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GRAPHS WITH LARGE STEINER NUMBER

ГРАФИ З ВЕЛИКИМ ЧИСЛОМ ШТЕЙНЕРА

In 2002, Gary Chartrand and Ping Zhang [The Steiner number of a graph, Discrete Math., 242, 41–54 (2002)] characterized
the connected graphs G of order p \geq 3 with Steiner number p, p  - 1, or 2. In our paper, we characterize all connected
graphs G of order p \geq 4 with Steiner number s(G) = p  - 2. In addition, we obtain some sharp Nordhaus – Gaddum
bounds for the Steiner number of connected graphs whose complement is also connected.

У 2002 роцi Герi Чартранд та Пiнг Чжан [The Steiner number of a graph, Discrete Math., 242, 41 – 54 (2002)] охаракте-
ризували зв’язнi графи G порядку p \geq 3 з числом Штейнера p, p - 1 або 2. У цiй статтi охарактеризовано всi зв’язнi
графи G порядку p \geq 4 з числом Штейнера s(G) = p  - 2. Також отримано деякi точнi межi Нордгауза – Гаддума
для числа Штейнера зв’язних графiв, доповнення яких також є зв’язними.

1. Introduction. Let G = (V,E) be a finite undirected graph without loops or multiple edges. The
order and size of G are denoted by p and q, respectively. For basic graph theoretic terminology we
refer to [2]. The distance d(u, v) between two vertices u and v in a connected graph G is the length
of a shortest u-v path in G. An u-v path of length d(u, v) is called an u-v geodesic. It is known that
this distance is a metric on the vertex set V. For a vertex v of G, the eccentricity e(v) is the distance
between v and a vertex farthest from v. The minimum eccentricity among the vertices of G is the
radius, \mathrm{r}\mathrm{a}\mathrm{d}(G) and the maximum eccentricity is its diameter, \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{m}(G) of G. Two vertices x and y

are antipodal if d(x, y) = \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{m}(G). Let U \subseteq V (G). Then G - U denotes the graph obtained from
G by deleting all the vertices of U together with all the edges with at least one vertex in U. Set U
is called a cut-set of G if G - U has more components than G. The subgraph induced by a set S of
vertices of a graph G is denoted by \langle S\rangle with V (\langle S\rangle ) = S and E(\langle S\rangle ) = \{ uv \in E(G) : u, v \in S\} .
A vertex v is an extreme vertex of a graph G if the subgraph induced by its neighbors is complete. A
vertex of degree p - 1 is called a universal vertex. A self-complementary graph is a graph which is
isomorphic to its complement. The interval I[u, v] consists of all vertices lying on some u-v geodesic

of G. For S \subseteq V, I[S] =
\bigcup 

u,v\in S
I[u, v]. A set S of vertices is a geodetic set if I[S] = V, and the

minimum cardinality of a geodetic set is the geodetic number, g(G). A geodetic set of cardinality
g(G) is called a g-set. The geodetic number of a graph was introduced in [1] and further studied
in [4, 7].

For a nonempty subset W of V, a Steiner W-tree T in G is a tree containing the vertices in W in
such a way that | V (T )| is minimum. There can be more than one Steiner W-tree of G for a nonempty
subset W of V. The number of edges in a Steiner W-tree of G is called the Steiner distance of W

and is denoted by d(W ). The Steiner distance of a connected graph G was studied in [6]. Let W \subseteq V

and T be a Steiner tree of W in G. If W has exactly two vertices u and v, then its Steiner W-tree is a
shortest u-v path or a u-v geodesic. Hence, Steiner trees are natural generalization of geodesics. The
Steiner interval S(W ) contains all vertices of a Steiner W-tree. A set W \subseteq V is called a Steiner set if
S(W ) = V. A Steiner set of minimum cardinality is a minimum Steiner set or simply a s-set and this
cardinality is the Steiner number, s(G) of G. The Steiner number of a graph was introduced in [3] and
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further studied in [5, 7, 9 – 12, 14, 15, 17, 18]. The edge Steiner number of a graph was introduced and
studied in [16]. The forcing geodetic and the forcing Steiner numbers of a graph was studied in [19].
In [20], it was proved that every minimum Steiner set is also a geodetic set of a graph having diameter
2. Later, it was proved that this particular result does not always hold in [8]. The upper restrained
Steiner number of a graph was studied in [13]. Steiner tree problem has applications in design of
computer circuits, long distance telephone lines, or mail routing, combinatorial optimization, etc. It
is also used to construct roads of minimum total length to interconnect several highways.

