \tau = \{ \phi (tk)\} Nk=0 defined on

[0, T ]\tau = \{ tk = k\tau , 0 \leq k \leq N, N\tau = T\} 
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with values in H equipped with the norm

\| \phi \tau \| C\tau (H) = \mathrm{m}\mathrm{a}\mathrm{x}
0\leq k\leq N

\| \phi (tk)\| H .

Moreover, L2h = L2[0, l]h is the Hilbert space of all grid functions \gamma h(x) = \{ \gamma n\} Mn=0 defined on

[0, l]h =
\bigl\{ 
xn = nh, 0 \leq n \leq M, Mh = l

\bigr\} 
,

equipped with the norm \bigm\| \bigm\| \bigm\| \gamma h\bigm\| \bigm\| \bigm\| 
L2h

=

\Biggl\{ 
M\sum 
i=0

| \gamma i| 2h

\Biggr\} 1
2

,

and W 2
2h =W 2

2 [0, l]h is the discrete analogy of Sobolev space with norm\bigm\| \bigm\| \bigm\| \gamma h\bigm\| \bigm\| \bigm\| 
W 2

2h

=

\Biggl\{ 
M\sum 
i=0

| \gamma i| 2h+
M - 1\sum 
i=1

\bigm| \bigm| \bigm| \bigm| \gamma i+1  - 2\gamma i + \gamma i - 1

h2

\bigm| \bigm| \bigm| \bigm| 2h
\Biggr\} 1

2

.

We introduce the self-adjoint positive definite difference operator Ah defined by the formula

Ah\varphi 
h(x) =

\biggl\{ 
 - 1

h

\biggl( 
a(xn+1)

\varphi n+1  - \varphi n

h
 - a(xn)

\varphi n  - \varphi n - 1

h

\biggr) \biggr\} M - 1

n=1

,

acting in the space of grid functions \varphi h(x) = \{ \varphi n\} Mn=0 defined on [0, l]h satisfying the conditions
\varphi M = \varphi 0 = 0.

For the numerical solution
\Bigl\{ \bigl\{ 
ukn
\bigr\} N
k=0

\Bigr\} M

n=0
of problem (1), we consider the second order of

accuracy difference scheme.
We have the following theorem on the stability of difference scheme (2).
Theorem 1. For the solution of difference scheme (2), the following stability estimates hold:\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 

\Biggl\{ 
uhk+1  - 2uhk + uhk - 1

\tau 2

\Biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C\tau (L2h)

+

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl\{ 
uhk+1 + 2uhk + uhk - 1

4

\Biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C\tau (W 2

2h)

\leq M14(q)

\left[   \bigm\| \bigm\| \varphi h
\bigm\| \bigm\| 
W 2

2h
+
\bigm\| \bigm\| \psi h

\bigm\| \bigm\| 
W 1

2h
+
\bigm\| \bigm\| fh0 \bigm\| \bigm\| L2h

+

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl\{ 
fhk  - fhk - 1

\tau 

\Biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C\tau (L2h)

+

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\biggl\{ 
\zeta k+1  - 2\zeta k + \zeta k - 1

\tau 2

\biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C[0,T ]\tau 

\right]   , (3)

\bigm\| \bigm\| \bigm\| \{ pk\} N - 1
k=1

\bigm\| \bigm\| \bigm\| 
C[0,T ]\tau 

\leq M15(q)

\left[  \bigm\| \bigm\| \varphi h
\bigm\| \bigm\| 
W 2

2h
+
\bigm\| \bigm\| \psi h

\bigm\| \bigm\| 
W 2

2h
+
\bigm\| \bigm\| fh0 \bigm\| \bigm\| L2h

+

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl\{ 
fhk  - fhk - 1

\tau 

\Biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C\tau (L2h)

+

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\biggl\{ 
\zeta k+1  - 2\zeta k + \zeta k - 1

\tau 2

\biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C[0,T ]\tau 

\right]  . (4)

Here and throughout this subsection fhk (x) = \{ f(tk, xn)\} Mn=0, 1 \leq k \leq N  - 1.
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Proof. We will use the substitution

ukn = wk
n + \eta kqn, (5)

where

\eta k =
k\sum 

i=1

\biggl\{ 
(k  - i)pi + (k  - (i - 1))pi - 1

2

\biggr\} 
\tau 2, 1 \leq k \leq N, \eta 0 = 0. (6)

It is easy to see that
\Bigl\{ \bigl\{ 
wk
n

\bigr\} N
k=0

\Bigr\} M

n=0
is the solution of the difference problem

wk+1
n  - 2wk

n + wk - 1
n

\tau 2
 - 1

2h

\Biggl( 
a(xn+1)

wk
n+1  - wk

n

h
 - a(xn)

wk
n  - wk

n - 1

h

\Biggr) 

 - 1

4h

\Biggl( 
a(xn+1)

wk+1
n+1  - wk+1

n

h
 - a(xn)

wk+1
n  - wk+1

n - 1

h

\Biggr) 

 - 1

4h

\Biggl( 
a(xn+1)

wk - 1
n+1  - wk - 1

n

h
 - a(xn)

wk - 1
n  - wk - 1

n - 1

h

\Biggr) 

= f(tk, xn) +
1

h

\biggl[ 
a(xn+1)

qn+1  - qn
h

 - a(xn)
qn  - qn - 1

h

\biggr] 
1

4
(\eta k+1 + 2\eta k + \eta k - 1),

1 \leq k \leq N  - 1, 1 \leq n \leq M  - 1,

w0
n = \varphi (xn), 0 \leq n \leq M, (7)

w1
n  - w0

n

\tau 
 - \tau 

h

\biggl( 
a(xn+1)

w1
n+1  - w0

n+1  - w1
n + w0

n

h

 - a(xn)
w1
n  - w0

n  - w1
n - 1 + w0

n - 1

h

\biggr) 

