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ON BLOOM-TYPE CHARACTERIZATIONS OF THE HIGHER-ORDER
COMMUTATORS OF MARCINKIEWICZ INTEGRALS

ITPO XAPAKTEPUCTHUKHU TUITY BJIYMA KOMYTATOPIB
BHUIIOTI'O MMOPAAKY IHTETPAJIIB MAPIHUHKEBUYA

Let © be homogeneous of degree zero, have mean value zero, and integrable on the unit sphere. For m € N, let
b€ Li,.(R™) and let the higher-order commutator of the Marcinkiewicz integral ué p be defined by

i@ = | [| [ ) bl s
0 |lz—y|<t

We establish a sparse domination of g ;, for 2 € Lip(S™ ). Moreover, we also give Bloom-type characterizations of the
two-weighted boundedness of the higher-order commutators p¢y /L;’Z v» and g ¢4, where the higher-order commutators
,u;‘gz’b and pgy g, are defined, respectively, by

2 2

i // (=) | [ e s 25| . as

ly—z|<t

and

2 3

s =[] [ b - bl e

lz—y|<t|ly—z|<t

Hexait () € 0fHOPIAHOIO HYJIHOBOTO CTEMEHs, MAE€ HYIbOBE CEpeHE 3HAYCHHs Ta IHTErpoBHA Ha omuHH4HIN cdepi. s
m € N Hexait b € L%OC(R"), a KOMYTaTOp BHIIOTO MOPAKY iHTerpaga MapluHKEBUYA Li¢y ;, BU3HAYAETHCSA TAKMM YHHOM:

@ = [ %[b@)—b(yﬂ”ﬂy)dy%
0 ||z—yl<t

OTpuMaHo po3pimKeHe TOMIHYBAHHS [ig, ;, TIPH YMOBI, mo {2 € Lip(S™™!). KpiM Toro, HaBeieHO XapaKTEPHUCTHKH THILY
Bityma Ji/1s1 IBOBaroBoi 06MEKEHOCTi KOMyTaTOPiB BHILOTO HOPSIKY figy p Ly m.ps Hir. S, b > A€ KOMYTATOPH BHILIOTO TIOPAIKY
Pem 1 [y 5,5 BU3HAYAIOTECS, BIAMOBIAHO, TAKHM YHHOM:

2 2

i // (o) | [ psine -] 25| as

ly—z|<

=

2

dydt

M —2) o) — b)) (x| L

ly — 2|t

Mg,S,b(f)(x) =

lz—y|<t|ly—z|<t
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932 YANPING CHEN, TIAN TIAN

1. Introduction and main results. For n > 2, the Marcinkiewicz integral of higher dimension is
defined by

1/2

! d
[1Fast@P | (1)
0

where
Qx —
Faif@) = [ iy for fe SR
lz—y|<t
and 2 satisfies the following conditions:
(a) 2 is homogeneous function of degree zero on R™\{0}, i.e.,

Q(tz) = Q(x) forany t >0 and z € R"\{0}; (1.2)

(b) © has mean value zero on S"! = {x € R" : |z| = 1}, the unit sphere in R", i.e.,

/ Q(z")do(z") = 0. (1.3)
Sn—1
Formally, by setting ¢(z) = Q(z)|z| " xg(z) and ¢;(z) = t*"gb(%), where B = {z € R":
|z| <1}, we can know the Marcinkiewicz integral is just the Littlewood — Paley ¢ function, that is,
1/2

o)) = / o0 J(2) P

The Marcinkiewicz integral operator /i, , related to the Littlewood —Paley g*-function is defined
by

N

t na dydt
¢ = — ) |F 2= 1.
10,0 (f)(2) //(t + |z — y|> [Fa(y)] s | 0 X7
R+

The Marcinkiewicz integral operator ji g is related to the Lusin area integral S, and it is defined
by

dydt
pa,s(f /|F9t Qtn+3 )

I'(z)

where T'(z) = {(y,t) € R : |z —y| < t}.
Stein [20] showed that if Q € Lip (S*7!),0 < v < 1, then puq is bounded on LP(R™) for
1 < p <2, and also proved the operator pgq is weak (1,1).
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ON BLOOM-TYPE CHARACTERIZATIONS OF THE HIGHER-ORDER COMMUTATORS ... 933
Theorem A. Let Q satisfy (1.2), (1.3) and 2 € Lipv(Sn_l), 0<~<1. Then

lua(H)ller@n) S CollfllLr@ny, 1<p<2,

and

{a € R™ : pa(f)(x) > M S CoA [ fllpiny for any A >0,

where Cq = ||| + ||Q\|Lip7.

