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APPROXIMATION OF DOUBLE WALSH -FOURIER SERIES
BY MEANS OF THE MATRIX TRANSFORM

HABJMKEHHA MOJABIMHUX PAIIB YOJIIIIA - ®YP’€
3A TOIIOMOI'OIO MATPUYHOI'O IIEPETBOPEHHSA

We discuss the rate of approximation of partial sums of the double Walsh — Fourier series in the spaces LP(G?), 1 < p < oo,
and C(G?) by the matrix transform.

IIpoaHaIi30BaHO MIBUIKICTh HAGIMKEHHS YACTHHHMX CyM IOJBiitHNX paniB Yomma—®yp’e y mpoctopi LF(G?), 1 < p <
00, Ta y npocropi C(G?) 3a 10TIOMOIrol0 MaTpHYHOTO TIEPETBOPEHHS.

1. Definitions and notations. We follow the standard notions of dyadic analysis introduced by
F. Schipp, W. R. Wade, P. Simon and J. Pal [22] and others.

Let P be the set of positive natural numbers and N := P U {0}. Let denote by Zs the discrete
cyclic group of order 2, the group operation is the modulo 2 addition. Let be every subset open. The
normalized Haar measure ;. on Zs is given in the way that u({0}) = p({1}) =1/2. G := ]E)OZQ, G

is called the Walsh group. The elements of Walsh group G are sequences of numbers 0 and 1, that
is, * = (zo, 1, .., %k, ...) with z € {0,1}, k € N.

The group operation on G is the coordinate-wise addition (denoted by +), the normalized Haar
measure u is the product measure and the topology is the product topology. Dyadic intervals are
defined in the usual way

Ip(z) =G, In(x) ={y€G:y= (20, s Tn—1,Yn,Yn+tls---)}

for z € G,n € P. They form a base for the neighbourhoods of G. Let 0 := (0: i € N) € G denote
the null element of G and I,, := I,,(0) for n € N.

Let LP(G) denote the usual Lebesgue spaces on G (with the corresponding norm ||.||,), where
1<p<oo.

For the sake of brevity in notation, we agree to write L>°(G) instead of C'(G) and set || f]|oo :=
sup{|f(x)|: = € G}. Of course, it is clear that the space L>°(G) is not the same as the space of
continuous functions, i.e., it is a proper subspace of it. But since in the case of continuous functions
the supremum norm and the L°°(G) norm are the same, for convenience we hope the reader will
be able to tolerate this simplification in notation. We have analogous definitions and mentions for
LP(G?), too.

For z € G we define |z| by
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The partial modulus of continuity of a function f € LP(G?), 1 < p < oo, are defined by

wy(f,8) = supl|f (. +1,.) = f(., )],

[t|<d
and
wi(f,0) == sup ||l f (., + 1) = F( )
[t]<é
where ¢ > 0.

The mixed modulus of continuity is defined as follows:
w;’Q(f, 51,52) = sup{||f(. + zl .+ 1‘2) —f(.+ z!, D= fl e+ x2)
+fC e 2] < 8% 12 < 8%},
where 61,62 > 0.
We define the Lipschitz classes in LP(G?) for each o > 0 in the following way:
Lip(c, p) := {f € LP(G?): wy(f.8) + wi(f,8) = O(6*) as § — 0}
The Rademacher functions are defined as
rp(x) = (-1, ze€G, keN.

The Walsh—Paley functions are defined by the help of Rademacher functions. That is, wg = 1 and,
forn > 1,

9
In|

wp(x) == Hrzk(x) — (—1)Z o

k=0

where the natural number n is expressed in the number system based 2, in the form
o0
n= anQk, ng € {0,1}, k€N
k=0

(in this expression only a finite number of n;’s different from zero), and the order of n > 0 be
denoted by |n| := max{j € N: n; # 0}.

It is known [14] that the system (wy,n € N) is the character system of (G, +).