 - \tau 

h

\biggl( 
a(xn+1)

qn+1  - qn
h

 - a(xn)
qn  - qn - 1

h

\biggr) 
\eta 1

= \psi (xn) +
\tau 

2
f(0, xn) +

\tau 

2

\biggl[ 
1

h

\biggl( 
a(xn+1)

w0
n+1  - w0

n

h
 - a(xn)

w0
n  - w0

n - 1

h

\biggr) \biggr] 
,

1 \leq n \leq M  - 1,

wk+1
0 = wk+1

M = 0,  - 1 \leq k \leq N  - 1.

Now, we will take an estimate for | pk| .Using the overdetermined condition
\sum M - 1

i=1
uk+1
i h =

\zeta (tk+1) and substitution (5), one can obtain

\eta k =
\zeta k  - 

\sum M - 1

i=1
wk
i h\sum M - 1

i=1
qih

. (8)
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Then, using the formulas pk =
\eta k+1  - 2\eta k + \eta k - 1

\tau 2
and (8), we get

pk =
\zeta k+1  - 2\zeta k + \zeta k - 1  - 

\sum M - 1

i=1

\Bigl( 
wk+1
i  - 2wk

i + wk - 1
i

\Bigr) 
h

\tau 2
\sum M - 1

i=1
qih

.

Then, applying the discrete analogue of the Cauchy – Schwarz inequality and the triangle inequality,
we have

| pk| \leq 
1\bigm| \bigm| \bigm| \bigm| \sum M - 1

i=1
qih

\bigm| \bigm| \bigm| \bigm| 
\Biggl[ \bigm| \bigm| \bigm| \bigm| \zeta k+1  - 2\zeta k + \zeta k - 1

\tau 2

\bigm| \bigm| \bigm| \bigm| + M - 1\sum 
i=1

\bigm| \bigm| \bigm| \bigm| \bigm| wk+1
i  - 2wk

i + wk - 1
i

\tau 2

\bigm| \bigm| \bigm| \bigm| \bigm| h
\Biggr] 

\leq 1\bigm| \bigm| \bigm| \bigm| \sum M - 1

i=1
qih

\bigm| \bigm| \bigm| \bigm| 
\left[  \bigm| \bigm| \bigm| \bigm| \zeta k+1  - 2\zeta k + \zeta k - 1

\tau 2

\bigm| \bigm| \bigm| \bigm| +\surd 
l

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl\{ 
wk+1
i  - 2wk

i + wk - 1
i

\tau 2

\Biggr\} M

i=0

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L2h

\right]  

\leq M16(q)

\left[  \bigm| \bigm| \bigm| \bigm| \zeta k+1  - 2\zeta k + \zeta k - 1

\tau 2

\bigm| \bigm| \bigm| \bigm| +
\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| wh

k+1  - 2wh
k + wh

k - 1

\tau 2

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L2h

\right]  (9)

for all 1 \leq k \leq N  - 1. From that it follows

\bigm\| \bigm\| \bigm\| \{ pk\} N - 1
k=1

\bigm\| \bigm\| \bigm\| 
C[0,T ]\tau 

\leq M16(q)

\left[   \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\biggl\{ 
\zeta k+1  - 2\zeta k + \zeta k - 1

\tau 2

\biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C[0,T ]\tau 

+

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl\{ 
wh
k+1  - 2wh

k + wh
k - 1

\tau 2

\Biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C\tau (L2h)

\right]   . (10)

Now, using substitution (5), we get

uk+1
n  - 2ukn + uk - 1

n

\tau 2
=
wk+1
n  - 2wk

n + wk - 1
n

\tau 2
+ pkq(xn).

Applying the triangle inequality, we obtain\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl\{ 
uhk+1  - 2uhk + uhk - 1

\tau 2

\Biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C\tau (L2h)

\leq 

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl\{ 
wh
k+1  - 2wh

k + wh
k - 1

\tau 2

\Biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C\tau (L2h)

+
\bigm\| \bigm\| \bigm\| \{ pk\} N - 1

k=1

\bigm\| \bigm\| \bigm\| 
C[0,T ]\tau 

\bigm\| \bigm\| \{ q(xn)\} Mn=0

\bigm\| \bigm\| 
L2h

. (11)

Therefore, the proof of estimates (3) and (4) is based on equation (2), the triangle inequality,
estimates (10), (11) and on the following stability estimate for the solution of difference problem (7):\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 

\Biggl\{ 
wh
k+1  - 2wh

k + wh
k - 1

\tau 2

\Biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C\tau (L2h)
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\leq M17(q)

\left[  \bigm\| \bigm\| \varphi h
\bigm\| \bigm\| 
W 2

2h
+
\bigm\| \bigm\| \psi h

\bigm\| \bigm\| 
W 1

2h
+
\bigm\| \bigm\| fh0 \bigm\| \bigm\| L2h

+

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl\{ 
fhk  - fhk - 1

\tau 

\Biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C\tau (L2h)

+

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\biggl\{ 
\zeta k+1  - 2\zeta k + \zeta k - 1

\tau 2

\biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C[0,T ]\tau 

\right]  . (12)

