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EXISTENCE AND MULTIPLICITY OF SOLUTIONS
FOR A CLASS OF HAMILTONIAN SYSTEMS

ICHYBAHHSA TA MHOKUHHICTD PO3B’A3KIB
JJIs1 OJHOT'O KJIACY TAMIVIBTOHOBUX CUCTEM

We investigate a class of Hamiltonian systems

—q"(t) + (L(t) = €)a(t) = a(t)]a()["*q(t) + nf (1),

g€ H'R,R"),
where (t,q) € R x RN, p > 2, a € C(R, (0,400)), f € C(R,RY), &7 are real parameters, and L € C(R, RN2) is
a positive definite symmetric matrix for all ¢ € R. The main technical approach is based on the Nehari manifold method

combined with variational and topological methods. The obtained results extend and complement the results available in
the literature.

Mu ,HOCJ'IiZ[)KyCMO KJIaC TaMiJIBTOHOBUX CHCTEM

—q" (1) + (L(t) = )q(t) = a(t)g(t)|""q(t) + nf (1),

g e H'(R,RY),
e (t,q) € RxRY,p>2 a € CR,(0,+0)), f € C(R,RY), ¢ ta n — niticni napamerpui L € C(R, RNz) — JI0/1aTHO
BU3HAYCHA CUMETPHYHA MaTpuus Jist Beix ¢t € R. OcHOBHUMIT TexHIYHHHN minxix 6a3yeTbcs Ha MeToai MHoroBuay Hexapi

CHUIBHO 3 BapialliiHUMHU 1 TOMOJOTTYHMMHU MeTogamu. OTpUMaHi pe3yibTaTH PO3IIUPIOIOTH 1 JOMOBHIOIOTH PE3yNIbTaTH,
JOCTYTIHI B JIITEpaTypi.

1. Introduction. In this paper, we investigate the existence and multiplicity of solutions for the class

of Hamiltonian system
—q"(t) + (L(t) = )a(t) = a(®)la(t) P~*q(t) +nf(t), )
g€ H'(R,RY), ‘

where (t,q) € R xRN, p > 2, a € C(R,(0,4+)), f € C(R,RY), & 1 are real parameters and
L e CR,RN 2) is a positive definite symmetric matrix for all ¢ € R. We assume that L, f and a
satisfies the following assumptions:

(C1) Foreacht € R, L(t) is a positive definite symmetric matrix. Moreover, there is a function
vo € C(R, (0,00)) satisfying that vy (t) — oo as |t| — oo as well as

(L(t)q,q) > vo(t)|q\2 forany t€R, g€ RY,

(C2) ac C(R,(0,00))NL>®, feCRRY)NL.

' E-mail: k_khachnaoui@yahoo.com.
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916 KHALED KHACHNAOUI

In recent years, there has been a growing interest among researchers in studying various classes of
Hamiltonian systems using variational methods. This is primarily due to the widespread application
of partial differential systems in numerous engineering and scientific disciplines, including physics,
chemistry, biology, economics, and control theory. It is worth noting that the Nehari manifold and
variational methods have been widely employed in investigating the existence and multiplicity of
homoclinic solutions for Hamiltonian systems. Several studies, such as [1-7, 10, 11, 13-15, 17,
18, 21 -23], have extensively utilized these techniques, along with the references cited therein. In
[12], Brown and Zhang have studied the elliptic equation by exploiting the relationship between
the Nehari manifold and fibrering maps (i.e., maps of the form ¢t — J(tu), where J is the Euler
functional associated with the equation) they discuss how the Nehari manifold changes as A changes
and show how existence and nonexistence results for positive solutions of the equation are linked to
properties of the manifold. In [19, 20], the author studied a semilinear scalar elliptic equation featuring
concave-convex nonlinearities. They demonstrated the existence of multiple solutions in relation to the
parameter ¢ by extracting Palais — Smale sequences from the Nehari manifold. For further information
on Nehari manifolds, interested readers can refer to the monographs [16] or [22]. Upon comparing
problem (1.1) with those in the aforementioned papers, it becomes apparent that the introduction of
the perturbation term 7 f poses challenges in studying the existence of multiple solutions. Moreover,
the presence of the nonlinear term a(t)|q(t)[P~2q(t) with p > 2 adds further intricacy to the analysis
of the system using classical variational methods. Consequently, supplementary analytical techniques
are required to comprehensively investigate the problem (1.1).

