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GRAPHS WITH LARGE STEINER NUMBER
I'PA®U 3 BEJIUKUM YUCJIOM HITEWMHEPA

In 2002, Gary Chartrand and Ping Zhang [The Steiner number of a graph, Discrete Math., 242, 41-54 (2002)] characterized
the connected graphs G of order p > 3 with Steiner number p, p — 1, or 2. In our paper, we characterize all connected
graphs G of order p > 4 with Steiner number s(G) = p — 2. In addition, we obtain some sharp Nordhaus—Gaddum
bounds for the Steiner number of connected graphs whose complement is also connected.

V¥ 2002 poui I'epi Yaprpann Ta [linr Uxan [The Steiner number of a graph, Discrete Math., 242, 41 —54 (2002)] oxapakTe-
pusyBaiu 3B’s13Hi rpadu G nopsaky p > 3 3 uucnom Llreiinepa p, p—1 a6o 2. V wiii ctarTi 0XapakTepru30BaHO BCi 3B’ sI3Hi
rpadu G nopsiaky p > 4 3 uncnom Ulreitnepa s(G) = p — 2. Takox orpumano meski Tousi mexi Hoparaysa—ammyma
qutst uncia llTeitnepa 3B’13HUX rpadiB, JOMOBHEHHS SIKUX TAKOX € 3B’SI3HUMHU.

1. Introduction. Let G = (V, E) be a finite undirected graph without loops or multiple edges. The
order and size of G are denoted by p and ¢, respectively. For basic graph theoretic terminology we
refer to [2]. The distance d(u,v) between two vertices v and v in a connected graph G is the length
of a shortest u-v path in G. An u-v path of length d(u, v) is called an u-v geodesic. It is known that
this distance is a metric on the vertex set V. For a vertex v of G, the eccentricity e(v) is the distance
between v and a vertex farthest from v. The minimum eccentricity among the vertices of GG is the
radius, rad(G) and the maximum eccentricity is its diameter, diam(G) of G. Two vertices = and y
are antipodal if d(x,y) = diam(G). Let U C V(G). Then G — U denotes the graph obtained from
G by deleting all the vertices of U together with all the edges with at least one vertex in U. Set U
is called a cut-set of G if G — U has more components than G. The subgraph induced by a set S of
vertices of a graph G is denoted by (S) with V((S)) = S and E((S)) = {uv € E(G) : u,v € S}.
A vertex v is an extreme vertex of a graph G if the subgraph induced by its neighbors is complete. A
vertex of degree p — 1 is called a universal vertex. A self-complementary graph is a graph which is
isomorphic to its complement. The interval I[u, v] consists of all vertices lying on some u-v geodesic
of G.For S CV, I[S] = Uu ves Ifu,v]. A set S of vertices is a geodetic set if I[S] = V, and the

minimum cardinality of a geodetic set is the geodetic number, g(G). A geodetic set of cardinality
g(G) is called a g-set. The geodetic number of a graph was introduced in [1] and further studied
in [4, 7].

For a nonempty subset W of V, a Steiner W-tree 1" in G is a tree containing the vertices in W in
such a way that |V (T")| is minimum. There can be more than one Steiner W-tree of G for a nonempty
subset W of V. The number of edges in a Steiner W-tree of G is called the Steiner distance of W
and is denoted by d(W). The Steiner distance of a connected graph G was studied in [6]. Let W C V/
and 7" be a Steiner tree of W in G. If W has exactly two vertices v and v, then its Steiner W-tree is a
shortest u-v path or a u-v geodesic. Hence, Steiner trees are natural generalization of geodesics. The
Steiner interval S(1) contains all vertices of a Steiner W-tree. A set W C V is called a Steiner set if
S(W) = V. A Steiner set of minimum cardinality is a minimum Steiner set or simply a s-set and this
cardinality is the Steiner number, s(G) of G. The Steiner number of a graph was introduced in [3] and
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further studied in [5, 7,9-12, 14, 15, 17, 18]. The edge Steiner number of a graph was introduced and
studied in [16]. The forcing geodetic and the forcing Steiner numbers of a graph was studied in [19].
In [20], it was proved that every minimum Steiner set is also a geodetic set of a graph having diameter
2. Later, it was proved that this particular result does not always hold in [8]. The upper restrained
Steiner number of a graph was studied in [13]. Steiner tree problem has applications in design of
computer circuits, long distance telephone lines, or mail routing, combinatorial optimization, etc. It
is also used to construct roads of minimum total length to interconnect several highways.

