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ON BLOOM-TYPE CHARACTERIZATIONS OF THE HIGHER-ORDER
COMMUTATORS OF MARCINKIEWICZ INTEGRALS

ПРО ХАРАКТЕРИСТИКИ ТИПУ БЛУМА КОМУТАТОРIВ
ВИЩОГО ПОРЯДКУ IНТЕГРАЛIВ МАРЦИНКЕВИЧА

Let \Omega be homogeneous of degree zero, have mean value zero, and integrable on the unit sphere. For m \in \BbbN , let
b \in L1

\mathrm{l}\mathrm{o}\mathrm{c}(\BbbR n) and let the higher-order commutator of the Marcinkiewicz integral \mu m
\Omega ,b be defined by

\mu m
\Omega ,b(f)(x) =

\left(   \infty \int 
0

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

| x - y| \leq t

\Omega (x - y)

| x - y| n - 1
[b(x) - b(y)]mf(y)dy

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dt

t3

\right)   
1
2

.

We establish a sparse domination of \mu m
\Omega ,b for \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}(\BbbS n - 1). Moreover, we also give Bloom-type characterizations of the

two-weighted boundedness of the higher-order commutators \mu m
\Omega ,b, \mu 

\ast ,m
\Omega ,\alpha ,b , and \mu m

\Omega ,S,b , where the higher-order commutators
\mu \ast ,m
\Omega ,\alpha ,b and \mu m

\Omega ,S,b are defined, respectively, by

\mu \ast ,m
\Omega ,\alpha ,b(f)(x) =

\left(    \int \int 
\BbbR n+1
+

\biggl( 
t

t+ | x - y| 

\biggr) n\alpha 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

| y - z| \leq t

\Omega (y  - z)

| y  - z| n - 1
[b(x) - b(z)]mf(z)dz

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dydt

tn+3

\right)    
1
2

, \alpha > 1,

and

\mu m
\Omega ,S,b(f)(x) =

\left(   \int \int 
| x - y| <t

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

| y - z| \leq t

\Omega (y  - z)

| y  - z| n - 1
[b(x) - b(z)]mf(z)dz

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dydt

tn+3

\right)   
1
2

.

Нехай \Omega є однорiдною нульового степеня, має нульове середнє значення та iнтегровна на одиничнiй сферi. Для
m \in \BbbN нехай b \in L1

\mathrm{l}\mathrm{o}\mathrm{c}(\BbbR n), а комутатор вищого порядку iнтеграла Марцинкевича \mu m
\Omega ,b визначається тaким чином:

\mu m
\Omega ,b(f)(x) =

\left(   \infty \int 
0

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

| x - y| \leq t

\Omega (x - y)

| x - y| n - 1
[b(x) - b(y)]mf(y)dy

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dt

t3

\right)   
1
2

.

Отримано розрiджене домiнування \mu m
\Omega ,b при умовi, що \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}(\BbbS n - 1). Крiм того, наведено характеристики типу

Блума для двовагової обмеженостi комутаторiв вищого порядку \mu m
\Omega ,b, \mu 

\ast ,m
\Omega ,\alpha ,b, \mu 

m
\Omega ,S,b , де комутатори вищого порядку

\mu \ast ,m
\Omega ,\alpha ,b i \mu m

\Omega ,S,b визначаються, вiдповiдно, таким чином:

\mu \ast ,m
\Omega ,\alpha ,b(f)(x) =

\left(    \int \int 
\BbbR n+1
+

\biggl( 
t

t+ | x - y| 

\biggr) n\alpha 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

| y - z| \leq t

\Omega (y  - z)

| y  - z| n - 1
[b(x) - b(z)]mf(z)dz

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dydt

tn+3

\right)    
1
2

, \alpha > 1,

i

\mu m
\Omega ,S,b(f)(x) =

\left(   \int \int 
| x - y| <t

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

| y - z| \leq t

\Omega (y  - z)

| y  - z| n - 1
[b(x) - b(z)]mf(z)dz

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dydt

tn+3

\right)   
1
2

.
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1. Introduction and main results. For n \geq 2, the Marcinkiewicz integral of higher dimension is
defined by

\mu \Omega (f)(x) =

\left(  \infty \int 
0

| F\Omega ,tf(x)| 2
dt

t3

\right)  1/2

, (1.1)

where

F\Omega ,tf(x) =

\int 
| x - y| \leq t

\Omega (x - y)

| x - y| n - 1
f(y)dy for f \in \scrS (\BbbR n)

and \Omega satisfies the following conditions:

(a) \Omega is homogeneous function of degree zero on \BbbR n\setminus \{ 0\} , i.e.,

\Omega (tx) = \Omega (x) for any t > 0 and x \in \BbbR n\setminus \{ 0\} ; (1.2)

(b) \Omega has mean value zero on \BbbS n - 1 = \{ x \in \BbbR n : | x| = 1\} , the unit sphere in \BbbR n, i.e.,\int 
\BbbS n - 1

\Omega (x\prime )d\sigma (x\prime ) = 0. (1.3)

Formally, by setting \phi (x) = \Omega (x)| x|  - n+1\chi B(x) and \phi t(x) = t - n\phi 
\Bigl( x
t

\Bigr) 
, where B = \{ x \in \BbbR n :

| x| \leq 1\} , we can know the Marcinkiewicz integral is just the Littlewood – Paley g function, that is,

\mu \Omega (f)(x) = g(f)(x) =

\left(  \infty \int 
0

| \phi t \ast f(x)| 2
dt

t

\right)  1/2

.

The Marcinkiewicz integral operator \mu \ast 
\Omega ,\alpha related to the Littlewood – Paley g\ast -function is defined

by

\mu \ast 
\Omega ,\alpha (f)(x) =

\left(    \int \int 
\BbbR n+1
+

\biggl( 
t

t+ | x - y| 

\biggr) n\alpha 

| F\Omega ,t(y)| 2
dydt

tn+3

\right)    
1
2

, \alpha > 1.

The Marcinkiewicz integral operator \mu \Omega ,S is related to the Lusin area integral S, and it is defined
by

\mu \Omega ,S(f)(x) =

\left(   \int 
\Gamma (x)

| F\Omega ,t(y)| 2
dydt

tn+3

\right)   
1
2

,

where \Gamma (x) = \{ (y, t) \in \BbbR n+1
+ : | x - y| < t\} .

Stein [20] showed that if \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}\gamma (\BbbS n - 1), 0 < \gamma \leq 1, then \mu \Omega is bounded on Lp(\BbbR n) for
1 < p \leq 2, and also proved the operator \mu \Omega is weak (1,1).
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Theorem A. Let \Omega satisfy (1.2), (1.3) and \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}\gamma (\BbbS n - 1), 0 < \gamma \leq 1. Then

\| \mu \Omega (f)\| Lp(\BbbR n) \lesssim C\Omega \| f\| Lp(\BbbR n), 1 < p \leq 2,

and

| \{ x \in \BbbR n : \mu \Omega (f)(x) > \lambda \} | \lesssim C\Omega \lambda 
 - 1\| f\| L1(\BbbR n) for any \lambda > 0,

where C\Omega = \| \Omega \| L\infty + \| \Omega \| \mathrm{L}\mathrm{i}\mathrm{p}\gamma .
Subsequently, Benedek, Calderón, Panzone [2] established the boundedness on Lp(\BbbR n) for 1 <

p < \infty under the stronger condition \Omega \in C1(\BbbS n - 1). Ding, Fan and Pan [6] proved that if \Omega \in 
H1(\BbbS n - 1), then \mu \Omega (for 1 < p < \infty ), \mu \ast 

\Omega ,\alpha and \mu \Omega ,S (for 2 \leq p < \infty ) are strong (p, p). For
the weighted bounded estimates of the operator \mu \Omega , Torchinsky and Wang [22] proved that if \Omega 

is continuous and \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}\gamma (\BbbS n - 1), 0 < \gamma \leq 1, then, for 1 < p < \infty , w \in Ap, \mu \Omega is bounded
on Lp(w). In 1999, Ding, Fan and Pan [5] considered weighted boundedness for a class of rough
Marcinkiewicz integral with \Omega \in Lq(\BbbS n - 1) for some q \in (1,\infty ]. Recently, Tao and Hu [21] used a
sparse domination for the Marcinkiewicz integral with \Omega \in L\infty (\BbbS n - 1) to obtain some quantitaitve
weighted bounded estimates for \mu \Omega , and proved the weighted norm inequality of Coifman – Fefferman
type of \mu \Omega .