The following theorems are used in the sequel.
Theorem 1.1 [3].
A. Each extreme vertex of a graph G belongs to every geodetic (Steiner) set of G.

B. If G is a connected noncomplete graph of order p, then s(G) \leq p - \kappa (G).

C. Let G be a connected graph of order p \geq 2. Then s(G) = p if and only if G = Kp.

D. Let G be a connected graph of order p \geq 3. Then s(G) = p - 1 if and only if G contains a
cut-vertex of degree p - 1.

E. Let G be a connected noncomplete graph. Then no cut-vertex of G belongs to any minimum
Steiner set of G.

Throughout the paper, G denotes a connected graph with at least two vertices.
2. Graphs with large Steiner number. The upper bound on Steiner number of a graph G in

terms of order p and connectivity\kappa (G)was given by Chartrand and Zhang as stated in Theorem 1.1,B.
In this section, the set of all connected graphs such that s(G) = p - 2 are characterized.
Lemma 2.1. Let G be a noncomplete connected graph with a universal vertex v and W be a

Steiner set of G. Then: (i) v /\in W, (ii) d(W ) = | W | .
Proof. Let v be the universal vertex of G and W be a Steiner set of G.

(i) On the contrary, suppose that v \in W. Then \langle W \rangle is connected, which implies S(W ) = W \not = V.

Therefore, v /\in W.

(ii) Let x be a universal vertex of G. Then one of the Steiner W-trees T of G is star centered at
x such that the end vertices of T are elements of W. Therefore, V (T ) = W \cup \{ x\} . Hence, it follows
that d(W ) = | V (T )| = | NT (x)| = | W | .

Lemma 2.2. Let G be a connected graph of order p \geq 3 and U be the set of cut-vertices of G.

Then s(G) \leq p - | U | .
Proof. This follows from Theorem 1.1, E.
Lemma 2.3. Let G be a connected graph of order p \geq 4 with s(G) = p - 2. Then \kappa (G) \leq 2.

Proof. This follows from Theorem 1.1, B.
Lemma 2.4. Let G be a connected graph of order p \geq 4 with s(G) = p - 2 and W be a s-set

of G. Let V  - W = \{ u, v\} . Then every element of W is adjacent to either u or v or both.
Proof. By Lemma 2.3, \kappa (G) \leq 2. Let V  - W = \{ u, v\} .
Claim. Every element of W is adjacent to either u or v or both.
Case 1: \kappa (G) = 1. Therefore, V  - W = \{ u, v\} is the set of cut-vertices of G. Let H1, H2, . . . ,

Hr, r \geq 2, be the components of G - u. W.l.o.g., let H1 be the component of G - u containing y

and A1 = NH1(x). Now let W1 = W  - A1. Since | W1| < | W | = s(G), we have S(W1) \not = V. Let
B1 = V (H1) - A1 \not = \phi . We consider two subcases.

Subcase 1.1. Every vertex of A1 is adjacent to some vertex in B1.

Let Y1, Y2, . . . , Yk be the components of the subgraph \langle B1\rangle . If every vertex of A1 is adjacent to
some vertex of Yi, 1 \leq i \leq k, then each vertex of A1 lies on some Steiner W1-tree so that S(W1) =
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V, which is a contradiction. If not, k \geq 2, then there exists some vertex a1 \in A1 which is not
adjacent to any vertex in Yi for 1 \leq i \leq k. Let W2 = W1\cup \{ a1\} . Now we relabel the components of
\langle B1\rangle if needed so that Y1, Y2, . . . , Yt1 , t1 < k, are the components of \langle B1\rangle which contains no vertex
adjacent to a1. If every vertex in A2 = A1  - \{ a1\} is adjacent to some vertex of Yi, 1 \leq i \leq t1, then
every vertex of A2 lies on some Steiner W2-tree so that S(W2) = V. Since s(G) \leq | W2| < p  - 3,

we get a contradiction. Therefore, there exists a2 \in A2 such that a2 is not adjacent to any vertex
in Yi, 1 \leq i \leq t1. Let W3 = W2 \cup \{ a2\} = W1 \cup \{ a1, a2\} . Again we relabel the components Yi,