The following theorems are used in the sequel.

Theorem 1.1 [3].

A. Each extreme vertex of a graph G belongs to every geodetic (Steiner) set of G.

B. If G is a connected noncomplete graph of order p, then s(G) < p — k(G).

C. Let G be a connected graph of order p > 2. Then s(G) = p if and only if G = K,

D. Let G be a connected graph of order p > 3. Then s(G) = p — 1 if and only if G contains a
cut-vertex of degree p — 1.

E. Let G be a connected noncomplete graph. Then no cut-vertex of G belongs to any minimum
Steiner set of G.

Throughout the paper, G denotes a connected graph with at least two vertices.

2. Graphs with large Steiner number. The upper bound on Steiner number of a graph G in
terms of order p and connectivity x(G) was given by Chartrand and Zhang as stated in Theorem 1.1,B.

In this section, the set of all connected graphs such that s(G) = p — 2 are characterized.

Lemma 2.1. Let G be a noncomplete connected graph with a universal vertex v and W be a
Steiner set of G. Then: (i) v ¢ W, (ii) d(W) = |W|.

Proof. Let v be the universal vertex of G and W be a Steiner set of G.

(i) On the contrary, suppose that v € W. Then (W) is connected, which implies S(W) = W # V.
Therefore, v ¢ W.

(i1) Let = be a universal vertex of G. Then one of the Steiner W-trees T" of (G is star centered at
x such that the end vertices of T" are elements of W. Therefore, V(T') = W U {z}. Hence, it follows
that d(W) = |V/(T)] = |Np(a)| = [W].

Lemma 2.2. Let G be a connected graph of order p > 3 and U be the set of cut-vertices of G.
Then s(G) < p—|U|.

Proof. This follows from Theorem 1.1, E.

Lemma 2.3. Let G be a connected graph of order p > 4 with s(G) = p — 2. Then k(G) < 2.

Proof. This follows from Theorem 1.1, B.

Lemma 2.4. Let G be a connected graph of order p > 4 with s(G) =p — 2 and W be a s-set
of G. Let V. — W = {u,v}. Then every element of W is adjacent to either u or v or both.

Proof. By Lemma 2.3, k(G) < 2. Let V — W = {u,v}.

Claim. Every element of W is adjacent to either v or v or both.

Case 1: k(G) = 1. Therefore, V. — W = {u, v} is the set of cut-vertices of G. Let Hy, Ho, ...,
H,, r > 2, be the components of G — u. W.l.o.g., let H; be the component of G — u containing y
and A; = Ny, (z). Now let W} = W — A;. Since |Wi| < |W| = s(G), we have S(W;) # V. Let
By, =V(H;) — Ay # ¢. We consider two subcases.

Subcase 1.1. Every vertex of A; is adjacent to some vertex in Bj.