Subsequently, Benedek, Calderon, Panzone [2] established the boundedness on LP(R™) for 1 <
p < oo under the stronger condition Q € C'(S"~!). Ding, Fan and Pan [6] proved that if €
HY(S"1), then pg (for 1 < p < 00), uf,, and pos (for 2 < p < oo) are strong (p,p). For
the weighted bounded estimates of the operator uq, Torchinsky and Wang [22] proved that if €2
is continuous and € € LipV(Sn_l),O < v <1, then, for 1 < p < oo, w € Ap, o is bounded
on LP(w). In 1999, Ding, Fan and Pan [5] considered weighted boundedness for a class of rough
Marcinkiewicz integral with Q € L4(S"~1) for some ¢ € (1, 0]. Recently, Tao and Hu [21] used a
sparse domination for the Marcinkiewicz integral with € L>°(S"~!) to obtain some quantitaitve
weighted bounded estimates for piqy, and proved the weighted norm inequality of Coifman — Fefferman
type of ugq.

Now let us consider the higher-order commutators of Marcinkiewicz integral. For m € N
b € Lioc(R™), the higher-order commutators Iy b Ngz,w '“75?7 s, are defined, respectively, by

2\ 2
neyy(f)(x) = / / m[b(m)—b(y)]mf(y)dy % :
0 |lz—y|<t
MEZb(f)(x)
2 3
= ot )" QY =2) oy povm g W .
a //<t+|$—y\) | / |y_z|n—1[b() b f(2)dz) s | - > 1
Rfl y—=z|<t
and
2 3
o)) = [ e - v s |
D(z) |ly—z|<t

where I'(z) = {(y,t) € R’ffl : |z —y| < t}. Ding, Lu and Yabuta [7] proved that the weighted
LP boundedness for the higher-order commutators 1y, “Sz,b’ 1y s With rough kernels when b €
BMO(R™). Chen and Ding [3] gave a characterization of the LP-boundedness for the commutators
of the Marcinkiewicz integral pq, the Lusin area integral and Littlewood—Paley g, function via
b € BMO(R"™). For more details about other works, see [1, 4, 9, 23].
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934 YANPING CHEN, TIAN TIAN

Before starting our results, let us recall some definitions. Let w be a nonnegative locally integrable
function on R"™. For 1 < p < oo, we call that w € A, if

p—1

[M%=§$|a!@ww |a!wwpﬂm <o

For a given weight 7, we say that f € BMO, if

QCR"

sup n(lQ)Q/ (@) — foldz < oo,

1
where fo denotes the average of f on Q: fg = @'/ f(x)dx, n(Q) is defined by n(Q) =
Q

/ n(z)dz. The dyadic lattice D in R™ is any collection of cubes such that

(i) if @ € D, then each child of Q is in D as well;

(ii) for any two cubes 1, Q2 € D, there is Q € D such that Q1,Q2 € D(Q);

(iii) for every compact set N C R”, there is a cube ) € D with N C @,
where D(Q) obtained by passing from @ to its children, then to the children of the children, etc. We
also recall that a family of dyadic cubes S is an «a-sparse family with o € (0, 1) if for each Q € S
there exists a measurable set Eg C @ such that

a|Q| < |Eq|

and the Eg are pairwise disjoint.
Lerner, Ombrosi and Rivera—Rios [17] established a Bloom-type characterization of the two-
weighted boundedness for iterated commutators 77", which are defined by

T f =BT N Ty f =[b 10,

where T is an w-Calderén — Zygmund operator that is linear and L? bounded, and it can be represented
as follows:

Tf(z)= | K(z,y)f(y)dy,
/

where the kernel K satisfies the size condition

Ck
|K(z,9)] < 7
|z —yl
and the smoothness condition

K(e) = Gl + K ) - Kol <o (P20 ) 2

for |x — y| > 2|z — z|, where w: [0,1] — [0,00) is a continuously increasing subadditive function

1
. . . e dt
with w(0) = 0. We say that w satisfies the Dini condition if ||w|| pini := / w(t)T < oo. Lerner,
0

Ombrosi and Rivera-Rios [17] proved the following theorem.
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1
Theorem B. Let 1 <p < oo,u,\ € A,. Further, let v = (;) ¥ and m € N.
(@) If b € BMO,1/m, then for the w-Calderén—Zygmund operator T' with w satisfying the Dini
condition

mEL max{1,

_1
17" (Dllzeny < enmrlbliErio , ., (Ma,[ula,) 2 Pl

where ¢y m 1 = Com(|T |22 12 + [|w] Dini + Ck)-
— 1
(b) Let T, be a w-Calderén—Zygmund operator with K(x,y) = Q<‘$ y) | o where
x—y|l/)|lx—y
Q) is a measurable function on S*~1, which does not equivalent to zero and not change sign on some

open subset from SPL. If there is ¢ > 0 such that, for every bounded measurable set E C R",

3=

I(Te)y" ()l ey < culE)?,

then b € BMO,,1/m.

Recently, Li and Sun [19] established weak and strong type weighted estimates of mixed A,-
Ao-type for multilinear Calderén — Zygmund operators. Li, Martikainen and Vuorinen [18] obtained
a two-weighted Bloom-type inequality for iterated commutators of bi-parameter singular integrals.
Duong, Gong, Kuffner, Li and others [8] gave the two-weighted commutators theorem of Calderon —
Zygmund operators on spaces of homogeneous type.

In this paper we shall establish the sparse domination of sy, with € Lip(S™~!) and obtain
the characterizations of the two-weighted boundedness for pgy ugz’b, ,u,a s~ Note that we are vrey
much motivated by the works of Lerner [14, 16].

Our main results can be stated as follows.

Theorem 1.1. Let Q € Lip(S"~!) satisfying (1.2) and (1.3). For each bounded function f with
compact support, there exist a sparse family of cubes S such that, for almost everywhere v € R",

m 2
@) < enCR Y [Z (7 ) ito) g™ 116~ bQ\’fDQ] Xol@). (14

QeS Lk=0

where Cq = ||| L~ + ||| Lip-

3=

Theorem 1.2. Let 1 <p < oo,u,\ € A, and v = (%) ,meN.
(a) Suppose that 2 € Lip(S"™1) satisfying (1.2) and (1.3). If b € BMO,1/m, then

mEL max{1

_1
s (Nllzeny < enmCallblBrio 4, (N4, lula,) 2 P £ Lo
W1/

where Cq = ||| oo + ||| Lip-
(b) Let Q be a measurable function on S*', which does not equivalent to zero and not change

sign on some open subset from S"~. If there exists ¢ > 0 such that, for every bounded measurable
set E C R"™,

S =

gy s (XE) lLr(n) < cu(E)P,

then b € BMO, 1 /m.

ISSN 1027-3190. Ykp. mam. scypn., 2024, m. 76, Ne 6



936 YANPING CHEN, TIAN TIAN

3=

Theorem 1.3. Let 2 <p < oo,u, A € A, and v = (%) ,a>1, meN.
(a) Suppose that Q € Lip(S"~!) satisfying (1.2) and (1.3). If b € BMO1/m, then

mEl max{1,-L-
115Dl ooy < cnmaCallblBrio , v (layliday) " 05 £

where Cq = ||| L~ + ||| Lip-
(b) Let Q be a measurable function on S"~', which does not equivalent to zero and not change

sign on some open subset from S"~'. If there exists ¢ > 0 such that, for every bounded measurable
set E C R"™,

B =

1y s (XE) | Lr(n) < cu(E)?,
then b € BMO,1/m.