Now let us consider the higher-order commutators of Marcinkiewicz integral. For m \in \BbbN ,
b \in L\mathrm{l}\mathrm{o}\mathrm{c}(\BbbR n), the higher-order commutators \mu m

\Omega ,b, \mu 
\ast ,m
\Omega ,\alpha ,b, \mu 

m
\Omega ,S,b are defined, respectively, by

\mu m
\Omega ,b(f)(x) =

\left(   \infty \int 
0

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

| x - y| \leq t

\Omega (x - y)

| x - y| n - 1
[b(x) - b(y)]mf(y)dy

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dt

t3

\right)   
1
2

,

\mu \ast ,m
\Omega ,\alpha ,b(f)(x)

=

\left(    \int \int 
\BbbR n+1
+

\biggl( 
t

t+ | x - y| 

\biggr) n\alpha 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

| y - z| \leq t

\Omega (y  - z)

| y  - z| n - 1
[b(x) - b(z)]mf(z)dz

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dydt

tn+3

\right)    
1
2

, \alpha > 1,

and

\mu m
\Omega ,S,b(f)(x) =

\left(   \int \int 
\Gamma (x)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

| y - z| \leq t

\Omega (y  - z)

| y  - z| n - 1
[b(x) - b(z)]mf(z)dz

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dydt

tn+3

\right)   
1
2

,

where \Gamma (x) = \{ (y, t) \in \BbbR n+1
+ : | x  - y| < t\} . Ding, Lu and Yabuta [7] proved that the weighted

Lp boundedness for the higher-order commutators \mu m
\Omega ,b, \mu 

\ast ,m
\Omega ,\alpha ,b, \mu 

m
\Omega ,S,b with rough kernels when b \in 

BMO(\BbbR n). Chen and Ding [3] gave a characterization of the Lp-boundedness for the commutators
of the Marcinkiewicz integral \mu \Omega , the Lusin area integral and Littlewood – Paley g\ast \alpha function via
b \in \mathrm{B}\mathrm{M}\mathrm{O}(\BbbR n). For more details about other works, see [1, 4, 9, 23].
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Before starting our results, let us recall some definitions. Let w be a nonnegative locally integrable
function on \BbbR n. For 1 < p < \infty , we call that w \in Ap if

[w]Ap = \mathrm{s}\mathrm{u}\mathrm{p}
Q\subset \BbbR n

\left(   1

| Q| 

\int 
Q

w(x)dx

\right)   
\left(   1

| Q| 

\int 
Q

w(x)
 - 1

p - 1dx

\right)   
p - 1

< \infty .

For a given weight \eta , we say that f \in BMO\eta if

\mathrm{s}\mathrm{u}\mathrm{p}
Q\subset \BbbR n

1

\eta (Q)

\int 
Q

| f(x) - fQ| dx < \infty ,

where fQ denotes the average of f on Q : fQ =
1

| Q| 

\int 
Q
f(x)dx, \eta (Q) is defined by \eta (Q) =\int 

Q
\eta (x)dx. The dyadic lattice \scrD in \BbbR n is any collection of cubes such that

(i) if Q \in \scrD , then each child of Q is in \scrD as well;
(ii) for any two cubes Q1, Q2 \in \scrD , there is Q \in \scrD such that Q1, Q2 \in \scrD (Q);

(iii) for every compact set N \subset \BbbR n, there is a cube Q \in \scrD with N \subset Q,

where \scrD (Q) obtained by passing from Q to its children, then to the children of the children, etc. We
also recall that a family of dyadic cubes \scrS is an \alpha -sparse family with \alpha \in (0, 1) if for each Q \in \scrS 
there exists a measurable set EQ \subset Q such that

\alpha | Q| \leq | EQ| 

and the EQ are pairwise disjoint.
Lerner, Ombrosi and Rivera – Rı́os [17] established a Bloom-type characterization of the two-

weighted boundedness for iterated commutators Tm
b , which are defined by

Tm
b f = [b, Tm - 1

b ]f, T 1
b f = [b, T ]f,

where T is an \omega -Calderón – Zygmund operator that is linear and L2 bounded, and it can be represented
as follows:

Tf(x) =

\int 
\BbbR n

K(x, y)f(y)dy,

where the kernel K satisfies the size condition

| K(x, y)| \leq CK

| x - y| n
, x \not = y,

and the smoothness condition

| K(x, y) - K(z, y)| + | K(y, x) - K(y, z)| \leq \omega 

\biggl( 
| x - z| 
| x - y| 

\biggr) 
1

| x - y| n

for | x  - y| > 2| x  - z| , where \omega : [0, 1] \rightarrow [0,\infty ) is a continuously increasing subadditive function

with \omega (0) = 0. We say that \omega satisfies the Dini condition if \| \omega \| Dini :=

\int 1

0
\omega (t)

dt

t
< \infty . Lerner,

Ombrosi and Rivera-Rı́os [17] proved the following theorem.

ISSN 1027-3190. Укр. мат. журн., 2024, т. 76, № 6
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Theorem B. Let 1 < p < \infty , u, \lambda \in Ap. Further, let v =
\Bigl( u
\lambda 

\Bigr) 1
p

and m \in \BbbN .
(a) If b \in BMOv1/m , then for the \omega -Calderón – Zygmund operator T with \omega satisfying the Dini

condition

\| Tm
b (f)\| Lp(\lambda ) \leq cn,m,T \| b\| mBMO

v1/m
([\lambda ]Ap [u]Ap)

m+1
2

\mathrm{m}\mathrm{a}\mathrm{x}\{ 1, 1
p - 1

\} \| f\| Lp(u),

where cn,m,T = cn,m(\| T\| L2\rightarrow L2 + \| \omega \| Dini + CK).

(b) Let T\Omega be a \omega -Calderón – Zygmund operator with K(x, y) = \Omega 

\biggl( 
x - y

| x - y| 

\biggr) 
1

| x - y| n
, where

\Omega is a measurable function on \BbbS n - 1, which does not equivalent to zero and not change sign on some
open subset from \BbbS n - 1. If there is c > 0 such that, for every bounded measurable set E \subset \BbbR n,

\| (T\Omega )
m
b (\chi E)\| Lp(\lambda ) \leq cu(E)

1
p ,

then b \in BMO\nu 1/m .

Recently, Li and Sun [19] established weak and strong type weighted estimates of mixed Ap-
A\infty -type for multilinear Calderón – Zygmund operators. Li, Martikainen and Vuorinen [18] obtained
a two-weighted Bloom-type inequality for iterated commutators of bi-parameter singular integrals.
Duong, Gong, Kuffner, Li and others [8] gave the two-weighted commutators theorem of Calderón –
Zygmund operators on spaces of homogeneous type.

In this paper we shall establish the sparse domination of \mu m
\Omega ,b with \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}(\BbbS n - 1) and obtain

the characterizations of the two-weighted boundedness for \mu m
\Omega ,b, \mu 

\ast ,m
\Omega ,\alpha ,b, \mu 

m
\Omega ,S,b. Note that we are vrey

much motivated by the works of Lerner [14, 16].