Theorem 1 is proved.
Now, we will prove estimate (12) for the solution of difference problem (7). Firstly, it is easy to

see that difference scheme (7) can be written as the abstract Cauchy difference problem

wk+1  - 2wk + wk - 1

\tau 2
+

1

4
A(wk+1 + 2wk + wk - 1) = \theta k,

\theta k = fk  - 
1

4
(\eta k+1 + 2\eta k + \eta k - 1)Aq,

\theta k = \theta (tk), tk = k\tau , 1 \leq k \leq N  - 1, N\tau = 1,

(I + \tau 2A)\tau  - 1(w1  - w0) =
\tau 

2
(\theta 0  - Aw0) + \psi ,

\theta 0 = f(0) + p0q, w0 = \varphi ,

(13)

in a Hilbert space H = L2h with positive-definite self-adjoint operator A. Here,

\{ wk\} Nk=0 =
\bigl\{ 
wh
k

\bigr\} N
k=0

, \{ fk\} N - 1
k=1 =

\bigl\{ 
fhk
\bigr\} N - 1

k=1

are unknown and known abstract mesh functions defined on [0, T ]\tau with values in H = L2h,

respectively, and \varphi = \varphi h, \psi = \psi h, q = qh are given elements.
Secondly, applying the approaches of [27] we will prove a lemma that will be needed in the

sequel.
Lemma 1. Assume that \varphi \in D(A), \psi , q \in D(A

1
2 ). Then, for the solution of difference

problem (13), the following stability estimate holds for any 1 \leq k \leq N  - 1:\bigm\| \bigm\| \bigm\| \bigm\| wk+1  - 2wk + wk - 1

\tau 2

\bigm\| \bigm\| \bigm\| \bigm\| 
H

\leq M(q)

\left[  \| A\varphi \| H +
\bigm\| \bigm\| A 1

2\psi 
\bigm\| \bigm\| 
H
+ \| f0\| H + | \eta 1| 

+

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\biggl\{ 
fk  - fk - 1

\tau 

\biggr\} N

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C(H)

+

k\sum 
s=1

\bigm| \bigm| \bigm| \bigm| \eta s+1  - 2\eta s + \eta s - 1

\tau 2

\bigm| \bigm| \bigm| \bigm| \tau 
\right]  (14)

for any 1 \leq k \leq N  - 1.

Proof. It is clear that there exists a unique solution of this initial value problem, and for the
solution of (13), the following formula is satisfied (see [27]):

w0 = \varphi , w1 = (I + \tau 2A) - 1

\biggl[ \biggl( 
I +

\tau 2

2
A

\biggr) 
\varphi + \tau \psi +

\tau 2

2
\theta 0

\biggr] 
,

wk =

\Biggl[ 
Rk +

1

2i
A - 1

2

\Biggl( 
I  - i\tau A

1
2

2

\Biggr) \bigl[ 
Rk  - \widetilde Rk

\bigr] 
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\times 

\Biggl( \Biggl( 
I +

i\tau A
1
2

2

\Biggr) 
\tau 

2
A - iA

1
2 (I + \tau 2A)

\Biggr) \bigl( 
I + \tau 2A

\bigr)  - 1

\Biggr] 
\varphi 

+
i

2
A - 1

2

\Biggl( 
I  - i\tau A

1
2

2

\Biggr) \bigl[ 
Rk  - \widetilde Rk

\bigr] 
(I + \tau 2A) - 1

\Biggl( 
I +

i\tau A
1
2

2

\Biggr) 
\psi 

+
i

2
A - 1

2

\Biggl( 
I  - i\tau A

1
2

2

\Biggr) \bigl[ 
Rk  - \widetilde Rk

\bigr] 
(I + \tau 2A) - 1

\Biggl( 
I +

i\tau A
1
2

2

\Biggr) 
\tau 

2
\theta 0

 - 
k - 1\sum 
s=1

\tau 

2i
A - 1

2
\bigl[ 
Rk - s  - \widetilde Rk - s

\bigr] 
\theta s, 2 \leq k \leq N.

Applying Abel’s formula, we can write

wwk =

\biggl\{ 
Rk  - 1

2
iA - 1

2B
\bigl[ 
Rk  - \widetilde Rk

\bigr] 
\times 
\Bigl( \widetilde B\tau 

2
A - iA

1
2 (I + \tau 2A)

\Bigr) 
(I + \tau 2A) - 1

\biggr\} 
\varphi 

+

\biggl\{ 
i

2
A - 1

2B \widetilde B\bigl[ Rk  - \widetilde Rk
\bigr] 
(I + \tau 2A) - 1

\biggr\} 
\psi 

+

\biggl\{ 
i

2
A - 1

2B \widetilde B\bigl[ Rk  - \widetilde Rk
\bigr] 
(I + \tau 2A) - 1

\biggr\} 
\tau 

2
\theta 0

+
A - 1

2

\Biggl\{ 
k - 1\sum 
s=2

\bigl[ 
BRk - s  - \widetilde B \widetilde Rk - s

\bigr] 
(\theta s - 1  - \theta s)

\Biggr\} 

+
A - 1

2

\Bigl\{ \bigl[ 
B + \widetilde B\bigr] \theta k - 1  - 

\bigl[ 
BRk - 1  - \widetilde B \widetilde Rk - 1

\bigr] 
\theta 1

\Bigr\} 
, 2 \leq k \leq N, (15)

where

R = B \widetilde B - 1 =

\Biggl( 
I  - i\tau A

1
2

2

\Biggr) \Biggl( 
I +

i\tau A
1
2

2

\Biggr)  - 1

,

\widetilde R = \widetilde BB - 1 =

\Biggl( 
I +

i\tau A
1
2

2

\Biggr) \Biggl( 
I  - i\tau A

1
2

2

\Biggr)  - 1

.