1 \leq i \leq t1, so that Y1, Y2, . . . , Yt2 , t2 < t1, has no vertex adjacent to a2. We proceed again for the
set A3 = A2  - \{ a2\} . Since G is connected there exists an integer p with 1 \leq p \leq | A1|  - 1 such
that every vertex in Ap+1 = A1  - \{ a1, a2, . . . , ap\} is adjacent to some vertex in Yi, 1 \leq i \leq tp. Let
Wp+1 = W1 \cup \{ a1, a2, . . . , ap\} . Then every vertex of Ap+1 lies on some Steiner Wp+1-tree. This
implies that Wp+1 is a Steiner set of G and so s(G) \leq | Wp+1| < | W | .

Subcase 1.2. There is a vertex of A1 which is adjacent to no vertex in A2.

Let A1 = A11 \cup A12 with A11 = \{ x1, x2, . . . , xa\} and A12 = \{ y1, y2, . . . , yb\} such that every
vertex in A11 is adjacent to some vertex in A2 and no vertex in A12 is adjacent to any vertex in A2.

Then | a| \geq 1 and | b| \geq 1. Let G\prime = G  - A12. Then G\prime is of order p  - b. By the similar argument
as in Case 1 to G\prime , we get an s-set W \prime of G\prime with | W \prime | \leq p  - b  - 2. Now W

\prime \prime 
= W \prime \cup A12 is

a complement connected Steiner set of G. Since | W \prime \prime | \leq p  - 2, we get a contradiction. Therefore,
every element of W is adjacent to u.

Case 2: \kappa (G) = 2. Therefore, V  - W = \{ u, v\} is the minimum cutset of G. By the similar
argument as in Case 1, we can prove that every element of W is adjacent to u. Similarly we can
prove that every element of W is adjacent to v or both u and v. Hence, the claim.

Lemma 2.5. Let G be a noncomplete connected graph of order p \geq 4 and s(G) = p - 2. Then
d \leq 3.

Proof. If p = 4 or 5, then d \leq 3. So we assume that p \geq 6. Let W be an s-set of G. By
Lemma 2.3, \kappa (G) \leq 2.

Case 1: \kappa (G) = 1. Then, by Lemma 2.2, G contains exactly two cut-vertices, say u and v. By
Lemma 2.4, each element in W is adjacent to either u or v or both. Therefore, d \leq 3.

Case 2: \kappa (G) = 2. Let S = \{ u, v\} be the minimum cutset of G. Let G1, G2, . . . , Gr, r \geq 2,

be the components of G - S. Let W be an s-set of G.

Subcase 2.1. Suppose that G contains universal vertices. Since G is noncomplete, d = 2 \leq 3.

Subcase 2.2. Suppose that G contains no universal vertices. Let G1, G2, . . . , Gr be the components
of G - S. Suppose that uv /\in E. Since u and v are adjacent to each element of Gi, 1 \leq i \leq r, and
p \geq 6, | V (Gi)| \geq 2 for some i, 1 \leq i \leq r. Let W1 = \{ u, v\} . Then W1 is a Steiner set of G, so that
s(G) = 2 \leq p - 4, which is a contradiction. Therefore, uv \in E. Hence, d \leq 3.

Lemma 2.6. There is no connected graph G of order p \geq 4 with s(G) = p - 2, \kappa (G) = 1 and
d = 2.

Proof. Suppose that there exists a graph G with s(G) = p - 2 and \kappa (G) = 1. If there are more
than three cut-vertices, then, by Lemma 2.3, s(G) \leq p  - 3, which is a contradiction. Therefore, G
contains one or two cut-vertices.

Case 1. G contains one cut-vertex, say v. Then, by Theorem 1.1, D, v is not a universal vertex
of G. Let u and w be two adjacent vertices of v. Since v is not a universal vertex of G, there exists
a vertex x such that x is adjacent to either u or w. Without loss of generality, let us assume that x is
adjacent to u. Since v is a cut-vertex of G, w is not adjacent to u or x or both. This implies d \geq 3,

which is a contradiction.
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Case 2. G contains two cut-vertices, say u and v.

Subcase 2.1. Suppose that u and v are adjacent. Since u is a cut-vertex of G, there exists a
vertex x \not = v such that x is adjacent to u. Also, since v is a cut-vertex of G, there exists y \not = u such
that y is adjacent to v. If x and y are adjacent, then u and v are not cut-vertices of G. This implies
d \geq 3, which is a contradiction.