Motivated by the above works, in this paper the associated action integral corresponding to
system (1.1) lacks a lower bound. Consequently it is invalid to prove the existence of critical value
by applying directly the method of minimization. In order to address this challenge, we propose the
utilization of the Nehari manifold M¢ ,, which we divide into three distinct sections associated with
local maxima, local minima, and points of inflection. These sections are denoted as Mg m Mgr 0
and M, gn, respectively. To establish the existence and multiplicity of weak solutions, we employ the
Nehari manifold methods and various analysis techniques. Specifically, we seek the minimizers of the
associated action integral on both M, £ and M, £+ 0 Through this approach, we are able to demonstrate
the desired results.

2. Preliminaries and main results. In this section, we will set up some definitions and basic
properties of the working spaces and some preliminary results. Let H be the Hilbert space defined as

H=1qeH [®RR): /[|q/(t)|2 (L)1), q(t))]dt < +o
R

endowed with the inner product

(g,v) = /[(q'(t),v’(t)) + (L(t)g(t), v(t))]dt
R

and the corresponding norm ||¢||?> = (g,q). Note that H c H'(R,RY) c LP(R,RY) for all
p € [2,+00] with the imbedding being continuous. In particular, for p = 400, there exists a constant
C > 0 such that ||g||os < C|lq|| Vg € H. Here, LP(R,RY), 2 < p < 400, and H*(R,RY) denote
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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR A CLASS OF HAMILTONIAN SYSTEMS 917

the Banach spaces of functions on R with values in R" under the norms
1/p

1/2
lally == / q(t)Pdt and gl = (lal3+ 1712)"%
R

respectively. L>°(R,R") is the Banach space of essentially bounded functions from R into RY
equipped with the norm ||¢||~ := esssup{|q(t)|: t € R}.

Now, we have the following result.

Lemma 2.1. Suppose that (C1) is holds. Then the embedding of H in LP(R,RN) is compact
Jor p € [2,400) and is continuous for p € [2,+0o0].

Proof. Let {qr} C H be a sequence such that ¢ — ¢ in H. We will prove that ¢, — ¢ in LP.
Without loss of generality, we suppose that ¢, — 0 in H. The Banach - Steinhaus theorem implies
that

A= S‘;pHQkH < oo

1
Let € > 0. There is Ty < 0 such that —— < ¢ for all ¢ such that ¢ < Tj. By the same way, there

vo(t)

1
is 71 > 0 such that W < ¢ for all t > Tj. Since vy(t) > ¢ > 0 on |Tp, T1|[ = I, the operator
Vo

defined by S: H — H'(I): ¢ — q|; is a linear continuous map. So gx — 0 in H*(I). Sobolev’s
theorem (see [8]) implies that ¢, — 0 uniformly on I, so there is a ko such that

/|qk(t)|pdt <e¢ forall k>ky and p>2. (2.1)
T
. 1
Since < e on |—o00, Tp], we have
vo(t)
TO TO
[ atpie<e [ @l <. 22)

Similarly, since

< e on [T}, +oo[, we have

1
vo(1)
—+o00
[ o < . 23)
Ty

Combining (2.1), (2.2) and (2.3), we get that g — 0 in L? for all p € [2, +00).
By Lemma 2.1, there exists C}, > 0 such that

lallr < Cpllgll Vp € [2,+00], qeH.