3=

Theorem 1.4. Let 2 <p < oco,u,\ € A, and v = (%) ,a>1,meN.
(a) Suppose that 2 € Lip(S"™1) satisfying (1.2) and (1.3). If b € BMO,1/m, then

mEl max
(D) 220y < CnmeCallblEaio , . (Wa ) 2 ™0 fll oo,

where Co = ||| oo + ||| Lip-
(b) Let Q be a measurable function on S"', which does not equivalent to zero and not change

sign on some open subset from S"~L. If there exists ¢ > 0 such that, for every bounded measurable
set E C R"™,

RSl

16 o (XE) | Lo 2y < cu(E)?,

then b € BMO,,1/m.

Remark1.1. Theorems 1.2, 1.3 and 1.4 give the Bloom-type characterizations of the LP-bounded-
ness of commutators /6y, F‘BZ@ Iy s e TESpEcCtively.

2. Proof of Theorem 1.1. The proof of Theorem 1.1 follows the scheme in [10]. We first recall
some basic definitions. We define the grand maximal truncated operator M,,, by

Mg f(x) = sup esssup |uo(fxrm30)(§)],
Q3z £€Q

where the supremum is taken over all the cubes () C R"™ containing . We also consider a local
version of this operator

Mug.qof(x) = sup esssup |ua(fxsomnsg)(§)l-
TEQCQy  £€Q

The proof of Theorem 1.1 is based on the following lemmas.
Lemma 2.1 [10]. Let Q € Lip(S™ ') satisfying (1.2) and (1.3). Then

Mo f(2) S CoM f(x) + paf(x).

Furthermore,

{z € R": Mg f(2) > A} < cnCoA ™| fl L1 m),

where Cq = ||| L~ + ||| Lip-
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For t € [1,2] and j € Z, set

; 1 Qx)
Ki(x) = QWx{zjfltqmg%}(x)'
Let
1/2
/ > IFf(x,t) Pt
JEZL
with
Fif(e.t) = [ Kl = fw)dy
Rn
It is easy to see that
9 1/2
()@ ~ a1 (e) = [ 3018 fat) P
1 JEZ
Further, the higher-order commutators yy,, satisfy
1/2
W (1) ) ~ 15y () () = / S| 1)
1 jEZ
where
3 (et) = [ K@= )lbla) — o)™ F(5)dy
RTL
Employing the ideas from [13], we define the operator .7, , ~as
1/2
/(@)= sup / 1y (Fago) (-0t ,
pa,Qo 052.0C00 ]ZJQ 0
L (Q)

where and in what follows, for cube @@ C R", Jg is the integer such that 270 < 4(Q) < 27@*!, and
J} € Z such that 270" < 4/ne(Q) < 27%.
Lemma 2.2 [10]. Let Q € Lip(S"~!) satisfying (1.2) and (1.3). Then

.o () S NI Loe M (fx300) () + Mg (fx300) (2)-

Furthermore,

{z € R": My, f (@) > M < caCad ™ | Fxaqoll o en),s

where Cq = |||~ + || Lip-
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938 YANPING CHEN, TIAN TIAN

1
To prove Theorem 1.1, it suffices to prove that for every cube Q9 C R”, there exists a i-sparse
family F C D(Qo) such that, for a.e. = € Qy,

m 2
s Frao) @) < 3 Y [Z () o) i " 10 bRQr’ngQ] xo(@). @2)

QeF Lk=0

First, suppose that we have already proved (2.2). Let us show how to prove Theorem 1.1 using this
inequality. Let us take a partition of R™ by cubes @; such that supp(f) C 3Q); for each [. We can
do it as following way. First, take a cube Qo such that supp(f) C Qo, and cover 3Qp\Qo by 3" — 1
congruent cubes ;. Each of them satisfies Qp C 3Q;. Next, cover 9Q(\3Qo in the same way, and
so on (see [12]). Then the union of those cubes, including )y, will satisfy the desired properties.