Let Y7,Y5,..., Y, be the components of the subgraph (Bj). If every vertex of A; is adjacent to
some vertex of Y;, 1 < ¢ < k, then each vertex of A; lies on some Steiner W1 -tree so that S(W7) =
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V, which is a contradiction. If not, & > 2, then there exists some vertex a; € A; which is not
adjacent to any vertex in Y; for 1 <i < k. Let W5 = W U{a;1}. Now we relabel the components of
(By) if needed so that Y1,Ys, ..., Y:,, t1 < k, are the components of (B;) which contains no vertex
adjacent to a;. If every vertex in As = A; — {a;} is adjacent to some vertex of Y;, 1 <i < ¢1, then
every vertex of As lies on some Steiner Ws-tree so that S(Wsy) = V. Since s(G) < |[Wa| < p — 3,
we get a contradiction. Therefore, there exists aa € Ay such that as is not adjacent to any vertex
inY;, 1 <i<t. Let Wy = WoU{az} = Wi U{ai,as}. Again we relabel the components Y,

1 <@ <ty,sothat Y7,Ys,...,Y},, to < 11, has no vertex adjacent to az. We proceed again for the
set A3 = Az — {aa}. Since G is connected there exists an integer p with 1 < p < |A;| — 1 such
that every vertex in A,11 = Ay — {a1,a9,...,a,} is adjacent to some vertex in Y;, 1 <i <t,. Let
Wpi1 = Wi UA{a1,aqg,...,a,}. Then every vertex of A,;; lies on some Steiner W), ;-tree. This

implies that W, is a Steiner set of G and so s(G) < [Wp11| < |[W|.

Subcase 1.2. There is a vertex of A; which is adjacent to no vertex in As.

Let Ay = A1 U Ao with A = {I‘l, To,. .. ,.’L‘a} and A9 = {yl, Y2y ey yb} such that every
vertex in Aq; is adjacent to some vertex in Ay and no vertex in Ao is adjacent to any vertex in As.
Then |a] > 1 and |b] > 1. Let G’ = G — Aj9. Then G’ is of order p — b. By the similar argument
as in Case 1 to G', we get an s-set W’ of G’ with [W/| < p—b—2. Now W = W' U Ay is
a complement connected Steiner set of GG. Since |WH\ < p — 2, we get a contradiction. Therefore,
every element of W is adjacent to .

Case 2: k(G) = 2. Therefore, V. — W = {u,v} is the minimum cutset of G. By the similar
argument as in Case 1, we can prove that every element of W is adjacent to . Similarly we can
prove that every element of W is adjacent to v or both « and v. Hence, the claim.

Lemma 2.5. Let G be a noncomplete connected graph of order p > 4 and s(G) = p — 2. Then
d <3.

Proof. If p = 4 or 5, then d < 3. So we assume that p > 6. Let W be an s-set of G. By
Lemma 2.3, x(G) < 2.

Case 1: k(G) = 1. Then, by Lemma 2.2, G contains exactly two cut-vertices, say u and v. By
Lemma 2.4, each element in W is adjacent to either w or v or both. Therefore, d < 3.

Case 2: k(G) = 2. Let S = {u,v} be the minimum cutset of G. Let G1,Go,...,G,, 7 > 2,
be the components of G — S. Let W be an s-set of G.

Subcase 2.1. Suppose that G contains universal vertices. Since G is noncomplete, d = 2 < 3.

Subcase 2.2. Suppose that G contains no universal vertices. Let G1, G, . . ., G, be the components
of G — S. Suppose that uwv ¢ E. Since u and v are adjacent to each element of G;, 1 <1 < r, and
p > 6, |V(G;)| > 2 for some i, 1 < i < r. Let W; = {u,v}. Then W is a Steiner set of G, so that
s(G) =2 < p — 4, which is a contradiction. Therefore, uv € E. Hence, d < 3.

Lemma 2.6. There is no connected graph G of order p > 4 with s(G) =p —2, kK(G) =1 and
d=2.

Proof. Suppose that there exists a graph G' with s(G) = p — 2 and k(G) = 1. If there are more
than three cut-vertices, then, by Lemma 2.3, s(G) < p — 3, which is a contradiction. Therefore, G
contains one or two cut-vertices.