We are going to establish the corresponding variational framework to obtain solutions of (1.1). To
this end, we define the functional U, : H — R as
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918 KHALED KHACHNAOUI

1
Ue n(q) = §HQH2 - §/|q(t)\2dt
R

—;ga@mwwﬁ—ngf@ﬂﬂﬁ- 2.4)

Assume that (C1) and (C2) are satisfied. It is not difficult to see that I, is continuously
differentiable, i.e., Us , € C'(H,R), and we have

Ui ,(q),v) = / [d' (), (t) + (L(t)g(t),v(t))]dt — & / q(t)v(t)dt
R R
- [ atolap-2a@ed - [ e
R

R

for g,v € H. Due to the condition p > 2, the energy functional U , lacks a lower bound on H. We
move to considers U, on the Nehari manifold M¢ ;, given as

n = {q € H\{0} | (U, (q),q) = 0}.
Obviously, ¢ € Mg, if and only if ¢ € H fulfill

rmﬁ—a/mﬁu—/a@MMﬁ—n/fwawﬁzo. 2.5)
R R R

Firstly, to show a critical points for U ,, the Nehari manifold M;, needs to be split into three
subsets:

M, = {q € Mgy | (T,(a),q) > 0}, 2.6)
M, = {q € Mgy | (Ji,(a),q) = 0}, (2.7)
Mg, = {q € Mey | (T ,(0),q) <0} (2.8)

with J¢ ,(q) = <Z/{ém(q), q). Exactly, we get
Qﬂﬂ®&>zﬂqw—2§/m&ﬁ—p/a®mwﬁ—n/f®ﬂﬂﬁ- 2.9)
R R R

In view of Lemma 2.1 for p € [2, 00], we define

Ap =1nf{C > 0: ||¢||zr < C|lq|| forall ¢ e H}. (2.10)

1
Let & = 127 (o0 = SUPieR a(t). For —oo < £ < &, we denote 7 as
2

p—1
1 op—2 1— X3\ »2
= (axo\P) 2~ . 2.11
U3 (a p) pr”Ll/\OO( p—1 >0 ( )

Presently, we are prepared to provide our findings regarding the presence and multiple occurrences
of solutions to equation (1.1).
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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR A CLASS OF HAMILTONIAN SYSTEMS 919

Theorem 2.1. Suppose that (C1) and (C2) hold. If f = 0, then problem (1.1) has at least one

nontrivial weak solution for —oo < & < ng. If f # 0, then problem (1.1) has at least two nontrivial
weak solutions for —oo < & < &y, 0 < n < %
We have the following results.

Lemma 2.2. Assume that (C1) and (C2) hold. If —oo < £ < &, then Ug ,, is bounded below

and coercive on Mg ;.
Proof. For q € M¢ ,, from (2.5), we have

/ alt)gPdt = q|]? - ¢ / lgf2dt — / F(H)a(t)dt
R R R

As a result, utilizing equations (2.4) and (2.10), we get

tene) = (5= 3) 1ol ¢ / qut) o(1-12) [ rwavar
R

> (5- 1) -k -u(1- ;)!f a6t
> (57 5) @ - =a(1 -2 )1l
“\2 p p

> (5-5)a- e - n(1- 2 )il

Therefore, considering the fact that £ < £y and p > 2, we can conclude that U/, is bounded below
and coercive on M ;.

Lemma 2.3. Assume thal the assumptions (C1) and (C2) hold. If qo € M, is a local minimizer
of Ug,y on Mg, with qy & M, 617’ then qq is a nontrivial solution to problem (1.1).

Proof. Since qy € M, is a local minimizer of U ;, on M¢ ,, using Theorem 4.1.1 in [9], there
exists a number g such that

Ui 1 (a0) = 1T 4 (d0): 2.12)

where J¢ ,(q) = U, (q)q. Therefore, if gy € Mg, it can be inferred that

0 = U ,(90)q0 = 1T 1, (90)0-

Considering that gy ¢ Mfo,n’ we derive jg/,n(‘IO)qo # 0, and as a result ;1 = 0. Thus, L{ém(qo) =0
follows from (2.12). This implies that gy represents a nontrivial solution to problem (1.1).
Lemma 2.4. Suppose that the assumptions (C1) and (C2) hold. If f = 0, then Mg,7 =, and

if f#0, then Mfon = for —oo < & < &o,0 < n < ng, where ne as in (2.11).
Proof. In fact, if not, then there exists gy € M, g 0 with gg # 0. Then, by (2.5)—(2.9), we get

laoll> — € [ |aoldt — [ a(t)|go|Pdt —n | f(t)qo(t)dt =0, (2.13)
it [etermr =]