1
Applying (2.2) to each (J;, we obtain a i—sparse family F; C D(Q;) such that the following
holds for a.e. z € Q;:

s f ()P xqu (2) = [ (Fxaq)) (@)

m 2
< ch’% Z [Z (TZ) ‘b(m) - bRQ‘m*k<‘f]b — bRQ’k‘>3Q] xQ(T).

QeF; Lk=0

1
Taking F = U;F;, we have that F is a §-sparse family and, for a.e. z € R",

i f @) =D o f ()*xq,
l

m 2
<eC3N N [Z (Zf)\b(x) —brg|" (|16 - bRQ|k\>3Q] xo(®)

! QeF Lk=0

m 2
<ch 3| 32 (1) o -l X ) | 2t

QeF Lk=0

Now since 3Q) C Rq and |Rg| < 3"[3Q)|, we have |f[3g < cu|f|r,- Setting

S=U{RgeD: Qe F},

then we obtain a

5 gn -sparse, and

m 2
W@ < 3 Y [Z (7 )1 = ")~ bRQrk\>RQ] g @)

RgeS Lk=0

Then we get (1.4).
Now we prove the claim (2.2). By (2.1), we know it suffices to prove (2.2) with pgy, replaced

by ;@Jb It suffices to prove the following recursive estimate: there exist pairwise disjoint cubes

1
Py € D(Qo) such that ) _ [Pi| < 5|Qo| and
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m 2
e (s () “au(a) < enC > (7:) |b(x) = brq, ’mik<|f|b - bRQo|k‘>3Q0] XQo ()
k=0
+> {/;g{b(fXSPz)(x)] \n(@) (2.3)
l

a.e. in (Jg. Iterating (2.3) we obtain (2.2) with F being the union of all the family {Plk} where
{PP} = {Qo}, {P}'} = {P} and {P}} are the cubes obtained at the kth stage of the iterative

1
process. Indeed, choosing F pr = Plk \ UllleJrl for each Plk, we observe that F is a §—sparse family.

Now we consider the recursive estimate. Let E = ;- E}, with

Ej = {l" €Qo: /jﬂ(’b - bRQ0|kfX3Qo)(x) > ancﬂ<’f|b N bRQo|k}>3QO}

U {m €Qu: M, 0, (\b - bRQOka) (z) > anCQ<|f|b - bRQO|k\>3QO}

for Kk =0,1,2,...,m, where a,, is a positive constant. Using Lemma 2.2 and the weak type (1,1)
boundedness of i, we have

cnCa

|Ex| < 16— bRy, [* Fx30, |
anCQ<’f|b_bRQ0|k}>3Q “ o
0
+ el . H|b_bRQ0|kfX3Q0H1
anCQ<‘f’b_bRQo| ‘>3QO
3y b b—bpg, |*
a0l g 1 by
1+ S il [ o
Oln<‘f|b_bRQ0‘ |>3Qo " 03Q0 <|f’b_bRQo| ‘>3Q0
3"cy,
<22 Qql.
Qp
Then, choosing «, large enough, we get
1
|E’ < W|QO‘

Now on the cube g, we apply the Calderon—Zygmund decomposition to the function y g at

1 . .. _
level PUESE then we obtain pairwise disjoint cubes {P;} C D(Qy), such that

1
() xp(z) < prFsy for almost every = ¢ U, F;

1
@ 3, 1Al = U Rl < 2115 < L1Qul

1 1 PNE|l 1
3 < _— = < —.
RETE | P /pl ) Bl T2

From part (1), it is obvious that |E\ U; P;| = 0, and from part (3), we get, for each P, |P,NE°| > 0,
that is, P, N E° # @.
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Write

(18500 (@) v (@) = (148 (Ps@) ()] Xy ()

+;(/Z b (fx3Q0) (2, 1) dt)XPl()

1 J=Jp

2 Jp,—1
+2 (/ ) ﬂ%(fx?»czo)(%t)zdt) xp,(z)
l

1 J=—00

(/ZFN’ fX3QO )| dt) XQO\UzPl( z)

JEZL

[ F(f x3Q0) (2 t)2dt) xp (x)