Our main results can be stated as follows.

Theorem 1.1. Let \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}(\BbbS n - 1) satisfying (1.2) and (1.3). For each bounded function f with
compact support, there exist a sparse family of cubes \scrS such that, for almost everywhere x \in \BbbR n,

[\mu m
\Omega ,b(f)(x)]

2 \leq cnC
2
\Omega 

\sum 
Q\in \scrS 

\Biggl[ 
m\sum 
k=0

\biggl( 
m

k

\biggr) 
| b(x) - bQ| m - k\langle | f | b - bQ| k| \rangle Q

\Biggr] 2

\chi Q(x), (1.4)

where C\Omega = \| \Omega \| L\infty + \| \Omega \| \mathrm{L}\mathrm{i}\mathrm{p}.

Theorem 1.2. Let 1 < p < \infty , u, \lambda \in Ap and v =
\Bigl( u
\lambda 

\Bigr) 1
p
, m \in \BbbN .

(a) Suppose that \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}(\BbbS n - 1) satisfying (1.2) and (1.3). If b \in BMOv1/m , then

\| \mu m
\Omega ,b(f)\| Lp(\lambda ) \leq cn,mC\Omega \| b\| mBMO

v1/m
([\lambda ]Ap [u]Ap)

m+1
2

\mathrm{m}\mathrm{a}\mathrm{x}\{ 1, 1
p - 1

\} \| f\| Lp(u),

where C\Omega = \| \Omega \| L\infty + \| \Omega \| \mathrm{L}\mathrm{i}\mathrm{p}.
(b) Let \Omega be a measurable function on \BbbS n - 1, which does not equivalent to zero and not change

sign on some open subset from \BbbS n - 1. If there exists c > 0 such that, for every bounded measurable
set E \subset \BbbR n,

\| \mu m
\Omega ,b(\chi E)\| Lp(\lambda ) \leq cu(E)

1
p ,

then b \in BMO\nu 1/m .

ISSN 1027-3190. Укр. мат. журн., 2024, т. 76, № 6



936 YANPING CHEN, TIAN TIAN

Theorem 1.3. Let 2 < p < \infty , u, \lambda \in Ap and v =
\Bigl( u
\lambda 

\Bigr) 1
p
, \alpha > 1, m \in \BbbN .

(a) Suppose that \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}(\BbbS n - 1) satisfying (1.2) and (1.3). If b \in BMOv1/m , then

\| \mu m
\Omega ,S,b(f)\| Lp(\lambda ) \leq cn,m,\alpha C\Omega \| b\| mBMO

v1/m
([\lambda ]Ap [u]Ap)

m+1
2

\mathrm{m}\mathrm{a}\mathrm{x}\{ 1, 1
p - 1

\} \| f\| Lp(u),

where C\Omega = \| \Omega \| L\infty + \| \Omega \| \mathrm{L}\mathrm{i}\mathrm{p}.
(b) Let \Omega be a measurable function on \BbbS n - 1, which does not equivalent to zero and not change

sign on some open subset from \BbbS n - 1. If there exists c > 0 such that, for every bounded measurable
set E \subset \BbbR n,

\| \mu m
\Omega ,S,b(\chi E)\| Lp(\lambda ) \leq cu(E)

1
p ,

then b \in BMO\nu 1/m .

Theorem 1.4. Let 2 < p < \infty , u, \lambda \in Ap and v =
\Bigl( u
\lambda 

\Bigr) 1
p
, \alpha > 1, m \in \BbbN .

(a) Suppose that \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}(\BbbS n - 1) satisfying (1.2) and (1.3). If b \in BMOv1/m , then

\| \mu \ast ,m
\Omega ,\alpha ,b(f)\| Lp(\lambda ) \leq cn,m,\alpha C\Omega \| b\| mBMO

v1/m
([\lambda ]Ap [u]Ap)

m+1
2

\mathrm{m}\mathrm{a}\mathrm{x}\{ 1, 1
p - 1

\} \| f\| Lp(u),

where C\Omega = \| \Omega \| L\infty + \| \Omega \| \mathrm{L}\mathrm{i}\mathrm{p}.
(b) Let \Omega be a measurable function on \BbbS n - 1, which does not equivalent to zero and not change

sign on some open subset from \BbbS n - 1. If there exists c > 0 such that, for every bounded measurable
set E \subset \BbbR n,

\| \mu \ast ,m
\Omega ,\alpha ,b(\chi E)\| Lp(\lambda ) \leq cu(E)

1
p ,

then b \in BMO\nu 1/m .

Remark 1.1. Theorems 1.2, 1.3 and 1.4 give the Bloom-type characterizations of the Lp-bounded-
ness of commutators \mu m

\Omega ,b, \mu 
\ast ,m
\Omega ,\alpha ,b, \mu 

m
\Omega ,S,b, respectively.

2. Proof of Theorem 1.1. The proof of Theorem 1.1 follows the scheme in [10]. We first recall
some basic definitions. We define the grand maximal truncated operator \scrM \mu \Omega by

\scrM \mu \Omega f(x) = \mathrm{s}\mathrm{u}\mathrm{p}
Q\ni x

\mathrm{e}\mathrm{s}\mathrm{s} \mathrm{s}\mathrm{u}\mathrm{p}
\xi \in Q

| \mu \Omega (f\chi \BbbR n\setminus 3Q)(\xi )| ,

where the supremum is taken over all the cubes Q \subset \BbbR n containing x. We also consider a local
version of this operator

\scrM \mu \Omega ,Q0f(x) = \mathrm{s}\mathrm{u}\mathrm{p}
x\in Q\subset Q0

\mathrm{e}\mathrm{s}\mathrm{s} \mathrm{s}\mathrm{u}\mathrm{p}
\xi \in Q

| \mu \Omega (f\chi 3Q0\setminus 3Q)(\xi )| .

The proof of Theorem 1.1 is based on the following lemmas.
Lemma 2.1 [10]. Let \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}(\BbbS n - 1) satisfying (1.2) and (1.3). Then

\scrM \mu \Omega f(x) \lesssim C\Omega Mf(x) + \mu \Omega f(x).

Furthermore,

| \{ x \in \BbbR n : \scrM \mu \Omega f(x) > \lambda \} | \leq cnC\Omega \lambda 
 - 1\| f\| L1(\BbbR n),

where C\Omega = \| \Omega \| L\infty + \| \Omega \| \mathrm{L}\mathrm{i}\mathrm{p}.
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For t \in [1, 2] and j \in \BbbZ , set

Kj
t (x) =

1

2j
\Omega (x)

| x| n - 1
\chi \{ 2j - 1t<| x| \leq 2jt\} (x).

Let

\widetilde \mu \Omega (f)(x) =

\left(  2\int 
1

\sum 
j\in \BbbZ 

| Fjf(x, t)| 2dt

\right)  1/2

with

Fjf(x, t) =

\int 
\BbbR n

Kj
t (x - y)f(y)dy.

It is easy to see that

\mu \Omega (f)(x) \approx \widetilde \mu \Omega (f)(x) =

\left(  2\int 
1

\sum 
j\in \BbbZ 

| Fjf(x, t)| 2dt

\right)  1/2

.

Further, the higher-order commutators \mu m
\Omega ,b satisfy

\mu m
\Omega ,b(f)(x) \approx \widetilde \mu m

\Omega ,b(f)(x) =

\left(  2\int 
1

\sum 
j\in \BbbZ 

| Fm
j,bf(x, t)| 2dt

\right)  1/2

, (2.1)

where

Fm
j,bf(x, t) =

\int 
\BbbR n

Kj
t (x - y)[b(x) - b(y)]mf(y)dy.