R
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920 KHALED KHACHNAOUI

2laol = 2¢ [lafat —p [ a@laoldt ~n [ f@ao(c)de = . 214
R R R
(i) If f = 0, then, by (2.13), (2.14), we obtain /a(t)|q0\pdt = 0, which is a contradiction
R

noting that ¢o # 0 and a € C(R, (0, 00)).
(i) If f # 0, then, by subtracting (2.13) from (2.14), we have

laol2 - € / qol?dt — (p— 1) / a(t) qolPdt = 0. 2.15)
R

R

Multiplying (2.13) by p and subtracting (2.14), we get

-2 laol? ~ ¢ [Pt | = e~ 1) [ fanlt)de = 216
R R
Thereby by combining equations (2.15), (2.16) along with equation (2.10), we obtain the following:
R e ey P P i P @17
R
and
(p—2)(1 = EX3)llaol* < n(p = DI fllrllgolloe < 1l = DIIFIl Ao ll0]l- (2.18)

If go # 0 and £ < &, from equations (2.17), (2.18) it can be deduced that > n:. However, this
contradicts the assumption 0 < 7 < 7. Therefore, we conclude that M, g n =2

3. Proof of main results. In this section, we present several existence results concerning solutions
to problem (1.1).

Lemma 3.1. Assume that the assumptions (C1) and (C2) hold. If f =0, then M, # @ for
—00 < € <&, and if f # 0, then Mgn#gandMé_m#®for—oo<§<§o,0<77<775, where
ne as in (2.11).

Proof. Case 1. If f =0, then, for any o € H\{0},

1 1
Uen(ao) = = | llaoll? — € / ofat | - / at)lqolPdt.
R

2
R
Let
52 9 9 sP »
b (5) = Uea(san) =5 Il =€ [lanlat | = [ a@laola. s € [0,00).
R R
So
Ols) =5 | ool € [lanfat | = [alaodt, s € 0.50) G0
R R
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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR A CLASS OF HAMILTONIAN SYSTEMS 921

Write 4, (5) = ¢g,(s), s € [0,00). Due to that go # 0, a(t) >0, t € R, p > 2, £ < &, we get

H%F—&/q?ﬁz(r—a$mw2>0
R

Then we have that 14, (0) = 0, 1g,(s) > 0 for small s > 0 and 1)4,(s) = —oo as s — oo. Thus,
there exists unique 5 > 0 such that

w’qo(§) =0, g0 (5) = r:tslzagmbqo(s) > 0, 1/1;0(3) >0 for se€(0,5),

Y, (s) <0 for se (5,00).

Furthermore, it follows from (3.1) that

1
—2
wﬁ—g/wwtp
R .
@—DAMMth

S =

On the contrary, since 1g,(5) > 0, 4y (s) < 0 for s € (5,00) and 14, (s) — —o0, there exists
unique s~ > 5 such that 1, (s™) = 0. Obviously ¥ (s~) < 0. Thus, from

(T n(300), 500) = (qq(5)5)'s = W (5)5° +Wge(s)s, s € [0,00),

we have
(TEn(s740)557q0) = Uy (7)(s7)? + g (57)s™ = Wi (s7)(s7)? < 0.
Hence,
sTq0 € M,  &g(s7) =0, w(s7) <0,
and
Pgo(s7) = Ssggug,n(qu% (3.2)

noting that ¢y, = vy, . Thus, Mg, #@.