Using the spectral property of the self-adjoint positive-definite operator, we get

\| R\| H\rightarrow H \leq 1,
\bigm\| \bigm\| \widetilde R\bigm\| \bigm\| 

H\rightarrow H
\leq 1,

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl( 
I \pm i\tau A

1
2

2

\Biggr)  - 1
\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
H\rightarrow H

\leq 1, (16)

\bigm\| \bigm\| \bigm\| \bigl( I \pm i\tau A
1
2
\bigr)  - 1
\bigm\| \bigm\| \bigm\| 
H\rightarrow H

\leq 1,
\bigm\| \bigm\| \bigm\| \tau A 1

2
\bigl( 
I \pm i\tau A

1
2
\bigr)  - 1
\bigm\| \bigm\| \bigm\| 
H\rightarrow H

\leq 1. (17)
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Now, we will establish estimates for

\bigm\| \bigm\| \bigm\| \bigm\| wk+1  - 2wk + wk - 1

\tau 2

\bigm\| \bigm\| \bigm\| \bigm\| 
H

, 1 \leq k \leq N  - 1. Applying

equation (13), formula (15) and identities

I +R = 2 \widetilde B - 1, I + \widetilde R = 2B - 1,

we have

A
wk+1 + wk + wk - 1

4

=

\biggl\{ 
B - 1Rk \widetilde B - 1  - 1

4
i\tau A

1
2

\Bigl[ 
BRk - 1 \widetilde B - 1  - B - 1 \widetilde Rk - 1 \widetilde B\Bigr] 

\times (I + \tau 2A) - 1  - 1

2

\Bigl[ \widetilde B - 1Rk  - B - 1 \widetilde Rk - 1
\Bigr] \biggr\} 
A\varphi 

+
1

2

\Bigl\{ \Bigl[ 
BRk - 1 \widetilde B - 1  - B - 1 \widetilde Rk - 1 \widetilde B\Bigr] (I + \tau 2A) - 1

\Bigr\} 
iA

1
2\psi 

+
1

4

\Bigl\{ 
i\tau A

1
2

\Bigl[ 
BRk - 1 \widetilde B - 1  - B - 1 \widetilde Rk - 1 \widetilde B\Bigr] \bigl( I + \tau 2A

\bigr)  - 1
\Bigr\} 
\theta 0

+
1

2

k - 1\sum 
s=2

\Bigl[ \widetilde B - 1Rk - s +B - 1 \widetilde Rk - s
\Bigr] 
(\theta s - 1  - \theta s) +

1

4

\bigl[ 
\tau 2AB - 1 \widetilde B - 1

\bigr] 
\theta k

+
1

2

\bigl[ 
B - 1 + \widetilde B - 1

\bigr] 
\theta k - 1  - 

1

2

\Bigl[ \widetilde B - 1Rk - 1 +B - 1 \widetilde Rk - 1
\Bigr] 
\theta 1

=
4\sum 

i=1

Ji(k),

where

J1(k) =

\biggl\{ 
B - 1Rk \widetilde B - 1  - 1

4
i\tau A

1
2

\Bigl[ 
BRk - 1 \widetilde B - 1  - B - 1 \widetilde Rk - 1 \widetilde B\Bigr] (I + \tau 2A) - 1

 - 1

2

\Bigl[ \widetilde B - 1Rk  - B - 1 \widetilde Rk - 1
\Bigr] \biggr\} 
A\varphi ,

J2(k) =
1

2

\Bigl\{ \Bigl[ 
BRk - 1 \widetilde B - 1  - B - 1 \widetilde Rk - 1 \widetilde B\Bigr] \bigl( I + \tau 2A

\bigr)  - 1
\Bigr\} 
iA

1
2\psi ,

J3(k) =
1

4

\Bigl\{ 
i\tau A

1
2

\Bigl[ 
BRk - 1 \widetilde B - 1  - B - 1 \widetilde Rk - 1 \widetilde B\Bigr] (I + \tau 2A) - 1

\Bigr\} 
\theta 0

+
1

4

\bigl[ 
\tau 2AB - 1 \widetilde B - 1

\bigr] 
\theta k +

1

2

\bigl[ 
B - 1 + \widetilde B - 1

\bigr] 
\theta k - 1

 - 1

2

\bigl[ \widetilde B - 1Rk - 1 +B - 1 \widetilde Rk - 1
\bigr] 
\theta 1,

J4(k) =
1

2

k - 1\sum 
s=2

\bigl[ \widetilde B - 1Rk - s +B - 1 \widetilde Rk - s
\bigr] 
(\theta s - 1  - \theta s).
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Now, applying the triangle inequality, we obtain\bigm\| \bigm\| \bigm\| \bigm\| Awk+1 + wk + wk - 1

4

\bigm\| \bigm\| \bigm\| \bigm\| 
H

\leq 
4\sum 

i=1

\| Ji(k)\| H (18)

for any 1 \leq k \leq N  - 1. Therefore, we will estimate \| Ji(k)\| H , i = 1, 2, 3, 4, separately. Firstly,
using estimates (16), (17), we get

\| J1(k)\| H \leq 
\bigm\| \bigm\| B - 1Rk \widetilde B - 1

\bigm\| \bigm\| 
H\rightarrow H

+
1

4

\Bigl[ \bigm\| \bigm\| \bigm\| i\tau A 1
2BRk - 1 \widetilde B - 1

\bigl( 
I + \tau 2A

\bigr)  - 1
\bigm\| \bigm\| \bigm\| 
H\rightarrow H

+
\bigm\| \bigm\| \bigm\| i\tau A 1

2B - 1 \widetilde Rk - 1 \widetilde B(I + \tau 2A) - 1
\bigm\| \bigm\| \bigm\| 
H\rightarrow H