Let P,, be the collection of Walsh polynomials of order less than n, that is, functions of the form

n—1
P(z) = apwi(x),
k=0

where n € P and {ax} is a sequence of complex numbers, and let Py, ,,, be the collection of two
dimensional Walsh polynomials

n—1m-—1

Qa',2?) =Y 3 by jun(atwi(?),

k=0 j=0

where n,m € IP and {by, ;} is a two dimensional sequence of complex numbers.
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666 ISTVAN BLAHOTA

The Dirichlet kernels are defined by

n—1
Dn = E Wi,
k=0

where n € P, Dg := 0 and the Fejér kernels as the arithmetical means of Dirichlet kernels, that is,

1 n
K, = n;pk.

The two-dimensional Walsh—Fourier coefficients and the corresponding partial sums are the
following:

Fnl ) = [ 1t e (@ e (@) ),
GQ

nt—1n?2-1

Sn17n2(f;x1,x2) = Z Z Y EDwi (21 wyz (22).

k1=0 k2=0

Let T := (tk,n)zonzl be a doubly infinite matrix of numbers. It is always supposed that matrix
T is triangular. Since the nth row of the matrix 7" determines the matrix mean o and its definition
contains only finite number of entries, for the simplicity we say

{tin:1<k<n, keP}
is a finite sequence of numbers for each n € IP. We also use notation

Atk,n =1tgn — lktrin

for 1 <k <mn, k,n € P, where ¢, ,,11 := 0.
We define the two-dimensional matrix transform mean in this way:

nl  n?

T17T2
Tt n2 (f) = Z Z tllﬂl,nlti2,n23k1,k2(f)'

kl=1k2=1

The one- and two-dimensional matrix transform kernels (7" kernels) are defined by

n
Kl = tpnDy,
k=1

nl n2
1,72
Kn177n2 (37171'2) = Z Z til,n1t227n2Dkl (.TCl)Dkz (332)
kl=1k2=1

nl n2
= Yt D) || Y 2 Dje(a?) | = KL (2" KL (22).
kl=1 k2=1
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APPROXIMATION OF DOUBLE WALSH -FOURIER SERIES BY MEANS OF THE MATRIX TRANSFORM 667

From now, let us denote = := (z',2?) and u := (u',u?). It is easily seen that

O'n1 nz fix /f n1 nz U"‘x)dﬂ( )

/fu+:v KD () da().

This equality (and its analogous versions for special means) shows us the necessity of observing
kernel functions.

2. Historical overview. Let {g;: k > 0} be a sequence of nonnegative numbers. The nth
Norlund mean of the Walsh — Fourier series is defined by

Ql > i Sk(f; ),
" k=1

-1
where Q,, := Zn_o gk, n > 1, and Si(f;x) denotes the kth partial sum of the Walsh—Fourier
series of f. It is always assumed that gy > 0 and

lim @, = o0
n—oo
In this case, the summability method generated by {qx} is regular (see [18, 30]) if and only if

lim n—1
n—oo ()

=0.

n

In particular case the Norlund means are the Fejér means (for all &k set g, = 1).

In paper [18], the rate of the approximation by Norlund means of Walsh —Fourier series of a
function f in LP(G) and in C(G) (in particular, in Lip(a, p), where a > 0 and 1 < p < o0) was
studied. As special cases Moricz and Siddiqi obtained the earlier results given by Yano [29], Jastrebova
[15] and Skvortsov [23] on the rate of the approximation by Cesaro means. The approximation
properties of the Walsh—Cesaro means of negative order were studied by Goginava [12]. In 2008,
Fridli, Manchanda and Siddiqi generalized the result of Moricz and Siddiqi for homogeneous Banach
spaces and dyadic Hardy spaces [11]. Recently Nagy, Baramidze, Memi¢, Persson, Tephnadze, Wall
and the author presented some results with respect to this topic [1, 6, 8, 16]. See [10, 25-27], as
well.