Case2. 1If f # 0, then, without loss of generality, we can say that f(t) = (f1, fa, ..., fn) satisfies
fi(t) > 0 forall t € (tog — r,to + r), for some ¢ty € R and some r > 0. Take ¢ = (q1,q2,...,q9N)
with g =0 for 2 < k < N, and ¢ (¢) is given by

(t —to)?
q(t) =< (t—t9)? =12
0 for |t —to| >

for |t —to| <,

Then g € C§° (R,RN) and, therefore, ¢ € H with ¢ # 0. Otherwise, / f()q(t)dt > 0. Next, we
R

present a similar argument as in Case 1. Let
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Then
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I T
a(s) =Uey(o1) = G lalP ~ &5 [ laPas
R

— j:R a(t)|q|Pdt — snR/f(t)q(t)dt =0, s€][0,00).

oi(s) = s lall> — ¢ / g2t
R
— P71 a(t)|gPdt —n | f(t)g(t)dt, s € [0,00). (3.3)
Jewatac=a |

Ya(s) = 8((12 «S/Qth) —sp_l/a(t)|q]pdt.
R

R

Wi(s) = llall? — ¢ / gPdt — (p— 1) / a(t)|qPdt, s € [0,00).
R

R

Clearly, 14(0) = 0, 94(s) > 0 as s > 0 small enough, and 15(s) = —oo as s — oco. Consequently,
there exists unique 5 > 0 such that

Yq8) = maxug(s) >0, ¥}(5) =0, (34)

Yi(s) >0 for se(0,3), Yy(s) <0 for se€ (5,00). (3.5)

Furthermore, through calculation, we obtain

) p—1 TiQ
o (1 ¢ [ 1a7at)
— R

s R /R a(t) gt

Yg(5) =

S P=2 (((1 —&X3) ||q\|2)P—1> =

2 0= 1\ (= DanXl?

-1 1
_p=2 (=97 AT
Cp—1\ (p—DbooAp o
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Since 0 < 77/ f@®at)dt < nllfllzilldllee < nllfllzi Asol/ql], it can be easily verified that 0 <
R

77/ f()q(t)dt < 1g(5) as long as 0 < n < me, where 7 is given by (2.11) and, therefore,
R
¢5(5) > 0 by (3.3). Now, considering (3.3) in conjunction with the fact that ¢7(0) < 0, ¢7(5) > 0,

it follows from (3.4), (3.5) that there exist unique 0 < s* < 5 and unique s; > 5 such that
a(s1) = q(s2) =0, ¢G(s7) >0, dG(s3) <05 ¢G(s) >0, 5€(0,5),
g(s) <0, se€(500), (3.6)

observing that (3.5) together with the fact that ¢[(s) = 1g(s), ¢7(s) = ¥g(s), s € [0,00). Hence,
from

(Tén(s2), 57) = ($7(5)5)'s = 91(s)s” + oy (s)s,
together with (3.6), we have, respectively,
(Tey(sta),sT@) = of(s1) (s1)" + dy(sT) st = & (s1) (s1)” >0
and
(T (57),570) = 9 (s2) (s2)” + S (s3) 53 = 7 (s3) (s3)” < 0.
This implies that

+ + —= - Y — mi -\ _
81q¢€ Mgma 894 € Mgma ¢q(51 ) = 0?8125 Pq(s), %(32 ) = I?SSC Pq(s) (3.7)
noting that (3.6).
Lemma 3.2. Let us consider the assumptions (C1) and (C2) to be valid. If f # 0, then
—00 < C’gn = infqugn Ugy <0 for —oo < § <&, 0<n < g, where ne as in (2.11).

Proof. By Lemma 3.1, Mgﬂ # &. For any ¢q € Mgn, we have
0=ty @)a =l = ¢ [ laPat ~ [ atolapat ~n [ foatoyi (3.8)
R R R

and

0 < (Un(0)a)a=2llgl* —2¢ [ lg)*dt —p [ a(t)|gPdt —n | f(t)a(t)dt. (3.9)
Juar feena= ]
By (3.8), (3.9), we have

(p—1) [ a(®)lgPdt < |q|* =& [ |g*dt. (3.10)
/ /

However, utilizing (2.4) in conjunction with (3.8) and (3.10), we obtain the following:
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1 p—1
Ueofa) = = lal? =< [ laPar | +2—= [ a(olarar
R R

1 1
<=yl =¢ [1aPar |+ {al* ~¢ [ laPar
R R

~ (- 2) (1P ¢ [ 1apar | <o
R

Note that p > 2 and ¢ # 0. Hence, C+ = in fqu+ Uen(q) < 0. On the other hand, in terms of

Lemma 2.2 and the fact that U ,, is bounded below, we get that C+n > —00.
Lemma 3.3. Assume that the assumptions (C'1) and (C2) hold. In addition, if
(i) f=0, then C = fqu Ugn()>0f0r—oo<§<§0,

(ii) f #0, then C¢, = queMgn Uen(q) >0 for —oo < & < o, 0 < < ne/2, where ne as
in (2.11).