Employing the ideas from [13], we define the operator M \ast 
\mu \Omega ,Q0

as

M \ast 
\mu \Omega ,Q0

f(x) = \mathrm{s}\mathrm{u}\mathrm{p}
Q\ni x,Q\subset Q0

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\left(  2\int 

1

\infty \sum 
j=JQ

| Fj(f\chi 3Q0)(\cdot , t)| 2dt

\right)  1/2
\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L\infty (Q)

,

where and in what follows, for cube Q \subset \BbbR n, JQ is the integer such that 2JQ \leq \ell (Q) < 2JQ+1, and
J\ast 
Q \in \BbbZ such that 2J

\ast 
Q - 1 \leq 4

\surd 
n\ell (Q) < 2J

\ast 
Q .

Lemma 2.2 [10]. Let \Omega \in \mathrm{L}\mathrm{i}\mathrm{p}(\BbbS n - 1) satisfying (1.2) and (1.3). Then

M \ast 
\mu \Omega ,Q0

f(x) \lesssim \| \Omega \| L\infty M(f\chi 3Q0)(x) +\scrM \mu \Omega (f\chi 3Q0)(x).

Furthermore,

| \{ x \in \BbbR n : M \ast 
\mu \Omega ,Q0

f(x) > \lambda \} | \leq cnC\Omega \lambda 
 - 1\| f\chi 3Q0\| L1(\BbbR n),

where C\Omega = \| \Omega \| L\infty + \| \Omega \| \mathrm{L}\mathrm{i}\mathrm{p}.
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To prove Theorem 1.1, it suffices to prove that for every cube Q0 \subset \BbbR n, there exists a
1

2
-sparse

family \scrF \subset \scrD (Q0) such that, for a.e. x \in Q0,

\bigl[ 
\mu m
\Omega ,b(f\chi 3Q0)(x)

\bigr] 2 \leq cnC
2
\Omega 

\sum 
Q\in \scrF 

\Biggl[ 
m\sum 
k=0

\biggl( 
m

k

\biggr) \bigm| \bigm| b(x) - bRQ

\bigm| \bigm| m - k
\Bigl\langle \bigm| \bigm| f | b - bRQ

| k
\bigm| \bigm| \Bigr\rangle 

3Q

\Biggr] 2

\chi Q(x). (2.2)

First, suppose that we have already proved (2.2). Let us show how to prove Theorem 1.1 using this
inequality. Let us take a partition of \BbbR n by cubes Ql such that \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(f) \subset 3Ql for each l. We can
do it as following way. First, take a cube Q0 such that \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(f) \subset Q0, and cover 3Q0\setminus Q0 by 3n - 1

congruent cubes Ql. Each of them satisfies Q0 \subset 3Ql. Next, cover 9Q0\setminus 3Q0 in the same way, and
so on (see [12]). Then the union of those cubes, including Q0, will satisfy the desired properties.

Applying (2.2) to each Ql, we obtain a
1

2
-sparse family \scrF l \subset \scrD (Ql) such that the following

holds for a.e. x \in Ql :

| \mu m
\Omega ,bf(x)| 2\chi Ql

(x) = | \mu m
\Omega ,b(f\chi 3Ql

)(x)| 2

\leq cnC
2
\Omega 

\sum 
Q\in \scrF l

\Biggl[ 
m\sum 
k=0

\biggl( 
m

k

\biggr) \bigm| \bigm| b(x) - bRQ

\bigm| \bigm| m - k
\Bigl\langle \bigm| \bigm| f | b - bRQ

| k
\bigm| \bigm| \Bigr\rangle 

3Q

\Biggr] 2

\chi Q(x).

Taking \scrF = \cup l\scrF l, we have that \scrF is a
1

2
-sparse family and, for a.e. x \in \BbbR n,

| \mu m
\Omega ,bf(x)| 2 =

\sum 
l

| \mu m
\Omega ,bf(x)| 2\chi Ql

\leq cnC
2
\Omega 

\sum 
l

\sum 
Q\in \scrF l

\Biggl[ 
m\sum 
k=0

\biggl( 
m

k

\biggr) \bigm| \bigm| b(x) - bRQ

\bigm| \bigm| m - k
\Bigl\langle \bigm| \bigm| f | b - bRQ

| k
\bigm| \bigm| \Bigr\rangle 

3Q

\Biggr] 2

\chi Q(x)

\leq cnC
2
\Omega 

\sum 
Q\in \scrF 

\Biggl[ 
m\sum 
k=0

\biggl( 
m

k

\biggr) \bigm| \bigm| b(x) - bRQ

\bigm| \bigm| m - k
\Bigl\langle \bigm| \bigm| f | b - bRQ

| k
\bigm| \bigm| \Bigr\rangle 

3Q

\Biggr] 2

\chi Q(x).

Now since 3Q \subset RQ and | RQ| \leq 3n| 3Q| , we have | f | 3Q \leq cn| f | RQ
. Setting

\scrS = \cup l\{ RQ \in \scrD l : Q \in \scrF \} ,

then we obtain a
1

2 \cdot 9n
-sparse, and

| \mu m
\Omega ,bf(x)| 2 \leq cnC

2
\Omega 

\sum 
RQ\in \scrS 

\Biggl[ 
m\sum 
k=0

\biggl( 
m

k

\biggr) \bigm| \bigm| b(x) - bRQ

\bigm| \bigm| m - k
\Bigl\langle \bigm| \bigm| f | b - bRQ

| k
\bigm| \bigm| \Bigr\rangle 

RQ

\Biggr] 2

\chi RQ
(x).

Then we get (1.4).
Now we prove the claim (2.2). By (2.1), we know it suffices to prove (2.2) with \mu m

\Omega ,b replaced

by \widetilde \mu m
\Omega ,b. It suffices to prove the following recursive estimate: there exist pairwise disjoint cubes

Pl \in \scrD (Q0) such that
\sum 

l
| Pl| \leq 

1

2
| Q0| and
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\Bigl[ \widetilde \mu m
\Omega ,b(f\chi 3Q0)(x)

\Bigr] 2
\chi Q0(x) \leq cnC

2
\Omega 

\Biggl[ 
m\sum 
k=0

\biggl( 
m

k

\biggr) \bigm| \bigm| b(x) - bRQ0

\bigm| \bigm| m - k
\Bigl\langle \bigm| \bigm| f | b - bRQ0

| k
\bigm| \bigm| \Bigr\rangle 

3Q0

\Biggr] 2

\chi Q0(x)

+
\sum 
l

\Bigl[ \widetilde \mu m
\Omega ,b(f\chi 3Pl

)(x)
\Bigr] 2
\chi Pl

(x) (2.3)

a.e. in Q0. Iterating (2.3) we obtain (2.2) with \scrF being the union of all the family \{ P k
l \} where

\{ P 0
l \} = \{ Q0\} , \{ P 1

l \} = \{ Pl\} and \{ P k
l \} are the cubes obtained at the kth stage of the iterative

process. Indeed, choosing EPk
l
= P k

l \setminus \cup lP
k+1
l for each P k

l , we observe that \scrF is a
1

2
-sparse family.