The two-dimensional definitions are introduced in the usual way. For the two-dimensional results
see [7, 19, 20].

Let {pr: k > 1} be a sequence of nonnegative numbers. The nth weighted mean of Walsh-
Fourier series is defined by

1 n
P, Zpksk(f; 33
k=1
n .
where P, := Zkﬂ pr, n > 1. It is always assumed that p; > 0 and
lim P, = oo,
n—oo

which is the condition for regularity.
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668 ISTVAN BLAHOTA

In particular case the weighted means are the Fejér means (for all k set pr, = 1).

In the paper [17], the rate of the approximation by weighted means of Walsh—Fourier series
of a function in LP(G) and in C(G) (in particular, in Lip(c, p), where « > 0 and 1 < p < 00)
was studied. As special cases Moricz and Rhoades obtained the earlier results given by Yano [29],
Jastrebova [15] on the rate of the approximation by Walsh — Cesaro means. A generalization of this
two results of Moricz and Siddiqi [18] and Moricz and Rhoades [17] was given by Nagy and the
author in the paper [3].

Matrix transforms means are common generalizations of several well-known summation methods.
It follows by simple consideration that the Norlund means, the weighted means, the Fejér (or the
(C,1)) and the (C, o) means are special cases of the matrix transform summation method introduced
above.

This paper is originally motivated by the work of Moricz, Siddiqi [18] on Walsh— No6rlund mean
method and the result of Moricz, Rhoades [17] on Walsh weighted mean method. It is important to
note that some ideas are coming from the paper of Chripko [9].

For some other results on matrix transform means see, e.g., [3-5, 13].

Other aspects of these methods with respect to Walsh—Fourier series are treated in the papers
[20, 25].

Our main aim is to investigate the rate of the approximation by two-dimensional matrix transform
in terms of modulus of continuity. Moreover, our main theorem (Theorem 1) gives a two-dimensional
generalization of the two results of Moricz, Siddigi on Norlund means [18] and Moricz, Rhoades on
weighted means [17]. Moreover, we generalized the system, as well (see also [20]). The results are
stated for nondecreasing and nonincreasing generating sequences {tx,: 1 <k < n}, n € P. At the
end, we present an application for Lipschitz functions.

3. Auxiliary results.

Lemma 1 [21]. Forn € N,

0, if y¢I,(0).

Dan(y) =

Lemma 2 [28]. Forn € N|
[ Kl < 2.

In 2018 Toledo [24] improved this result, but for our proof the knowledge of the exact supremum of
|| K ||1 is not necessary, just its boundedness.

Lemma 3 [20]. Let P € Pya, f € LP(G?), 1 < p < o0, and A, B € P. Then there exists a
positive constant ¢ such that

/(f(- +2) = f(.))Dyn (a®)ra(z') P(at)dp(@)|| < e Pllaw,(f,277).

G? p

Lemma 4 [20]. Let Q € Paagn, f € LP(G?), 1 <p < oo, and A, B € P. Then there exists a
positive constant ¢ such that

[+ 2) = 1O ) Q@)dua) | < Qw27 4,277),

G? p
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APPROXIMATION OF DOUBLE WALSH -FOURIER SERIES BY MEANS OF THE MATRIX TRANSFORM 669

Lemma 5 Gat [2]. Let n be a positive integer, then we have

|n|—127—-1
= Z Z toi kDo

7=0 k=0
In|—1 272 In|—1

+ Y Y Aty kK + D ritaii g (2 = 1)Ky
=0 k=1 =0
n—2Inl n—2Inl

+ Z toinl 4k nDalnl + T Z Atz\nuk,nkKk
k=0 k=1

5

_.§ , T

—. Ki,n.
i=1

4. Main theorem.
Theorem 1. Let f € C(G?) or f € LP(G?), 1 < p < oc. For every n/ € N, {tk] ni - S

kI <nl}, where j € {1,2}, be a finite sequence of nonnegative numbers such that equalities