Proof. By Lemma 3.1, in Case 1 or Case 2 we always have Mgﬂ # . For any q € M5 w
Ui ,(q)g =0, we have

. / FOa(tydt = [lg|> — ¢ / g2t — / BlglPdt. 3.11)
R

/
Thus, by ((Z/{émq) q) g < 0, it follows from (3.11) that

0> 2q|? - 2 / gdt — p / a(t) glodt — 1 / F(Ha(t)dt
R R R

— Jlqll? —¢ / gPdt — (p— 1) / a(t)lqPdt,
R R

by

and, therefore,
(1—e3)[lal? < [lgl]? — ¢ / gdt < (p— 1) / a(t)lgPdt < (p — 1)assXE]lg|".
R

Thus,

_e2) i
lall > (M) i=dy > 0. (3.12)

1)aceAp

On the other hand, by (2.4) together with (3.11) as well as (2.10), we get

ten) = (5= 3) 1ol ¢ R/ i) ~n1-1) R/ FOa(t)dr
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1 1 1
> (5 1) a-otal - a(1- ) aelsloslal

1 1

1
B [<2 - p> (1= &x)llall = ”(1 - p> Aoo!flu} lall- (3.13)
(i) If f =0, then by (3.12), (3.13), we obtain
1 1
Ugy(q) > <2 - p) (1-¢€X3)d5 >0

and, therefore,

1 1
inf U, > (= =2 )(1=EN2)d? > 0.
ok en(q) = (2 p)( £X3)dg

(ii) If f # 0, then || f]|;1 > 0. For 0 <n < %, by calculation, we show that

11 1
(3-3)a-o)lal =n(1- 2wl

1 1

1
> (2 — p) (1 — §)\%)do — 77(1 - p))\oonHLl >0

and

teol) = [ (5= 5 )= €)= 0(1= 2 Prallls] do =y > 0

Therefore, infqugn Ue y(q) > di > 0.

Lemma 3.4. Assume that the assumptions (C1), (C2) hold. If f # 0, then, for —oo < & < &,

0 < n < ng (where n¢ as in (2.11)), Ug ,, achieves its minimum at some q € Mgrn on Mgrn, that is,

Ue () = inf Ue,(q):=CF .
&Ji( ) qugn &n( ) &n

Proof. First, under conditions (C'1), (C2) and f # 0, for £ < &, 0 <7 < 1¢, by Lemmas 3.1,
3.2, we know that M;n # @, and —o0 < an < 0. Let {¢gn} C M£+77 be a minimizing sequence

for U, on Mgn, that is, lim,, o0 Us n(qn) = C’gn. Again, it follows from Lemma 2.2 that {¢,} is

bounded in H. Thus, by the reflexivity of #, there exists a subsequence, still denoted by {g¢, }, such
that ¢,, — ¢ in H. Hence, employing Lemma 2.1, we can conclude that

g —q in LP(R), pe[2,00), ¢u(t)—q(t), ae teR.

Again, since {g,} is bounded in #, there is a constant M > 0 such that ||¢,|| < M, n > 1, and,
therefore, it follows from (2.10) that

1F(®) - an®)] < [FOllanllos < [FB)Accllanll < [fF () AcM € L1(R).