Case 1. G contains one cut-vertex, say v. Then, by Theorem 1.1, D, v is not a universal vertex
of GG. Let u and w be two adjacent vertices of v. Since v is not a universal vertex of GG, there exists
a vertex x such that z is adjacent to either u or w. Without loss of generality, let us assume that x is
adjacent to u. Since v is a cut-vertex of GG, w is not adjacent to w or x or both. This implies d > 3,
which is a contradiction.
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Case 2. G contains two cut-vertices, say « and v.

Subcase 2.1. Suppose that v and v are adjacent. Since u is a cut-vertex of G, there exists a
vertex x # v such that x is adjacent to u. Also, since v is a cut-vertex of G, there exists y # u such
that y is adjacent to v. If  and y are adjacent, then u and v are not cut-vertices of GG. This implies
d > 3, which is a contradiction.

Subcase 2.2. Assume that v and v are not adjacent. Since G is connected, there exists a path P
of length at least two. Since u and v are cut-vertices, there exist vertices x # v and y # u such that
xu,yv € E — E(P). Also, x and y are not adjacent, which implies d > 4 which is a contradiction.

Therefore, there is no connected graph G of order p > 4 with s(G) = p — 2, kK(G) = 1 and
d=2.

Lemma 2.7. Let G be a connected graph of order p > 4 with d = 2 and s(G) = p — 2. Then
k(GQ) = 2.

Proof. This follows from Lemmas 2.2 and 2.3.

Lemma 2.8. Let G be a connected noncomplete graph of order p > 4. If G contains at least
one universal vertex, then k(G) = 2.

Proof. Since GG contains a universal vertex, d = 2. Therefore, the result follows from Lemma 2.4.

Lemma 2.9. Let G be a noncomplete connected graph of order p > 4 with at least one universal
vertex. Then s(G) = p — 2 if and only if K(G) = 2 and G contains one or two universal vertices.

Proof. Let s(G) = p—2. By Lemma 2.4, G contains one or two universal vertices. By Lemma 2.3,
k(G) =1 or 2. Since s(G) = p — 2, k(G) # 1. Therefore, K(G) = 2.

Conversely, let K(G) = 2 and G contains one or two universal vertices. We prove that s(G) = p—
2. Let S = {u, v} be the minimum cutset of G. By Lemma 2.1, G contains either one or two universal
vertices. Let G1,Go, ..., Gy, r > 2, be the components of G — S. Let W be a Steiner set of G.

Case 1. G contains two universal vertices.

Let x, y be the two universal vertices of G. Then, by Observation 2.1, x,y ¢ W. Hence, it follows
that z = v and y = v. Let W =V —{u,v}. Then W is a Steiner set of G so that s(G) < p—2. We
prove that s(G) = p — 2. On the contrary, suppose that s(G) < p — 3, then there exists a Steiner set
W' such that [W'| < p — 3. Let z be a vertex of G such that z € W and z ¢ W' and z € S(W’).
By Observation 2.1, u,v ¢ W’. Let T be a Steiner W'-tree of G such that z € V(T'). W.l.o.g., let
us assume that u € V(T'). Let Np(z) = {u, 21, 29, 23, ..., 25}, where s > 2. Since u is a universal
vertex of G, uz; € E(G) for 1 < i < s. Let T’ be a tree obtained from 7' by deleting the vertex
z and joining the edge uz;, 1 < i < s. Then 7" is a Steiner W'-tree with |V(T")| = |V(T)| — 1,
which is a contradiction to W’ is a Steiner set of G. Therefore, s(G) = p — 2.

Case 2. G contains exactly one universal vertex.

Let x be the universal vertex of G. Then by Lemma 2.1, = ¢ W. Then x = u or v. W.Lo.g., let
us assume that z = u. Let W = V — {x,v}. Then W is a Steiner set of G so that s(G) < p—2. We
prove that s(G) = p — 2. On the contrary, suppose that s(G) < p — 3. We prove that k(G — ) = 2.
If not k(G — ) = 1. Let Nig_zy(y) = {y1,%2,---,Yn}. We prove that at least one y;, 1 <i < n,
not belongs to W. If not y; € W for all ¢, 1 < ¢ < n. Then d(W) > p — 2, which implies
|W| > p — 2, which is a contradiction. Then k(G — x) = 2. Hence, it follows that x(G) = 3, which
is a contradiction. Hence, s(G) = p — 2.