Subcase 2.2. Assume that u and v are not adjacent. Since G is connected, there exists a path P

of length at least two. Since u and v are cut-vertices, there exist vertices x \not = v and y \not = u such that
xu, yv \in E  - E(P ). Also, x and y are not adjacent, which implies d \geq 4 which is a contradiction.

Therefore, there is no connected graph G of order p \geq 4 with s(G) = p  - 2, \kappa (G) = 1 and
d = 2.

Lemma 2.7. Let G be a connected graph of order p \geq 4 with d = 2 and s(G) = p  - 2. Then
\kappa (G) = 2.

Proof. This follows from Lemmas 2.2 and 2.3.
Lemma 2.8. Let G be a connected noncomplete graph of order p \geq 4. If G contains at least

one universal vertex, then \kappa (G) = 2.

Proof. Since G contains a universal vertex, d = 2. Therefore, the result follows from Lemma 2.4.
Lemma 2.9. Let G be a noncomplete connected graph of order p \geq 4 with at least one universal

vertex. Then s(G) = p - 2 if and only if \kappa (G) = 2 and G contains one or two universal vertices.

Proof. Let s(G) = p - 2. By Lemma 2.4, G contains one or two universal vertices. By Lemma 2.3,
\kappa (G) = 1 or 2. Since s(G) = p - 2, \kappa (G) \not = 1. Therefore, \kappa (G) = 2.

Conversely, let \kappa (G) = 2 and G contains one or two universal vertices. We prove that s(G) = p - 
2. Let S = \{ u, v\} be the minimum cutset of G. By Lemma 2.1, G contains either one or two universal
vertices. Let G1, G2, . . . , Gr, r \geq 2, be the components of G - S. Let W be a Steiner set of G.

Case 1. G contains two universal vertices.

Let x, y be the two universal vertices of G. Then, by Observation 2.1, x, y /\in W. Hence, it follows
that x = u and y = v. Let W = V  - \{ u, v\} . Then W is a Steiner set of G so that s(G) \leq p - 2. We
prove that s(G) = p - 2. On the contrary, suppose that s(G) \leq p - 3, then there exists a Steiner set
W \prime such that | W \prime | \leq p - 3. Let z be a vertex of G such that z \in W and z /\in W \prime and z \in S(W \prime ).

By Observation 2.1, u, v /\in W \prime . Let T be a Steiner W \prime -tree of G such that z \in V (T ). W.l.o.g., let
us assume that u \in V (T ). Let NT (z) = \{ u, z1, z2, z3, . . . , zs\} , where s \geq 2. Since u is a universal
vertex of G, uzi \in E(G) for 1 \leq i \leq s. Let T \prime be a tree obtained from T by deleting the vertex
z and joining the edge uzi, 1 \leq i \leq s. Then T \prime is a Steiner W \prime -tree with | V (T \prime )| = | V (T )|  - 1,

which is a contradiction to W \prime is a Steiner set of G. Therefore, s(G) = p - 2.

Case 2. G contains exactly one universal vertex.

Let x be the universal vertex of G. Then by Lemma 2.1, x /\in W. Then x = u or v. W.l.o.g., let
us assume that x = u. Let W = V  - \{ x, v\} . Then W is a Steiner set of G so that s(G) \leq p - 2. We
prove that s(G) = p - 2. On the contrary, suppose that s(G) \leq p - 3. We prove that \kappa (G - x) = 2.

If not \kappa (G - x) = 1. Let N\langle G - x\rangle (y) = \{ y1, y2, . . . , yn\} . We prove that at least one yi, 1 \leq i \leq n,

not belongs to W. If not yi \in W for all i, 1 \leq i \leq n. Then d(W ) \geq p  - 2, which implies
| W | \geq p - 2, which is a contradiction. Then \kappa (G - x) = 2. Hence, it follows that \kappa (G) = 3, which
is a contradiction. Hence, s(G) = p - 2.