\Bigr] 
+

1

2

\Bigl[ \bigm\| \bigm\| \widetilde B - 1Rk
\bigm\| \bigm\| 
H\rightarrow H

+
\bigm\| \bigm\| B - 1 \widetilde Rk - 1

\bigm\| \bigm\| 
H\rightarrow H

\Bigr] 
\| A\varphi \| H

\leq M\| A\varphi \| H ,

\| J2(k)\| H \leq 1

2

\Bigl[ \bigm\| \bigm\| \bigm\| BRk - 1 \widetilde B - 1(I + \tau 2A) - 1
\bigm\| \bigm\| \bigm\| 
H\rightarrow H

+
\bigm\| \bigm\| \bigm\| B - 1 \widetilde Rk - 1 \widetilde B\bigl( I + \tau 2A

\bigr)  - 1
\bigm\| \bigm\| \bigm\| 
H\rightarrow H

\bigm\| \bigm\| A 1
2\psi 
\bigm\| \bigm\| 
H

\Bigr] 
\leq M

\bigm\| \bigm\| A 1
2\psi 
\bigm\| \bigm\| 
H

for any 1 \leq k \leq N  - 1. Secondly, using the triangle inequality and estimates (16), (17), we have

\| J3(k)\| H \leq 1

4

\Bigl[ \bigm\| \bigm\| \bigm\| BRk - 1 \widetilde B - 1\tau A
1
2 (I + \tau 2A) - 1

\bigm\| \bigm\| \bigm\| 
H\rightarrow H

+
\bigm\| \bigm\| \bigm\| B - 1 \widetilde Rk - 1 \widetilde B\tau A 1

2 (I + \tau 2A) - 1
\bigm\| \bigm\| \bigm\| 
H\rightarrow H

\Bigr] 
\| \theta 0\| H

+
1

4

\Bigl[ \bigm\| \bigm\| \tau 2AB - 1 \widetilde B - 1
\bigm\| \bigm\| 
H\rightarrow H

\| \theta k\| H
\Bigr] 

+
1

2

\Bigl[ \bigm\| \bigm\| B - 1
\bigm\| \bigm\| 
H\rightarrow H

+
\bigm\| \bigm\| \widetilde B - 1

\bigm\| \bigm\| 
H\rightarrow H

\Bigr] 
\| \theta k - 1\| H

+
1

2

\Bigl[ \bigm\| \bigm\| \widetilde B - 1Rk - 1
\bigm\| \bigm\| 
H\rightarrow H

+
\bigm\| \bigm\| B - 1 \widetilde Rk - 1

\bigm\| \bigm\| 
H\rightarrow H

\Bigr] 
\| \theta 1\| H

\leq 11

4

\Biggl[ 
\| \theta 0\| H +

k\sum 
i=1

\| \theta i  - \theta i - 1\| H

\Biggr] 
,

\| J4(k)\| H \leq 
k - 1\sum 
s=2

1

2

\Bigl[ \bigm\| \bigm\| \widetilde B - 1Rk - s
\bigm\| \bigm\| 
H\rightarrow H

+
\bigm\| \bigm\| B - 1 \widetilde Rk - s

\bigm\| \bigm\| 
H\rightarrow H

\Bigr] 
\| \theta s - 1  - \theta s\| H

\leq 
k - 1\sum 
s=2

\| \theta s - 1  - \theta s\| H
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for any 1 \leq k \leq N  - 1. Using the triangle inequality and estimate (18), we obtain

A

\bigm\| \bigm\| \bigm\| \bigm\| wk+1 + 2wk + wk - 1

4

\bigm\| \bigm\| \bigm\| \bigm\| 
H

\leq M\| A\varphi \| H +M
\bigm\| \bigm\| A 1

2\psi 
\bigm\| \bigm\| 
H

+
k - 1\sum 
s=2

\| \theta s - 1  - \theta s\| H +
11

4

\Biggl[ 
\| \theta 0\| H +

k\sum 
i=1

\| \theta i  - \theta i - 1\| H

\Biggr] 
(19)

for any 1 \leq k \leq N  - 1. Using the triangle inequality and estimate (19), we get\bigm\| \bigm\| \bigm\| \bigm\| wk+1  - 2wk + wk - 1

\tau 2

\bigm\| \bigm\| \bigm\| \bigm\| 
H

\leq A

\bigm\| \bigm\| \bigm\| \bigm\| wk+1 + 2wk + wk - 1

4

\bigm\| \bigm\| \bigm\| \bigm\| 
H

+ \| \theta k\| H

\leq M\| A\varphi \| H +M
\bigm\| \bigm\| A 1

2\psi 
\bigm\| \bigm\| 
H
+

k - 1\sum 
s=2

\| \theta s - 1  - \theta s\| H

+
15

4

\Biggl[ 
\| \theta 0\| H +

k\sum 
i=1

\| \theta i  - \theta i - 1\| H

\Biggr] 
for any 1 \leq k \leq N  - 1. Combining these estimates, we have estimate (14) for the solution of
difference problem (13) for any 1 \leq k \leq N  - 1.