Now we consider the recursive estimate. Let E =
\bigcup m

k=0Ek with

Ek =
\Bigl\{ 
x \in Q0 : \widetilde \mu \Omega 

\Bigl( 
| b - bRQ0

| kf\chi 3Q0

\Bigr) 
(x) > \alpha nC\Omega 

\Bigl\langle \bigm| \bigm| f | b - bRQ0
| k
\bigm| \bigm| \Bigr\rangle 

3Q0

\Bigr\} 
\cup 
\Bigl\{ 
x \in Q0 : M \ast 

\mu \Omega ,Q0

\Bigl( 
| b - bRQ0

| kf
\Bigr) 
(x) > \alpha nC\Omega 

\Bigl\langle \bigm| \bigm| f | b - bRQ0
| k
\bigm| \bigm| \Bigr\rangle 

3Q0

\Bigr\} 
for k = 0, 1, 2, . . . ,m, where \alpha n is a positive constant. Using Lemma 2.2 and the weak type (1,1)
boundedness of \widetilde \mu \Omega , we have

| Ek| \leq 
cnC\Omega 

\alpha nC\Omega 

\Bigl\langle \bigm| \bigm| f | b - bRQ0
| k
\bigm| \bigm| \Bigr\rangle 

3Q0

\bigm\| \bigm\| | b - bRQ0
| kf\chi 3Q0

\bigm\| \bigm\| 
1

+
cnC\Omega 

\alpha nC\Omega 

\Bigl\langle \bigm| \bigm| f | b - bRQ0
| k
\bigm| \bigm| \Bigr\rangle 

3Q0

\bigm\| \bigm\| | b - bRQ0
| kf\chi 3Q0

\bigm\| \bigm\| 
1

\leq 
3ncn

1
| 3Q0| 

\int 
3Q0

\bigm| \bigm| f | b - bRQ0
| k
\bigm| \bigm| 

\alpha n

\Bigl\langle \bigm| \bigm| f | b - bRQ0
| k
\bigm| \bigm| \Bigr\rangle 

3Q0

| Q0| +
3ncn
\alpha n

| Q0| 
1

| 3Q0| 

\int 
3Q0

\bigm| \bigm| f | b - bRQ0
| k
\bigm| \bigm| \Bigl\langle \bigm| \bigm| f | b - bRQ0

| k
\bigm| \bigm| \Bigr\rangle 

3Q0

dx

\leq 2 \cdot 3
ncn
\alpha n

| Q0| .

Then, choosing \alpha n large enough, we get

| E| \leq 1

2n+2
| Q0| .

Now on the cube Q0, we apply the Calderón – Zygmund decomposition to the function \chi E at

level
1

2n+1
, then we obtain pairwise disjoint cubes \{ Pl\} \subset \scrD (Q0), such that

(1) \chi E(x) \leq 
1

2n+1
for almost every x /\in \cup lPl;

(2)
\sum 

l
| Pl| = | \cup l Pl| \leq 2n+1| E| \leq 1

2
| Q0| ;

(3)
1

2n+1
\leq 1

| Pl| 

\int 
Pl

\chi E(x) =
| Pl \cap E| 
| Pl| 

\leq 1

2
.

From part (1), it is obvious that | E\setminus \cup l Pl| = 0, and from part (3), we get, for each Pl, | Pl\cap Ec| > 0,

that is, Pl \cap Ec \not = \varnothing .
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Write\Bigl[ \widetilde \mu m
\Omega ,b(f\chi 3Q0)(x)

\Bigr] 2
\chi Q0(x) =

\Bigl[ \widetilde \mu m
\Omega ,b(f\chi 3Q0)(x)

\Bigr] 2
\chi Q0\setminus \cup lPl

(x)

+
\sum 
l

\left(  2\int 
1

\infty \sum 
j=JPl

| Fm
j,b(f\chi 3Q0)(x, t)| 2dt

\right)  \chi Pl
(x)

+
\sum 
l

\left(  2\int 
1

JPl
 - 1\sum 

j= - \infty 
| Fm

j,b(f\chi 3Q0)(x, t)| 2dt

\right)  \chi Pl
(x)

=

\left(  2\int 
1

\sum 
j\in \BbbZ 

| Fm
j,b(f\chi 3Q0)(x, t)| 2dt

\right)  \chi Q0\setminus \cup lPl
(x)

+
\sum 
l

\left(  2\int 
1

\infty \sum 
j=JPl

| Fm
j,b(f\chi 3Q0)(x, t)| 2dt

\right)  \chi Pl
(x)

+
\sum 
l

\left(  2\int 
1

JPl
 - 1\sum 

j= - \infty 
| Fm

j,b(f\chi 3Q0)(x, t)| 2dt

\right)  \chi Pl
(x). (2.4)

For any c \in \BbbR n, we note that

Fm
j,bf =

1

2j

\int 
2j - 1t<| x - y| \leq 2jt

\Omega (x - y)

| x - y| n - 1
[b(x) - b(y)]mf(y)dy

=
1

2j

\int 
2j - 1t<| x - y| \leq 2jt

\Omega (x - y)

| x - y| n - 1
[(b(x) - c) - (b(y) - c)]mf(y)dy = Fm

j,b - cf

and

Fm
j,b - cf =

m\sum 
k=0

( - 1)k
\bigl( 
m
k

\bigr) 
Fj((b - c)kf)(b - c)m - k.

By using the Minkowski inequality, we obtain

2\int 
1

\sum 
j\in \BbbZ 

\bigm| \bigm| Fm
j,b(f\chi 3Q0)dy

\bigm| \bigm| 2dt \leq 2\int 
1

\sum 
j\in \BbbZ 

\bigm| \bigm| \bigm| \bigm| \bigm| 
m\sum 
k=0

\bigl( 
m
k

\bigr) 
Fj((b - c)kf\chi 3Q0)(b - c)m - k

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

dt

\leq 

\left[   m\sum 
k=0

\bigl( 
m
k

\bigr) 
| b - c| m - k

\left(  2\int 
1

\sum 
j\in \BbbZ 

\bigm| \bigm| \bigm| Fj((b - c)kf\chi 3Q0)
\bigm| \bigm| \bigm| 2dt

\right)  
1
2

\right]   
2

\leq 

\Biggl[ 
m\sum 
k=0

\bigl( 
m
k

\bigr) 
| b - c| m - k| \widetilde \mu \Omega ((b - c)kf\chi 3Q0)| 

\Biggr] 2

.
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Let c = bRQ0
, then we have

| \widetilde \mu m
\Omega ,b(f\chi 3Q0)| 2\chi Q0\setminus \cup jPj

\leq 

\Biggl[ 
m\sum 
k=0

\bigl( 
m
k

\bigr) 
| b - bRQ0

| m - k| \widetilde \mu \Omega ((b - bRQ0
)kf\chi 3Q0)| 

\Biggr] 2

\chi Q0\setminus \cup jPj
.

Do the same for (2.4), we obtain\bigl[ 
\mu m
\Omega ,b(f\chi 3Q0)(x)

\bigr] 2
\chi Q0(x)

\leq 

\Biggl[ 
m\sum 
k=0

\biggl( 
m

k

\biggr) 
| b - bRQ0

| m - k\widetilde \mu \Omega 

\Bigl( 
| b - bRQ0

| kf\chi 3Q0

\Bigr) 
(x)

\Biggr] 2

\chi Q0\setminus \cup lPl
(x)

+
\sum 
l

\left[   m\sum 
k=0

\biggl( 
m

k

\biggr) 
| b - bRQ0

| m - k

\left(  2\int 
1

\infty \sum 
j=JPl

| Fj

\Bigl( 
| b - bRQ0

| kf\chi 3Q0

\Bigr) 
(x, t)| 2dt

\right)  1/2
\right]   
2

\chi Pl
(x)

+
\sum 
l

\left(  2\int 
1

JPl
 - 1\sum 

j= - \infty 
| Fj(f\chi 3Q0)(x, t)| 2dt

\right)  \chi Pl
(x).

We observe that

\widetilde \mu \Omega 

\Bigl( 
| b - bRQ0

| kf\chi 3Q0

\Bigr) 
\chi Q0\setminus \cup lPl

(x) \leq \alpha nC\Omega 

\Bigl\langle \bigm| \bigm| f | b - bRQ0
| k
\bigm| \bigm| \Bigr\rangle 

3Q0

\chi Q0(x).