Tll 7'L2
D tim = D tiage =1 (M

kl=1 k2=1
are satisfied. ‘
(a) If finite sequences {t,; ;:1 <k < n’} are nondecreasing for fixed n’, where j € {1,2},
and conditions

tiar =O0(1/n')  and  t,2,: = O0(1/n? )
are satisfied, then
T, 72
‘ Opl n2 - fH
In'|-1 [n?—1
0 9 o
Z2jt1+1111)f’2j 22]75272“12 (f’2])
it=0
int 2
Fab(h 2 + 37,2
(b) If finite sequences {t : 1 < kJ < n?} are nonincreasing for fixed n’, where j € {1,2},

then

Int|-1

H ol () fH <ec Z 2"t wp (.27

In?|—1

+ > 20w (£,277) 4w (f27) +wp(r.27)
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670 ISTVAN BLAHOTA
(c) If finite sequence {t}cl ot 1< k' < nl'} is nondecreasing for fixed n' and the condition

tpipt = O(l/nl)

is satisfied and {tk2 o0 1 < k% < n?Y} is nonincreasing for fixed n?, then

g

7,72
RN

Int|-1 [n?|-1

22]2J+111Pf’2] ZQJ 2pf’2])

ol (f 27 4 w2 (f,271)

holds (for f € C(G?) we change p by o).

Proof. During our proofs ¢ denotes a positive constant, which may vary at different appearances.
We make the proof for LP(G?) spaces 1 < p < oo. For C(G?) the proof is similar, even simpler.
Let us set f € LP(G?).

By using condition (1), the usual Minkowski inequality and Lemma 5, we have

|

nl n2

Tt T2
n-1l,

/ 0T (i) - f(@)Pdu(a)

| [] [ xR E @0 - s@)duto)]| due
G2 | g2
5 5
23 / T KE 2 ()(f( +w) — £()dp(u)
il=1i2=1

p

5 5
=: E E Iil,i2,’n1,n2'

il=1i2=1

Because of the symmetry, it is enough to investigate cases, when ' < 4.
At first let us see I7,1, 144 and I 4. Using generalized Minkowski’s inequality [30, vol. 1, p. 19],
Lemma 1 and inequality

|fa' +ul 2 +u?) — f2',2?)]
<|flat +ul,a® +u?) = f@! +ul 2?) + | et +ut2?) — 2t 2?)],
we write that
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[ Do D (@) 4 0) = ()

p

P

< [y Dy | [156 40~ Pt | duta)
a2 a2

wp(1,277) +wp(f.277).

So, by using condition (1), we get

Int|-1294" - [n2|—124%_

it a2

T S ST i SE N RIS REIE)
j1=0 k'=0 §2=0 k2=0
nt|—127" — In2|—124° _
52

Z Z t27 +k1nl p(f’2 ] Z Z t2] +k2n2wg(f72 J )
jl 0 k=0 ]2 0 k2=0

In case (a) we have

Int|-1 In?—1

1 9 2
Il,l,nl,n2 < Z 27t 1+1 1,nl Wy f72 —i' Z 2 t2]2+1 1n p(f72 J )7
1

in case (b)

[nt|—1 [n?|—1

Nt < Z 2j1t; nt%p f 277 Z 27° t zwzza(f,2_j2)a
j1=0

and in case (c)

In'|-1 [n?| -1

Z Z 2 —j2
Illn1n2< 27 t27 +1_1 pl Wy f>2 7t 2J 7nQWp(faz J)'

jt=0 3*=0

Similarly, by using condition (1), we obtain

1_glnt| 2_oln?|
1 |l 2 2
Lyapt 2 < Z tz\n1\+k1 Z t2|n2|+k2 ( p(f72 In |)+wp(f72 In ‘))
k1=0 k2=0

<wp (27 +wp(f.27).