Theorem 2. For the solution of difference problem (7), the stability estimate (13) holds.
Proof. Putting H = L2h, \varphi = \varphi h, \psi = \psi h, q = qh, A\varphi = Ah\varphi 

h, wk = wh
k , fk = fhk and

applying estimates (9) and (14), we obtain\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| wh
k+1  - 2wh

k + wh
k - 1

\tau 2

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L2h

\leq M20(q)
\Bigl[ \bigm\| \bigm\| \varphi h

\bigm\| \bigm\| 
W 2

2h
+
\bigm\| \bigm\| \psi h

\bigm\| \bigm\| 
W 1

2h

\Bigr] 

+
\bigm\| \bigm\| fh0 \bigm\| \bigm\| L2h

+ T

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl\{ 
fhk  - fhk - 1

\tau 

\Biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C\tau (L2h)

+M21(q)M16(q)

\times 
k\sum 

s=1

\left\{   
\left[  \bigm| \bigm| \bigm| \bigm| \zeta s+1  - 2\zeta s + \zeta s - 1

\tau 2

\bigm| \bigm| \bigm| \bigm| +
\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| wh

s+1  - 2wh
s + wh

s - 1

\tau 2

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L2h

\right]  \right\}   \tau 
for any 1 \leq k \leq N  - 1. By the difference analogue of Gronwall’s inequality, we conclude that\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| wh

k+1  - 2wh
k + wh

k - 1

\tau 2

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L2h

\leq 1

1 - M21(q)M16(q)\tau 

\left\{   M20(q)
\Bigl[ \bigm\| \bigm\| \varphi h

\bigm\| \bigm\| 
W 2

2h
+
\bigm\| \bigm\| \psi h

\bigm\| \bigm\| 
W 1

2h

\Bigr] 

+
\bigm\| \bigm\| fh0 \bigm\| \bigm\| L2h

+ T

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl\{ 
fhk  - fhk - 1

\tau 

\Biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C\tau (L2h)

+M21(q)M16(q)T
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\times 

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\biggl\{ 
\zeta k+1  - 2\zeta k + \zeta k - 1

\tau 2

\biggr\} N - 1

k=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
C[0,T ]\tau 

\right\}   e(k - 1)\tau 
M21(q)M16(q)

1 - M21(q)M16(q)\tau 

for any 1 \leq k \leq N  - 1.

Theorem 2 is proved.
3. Numerical experiments. In this section, we study the numerical solution of the identification

problem

\partial 2u(t, x)

\partial t2
 - \partial 2u(t, x)

\partial x2
= p(t) \mathrm{s}\mathrm{i}\mathrm{n}x+ e - t \mathrm{s}\mathrm{i}\mathrm{n}x, x \in (0, \pi ), t \in (0, 1),

u(0, x) = \mathrm{s}\mathrm{i}\mathrm{n}x, ut(0, x) =  - \mathrm{s}\mathrm{i}\mathrm{n}x, x \in [0, \pi ],

u(t, 0) = u(t, \pi ) = 0, t \in [0, 1],

\pi \int 
0

u(t, x)dx = 2e - t, t \in [0, 1],

(20)

for a hyperbolic differential equation. The exact solution pair of this problem is (u(t, x), p(t)) =\bigl( 
e - t \mathrm{s}\mathrm{i}\mathrm{n}x, e - t

\bigr) 
. For the numerical solution of problem (20), we present the following second order

of accuracy difference scheme for the approximate solution for the problem (20):

uk+1
n  - 2ukn + uk - 1

n

\tau 2
 - 1

2

ukn+1  - 2ukn + ukn - 1

h2

 - 1

4

\Biggl[ 
uk+1
n+1  - 2uk+1

n + uk+1
n - 1

h2
+
uk - 1
n+1  - 2uk - 1

n + uk - 1
n - 1

h2

\Biggr] 

= pk \mathrm{s}\mathrm{i}\mathrm{n}xn + e - tk \mathrm{s}\mathrm{i}\mathrm{n}xn,

tk = k\tau , 1 \leq k \leq N  - 1, N\tau = 1, xn = nh, 1 \leq n \leq M  - 1, Mh = \pi , (21)

u0n = \mathrm{s}\mathrm{i}\mathrm{n}xn,

u1n  - u0n
\tau 

 - \tau 

h2
\bigl( 
u1n+1  - u0n+1  - 2u1n + 2u0n + u1n - 1  - u0n - 1

\bigr) 
=  - \mathrm{s}\mathrm{i}\mathrm{n}xn +

\tau 

2

\biggl( 
u0n+1  - 2u0n + u0n - 1

h2
+ p0 \mathrm{s}\mathrm{i}\mathrm{n}xn + \mathrm{s}\mathrm{i}\mathrm{n}xn

\biggr) 
, 0 \leq n \leq M,

uk+1
0 = uk+1

M = 0,

M - 1\sum 
i=1

uk+1
i h = 2e - tk+1 ,  - 1 \leq k \leq N  - 1.

The algorithm for obtaining the solution of identification problem (21) contains three stages.
Actually, let us define

ukn = wk
n + \eta k \mathrm{s}\mathrm{i}\mathrm{n}xn, 0 \leq k \leq N, 0 \leq n \leq M. (22)

Applying the second order of accuracy difference scheme (21) and formula (22), we obtain
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\eta k =
2e - tk  - 

\sum M - 1

i=1
wk
i h\sum M - 1

i=1
\mathrm{s}\mathrm{i}\mathrm{n}xih

, 0 \leq k \leq N, (23)

and the difference scheme

wk+1
n  - 2wk

n + wk - 1
n

\tau 2
 - 1

2

wk
n+1  - 2wk

n + wk
n - 1

h2

 - 1

4

\Biggl[ 
wk+1
n+1  - 2wk+1

n + wk+1
n - 1

h2
+
wk - 1
n+1  - 2wk - 1

n + wk - 1
n - 1

h2

\Biggr] 