Lemma 2.10. Let G be a connected graph of order p \geq 5 with d = 3 and s(G) = p - 2. Then
there exist only two adjacent cut-vertices or there is a minimum cutset W = \{ u, v\} such that u and
v are adjacent.
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Proof. Since s(G) = p - 2, by Theorem 1.1, B, \kappa (G) \leq 2. Let \kappa (G) = 1. Since s(G) = p - 2,

G contains exactly two cut-vertices, say u and v. Suppose that u and v are not adjacent. Since
G is connected, there exists a path P between u and v of length at least 2. Let z be a vertex
on the path P. Since u is a cut-vertex of G, there exists a vertex x \not = v such that x is adjacent
to u. Also, since v is a cut-vertex of G, there exists a vertex y \not = x such that y is adjacent
to v. Also, since u and v are cut-vertices of G, u is not adjacent to y and v is not adjacent
to x and xy /\in E(G), which implies d \geq 4. This is a contradiction. Therefore, u and v are
adjacent.

Suppose that \kappa (G) = 2. Let W = \{ u, v\} be a minimum cutset of G.

Suppose that u and v are not adjacent. Let G1, G2, . . . , Gr, r \geq 2, be the components of G - W.

Since d = 3, at least one component of G - W has more than one vertex. Let G1 has two vertices,
say x and y and G2 has one vertex, say z. Since u and v are cut-vertices, u and v are adjacent
to z and u and v are adjacent to x or y or both. If u is adjacent to both x and y, then \{ x, y\} is a
minimum cutset of G, such that x and y are adjacent, which is a contradiction. Hence, u and v are
adjacent.

Suppose that u is adjacent to x and not adjacent to y. Then x is a cut-vertex of G, which is not
so. If u is adjacent to y and not adjacent to x, then y is a cut-vertex of G, which is a contradiction.
Therefore, each Gi(1 \leq i \leq k) has at least two vertices. Let G1 contains two vertices and G2

contains two vertices. Let V (G1) = \{ x, y\} and V (G2) = \{ w, z\} . Then W = \{ u, v\} is a Steiner set
of G so that s(G) = 2, which is a contradiction. Thus, u and v are adjacent.

To characterize connected graphs of order p \geq 4 with s(G) = p - 2, we introduce the following
families of graphs (see Fig. 2.1).

1. Let \Im 1 be the collection of all graphs obtained from a cycle C4 : u, v, x, y, u and graphs
Gl1 , . . . , Glt by joining u and v to all vertices of Gl1 , . . . , Glt .

2. Let \Im 2 be the collection of all graphs obtained from \Im 1 by introducing the edge ux.

3. Let \Im 3 be the collection of all graphs obtained from \Im 1 by introducing the edges ux and vy.

4. Let \Im 4 be the collection of all graphs obtained from \Im 2 by removing the edge uv.

5. Let \Im 5 be the collection of all graphs obtained from K2 : u, v and two classes of graphs
Gm1 , . . . , Gmr and Gn1 , . . . , Gnw by joining u to all vertices of Gm1 , . . . , Gmq and v to all vertices
of Gn1 , . . . , Gnw .

6. Let \Im 6 be the collection of all graphs obtained from \Im 5 and the graphs Gl1 , . . . , Glt by joining
u and v to all vertices of Gl1 , . . . , Glt .

7. Let \Im 7 be the collection of all graphs obtained from \Im 6 such that there exists edges xlyl for
some or all l between Gmk

, 1 \leq k \leq r, and Gni , 1 \leq i \leq w.

G1 Family \Im 1 Family \Im 2
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Family \Im 3 Family \Im 4 Family \Im 5

Family \Im 6 Family \Im 7

Family \Im 8 Family \Im 9

Family \Im 10

Fig. 2.1

ISSN 1027-3190. Укр. мат. журн., 2024, т. 76, № 5



GRAPHS WITH LARGE STEINER NUMBER 725

8. Let \Im 8 be the collection of all graphs obtained from \Im 7 such that the vertex u is adjacent to
each element of Gni , 1 \leq i \leq w, and the vertex v is adjacent to each element of Gmk

, 1 \leq k \leq r.

9. Let \Im 9 be the collection of all graphs obtained from \Im 6 such that for xl \in Gmk
, q+1 \leq k \leq r,

and yl \in Gni , s+ 1 \leq i \leq w, there exist edges xlyl for some or all l, where l is arbitrary.

10. Let \Im 10 be the collection of all graphs obtained from \Im 9 such that the vertex u is adjacent
to some or all elements of Gni , s+ 1 \leq i \leq w, and the vertex v is adjacent to some or all elements
of Gmk

, q + 1 \leq k \leq r.