Lemma 2.10. Let G be a connected graph of order p > 5 with d = 3 and s(G) = p — 2. Then
there exist only two adjacent cut-vertices or there is a minimum cutset W = {u,v} such that u and
v are adjacent.
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Proof. Since s(G) = p — 2, by Theorem 1.1, B, x(G) < 2. Let k(G) = 1. Since s(G) =p — 2,
G contains exactly two cut-vertices, say u and v. Suppose that v and v are not adjacent. Since
G is connected, there exists a path P between u and v of length at least 2. Let z be a vertex
on the path P. Since u is a cut-vertex of G, there exists a vertex « # v such that x is adjacent
to u. Also, since v is a cut-vertex of G, there exists a vertex y # x such that y is adjacent
to v. Also, since v and v are cut-vertices of G, w is not adjacent to y and v is not adjacent
to z and zy ¢ E(G), which implies d > 4. This is a contradiction. Therefore, u and v are
adjacent.

Suppose that x(G) = 2. Let W = {u, v} be a minimum cutset of G.

Suppose that u and v are not adjacent. Let G1,Ga,...,G,, 7 > 2, be the components of G — W.
Since d = 3, at least one component of G — W has more than one vertex. Let G; has two vertices,
say « and y and G2 has one vertex, say z. Since v and v are cut-vertices, v and v are adjacent
to z and v and v are adjacent to = or y or both. If u is adjacent to both x and y, then {z,y} is a
minimum cutset of GG, such that « and y are adjacent, which is a contradiction. Hence, u and v are
adjacent.

Suppose that u is adjacent to x and not adjacent to y. Then x is a cut-vertex of G, which is not
so. If u is adjacent to y and not adjacent to x, then y is a cut-vertex of GG, which is a contradiction.
Therefore, each G;(1 < i < k) has at least two vertices. Let (G; contains two vertices and Gy
contains two vertices. Let V(G1) = {x,y} and V(G2) = {w, z}. Then W = {u, v} is a Steiner set
of G so that s(G) = 2, which is a contradiction. Thus, v and v are adjacent.

To characterize connected graphs of order p > 4 with s(G) = p — 2, we introduce the following
families of graphs (see Fig. 2.1).

1. Let & be the collection of all graphs obtained from a cycle Cy: w,v,z,y,u and graphs
Gy, ..., Gy, by joining u and v to all vertices of Gy, ..., G,.

Let 3y be the collection of all graphs obtained from < by introducing the edge uzx.

Let &3 be the collection of all graphs obtained from < by introducing the edges ux and vy.

El

Let 3y be the collection of all graphs obtained from 2 by removing the edge uw.

5. Let S5 be the collection of all graphs obtained from K3 : u,v and two classes of graphs
Gmys -+ Gm, and Gy, ..., Gy, by joining u to all vertices of Gy, ..., Gy, and v to all vertices
of Gpyy...,Gnpy -

6. Let S be the collection of all graphs obtained from J5 and the graphs G, ..., Gy, by joining
u and v to all vertices of Gy, ..., Gj,.

7. Let 7 be the collection of all graphs obtained from ¢ such that there exists edges x;y; for
some or all [ between G,,,,, 1 <k <7, and Gj,;, 1 <7 < w.

e )
U5 o U3 \ =

D @R G

4
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8. Let Jg be the collection of all graphs obtained from &7 such that the vertex w is adjacent to
each element of G,,;, 1 <4 < w, and the vertex v is adjacent to each element of G,,,, 1 < k < 7.