+
1

2

\mathrm{c}\mathrm{o}\mathrm{s}h - 1

h2
\sum M - 1

i=1
\mathrm{s}\mathrm{i}\mathrm{n}xih

\mathrm{s}\mathrm{i}\mathrm{n}xn

\Biggl( 
M - 1\sum 
i=1

wk+1
i h+ 2

M - 1\sum 
i=1

wk
i h+

M - 1\sum 
i=1

wk - 1
i h

\Biggr) 

= e - tk \mathrm{s}\mathrm{i}\mathrm{n}xn +
\bigl[ 
e - tk+1 + 2e - tk + e - tk - 1

\bigr] \mathrm{c}\mathrm{o}\mathrm{s}h - 1

h2
\sum M - 1

i=1
\mathrm{s}\mathrm{i}\mathrm{n}xih

\mathrm{s}\mathrm{i}\mathrm{n}xn,

1 \leq k \leq N  - 1, 1 \leq n \leq M  - 1,

w0
n = \mathrm{s}\mathrm{i}\mathrm{n}xn, 0 \leq n \leq M,

w1
n  - w0

n

\tau 
 - \tau 

h2
\bigl( 
w1
n+1  - 2w1

n + w1
n - 1

\bigr) 
+

2\tau (\mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} - 1)

h2
\sum M - 1

i=1
\mathrm{s}\mathrm{i}\mathrm{n}xih

\mathrm{s}\mathrm{i}\mathrm{n}xn
\sum M - 1

i=1
w1
i h+

\tau 

2h2
\bigl( 
w0
n+1  - 2w0

n + w0
n - 1

\bigr) 

=
\Bigl( \tau 
2
 - 1
\Bigr) 
\mathrm{s}\mathrm{i}\mathrm{n}xn +

4\tau e - t1(\mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} - 1)

h2
\sum M - 1

i=1
\mathrm{s}\mathrm{i}\mathrm{n}xih

\mathrm{s}\mathrm{i}\mathrm{n}xn, 0 \leq n \leq M,

wk+1
0 = wk+1

M = 0,  - 1 \leq k \leq N  - 1.

(24)

In the first stage, we find the solution
\Bigl\{ \bigl\{ 
wk
n

\bigr\} N
k=0

\Bigr\} M

n=0
of the corresponding second order of

accuracy difference scheme (24). For obtaining it, we will write difference scheme (24), in matrix
form as

Awk+1 +Bwk + Cwk - 1 = \varphi k, 1 \leq k \leq N  - 1,

w0, w1 are given,

(25)
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where A, B, C are (M + 1) \times (M + 1) square matrices, ws, s = k, k \pm 1, \varphi k are (M + 1) \times 1

column matrices and

A =

\left[                 

1 0 0 . . . 0 0 0

b a+ c1 b+ c1 . . . c1 c1 c1

0 b+ c2 a+ c2 . . . c2 c2 c2

. . . . . . . . . . . . . . . . . . . . .

0 cM - 2 cM - 2 . . . a+ cM - 2 b+ cM - 2 0

0 cM - 1 cM - 1 . . . b+ cM - 1 a+ cM - 1 b

0 0 0 . . . 0 0 1

\right]                 
(M+1)\times (M+1)

,

B =

\left[                 

0 0 0 . . . 0 0 0

r q + e1 r + e1 . . . e1 e1 e1

0 r + e2 q + e2 . . . e2 e2 e2

. . . . . . . . . . . . . . . . . . . . .

0 eM - 2 eM - 2 . . . q + eM - 2 r + eM - 2 0

0 eM - 1 eM - 1 . . . r + eM - 1 q + eM - 1 r

0 0 0 . . . 0 0 0

\right]                 
(M+1)\times (M+1)

,

C =

\left[                 

0 0 0 . . . 0 0 0

b a+ c1 b+ c1 . . . c1 c1 0

0 b+ c2 a+ c2 . . . c2 c2 0

. . . . . . . . . . . . . . . . . . . . .

0 cM - 2 cM - 2 . . . a+ cM - 2 b+ cM - 2 0

0 cM - 1 cM - 1 . . . b+ cM - 1 a+ cM - 1 b

0 0 0 . . . 0 0 0

\right]                 
(M+1)\times (M+1)

,

\varphi k =

\left[         

0

\varphi k
1

. . .

\varphi k
M - 1

0

\right]         
(M+1)\times 1

, ws =

\left[          

0

ws
1

. . .

ws
M - 1

0

\right]          
(M+1)\times 1

for s = k, k \pm 1,
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w0 =

\left[          

\mathrm{s}\mathrm{i}\mathrm{n}x0

\mathrm{s}\mathrm{i}\mathrm{n}x1

. . .

\mathrm{s}\mathrm{i}\mathrm{n}xM - 1

\mathrm{s}\mathrm{i}\mathrm{n}xM

\right]          
,

where

a =
1

\tau 2
+

1

2h2
, b =  - 1

4h2
, r =  - 1

2h2
, q =

1

h2
 - 2

\tau 2
,

cn =
1

2
\mathrm{s}\mathrm{i}\mathrm{n}xn

\mathrm{c}\mathrm{o}\mathrm{s}h - 1

dh
, en = \mathrm{s}\mathrm{i}\mathrm{n}xn

\mathrm{c}\mathrm{o}\mathrm{s}h - 1

dh
,

d =
M - 1\sum 
i=1

\mathrm{s}\mathrm{i}\mathrm{n}xih, 1 \leq n \leq M  - 1,

\varphi k
n = e - tk \mathrm{s}\mathrm{i}\mathrm{n}xn +

\bigl( 
e - tk+1 + 2e - tk + e - tk - 1

\bigr) \mathrm{c}\mathrm{o}\mathrm{s}h - 1

h2
\sum M - 1

i=1
\mathrm{s}\mathrm{i}\mathrm{n}xih

\mathrm{s}\mathrm{i}\mathrm{n}xn,

1 \leq k \leq N  - 1, 1 \leq n \leq M  - 1.