Since Pl \cap Ec \not = \varnothing , for some x \in Pl,

M \ast 
\mu \Omega ,Q0

\Bigl( 
| b - bRQ0

| kf
\Bigr) 
(x) \leq \alpha nC\Omega 

\Bigl\langle \bigm| \bigm| f | b - bRQ0
| k
\bigm| \bigm| \Bigr\rangle 

3Q0

,

then we get, for \xi \in Pl,\left(  2\int 
1

\infty \sum 
j=JPl

| Fj

\Bigl( 
| b - bRQ0

| kf\chi 3Q0

\Bigr) 
(\xi , t)| 2dt

\right)  
1
2

\leq \mathrm{i}\mathrm{n}\mathrm{f}
y\in Pl

\Bigl( 
M \ast 

\mu \Omega ,Q0

\Bigl( 
| b - bRQ0

| kf(y)
\Bigr) \Bigr) 

\leq \alpha nC\Omega 

\Bigl\langle \bigm| \bigm| f | b - bRQ0
| k
\bigm| \bigm| \Bigr\rangle 

3Q0

.

Now we note that, for j \leq JPl
 - 1, t \in [1, 2] and x \in Pl, if \chi 2j - 1t<| x - y| \leq 2jt = 1, then

| x - y| \leq 2jt \leq 2JPl \leq \ell (Pl),

but, for y \in \chi 3Q0\setminus 3Pl
, we have | x - y| > \ell (Pl). Therefore, Fm

j,b

\bigl( 
f\chi 3Q0\setminus 3Pl

\bigr) 
(x, t) = 0 and\left(  2\int 

1

JPl
 - 1\sum 

j= - \infty 
| Fm

j,b(f\chi 3Q0)(x, t)| 2dt

\right)  \chi Pl
(x) \leq 

\Bigl[ \widetilde \mu m
\Omega ,b(f\chi 3Pl

)(x)
\Bigr] 2
\chi Pl

(x).

Consequently, for almost everywhere x \in Q0,
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\Bigl[ \widetilde \mu m
\Omega ,b(f\chi 3Q0)(x)

\Bigr] 2
\chi Q0(x) \leq cnC

2
\Omega 

\Biggl[ 
m\sum 
k=0

\biggl( 
m

k

\biggr) 
| b - bRQ0

| m - k
\Bigl\langle \bigm| \bigm| f | b - bRQ0

| k
\bigm| \bigm| \Bigr\rangle 

3Q0

\Biggr] 2

\chi 3Q0(x)

+
\sum 
l

\Bigl[ \widetilde \mu m
\Omega ,b(f\chi 3Pl

)(x)
\Bigr] 2
\chi Pl

(x).

Theorem 1.1 is proved.
3. Proof of Theorem 1.2. To prove part (a) of Theorem 1.2, we take some ideas in [17].
Lemma 3.1 [15]. Given a dyadic lattice \scrD there exist 3n dyadic lattices \scrD j such that

\{ 3Q : Q \in \scrD \} =
3n\bigcup 
j=1

\scrD j ,

and, for every cube Q \in \scrD , we can find a cube RQ in each \scrD j such that Q \subset RQ and 3\ell (Q) =

\ell (RQ).

Fix a lattice \scrD . For an arbitrary cube Q \subset \BbbR n, there is a cube Q\prime \in \scrD such that
\ell Q
2

< \ell Q\prime < \ell Q

and Q \subset 3Q\prime . By Lemma 3.1, there is j \in \{ 1, . . . , 3n\} such that 3Q\prime = P \in \scrD j . Therefore, for
every cube Q \subset \BbbR n, there exists P \in \scrD j such that Q \subset P and \ell P \leq 3\ell Q. At this point, we observe
that | Q| \leq | P | \leq 3n| Q| . A similar statement can be found in [11].

From (1.4), it is straightforward that

[\mu m
\Omega ,b(f)(x)]

2 \leq cnC
2
\Omega 

\left[  \sum 
Q\in \scrS 

m\sum 
k=0

\biggl( 
m

k

\biggr) 
| b(x) - bQ| m - k\langle | f | b - bQ| k| \rangle Q

\right]  2

\chi Q(x).

There exist 3n dyadic lattices \scrD j and sparse families \scrS j \subset \scrD j such that

| \mu m
\Omega ,b(f)(x)| \leq cnC\Omega 

3n\sum 
j=1

m\sum 
k=0

\biggl( 
m

k

\biggr) \sum 
Q\in \scrS j

| b(x) - bQ| m - k\langle | f | b - bQ| k| \rangle Q\chi Q(x).

We recall that given a sparse family \scrS from \scrD , we define the sparse operator with respect to BMO

\scrA m,k
\scrS (b, f)(x) =

\sum 
Q\in \scrS 

| b(x) - bQ| m - k\langle | f | b - bQ| k| \rangle Q\chi Q(x).

From the proof process of Theorem 1.1 in [17], we have

\| \scrA m,k
\scrS (b, f)\| Lp(\lambda ) \leq c\| b\| mBMO

v1/m
([\lambda ]Ap [u]Ap)

m+1
2

\mathrm{m}\mathrm{a}\mathrm{x}\{ 1, 1
p - 1

\} \| f\| Lp(u),

so

\| \mu m
\Omega ,b(f)\| Lp(\lambda ) \leq cn,mC\Omega \| \scrA m,k

\scrS (b, f)\| Lp(\lambda )

\leq cn,mC\Omega \| b\| mBMO
v1/m

([\lambda ]Ap [u]Ap)
m+1

2
\mathrm{m}\mathrm{a}\mathrm{x}\{ 1, 1

p - 1
\} \| f\| Lp(u).

Therefore, the proof of part (a) is completed.
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Recall that the local mean oscillation of f on Q is represented by

\omega \lambda (f ;Q) = \mathrm{i}\mathrm{n}\mathrm{f}
a\in \BbbR 

((f  - a)\chi Q)
\ast (\lambda | Q| ), 0 < \lambda < 1,

where ((f  - a)\chi Q)
\ast denotes the nonincreasing rearrangement of (f  - a)\chi Q. Let us prove then part

(b) of Theorem 1.2. We rely upon the following lemmas.
Lemma 3.2 [17]. Let \eta \in A\infty . Then

\| f\| BMO\eta \leq c \mathrm{s}\mathrm{u}\mathrm{p}
Q

\omega \lambda (f ;Q)
| Q| 
\eta (Q)

\biggl( 
0 < \lambda \leq 1

2n+2

\biggr) 
,

where c depends only on \eta .

Lemma 3.3 [17]. For \lambda =
1

2n+2
, there exist 0 < \varepsilon 0, \xi 0 < 1 and k0 > 1 depending only

on \Omega and n such that the following holds. For every cube Q \subset \BbbR n, there exist measuralbe sets

E \subset Q,F \subset k0Q and | G| \subset E \times F with G \geq \xi 0| Q| 2, | E| = 1

2n+3
| Q| such that

(i) \omega \lambda (b;Q) \leq | b(x) - b(y)| for all (x, y) \in E \times F ;

(ii) \Omega 

\biggl( 
x - y

| x - y| 

\biggr) 
and b(x) - b(y) do not change sign in E \times F ;

(iii) \Omega 

\biggl( 
x - y

| x - y| 

\biggr) 
\geq \varepsilon 0 for all (x, y) \in G.