Theorem 2.1. Let G be a connected graph of order p \geq 4 with diameter d \leq 3. Then s(G) =

p - 2 if and only if G \in \Im 1 \cup \Im 2 \cup \Im 3 \cup \Im 4 \cup \Im 5 \cup \Im 6 \cup \Im 7 \cup \Im 8 \cup \Im 9 \cup \Im 10 or G is a connected
graph with \kappa (G) = 2 and having one or two universal vertices.

Proof. Let s(G) = p - 2. By Lemma 2.4, \kappa (G) = 2. If p = 4, then G = C4 or G = K4  - \{ e\} 
satisfies the requirements of the theorem. If p = 5, then the graphs with s(G) = p - 2 are G = C5,

G = G1 and the graph G that contains at least one universal vertex with \kappa (G) = 2. Therefore, we
assume that p \geq 6.

Case 1: \kappa (G) = 1.

Subcase 1.1: d = 2. Then, by Lemma 2.6, no such graph exists.

Subcase 1.2: d = 3. By Lemma 2.10, G contains two cut-vertices, say u and v, such that u

and v are adjacent. Let W be an s-set of G with | W | = p  - 2. Let G1, G2, . . . , Gr, r \geq 2, be
the components of G  - \{ u, v\} . Then, by Lemma 2.4, each element of Gi, 1 \leq i \leq r, is adjacent
to either u or v or both. If each element of Gi, 1 \leq i \leq l, is adjacent to u and each element of
Gj , l + 1 \leq j \leq r, is adjacent to v, then G \in \Im 5. So we are done. Suppose that each element of
Gi, 1 \leq i \leq l, is adjacent to u and each element of Gj , l + 1 \leq j \leq m, is adjacent to both u and
v, and each element of Gk, m + 1 \leq k \leq r, is adjacent to v. Тhen G \in \Im 6. Suppose that there
exist edges xlyl for all l between Gmk

, q + 1 \leq k \leq r, and Gni , s + 1 \leq i \leq w, where q = w

and Gmq+1 , . . . , Gmr , Gn1 , . . . , Gnw , Gl1 , . . . , Glt \in Gr in G  - \{ u\} . Тhen G \in \Im 9. If some or all
elements of Gni , s+ 1 \leq i \leq w, is adjacent to u and some or all elements of Gmk

, q + 1 \leq k \leq r,

is adjacent to v, then G \in \Im 10.

Case 2: \kappa (G) = 2. Let S = \{ u, v\} be the minimum cutset of G.

Subcase 2.1: d = 2. Let W be an s-set of G with | W | = p - 2. Let G1, G2, . . . , Gr, r \geq 2, be
the components of G - S. Then, by Lemma 2.4, each element of Gi, 1 \leq i \leq r, is adjacent to either
u or v or both. If there exist components Gi, r \geq 2, such that each element of Gi, r \geq 2, is adjacent
to both u and v, an edge xy \in G such that ux, vy \in E, then G \in \Im 1. By Lemma 2.9, if G contains
one universal vertex, then G \in \Im 2 \cup \Im 3 \cup \Im 4. Suppose that there exists edges xlyl for some or all l
between Gmk

, 1 \leq k \leq r, and Gni , 1 \leq i \leq w, and also the vertex u is adjacent to each element of
Gni , 1 \leq i \leq w, and the vertex v is adjacent to each element of Gmk

, 1 \leq k \leq r. Then G \in \Im 8.

Subcase 2.2: d = 3. Let W be an s-set of G with | W | = p - 2. Let G1, G2, . . . , Gr, r \geq 2, be
the components of G - S. Then, by Lemma 2.4, each element of Gi, 1 \leq i \leq r, is adjacent to either
u or v or both. Suppose that each element of Gmi , 1 \leq i \leq r, is adjacent to u and each element of
Glj , 1 \leq j \leq t, is adjacent to both u and v, and each element of Gnk

, 1 \leq k \leq w, is adjacent to v

such that i = k, and there exist at least one edge between Gmi , 1 \leq i \leq r, and Gnk
, 1 \leq k \leq w.

Then G \in G \in \Im 7.