Also similarly we get

Inl|—1 24 _ 2 _oln?|
Lanine < Z Z tzy k!l Z tz\n2\+k2 n2< ;(fvzijl) +w122(f727‘n2|)>
=0 k=0 k2=0
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672 ISTVAN BLAHOTA

Int|-1

gwf,(f,Q_‘” Z 't 23 Ly 7n1w[1)(f,2_j1).

So, in cases (a) and (c) we obtain
1
‘_

Il,4,n1,n2 < w]%(f? 2—|n Z 2J t231+1 (fa2 7 )

and in case (b)
1|_

Liypin2 < wﬁ (f, 2*‘” Z 9t w;)(f’ 27]'1)'

,n

Now let us observe I 2,113,115, 124,134 and I 5. By using Lemmas 3 and 2, we have

[ D e () i)+ ) = F()dta)

P
< ol Kpe 2 (£,277°) < e (f,2777) 3)
and
n?| 125" 2 nt|—12i' 1
Iigmine < Z Z |At23 +k2n2|k2 Z Z t2J k1 nl P(f’2 ’ )
2=0 k2=1 j1=0 k=0
In case (a)
932 _9 2i% _9
1; ’Atzﬂ > tk2n 2%2 - 1;:1 (t;j2+k2+1,n2 o t§j2+k2,n2)k2
2% _9
= (2" - 5o, - >t s S 2 D241_1 2
h2—1
in cases (b) and (c)
25° —2 21”2
DA o bk = D e - (27 —2)t2,, .
E2=1 k2=1
21”2
< Z t2ﬂ % 1 k2,n2 =2 t2 n2’
k2=1

Since from condition (1)
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673

|nt]—1 oit 1
> Dty =1 )
j1=0 kl1=0
so in cases (a) and (c)
In?|-1
2 —j2
Ilan n2 <c Z 27 t232+1 1, 2wp(f?2 J )7
=0
in case (b)
In?|-1
2 42 2 —j2
Lominz <S¢ Y 2t wp(f,27).
oro
Similarly to (3),
[n2|—1 [nt]—12' —1
2 j2 2 _j2
B €03 B @ =1 Y Y e w(127).
j2:0 ‘7170 kl1=0
In case (a) we will use inequality
2|_ 2|_
-2
Z t232+1 1,n2< Z t23 +1_1n 22] )
in cases (b) and (¢)
[n?|—1 [n?-1
j2
Z t2J2+1 1n2( Z t n2 )
So, in case of I; 3 we get the same inequalities in cases (a), (b) and (c), as in case of I o.
Also similarly to (3), we obtain
n2_oln?| Int|—12i" —1
2 2 —|n?
Il5n TL2 <C Z ’At2|"2|+k2 n2 k Z Z t2g -‘rkl nl p(f72 ‘)
k2=1 1_0 k1=0
In case (a) from condition (2) we get
n2 g\n | n2_oln?|_1
2 _ 2 2 2, n?[ 4
’At2|”2|+k2 k™= Z (t2‘"2‘+k2+1,n2 t2|”2|+k2,n2>k ( -2 ) n?,n?
k2=1 k2=1
n2—2ln?l_1
2 2 2 2 2
= (7’], — 2'” | _ 1)tn2 n2 Z t2‘”2|+k2,n2 + (TI, — 2|n ‘)tn27n2

k2=1

)

< 2712757212 n2 <c

ISSN 1027-3190. Ykp. mam. oscypn., 2024, m. 76, Ne 5



674 ISTVAN BLAHOTA

in cases (b) and (c) from condition (1) we have

n272\n2\ n2 2|n n2 2\71,
2 __ —
§ , |At2|n2|+k2 nz’k - E t2|n2|+k2 n2 E , tg\n2\+k2 n2 <1
k2=1 k2=1 k2=1

It yields, that from (4)
Il,5,n1,n2 < CWﬁ (f7 2—|”2‘) '