Finally, we obtain w1. Applying the formula

w1
n  - w0

n

\tau 
 - \tau 

h2
\bigl( 
w1
n+1  - 2w1

n + w1
n - 1

\bigr) 

+
2\tau (\mathrm{c}\mathrm{o}\mathrm{s}h - 1)

h2
\sum M - 1

i=1
\mathrm{s}\mathrm{i}\mathrm{n}xih

\mathrm{s}\mathrm{i}\mathrm{n}xn

M - 1\sum 
i=1

w1
i h+

\tau 

2h2
\bigl( 
w0
n+1  - 2w0

n + w0
n - 1

\bigr) 

=
\Bigl( \tau 
2
 - 1
\Bigr) 
\mathrm{s}\mathrm{i}\mathrm{n}xn +

4\tau e - t1(\mathrm{c}\mathrm{o}\mathrm{s}h - 1)

h2
\sum M - 1

i=1
\mathrm{s}\mathrm{i}\mathrm{n}xih

\mathrm{s}\mathrm{i}\mathrm{n}xn

and conditions w1
0 = w1

M = 0, we get

Ew1 + Fw0 = \gamma .

Here,
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E =

\left[                

1 0 0 . . . 0 0 0

y x+ z1 y + z1 . . . z1 z1 0

0 y + z2 x+ z2 . . . z2 z2 0

. . . . . . . . . . . . . . . . . . . . .

0 zM - 2 zM - 2 . . . x+ zM - 2 y + zM - 2 0

0 zM - 1 zM - 1 . . . y + zM - 1 x+ zM - 1 y

0 0 0 . . . 0 0 1

\right]                
(M+1)\times (M+1)

,

x =
2\tau 

h2
+

1

\tau 
, y =  - \tau 

h2
, zn =

2\tau (\mathrm{c}\mathrm{o}\mathrm{s}h - 1)

dh
\mathrm{s}\mathrm{i}\mathrm{n}xn,

u =  - \tau 

2h2
, v =  - 1

\tau 
 - \tau 

h2
,

F =

\left[                

0 0 0 . . . 0 0 0

u v u . . . 0 0 0

0 u v . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . v u 0

0 0 0 . . . u v u

0 0 0 . . . 0 0 0

\right]                
(M+1)\times (M+1)

,

\gamma =

\left[          

0

\nabla 1

. . .

\nabla M - 1

0

\right]          
(M+1)\times 1

,

\nabla n =

\left(  \tau 
2
 - 1 +

4\tau e - t1(\mathrm{c}\mathrm{o}\mathrm{s}h - 1)

h2
\sum M - 1

i=1
\mathrm{s}\mathrm{i}\mathrm{n}xih

\right)  \mathrm{s}\mathrm{i}\mathrm{n}xn.

From that it follows

w1 = E - 1
\bigl( 
\gamma  - Fw0

\bigr) 
. (26)

So, we have the initial value problem for the second order difference equation (25) with respect to

k with the matrix coefficients A,B and C. Since w0and w1are given, we have
\Bigl\{ \bigl\{ 
wk
n

\bigr\} N
k=0

\Bigr\} M

n=0
by (25).
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Table 1. Error analysis

Error N =M = 20 N =M = 40 N =M = 80 N =M = 160

Eu 0.0016 4.2029e - 04 1.0648e - 04 2.6796e - 05

Ep 0.0027 7.0457e - 04 1.7835e - 04 4.4867e - 05

Now, applying formula (6), we obtain

pk =
\eta k+1  - 2\eta k + \eta k - 1

\tau 2
, 1 \leq k \leq N  - 1, p0 =

2

\tau 2
\eta 1. (27)

In the second stage, we get \{ pk\} N - 1
k=1 by formulas (23) and (27). Finally, in the third stage, we obtain\Bigl\{ \bigl\{ 

ukn
\bigr\} N
k=0

\Bigr\} M

n=0
by formulas (22) and (23). The errors are computed by

Eu = \mathrm{m}\mathrm{a}\mathrm{x}
0\leq k\leq N

\Biggl( 
M - 1\sum 
n=1

\bigm| \bigm| \bigm| u(tk, xn) - ukn

\bigm| \bigm| \bigm| 2h\Biggr) 
1
2

,

Ep = \mathrm{m}\mathrm{a}\mathrm{x}
1\leq k\leq N - 1

| p(tk) - pk| ,

where u(t, x), p(t) represent the exact solution, ukn represents the numerical solutions at (tk, xn),

and pk represents the numerical solutions at tk. The numerical results are given in Table 1.
As can be seen in Table 1, if N and M are doubled, the value of errors between the exact solution

and approximate solution decreases by a factor of approximately
1

4
for the second order difference

scheme (21).
4. Conclusion. In the present paper, the stable two-step difference scheme for the approximate

solutions of the time-dependent source identification problem for the hyperbolic equations is presented.
Stability of this difference scheme is established. Since problem is linear directly by Laxis theorem
we can formulate the important results on convergence of difference schemes from the stability results
of this paper. The numerical convergence results are presented.
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