+Zl:/2

J=Jp,
2 Jplfl
Dy F;?;(fmoxm,t)?dt) xnla) @4
l 1 J=—00
For any ¢ € R"™, we note that
1 Q(x —
Fif=y [ o D) - by
21— 1<|p—y|<27¢
1 Q(x —
—5 [ e - o - ) - Oy = Fyf

21t la—y| <27t

and
Mool = (D) F((b— o) b =)™ "
k=0

By using the Minkowski inequality, we obtain

/Z‘Fjb FX3Q0)dy| dt</z

JEZ JEZ

m 2
> () E (b= o) fxsq) (b — o)™ k| dt

k=0

2

Zm:(k — ™" k(/E)F — )" fx30,) )

k=

IA

o

Ms'

2
Wb — " T ((b _C)kfX3Q0)|] :
k:O
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Let c = bRQO, then we have

m 2
1 (FX300) P Xo\u, Py < [Z ()b = bRy, ™ *aa((b - bRQO)kfX3Qo)|] XQo\U; P; -
k=0

Do the same for (2.4), we obtain

(18 (FX300) ()] X0 (@)

m 2
< [Z <TZ> b= brgy " i (16 = brgy " Frsa, ) (37)] XQo\u ()

k=0
i 9 1/272
m m—k k 2

FX NS (D)t [ X (- g, ) 0Pt || xnte)

1| k=0 1 i=Jp,

2 Jp—1

s / S 1F (fxsqo) (@ 8)Pdt | ().

l 1 Jj=—0o0

We observe that
iy} (|b — bRy, |kfX3Qo>XQo\ulPl (r) < OénC'Q<}f\b —brg, !k‘>3QOXQo (z).
Since P, N K€ #£ @&, for some = € P,
o (10— b, ') () < anCa (|16 = brg, ') -

then we get, for ¢ € P,

2 3
|3 (1= brg, rxaa, ) (€ 0de | < it (7,0, (10— bag, [1(0))
1 7=Jp

< anCQ<\f\b — bre, ’k‘>3Qo'

Now we note that, for j < Jp — 1, t € [1,2] and = € P, if Xoi—1t<|o—y|<2it = 1, then
o —y <27t <2 < U(P),
but, for y € x30,\3p,, We have |z —y| > ((F). Therefore, Fﬁ(fx'ng\gpl)(l',t) =0 and

2 Jp, -1
D I (Fxsqo) (@, O)dt | xp (@) < [@;(fxwl)(x)rm(x)'

1 J=7

Consequently, for almost everywhere = € (o,
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— 2
(18, x300) ()] x@0() < enC:

m 2
;:: < ) b — by, |m—k<|f|b — by, |k‘>3Q0] X300 (%)

{ »(fX3p) (7 )} QXPZ ().

Theorem 1.1 is proved.
3. Proof of Theorem 1.2. To prove part (a) of Theorem 1.2, we take some ideas in [17].
Lemma 3.1 [15]. Given a dyadic lattice D there exist 3" dyadic lattices D; such that

g
(3Q: QeD} =D,

j=1
and, for every cube Q) € D, we can find a cube Rq in each Dj such that Q C Rq and 3((Q) =
URg). ,
Fix a lattice D. For an arbitrary cube Q C R", there is a cube Q" € D such that ?Q <lg < ALg

and ) C 3Q'". By Lemma 3.1, there is j € {1,...,3"} such that 3Q' = P € D;. Therefore, for
every cube () C R", there exists P € D; such that () C P and /p < 3{g. At this point, we observe
that |Q| < |P| < 3"|Q)|. A similar statement can be found in [11].

From (1.4), it is straightforward that

2

(D@ < enC? ZZ( ) bl (1 1b— bol e | xo(x).