From Lemma 3 and condition (1) again we obtain

|nl|_12j172 n2 2\11
1
‘[24711 n2 <C Z Z ‘At2] _;’_kl ‘k Z t2\n2\+k2 n2 p(f 2 ] )

j1=0 Kkl=1 k2=0

Int|—12i" —2

41
¢ D Iat, Uikl n ke, (£,2777).
1_0 kl=1

It follows, that in cases (a) and (c)

Int|-1
1 —jt
124711 n? <C Z 2 t2j +1_ 7n1wp(f,2 J ),
j1=0
in case (b)
Int[—1
it1 1 —j!
127417117”2 S C Z 27 tQJl,n wp(f,2 J )
j1=0
As before,
1‘_ n2_2\n2\
2 1 —jt
I3amin2 < C Z 1+1—1,n1 Z t2\”2\+k2,n2wp(f’2 7)
k2=0
In'|-1
1 L
SCZ(QJ _1)t Gl4+1_ (f72j)
it=0
Similarly to I 3 it implies in cases (a) and (c) that
In*[-1 )
1 iy
134711712 <c Z 27 t27 +1_ ’nlwp(f’2 J )7
j1=0
in case (b)
Int|-1
-1 1 1 _ 51
I3747n17n2 S C Z 2j t2j17n1wp(f,2 J )
j1=0
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Similarly to estimating /1 5, we obtain

n2_2\n2\ nl 2|n1|
Z 2 Z 2 —|n?
I4,5,n1,n2 <c |At2|n2|+k2 2’k t2|n1|+k.l nl p(f7 2 | l)
k2=1 k1=0

< cwf) (f, 2_|"2|) .
Expressions I22, I 5, Io3, I33, I35 and I5 5 follow. Let us use Lemmas 4 and 2 for estimating
[ i @) K (0 i)+ ) = 1))
G2 P

< C||Kk1Kk2||1wzl)’2(f7 2_j1’2_j2) < cw (f,2 gt —j2).

Then
[nt]—12" —o [n2|—12i% _o
1 2 1,2 —j1 5—j2
I227L1 TL2 < C Z Z ‘Atzy _;’_kl 1|]{; Z Z |At2] +k2 2|k wp (f72 72 )'
ji1=0 kl=1 j2=0 k2=1

Next we will use inequality
wp(£:61,0%) S wp(f.6") + wy(f,8%)

several times. In case (a)

Int|-1 [n?|—1
172 7.]'1 7.]'2
Lypppz<c y 2 t2] o DY t272+1 L@y (1,277,277
j*t=0 J?=0
Int|-1 In?|—1 )
it 2 —Jj
Z 2 tQJ +1_ ,n f’2 Z 2 t272+1 2wp(f72 ) ’
jt=0 j2=0
in case (b)
In'|-1 In?|-1
1 ;2 -1 2
J41 J= 42 1,2 —Jj 9—J
Iyppip2<c Yy 2 byt > 2 ty2 oy (£,277,2777)
j1:0 j2:0
Int[-1 In?|-1

> 2 e (f.27) + ZW o wn(f27)).
Jj1=0

and in case (c)

nt|-1 [n?|-1

Iyopipe < c Z 29t . Z 2i%¢ nzw;,v2(f,2*jl,2*j2)

=0

ISSN 1027-3190. Ykp. mam. oscypn., 2024, m. 76, Ne 5



676 ISTVAN BLAHOTA

In'|-1 [n?|-1

Z 20t L (27 7 Z 27°¢ 7n2w§(f,2_j2)

On the other hand,

|nt|— 1951 o n2_aln?|
1 2 1,2 —j1 9—|n?
125711 n2 <C Z Z ‘Atzg _;’_kl n1|k Z |At2|n2|+k27n2‘k wp (f’2 ’2 ‘ |)
jl=0 kl=1 k2=1
[nt|—12i" _2
1, 1,2 —j1 5—|n?
ey Y A ke (f27 27,
jl=0 kl=1