9. Let 39 be the collection of all graphs obtained from ¢ such that for z; € G, , ¢+1 < k <,
and y; € Gj,;, s+ 1 <i < w, there exist edges x;y; for some or all [, where [ is arbitrary.

10. Let &g be the collection of all graphs obtained from g such that the vertex u is adjacent
to some or all elements of G,;, s +1 <4 < w, and the vertex v is adjacent to some or all elements
of Gy, q+1 < k<.

Theorem 2.1. Let G be a connected graph of order p > 4 with diameter d < 3. Then s(G) =
p—2ifand only if G € I U U T3 US4 U S5 U6 Uy U US89 U109 or G is a connected
graph with k(G) = 2 and having one or two universal vertices.

Proof. Let s(G) =p —2. By Lemma 2.4, k(G) =2. If p=4, then G = Cy or G = K, — {e}
satisfies the requirements of the theorem. If p = 5, then the graphs with s(G) = p — 2 are G = C5,
G = G and the graph G that contains at least one universal vertex with x(G) = 2. Therefore, we
assume that p > 6.

Case 1: k(G) =1.

Subcase 1.1: d = 2. Then, by Lemma 2.6, no such graph exists.

Subcase 1.2: d = 3. By Lemma 2.10, G contains two cut-vertices, say u and v, such that u
and v are adjacent. Let W be an s-set of G with |W| = p — 2. Let G1,Ga,...,G,, r > 2, be
the components of G — {u,v}. Then, by Lemma 2.4, each element of G;, 1 < ¢ < r, is adjacent
to either u or v or both. If each element of G;, 1 < ¢ < [, is adjacent to v and each element of
Gj, 1 +1 < j < r, is adjacent to v, then G € J5. So we are done. Suppose that each element of
Gi, 1 < ¢ <, is adjacent to u and each element of G, [ +1 < j < m, is adjacent to both u and
v, and each element of G, m + 1 < k < r, is adjacent to v. Then G € J¢. Suppose that there
exist edges x;y; for all [ between Gy, ¢+ 1 < k <r, and Gy, s +1 < i < w, where ¢ = w
and Gropyis-o o Gy Gy -+ 3Gy, Gy, - -+, Gy, € G in G — {u}. Then G € Sy. If some or all
elements of G,,, s +1 <7 < w, is adjacent to u and some or all elements of G,,,,, ¢+ 1 < k <,
is adjacent to v, then G € .

Case 2: k(G) =2. Let S = {u, v} be the minimum cutset of G.

Subcase 2.1: d = 2. Let W be an s-set of G with |W| =p—2. Let G1,Ga,...,G,, r > 2, be
the components of G — S. Then, by Lemma 2.4, each element of GG;, 1 < ¢ < r, is adjacent to either
u or v or both. If there exist components G;, r > 2, such that each element of G;, r > 2, is adjacent
to both v and v, an edge xy € G such that ux,vy € E, then G € ;. By Lemma 2.9, if G contains
one universal vertex, then G € 8 U §3 U 4. Suppose that there exists edges x;y; for some or all [
between G, 1 <k <7, and G,,, 1 <1i < w, and also the vertex u is adjacent to each element of
Gn;, 1 <4 < w, and the vertex v is adjacent to each element of G,,,,, 1 < k < r. Then G € Ss.

Subcase 2.2: d = 3. Let W be an s-set of G with |W| =p— 2. Let G1,Ga,...,G,, r > 2, be
the components of G — S. Then, by Lemma 2.4, each element of GG;, 1 < i < r, is adjacent to either
u or v or both. Suppose that each element of G,,,, 1 <17 < r, is adjacent to u and each element of
Gy, 1 < j <1, is adjacent to both u and v, and each element of Gy, , 1 < k < w, is adjacent to v
such that 7 = k, and there exist at least one edge between G,,;, 1 <@ <r, and G, 1 < k < w.
Then G € G € 7.