Combining properties (i) and (iii) of Lemma 3.3, we obtain

\omega 1
2n+2

(b;Q)m| G| \leq 1

\varepsilon 0

\int \int 
G

| b(x) - b(y)| m
\bigm| \bigm| \bigm| \bigm| \Omega \biggl( x - y

| x - y| 

\biggr) \bigm| \bigm| \bigm| \bigm| dxdy.
Then taking into account | x - y| \leq k0 + 1

2

\surd 
n\ell (Q), for all (x, y) \in G, we have

\omega 1
2n+2

(b;Q)m| G| \leq 1

\varepsilon 0

\biggl( 
k0 + 1

2

\surd 
n\ell (Q)

\biggr) n - 1 \int \int 
G

| b(x) - b(y)| m
\bigm| \bigm| \bigm| \bigm| \Omega \biggl( x - y

| x - y| 

\biggr) \bigm| \bigm| \bigm| \bigm| dxdy

| x - y| n - 1
.

By property (ii), we know that | b(x)  - b(y)| m\Omega 

\biggl( 
x - y

| x - y| 

\biggr) 
does not change sign in E \times F. Hence,

using | G| \geq \xi 0| Q| 2, we get

\omega 1
2n+2

(b;Q)m \leq 1

\varepsilon 0\xi 0

\biggl( 
k0 + 1

2

\surd 
n

\biggr) n 1

| Q| 
1\biggl( 

k0 + 1

2

\surd 
n\ell (Q)

\biggr) 

\times 
\int 
E

\int 
F

| b(x) - b(y)| m
\bigm| \bigm| \bigm| \bigm| \Omega \biggl( x - y

| x - y| 

\biggr) \bigm| \bigm| \bigm| \bigm| dydx

| x - y| n - 1

=
1

\varepsilon 0\xi 0

\biggl( 
k0 + 1

2

\surd 
n

\biggr) n 1

| Q| 
1\biggl( 

k0 + 1

2

\surd 
n\ell (Q)

\biggr) 
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\times 
\int 
E

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 
F

(b(x) - b(y))m\Omega 

\biggl( 
x - y

| x - y| 

\biggr) 
dy

| x - y| n - 1

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| dx.
Taking into account | x  - y| \leq k0 + 1

2

\surd 
n\ell (Q) for all (x, y) \in G, we observe that \{ y : | x  - y| \leq 

t\} \cap F = F when t \geq (k0 + 1)
\surd 
n\ell (Q). Then we have

\omega 1
2n+2

(b;Q)m \leq c

| Q| 
1\Bigl( 

k0+1
2

\surd 
n\ell (Q)

\Bigr) \int 
E

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 
F

(b(x) - b(y))m\Omega 

\biggl( 
x - y

| x - y| 

\biggr) 
dy

| x - y| n - 1

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| dx

\leq c

| Q| 

\int 
E

\left(   \infty \int 
(k0+1)

\surd 
n\ell (Q)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

\{ y : | x - y| \leq t\} \cap F

(b(x) - b(y))m\Omega 

\biggl( 
x - y

| x - y| 

\biggr) 
dy

| x - y| n - 1

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dt

t3

\right)   
1
2

dx

\leq c

| Q| 

\int 
E

\bigm| \bigm| \mu m
\Omega ,b(\chi F )

\bigm| \bigm| dx,
where c depends only on \Omega and n. By using Hölder inequality and the assumption \| \mu m

\Omega ,b(\chi F )\| Lp(\lambda ) \leq 
cu(F )

1
p , we obtain

\omega 1
2n+2

(b;Q)m \leq c

| Q| 

\left(  \int 
E

\bigm| \bigm| \mu m
\Omega ,b(\chi F )

\bigm| \bigm| p\lambda dx
\right)  1

p

\left(   \int 
Q

\lambda 
 - 1

p - 1dx

\right)   
1
p\prime 

\leq c

| Q| 
u(F )

1
p

\left(   \int 
Q

\lambda 
 - 1

p - 1dx

\right)   
1
p\prime 

\leq c

\left(   1

| Q| 

\int 
Q

u

\right)   
1
p
\left(   1

| Q| 

\int 
Q

\lambda 
 - 1

p - 1dx

\right)   
1
p\prime 

.

Since u \in Ap, we have that u is doubling,

u(F ) \leq u(k0Q) \leq cu(Q),

and

1

| Q| 

\int 
Q

u \leq c

\left(   1

| Q| 

\int 
Q

u
1
r

\right)   
r

, r > 1.

Then

\omega 1
2n+2

(b;Q)m \leq c

\left(   1

| Q| 

\int 
Q

u
1
r

\right)   
r
p
\left(   1

| Q| 

\int 
Q

\lambda 
 - 1

p - 1

\right)   
1
p\prime 

.

Taking r = mp+ 1, using Hölder inequality with
mp

r
+

r  - mp

r
= 1, and u

1
r = \lambda 

1
r \nu 

p
r , we get

ISSN 1027-3190. Укр. мат. журн., 2024, т. 76, № 6



ON BLOOM-TYPE CHARACTERIZATIONS OF THE HIGHER-ORDER COMMUTATORS . . . 945

\omega 1
2n+2

(b;Q)m \leq c

\left(   1

| Q| 

\int 
Q

\lambda 
1
r \nu 

p
r

\right)   
r
p
\left(   1

| Q| 

\int 
Q

\lambda 
 - 1

p - 1

\right)   
1
p\prime 

\leq c

\left(   1

| Q| 

\int 
Q

\nu 
1
m

\right)   
m\left(   1

| Q| 

\int 
Q

\lambda 

\right)   
1
p
\left(   1

| Q| 

\int 
Q

\lambda 
 - 1

p - 1

\right)   
p - 1
p

\leq c

\biggl( 
1

| Q| 
\nu 1/m(Q)

\biggr) m

,

that is, \omega 1
2n+2

(b;Q) \leq c

| Q| 
\nu 1/m(Q). On the other hand, since u, \lambda \in Ap, we have \nu 1/m \in A2 by

Hölder’s inequality. Therefore, taking into account Lemma 3.2, we obtain

\| b\| BMO
\nu 1/m

\leq c \mathrm{s}\mathrm{u}\mathrm{p}
Q

\omega 1
2n+2

(b;Q)
| Q| 

\nu 1/m(Q)
\leq c \mathrm{s}\mathrm{u}\mathrm{p}

Q

c

| Q| 
\nu 1/m(Q)

| Q| 
\nu 1/m(Q)

\leq c

for all Q. Finally, we prove that b \in BMO\nu 1/m .

Theorem 1.2 is proved.
4. Proof of Theorems 1.3 and 1.4. To prove Theorems 1.3 and 1.4, we need to give the following

lemma.
Lemma 4.1 [7]. For any nonnegative function g(x), we have\int 

\BbbR n

(\mu \ast ,m
\Omega ,\alpha ,b(f)(x))

2g(x)dx \leq C\alpha 

\int 
\BbbR n

(\mu m
\Omega ,b(f)(x))

2Mg(x)dx,

where M is the Hardy – Littlewood maximal operator.
For part (a) of Theorems 1.3 and 1.4, since

\mu m
\Omega ,S,b \leq 

\left(    \int \int 
\BbbR n+1
+

\biggl( 
2t

t+ | x - y| 

\biggr) n\alpha 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

| y - z| \leq t

\Omega (y  - z)

| y  - z| n - 1
[b(x) - b(z)]mf(z)dz

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dydt

tn+3

\right)    
1
2

\leq 2n\alpha \mu \ast ,m
\Omega ,\alpha ,b(f)(x),

we need only consider \mu \ast ,m
\Omega ,\alpha ,b. For p > 2, setting r =

p

2
, then, by duality, Lemma 4.1 and Hölder’s

inequality, we get

\| \mu \ast ,m
\Omega ,\alpha ,b(f)\| Lp(\lambda ) =

\left(  \int 
\BbbR n

(\mu \ast ,m
\Omega ,\alpha ,b(f)(x))

p\lambda (x)dx

\right)  1
p

=

\left(  \int 
\BbbR n

[(\mu \ast ,m
\Omega ,\alpha ,b(f)(x))