It implies in cases (a) and (c)

|nt|—1
|2
125n1”2<c Z 2j 2]+1 1,nl p (f2 7t )2 ‘nl)
=0
[nt|—1
2
<clwi(f.2” n*ly 4 Z oi' ¢ 2H1 . p(f,w) ,
=0
in case (b)
[nt|—1
B <0 30 2L, al?(r.27 2
j1=0 ’
|nt|—1
2 —|n2 -1 1 1 1
<el|w(f2 ") + Z 2 t2117n1wp(f72 )
j1=0

Similarly, Lemmas 4 and 2 give

[ @) K (a) Ko ()(F( 4 0) = S| < cwp (1,277,277,

G2 )
Thus,
[nt]—12i" —9o In2|—1
Dantm2 <€ Z Z ]Atw Yyklin 1|k1 Z t2y2+1 1n2 jz — 1)w11)72(f, 2_j1,2_j2).
ji=0 kl=1

As before, it also implies in every case, that estimations for I 3 are the same, as in case of I .
Lemmas 4 and 2 give us again

[ @) K () o s (NS4 ) = S| < cw (1,277 25,

G? p
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Thus,
Int[—1 In?|-1
1 1 -2 2 1’2 _51 _ 52
13,3,n1,n2 <c Z (27 = 1)t2j1+1_1’n1 Z (27 - 1)t2j2+1_1,n2wp (f,2 7,27 )
j1=0 j2=0

It means, that we get the same estimation again, as in case of /s 2.
From

/ 7 (U )2y (u?) Ko (uh) K (u?) (F(+w) — F())du(u)|| < cwb?(f,279" 271)

G2 »
we get

[nt|—1 n2—an?|
-1 1 2
J 1 2 2 1,2 —j —|n?|

I3snin2 <€ Z (2 - 1)t2jl+1—1,n1 Z |At2|n2l+k2,n2’k wp (27,2 )
j1=0 k2=1
In'|-1

i1 -1 2
<c g 2 t2j1+1_17n1wp (f,277,2 ).
o

So, it is the same estimate, as I5 5.
Finally,

/ Pt (7 (02) K (u) K () (F (- ) = (D) dp(u)|| < cwop? (271727171

G2 »
and
n1_2|n1| n2_2\n2\
1 1 2 2 1.2 —|nt —|n2
Lpntm2 < ¢ Z |At2\"”+k1,n1|k Z |At2|n2l+k2,n2|k “p (f’2 L2
kl=1 k2=1

< cw;’Q (f, 27|n1‘727|n2‘)

< e(wp(r.2 ) R (r27).

Theorem 1 is proved.
5. Application. In this section, we apply our theorem for Lipschitz functions.
Theorem 2. Let f € Lip(a,p) for some o« > 0 and 1 < p < oo. For matrix transform

O—Tl , 2
nl n?

holds

we suppose that the conditions in Theorem 1 in case (a) are satisfied. Then the next estimate

|

O(1/(n")* +1/(n*)"), if 0<a<l,
Z::Zf(f) - pr =< O(logn!/nt +logn?/n?), if a=1,
O(1/n' +1/n%), i a>1.

g

ISSN 1027-3190. Ykp. mam. ocypn., 2024, m. 76, Ne 5



678 ISTVAN BLAHOTA

Proof. Condition (2) yields that

In'|-1
T, 72 4 o o
H%l,na (f) - pr =0 > Y, 22
0
|n?|—1
2,2 _ 42 2
+ Z 27 t2j2+1*1,n22 a9 In2|a
j2=0
[nt|—1
1 .
=0|th,n D 271070 4 gIntle
j1=0
In?|-1
+ e > 20T 4ol
72=0
|nt|—1 [n2|—1
=0 1/n1 Z 2j1(1—a)+1/n2 Z 2]'2(1_&)
j1=0 §2=0
+0(1/(n")* +1/(n?)").

From this form we get our statement easily.
Theorem 2 is proved.
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