Conversely, if G \in \Im 1 \cup \Im 2 \cup \Im 3 \cup \Im 4 \cup \Im 5 \cup \Im 6 \cup \Im 7 \cup \Im 8 \cup \Im 9 \cup \Im 10 or G is a connected
graph with \kappa (G) = 2 and having one or two universal vertices, then s(G) = p - 2.
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Proposition 2.1. For any connected graph G, | g(G) - s(G)| can be arbitrarily large.

Proof. Case 1: g(G) < s(G).

Let Pi : ui, vi, wi, 1 \leq i \leq a, be a copy of path on three vertices. Let G be the graph obtained
from Pi, 1 \leq i \leq a, by introducing a vertex x and the edges xui, xvi and xwi, 1 \leq i \leq a. Let
S = \{ u1, u2, . . . , ua, w1, w2, . . . , wa\} be the set of all extreme vertices of G and so g(G) \geq 2a. By
Theorem 1.1, A, S is a subset of every geodetic set of G. Since I[S] = V, S is a geodetic set of G
so that g(G) = 2a. Since x is a universal vertex of G, which is a cut-vertex, by Theorem 1.1, D, we
have s(G) = 3a. Therefore, s(G) - g(G) = 3a - 2a = a.

Case 2: s(G) < g(G).

Let Ci : ui, vi, wi, ui, 1 \leq i \leq a, be a copy of the cycle C3. Let Ri be the graph obtained from
Ci, 1 \leq i \leq a, by introducing new vertices pi, qi, ri, si, 1 \leq i \leq a, and the edges uipi, piqi, qiri,

riwi, qisi, sivi, 1 \leq i \leq a. Let G be the graph obtained from Ri, 1 \leq i \leq a, by joining ui - 1

with ui, 2 \leq i \leq a. Let W = \{ ri, si\} , 1 \leq i \leq a. Since S(W ) = V, W is a Steiner set of G so
that s(G) = 2a. Since the vertices pi, qi, 1 \leq i \leq a, do not lie on any geodesic joining any pair of
vertices of W, W is not a geodetic set of G. Let S = W \cup \{ pi\} , 1 \leq i \leq a. Since I[S] = V, S is a
geodetic set of G so that g(G) = 3a. Therefore, g(G) - s(G) = 3a - 2a = a.

3. Some Nordhaus – Gaddum bounds. During the year 1956, Nordhaus and Gaddum studied
the chromatic number in a graph G and in its complement G together. They proved lower and upper
bounds on the sum and on the product of \chi (G) and \chi (G) in terms of the order p of G. Since then
any bound on the sum and/or the product of an invariant in a graph G and the same invariant in
the complement G of G is called a Nordhaus – Gaddum type inequality. In the following theorem,
we study the relations of Nordhaus – Gaddum in obtaining the upper and lower bounds for sum and
product for the Steiner number of a graph G and its complement G.

Theorem 3.1. Let G and G be connected graphs of order p \geq 4. Then:

(i) 4 \leq s(G) + s(G) \leq 2p - 4,

(ii) 2 \leq 
\sqrt{} 
s(G)s(G) \leq p - 2.

Moreover both upper bounds are sharp if and only if G is either P4 or C5.

Proof. (i) Since G and G are connected graphs, we have s(G) \geq 2 and s(G) \geq 2 and so
s(G) + s(G) \geq 4. By Theorem 1.1, C, we know that s(G) = p if and only if G = Kp, p \geq 2. Also,
by Theorem 1.1, D, we have s(G) = p  - 1 if and only if G contains a cut-vertex of degree p  - 1.

Therefore, if s(G) = p or p - 1, then G is disconnected. So, s(G) \leq p - 2, implies s(G) \leq p - 2.

Hence, s(G) + s(G) \leq 2p - 4. Thus, 4 \leq s(G) + s(G) \leq 2p - 4.

(ii) By the similar argument as in (i), we can prove that 2 \leq 
\sqrt{} 

s(G)s(G) \leq p - 2.

Also, both upper bounds are sharp if and only if s(G) = p - 2 and s(G) = p - 2,

if and only if G and G are self complementary,

if and only if G is either P4 or C5.

Remark 3.1. The inequalities in Theorem 3.1 can be strict. Consider the graph G given in Fig. 3.1.
Clearly G \in \Im 1. So we have s(G) = p  - 2. But W = \{ v3, v6\} is an s-set of G, which implies
s(G) = 2. Hence, s(G) + s(G) = p < 2p - 2.
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