QES k=0

There exist 3" dyadic lattices D; and sparse families S; C D; such that

3" m
(@] < eaCad D (Cf) > Ib(a) = bl (11— bol X (@)-

j=1 k=0 QES;

We recall that given a sparse family & from D, we define the sparse operator with respect to BMO
As’ = > 1b(x) = ba|™M{|f1b — bal* Noxe(x).
Qes

From the proof process of Theorem 1.1 in [17], we have

R PP

IS (0, N)llzoyy < ellblBaro , ,, (N, [u]a,)

SO

118 ()l 2o ry < CnmCallAZ (b, )l oo

mtl max{1

_1
< camCallbllBaro , ,, (N, [ula,) 2 T Fl o y-
Therefore, the proof of part (a) is completed.
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Recall that the local mean oscillation of f on () is represented by
Q) = it ((f ~ a)x@) (\QD), 0<A<TL,
where ((f —a)xg)" denotes the nonincreasing rearrangement of (f — a)x¢. Let us prove then part

(b) of Theorem 1.2. We rely upon the following lemmas.
Lemma 3.2 [17]. Let n € Ax. Then

Wlswo, < esmpon(5: 005 (0<2% 35,

where c depends only on 1.

Lemma 3.3 [17]. For A = ;ﬁ, there exist 0 < €9,& < 1 and ko > 1 depending only
on ) and n such that the following holds. For every cube () C R", there exist measuralbe sets
ECQ,F CkyQ and |G| C E x F with G > &|Q?, |E| = |Q| such that

(i) wa(B:Q) < [b() — bly)| for all (z,y) € E x F;

(i) Q(H> and b(x) — b(y) do not change sign in E x F,

on+3

|z =y
mn@@iii)zagwaﬂ@w)ea

Combining properties (i) and (iii) of Lemma 3.3, we obtain

w;waWW“%ié o —vrja(=3)

fﬂ( Q), for all (z,y) € G, we have

. <b@>m|G\<0(ko“m )/ ) - s E=L)

anF |z — |

dxdy.

Then taking into account |z — y| <

dxdy

|z — gyl

By property (ii), we know that |b(x) — b(y)|™Q <| y|> does not change sign in E x F. Hence,
)
using |G| > &|Q|?, we get

Qre L (Rt
anl-u(b’Q) SEO&)( 2 ﬁ) Q| (ko—i_lff( ))
) - T —y dydzx
;&//w@)b@H‘QQx_w>m—yW*
EF
_ 1 (ko1 "1 !
_€o§0< 2 \/ﬁ>

@R @)
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SITCER b(y”m@ - §|> PRl

E |F

ko

1
;_ Vnl(Q) for all (z,y) € G, we observe that {y: |z —y| <

t}NF = F when t > (ko + 1)/nf(Q). Then we have

m c 1 m T — d
e () SW@HW(Q))E/ ) - ()

Taking into account |z — y| <

N

2

<ol ] [ e fE) |

lx —yl/ |z —yn=t] 3
E \(ko+1)vnl(Q) {y: [z—y|<t}nF

Cc
< £ [ dz,

where ¢ depends only on 2 and n. By using Holder inequality and the assumption [|ugy , (x7)|| zr(x) <

1
cu(F)», we obtain

B =

on+2

0 Q" < G| [latePaae | | [ a7
E

S
RS Al
S

Since u € A,, we have that u is doubling,

u(F) < u(koQ) < cu(Q),

and

1 / < 1 / 1 o1
— fu<e|l—= [u |, r )
Q| J Q)

Then

~|

T —mp

Taking » = mp + 1, using Holder inequality with mp + =1, and ur = /\%ug, we get
r

r
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1

p/

P
1 1 p 1
w b;Q)" <c //\rl/r /)\P
= g1 @l

S
S
-

that is, w L (b;Q) < %I/l/m(Q). On the other hand, since u, A € A,, we have v'/™ € A, by

Holder’s 1nequa11ty. Therefore, taking into account Lemma 3.2, we obtain

Q]
<
6]l Baro 1/m csgpw 1 2(b Q)——— Um(Q)
for all ). Finally, we prove that b € BMO 1/m.
Theorem 1.2 is proved.

4. Proof of Theorems 1.3 and 1.4. To prove Theorems 1.3 and 1.4, we need to give the following
lemma.

Lemma 4.1 [7]. For any nonnegative function g(x), we have

Q _.