Conversely, if G € $1 U S U I3 U Sy U S5 U g U Sy U S U Sg U Iy or G is a connected
graph with x(G) = 2 and having one or two universal vertices, then s(G) = p — 2.
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Proposition 2.1. For any connected graph G, |g(G) — s(G)| can be arbitrarily large.

Proof. Case 1: g(G) < s(G).

Let P; : u;, v, w;, 1 < i < a, be a copy of path on three vertices. Let GG be the graph obtained
from P;, 1 < i < a, by introducing a vertex = and the edges xu;,zv; and zw;, 1 < i < a. Let
S = {u1,ug,...,ug, w1, wa,...,we} be the set of all extreme vertices of G and so g(G) > 2a. By
Theorem 1.1, A, S is a subset of every geodetic set of G. Since [S] =V, S is a geodetic set of G
so that g(G) = 2a. Since x is a universal vertex of G, which is a cut-vertex, by Theorem 1.1, D, we
have s(G) = 3a. Therefore, s(G) — g(G) = 3a — 2a = a.

Case 2: s(G) < g(G).

Let C; @ ug,vi, wi, u;, 1 <1 < a, be a copy of the cycle C5. Let R; be the graph obtained from
C;, 1 <4 < a, by introducing new vertices p;, g;, 7, S;, 1 < ¢ < a, and the edges w;p;, piqi, ¢7i,
Wi, GiSi, SV, 1 < i < a. Let G be the graph obtained from R;, 1 < i < a, by joining u;_1
with u;, 2 < i < a. Let W = {r;,s;}, 1 <i < a. Since S(W) =V, W is a Steiner set of G so
that s(G) = 2a. Since the vertices p;, ¢;, 1 < i < a, do not lie on any geodesic joining any pair of
vertices of W, W is not a geodetic set of G. Let S = W U {p;}, 1 <i < a. Since I[S] =V, Sisa
geodetic set of G so that g(G) = 3a. Therefore, g(G) — s(G) = 3a — 2a = a.

3. Some Nordhaus — Gaddum bounds. During the year 1956, Nordhaus and Gaddum studied
the chromatic number in a graph G and in its complement G together. They proved lower and upper
bounds on the sum and on the product of x(G) and x(G) in terms of the order p of G. Since then
any bound on the sum and/or the product of an invariant in a graph GG and the same invariant in
the complement G of G is called a Nordhaus— Gaddum type inequality. In the following theorem,
we study the relations of Nordhaus — Gaddum in obtaining the upper and lower bounds for sum and

product for the Steiner number of a graph G and its complement G.
Theorem 3.1. Let G and G be connected graphs of order p > 4. Then:

() 4<s(G)+s(G) <2p—4,

(i) 2<4/s5(@)s(G) <p-—2.

Moreover both upper bounds are sharp if and only if G is either Py or Cs.
Proof. (i) Since G and G are connected graphs, we have s(G) > 2 and s(G) > 2 and so

s(G) + s(G) > 4. By Theorem 1.1, C, we know that s(G) = p if and only if G = Kj,, p > 2. Also,
by Theorem 1.1, D, we have s(G) = p — 1 if and only if G contains a cut-vertex of degree p — 1.
Therefore, if s(G) = p or p — 1, then G is disconnected. So, s(G) < p — 2, implies s(G) < p — 2.

Hence, s(G) + s(G) < 2p — 4. Thus, 4 < s(G) + s(G) < 2p — 4.

(i) By the similar argument as in (i), we can prove that 2 < /s(G)s(G) < p — 2.
Also, both upper bounds are sharp if and only if s(G) = p — 2 and s(G) = p — 2,
if and only if G and G are self complementary,

if and only if G is either Py or Cj.

Remark3.1. The inequalities in Theorem 3.1 can be strict. Consider the graph G given in Fig. 3.1.
Clearly G € 1. So we have s(G) = p — 2. But W = {v3, v} is an s-set of G, which implies

s(G) = 2. Hence, s(G) + s(G) =p < 2p—2.
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