Therefore, utilizing the dominated convergence theorem, we obtain
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926 KHALED KHACHNAOUI

lim / £ gn(t)dt = / FOa)r. (3.14)
n—oo
R R
Likewise, we additionally possess
lim (t)|gn(t)|Pdt = /a (t)|Pdt. (3.15)
n—roo
R
Next, we demonstrate that lim,,_, ||, || = ||¢||- Indeed, assuming the contrary, by utilizing the weak

lower semi-continuity on the norm, we have
lgll <lim inf [[gn]. (3.16)
n—oo
Using equations (3.14) to (3.16), we can deduce that

U y(2) < T Ue,y(a0). (3.17)

Alternatively, considering that ¢, € M, we can conclude that

&m’

0 :ué,n(Qn)Qn = HQnHZ _g/‘inzdt_ /a(t)’%“pdt_n/f(t)Qn(t)dta (3-18)
R R

R

0 < (U (0)00) 00 = 21aal = 26 [ lafdt —p [ a®lanl?de 0 [ FOm(Ode. G.19)
R R

R

Based on equations (3.18) through (3.19), we can deduce that

(p— 1) / FOa()dt > (0 —2) | laall? ¢ / lgn 2t
R R

> (p—2)(1—€X3) lgnll? > 0. (3.20)

Taking the limit as n — oo in the aforementioned inequality, using (3.14) and equation (3.16), we
obtain

p—1) /f Hdt > [(p—2)(1 — €N3)] lim_ inf [

> [(p—2)(1 - &X3)]llal>.

Hence, / f(t)g(t)dt > 0, and, therefore, by proof Case 1 in Lemma 3.1 and with a derivation

R
similar to (3.6) and (3.7), for ¢g(s) = Uey,(sq), s € [0,00), we know that there exist unique
0 < s <5< s, such that

dg(s1) = dg(s2) =0, sfae M, s;q€ M,
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gbg(sf) = inf ¢4(s), gbq(sg) = sup ¢g(s). (3.21)

0<s<s >0

Similarly, let ¢, (s) = Ue ;(sgn). Then, by the same reason as (3.6) and (3.7) together with (3.20),

from / F(t)gn(t)dt > 0, we know that there exist unique s;; < 5, < s;; such that
R

d);n(s:[) = d);n(s;) =0, ;’n(s) >0, se€(0,5,), " (s) <0, s€(8,,00),

as well as
Snin € M, span € Mg,

Now, the fact that ¢, € M ;“ and the uniqueness for s} imply that s = 1. Thus, 5, > 1. Now,
the fact that ¢} (s) > 0, s € (0,5,), yields that ¢ (s) is strongly increasing. Combining with
¢g, (1) =0 and 1 < 5, we immediately obtain that ¢} (s) <0, s € [0, 1], namely,

Sllgal? - €3 / gu?dt — 571 / a(t) galPdt — 7 / FOan(t)dt <0, s € [0,1].
R R

R

By taking the limit of the above inequality and considering equations (3.14) to (3.16), we obtain

¢g(s) :SHCYHQ—58/\@!2dt—8”_1/a(t)\q‘!pdt—n/f(t)d(t)dt <0, s€(0,1. (322
R R R

However, according to equation (3.21), qﬁ'q(sf) = 0, which combined with (3.22) implies that sf > 1.
Consequently, 5 > Sf > 1. Again, in terms of (3.21) and (3.17), we have

an = 1nf Z/lgm(q) S Z/{Sm (STQ)

+
qu&m

= ogig $q(s) < dg(1) = Uey(q) < nlggou&n(%) = CZW

which is a contradiction. Thus, limsup,, . ||¢n|| = ||¢||, which yields that ¢,, — g in H because H
is a Hilbert space taking into account that g, — ¢ in . Now, by (3.14), (3.15), it is easy to see that
Usn(@) = lim U y(an) = Cf,.

On the other hand, from U/ , (¢.)gn = 0 and (Zx[éyn(qn)qn)/(qn) > 0 together with g, — ¢ in H, we
can readily observe

U, (@a=0, U, (0)37)7>0.

Again, by Lemma 3.2, U, (q) = C’gn < 0, and, therefore, ¢ # 0. By Lemma 2.4, Méo,n = o.
Hence, (Z/lém(cj)q‘)/cj > 0. This means that ¢ € Mg’ - Hence, Ug ;) arrives at its minimum in g € Mgﬁ
on Mgn.