VM@ gy <

c
< csup

@

/ﬁﬁﬂmmﬁ@ﬂﬁ%/MMﬁwm@mm
2

Rn

where M is the Hardy — Littlewood maximal operator.
For part (a) of Theorems 1.3 and 1.4, since

1
2 2

m 2t e Qy — z) m dydt
HQ,8b < //<t+\x—y\) / W[b(ﬂ?) - b(z)] f(z)dz T3
R+

ly—=z|<t

< 2" (£)(2),

we need only consider pg," .. For p > 2, setting r = g, then, by duality, Lemma 4.1 and Holder’s
inequality, we get

3=

16 e s ()l o2y = /(ugﬁb(f)(fv))pk(w)dfv
R™

1

2r

- /[(Mgz,b(f)(x))%\ﬂ1]r)\1r,dx

R”
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[ sw / (5T (F) ()N g ()N d

Hg”L'r’()\lfrl)SlR

N

o R [ R e

Hg”LT‘I(Al_TI)SlR

N

< Ca sup (s (f)(2))* Mg(w)dz

Hg”L"”/(ler/)ﬁan

< Callpgrp(Hllie sup  [[Mgllpray | < Callugy(F)llzeoy-

Hg”Lr’()\lfr’)Sl

Here, we have used the fact that M is weak (1,1) in the last inequality. Using the conclusion of
Theorem 1.2, namely,

mEL max{1

_1
166 (D) < enmCallblBno ,,, ([Aaylula,) 2 T Loy

we can directly obtain

m—+1

max L
2 R P

116 s (Dlr ) < enmaCallblBaro , ,, (Ma,lula,)

and

mitl o L
148 56D o) < enmaColblBaro . (Nayula,) 2 ™= £ o

For part (b) of Theorems 1.3 and 1.4, we need only consider the operator pg g,. In fact,
since pudy g5, < 2”0‘/1;2’772,1)( f)(x), part (b) of Theorem 1.4 is indeed a direct consequence of part
(b) of Theorem 1.3. Let E, and FE, denote the range of x and the range of y, respectively, and
E, = E, = E. Combining properties (i) and (iii) of Lemma 3.3, for = € E,, we obtain

an

. m i o m Yy—=z
o, QMG < é ) = 0" 2 L )

Then taking into account |y — z| < fﬁ( Q) for all (y,z) € G, we have

o ko 41 nl . dzdy
<7 — .
oL QG < (M i@ ) / bie) (=5 ) | S

By property (ii), we know that |b(x) — b(z)|"™§2 <’7J—z"> does not change sign in E, x F. Hence,
y—z

using |G| > &|Q% |E| = |@|, integrating with respect to x yield that

2n+3
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1 ko+1 | 1
o Q< L (\/ﬁ)
on+2 €0éo 2 QI E| [ ko+1
(2 @)
m dzdy
///"’ )~ o)l ‘ <\y—z|>‘|y—z|"1
xEy
2"+3<k0+1 >” 1 1
< vn
€080 2 Q|2 (k();_l\/ﬁf(Q))
/// mg( Z) e\ e,
ly—z| ) |y — 2
E.E, | F
ko—i—l

Taking into account |y — z| <

Vnl(Q) for all (y,z) € G, we observe that {z: |y — z|] <
t}NF = F when t > (ko + 1)f€( ). Then we have

w_1 (5Q)

c z z
< ) —b(2))"Q2 dydzx
ar <ko+1 )E/E/F/ ()i

o0

<ot/ [ o -sene(f =5 )G g | e

Ex By \(ko+1)vnl(Q) |{z:|ly—2|<tInF

2 2
c Yy—z xXrdz dtdy 1
< — maQ E
<ot/ [ | ] eemera(f=h) s R | s
Be \By (ho+1)vt(@) |{z: ly=21<t}
. N
¢ m z XFdZ dydt
< — b(x)—0b Q dx
] / / / (b(z) = b(=)) <|y—2\)y—z|"1 e

B \(ho+1)yat(Q) By |[{z: ly=2I<t}
pey.s6(XF)|d,
< / 5000

where ¢ depends only on {2 and n. By the same way as part (b) of Theorem 1.2, we obtain that
be BMO,1/m.

Theorems 1.3 and 1.4 are proved.
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