2\lambda r\prime  - 1]r\lambda 1 - r\prime dx

\right)  1
2r
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=

\left(  \mathrm{s}\mathrm{u}\mathrm{p}
\| g\| 

Lr\prime (\lambda 1 - r\prime )\leq 1

\int 
\BbbR n

(\mu \ast ,m
\Omega ,\alpha ,b(f)(x))

2\lambda r\prime  - 1g(x)\lambda 1 - r\prime dx

\right)  1
2

=

\left(  \mathrm{s}\mathrm{u}\mathrm{p}
\| g\| 

Lr\prime (\lambda 1 - r\prime )\leq 1

\int 
\BbbR n

(\mu \ast ,m
\Omega ,\alpha ,b(f)(x))

2g(x)dx

\right)  1
2

\leq C\alpha 

\left(  \mathrm{s}\mathrm{u}\mathrm{p}
\| g\| 

Lr\prime (\lambda 1 - r\prime )\leq 1

\int 
\BbbR n

(\mu m
\Omega ,b(f)(x))

2Mg(x)dx

\right)  1
2

\leq C\alpha \| \mu m
\Omega ,b(f)\| Lp(\lambda )

\left(  \mathrm{s}\mathrm{u}\mathrm{p}
\| g\| 

Lr\prime (\lambda 1 - r\prime )\leq 1

\| Mg\| Lr\prime (\lambda 1 - r\prime )

\right)  1
2

\leq C\alpha \| \mu m
\Omega ,b(f)\| Lp(\lambda ).

Here, we have used the fact that M is weak (1,1) in the last inequality. Using the conclusion of
Theorem 1.2, namely,

\| \mu m
\Omega ,b(f)\| Lp(\lambda ) \leq cn,mC\Omega \| b\| mBMO

v1/m
([\lambda ]Ap [u]Ap)

m+1
2

\mathrm{m}\mathrm{a}\mathrm{x}\{ 1, 1
p - 1

\} \| f\| Lp(u),

we can directly obtain

\| \mu \ast ,m
\Omega ,\alpha ,b(f)\| Lp(\lambda ) \leq cn,m,\alpha C\Omega \| b\| mBMO

v1/m
([\lambda ]Ap [u]Ap)

m+1
2

\mathrm{m}\mathrm{a}\mathrm{x}\{ 1, 1
p - 1

\} \| f\| Lp(u)

and

\| \mu m
\Omega ,S,b(f)\| Lp(\lambda ) \leq cn,m,\alpha C\Omega \| b\| mBMO

v1/m
([\lambda ]Ap [u]Ap)

m+1
2

\mathrm{m}\mathrm{a}\mathrm{x}\{ 1, 1
p - 1

\} \| f\| Lp(u).

For part (b) of Theorems 1.3 and 1.4, we need only consider the operator \mu m
\Omega ,S,b. In fact,

since \mu m
\Omega ,S,b \leq 2n\alpha \mu \ast ,m

\Omega ,\alpha ,b(f)(x), part (b) of Theorem 1.4 is indeed a direct consequence of part
(b) of Theorem 1.3. Let Ex and Ey denote the range of x and the range of y, respectively, and
Ex = Ey = E. Combining properties (i) and (iii) of Lemma 3.3, for x \in Ex, we obtain

\omega 1
2n+2

(b;Q)m| G| \leq 1

\varepsilon 0

\int \int 
G

| b(x) - b(z)| m
\bigm| \bigm| \bigm| \bigm| \Omega \biggl( y  - z

| y  - z| 

\biggr) \bigm| \bigm| \bigm| \bigm| dydz.
Then taking into account | y  - z| \leq k0 + 1

2

\surd 
n\ell (Q) for all (y, z) \in G, we have

\omega 1
2n+2

(b;Q)m| G| \leq 1

\varepsilon 0

\biggl( 
k0 + 1

2

\surd 
n\ell (Q)

\biggr) n - 1 \int \int 
G

| b(x) - b(z)| m
\bigm| \bigm| \bigm| \bigm| \Omega \biggl( y  - z

| y  - z| 

\biggr) \bigm| \bigm| \bigm| \bigm| dzdy

| y  - z| n - 1
.

By property (ii), we know that | b(x) - b(z)| m\Omega 

\biggl( 
y  - z

| y  - z| 

\biggr) 
does not change sign in Ey \times F. Hence,

using | G| \geq \xi 0| Q| 2, | E| = 1

2n+3
| Q| , integrating with respect to x yield that
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\omega 1
2n+2

(b;Q)m \leq 1

\varepsilon 0\xi 0

\biggl( 
k0 + 1

2

\surd 
n

\biggr) n 1

| Q| | E| 
1\biggl( 

k0 + 1

2

\surd 
n\ell (Q)

\biggr) 

\times 
\int 
Ex

\int 
Ey

\int 
F

| b(x) - b(z)| m
\bigm| \bigm| \bigm| \bigm| \Omega \biggl( y  - z

| y  - z| 

\biggr) \bigm| \bigm| \bigm| \bigm| dzdy

| y  - z| n - 1
dx

\leq 2n+3

\varepsilon 0\xi 0

\biggl( 
k0 + 1

2

\surd 
n

\biggr) n 1

| Q| 2
1\biggl( 

k0 + 1

2

\surd 
n\ell (Q)

\biggr) 

\times 
\int 
Ex

\int 
Ey

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 
F

(b(x) - b(z))m\Omega 

\biggl( 
y  - z

| y  - z| 

\biggr) 
dz

| y  - z| n - 1

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| dydx.

Taking into account | y  - z| \leq k0 + 1

2

\surd 
n\ell (Q) for all (y, z) \in G, we observe that \{ z : | y  - z| \leq 

t\} \cap F = F when t \geq (k0 + 1)
\surd 
n\ell (Q). Then we have

\omega 1
2n+2

(b;Q)m

\leq c

| Q| 2
1\biggl( 

k0 + 1

2

\surd 
n\ell (Q)

\biggr) \int 
Ex

\int 
Ey

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 
F

(b(x) - b(z))m\Omega 

\biggl( 
y  - z

| y  - z| 

\biggr) 
dz

| y  - z| n - 1

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| dydx

\leq c

| Q| 
3
2

\int 
Ex

\int 
Ey

\left(   \infty \int 
(k0+1)

\surd 
n\ell (Q)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

\{ z : | y - z| \leq t\} \cap F

(b(x) - b(z))m\Omega 

\biggl( 
y  - z

| y  - z| 

\biggr) 
dz

| y  - z| n - 1

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dt

tn+3

\right)   
1
2

dydx

\leq c

| Q| 
3
2

\int 
Ex

\left(   \int 
Ey

\infty \int 
(k0+1)

\surd 
n\ell (Q)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

\{ z : | y - z| \leq t\} 

(b(x) - b(z))m\Omega 

\biggl( 
y  - z

| y  - z| 

\biggr) 
\chi Fdz

| y  - z| n - 1

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dtdy

tn+3

\right)   
1
2

| Ey| 
1
2dx

\leq c

| Q| 

\int 
Ex

\left(   \infty \int 
(k0+1)

\surd 
n\ell (Q)

\int 
Ey

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\int 

\{ z : | y - z| \leq t\} 

(b(x) - b(z))m\Omega 

\biggl( 
y  - z

| y  - z| 

\biggr) 
\chi Fdz

| y  - z| n - 1

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dydt

tn+3

\right)   
1
2

dx

\leq c

| Q| 

\int 
Ex

| \mu m
\Omega ,S,b(\chi F )| dx,

where c depends only on \Omega and n. By the same way as part (b) of Theorem 1.2, we obtain that
b \in BMO\nu 1/m .

Theorems 1.3 and 1.4 are proved.
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