Lemma 3.5. Suppose that the assumptions (C'1) and (C2) are satisfied. Moreover,

(1) if f =0, then Ug ,, reaches its minimum at some q € Mg, on Mgm Jor —oo < € < &
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(2) if f # 0, then U, reaches its minimum at some q € M{,n on M&Tn for —oo < € < &,
0<n<ne/2.

Proof. First, by Lemma 3.3, Cg y > 0. Now, we are going to make an argument similar to
that in Lemma 3.4. Let {g,} C M, be a minimizing sequence of U, on M, , we denote,
im0 Us p(qn) = inf ¢ Me, Uen(q) := C¢,,. In addition, {g,} is bounded in 7, and therefore,
there exists ¢ € H such that ¢, — ¢ in H. The same rationale as in Lemma 3.4 suggests that (3.14),
(3.15) still hold. Now, we show that lim,,_,« ||gn| = ||g||- In fact, if not, then

gl < Tim inf [gn|]. (3.23)
n— o0

We claim that ¢ # 0. In fact, by g, € M, it follows from (2.4) and (2.5) that

1 1
teofan) =~ (lanl? =€ [ lanPae | + (1-1) [t rar
R R

Hence,

1 1
<1 _p> [ at®lanat = teofan) + 5 Il —€ [ g
R R

_ 1
> Oyt 5 (1= 63)llaall

Taking the limit as n — oo in the above inequality and considering equations (3.15) and (3.23), we
obtain

1 1 _
< - p) R/a(t)]q|pdt > Ce,+ 5 (1=8x)all

By C¢, > 0, we have that /Ra(t)|q\pdt > 0 and, therefore, ¢ # 0. Now, based on the proof of

Lemma 3.4, and employing a similar argument to (3.2) and (3.7), we can deduce the existence of a
unique positive value s~ > 0 such that

sTqge M., Ue (s_q) = sup U (sq). (3.24)
& >0

Similarly, since g, € M,

¢.» We also have that Us n(an) = supg>oUe n(5¢n) and, therefore,

Ue (s~ qn) < Uen(gn)- (3.25)
Once more, (3.14), (3.15) and (3.23) imply that
Ugn(s™q) < lim Uey(s™qn). (3.26)
Hence, by (3.24)—(3.26), we get

Cg’n = q;}?jﬁ uf,n(‘]) < Uy (5_‘?) < nli_g)lou&n(s_%z) < nh_)nolou&n(Qn) = ana
&m
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a contradiction. Hence, lim,,_, ||¢n|| = ||g||- Using a similar approach as demonstrated in the proof
of Lemma 3.4, we can conclude that U ,, reaches its minimum at g on M

3.1. Proof of Theorem 2.1. Given the assumptions (C'1) and (C2), along with Lemmas 2.4, 3.1,
3.3, and 3.5, it is established that Miom = @,Mg " # @, and U, reaches its minimum at certain

€ M, . Exactly, Ue,(q) = quME,n Uen(q) = C¢, > 0. Since M, is an open subset in M,

and g € M P there exists a ball B(q,r) centered at ¢ with radius r verifying B(g, )N M¢ , C e
Thus,

Ue (@) = inf U, q: inf Ue n(q) = inf Ue 1 (q).
() gEM, (@) €M, NB(q,r) (@) q€M¢,,NB(q.r) enld)

Hence, by Lemma 2.3 and taking account of the fact that )/, g p =9, we obtain that ¢ is a nontrivial

weak solution of (1.1). In addition, using Lemmas 2.4 and 3.1-3.5, there exist q; € M, e @2 € M gr .
such that

Z/[gm((jl) = inf Ugm(q) >0

qug’n
and
Uen(q2) = inf Uey(q) <O.
M+
As both £n’M£_n are open subsets in M, with M ey ng7 & and Mgoﬂ7 = &, by the same

way, we can conclude that g, go are two nontrivial solutions of (1.1).
The theorem is proved.
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