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EXTENDED TOTAL GRAPH ASSOCIATED TO FINITE COMMUTATIVE RINGS

PO3LINPEHUN TOTAJTBHUM T'PAD,
ACOLIMOBAHUM 31 CKIHHEHHUMHM KOMYTATUBHUMU KUIBISIMU

For a commutative ring R with nonzero identity 1 # 0, let Z(R) denote the set of zero divisors. The total graph of R
denoted by Tr(R) is a simple graph in which all elements of R are vertices and any two distinct vertices = and y are
adjacent if and only if  + y € Z(R). In this paper, we define an extension of the total graph denoted by T'(I'°(R)) with
vertex set as Z(R), and two distinct vertices = and y are adjacent if and only if z +y € Z*(R), where Z*(R) is the set
of nonzero zero divisors of R. Our main aim is to characterize the finite commutative rings whose T'(I"*(R)) has clique
numbers 1,2, and 3. In addition, we characterize finite commutative nonlocal rings R for which the corresponding graph
T(I'*(R)) has the clique number 4.

Hexaii Z(R) no3Ha4ae MHOKHHY JiTbHUKIB HyJIS UIsl KOMYTATHBHOTO Kbl R 3 BiIMiHHOO Bij HyIst ToTOHicTIO 1 # 0.
IMosuuii rpad kinbus R, skuit Mu nozuadaemo 11 (R), € mpoctuM rpadom, B SKOMY BCi elleMeHTH R € BepIIHHAMHE, a JBi
pi3Hi BepIIMHA T 1 y CyMiXKHI TOZ] 1 TiNbKH Toxi, komu +y € Z(R). V wiif cTaTTi MH BU3HAYa€MO PO3IIHPEHHS TOTAIBHOIO
rpada, sikuit Mu nosunauaemo T(I'°(R)) i saxuit Mae Bepuudy Z(R), a 1Bi pi3Hi BepimmHu x 1 y cyMibKHI TOi i TUIBKH TOI,
ko . +y € Z*(R), ne Z*(R) — Habip HeHyIbOBUX IUTLHUKIB Hymst B R. OCHOBHOIO METOIO CTATTi € XapaKTepUCTHKA
CKIHUCHHHMX KOMYTATHBHHX Kijieup, y skux T (I'°(R)) mae kiikosi uncina 1, 2 i 3. KpiM Toro, oxapakTepu3oBaHo CKiHYCHHI
KOMYTATHBHI HenoKanbHi Kinbist R, Bigmosinuuii rpad 7'(I'°(R)) sSKHX Ma€e KIIKOBE YHCIO 4.

1. Introduction. All graphs considered in this article are connected, simple and finite. A graph is
denoted by G = G(V (G), E(G)), where V(G) is the vertex set and E(G) is the edge set of G. The
order and the size of G are the cardinalities of V(G) and E(G), respectively. A complete graph on n
vertices is denoted by K, and a complete bipartite graph is denoted by K,,, ,,,, where n; and no are
the cardinalities of partite subsets. The adjacency relation between two vertices x and y is denoted
by  ~ y. For S C V, the graph G[S] is an induced subgraph of G, with vertex set S and whose
edge set consists of those edges of EF whose end vertices are in S. A clique of a graph G is defined
as the complete subgraph of GG. The cardinality of the largest clique is called the clique number and
is denoted by w(G). In a graph G, the set of nonadjacent vertices is called an independent set and the
cardinality of the maximum independent set is called the independence number of G and is denoted
by i(G). Also, by comp (G), we denote the number of connected components of a graph G. For
more on graphs, we refer [12].

For notations and results about commutative rings, we use [8, 11, 16, 17] as basic references. A
ring R is assumed to be a finite commutative ring with identity 1 # 0. A ring R is said to be local, if it
has a unique maximal ideal. The finite field with n elements is denoted by [F,, and the ring Z,, denotes
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the ring of integers modulo n. The cardinality of a ring R is denoted by |R|. The direct product of
two rings R and Ra, denoted by Ry x Ra, consists of all the ordered pairs (a,b) with a € Ry and
b € Ry. The addition rule for such pairs is (a,b) + (¢, d) = (a + ¢, b+ d) and multiplication rule for
such pairs is (a,b).(c,d) = (ac, bd). The structure theorem for Artinian rings states that any Artinian
ring R is isomorphic to the direct product of local rings, that is, R = R; X Ry X ... x R, for some
positive integer n, where R;, ¢+ = 1,2,...,n, are local rings.

Let R be a commutative ring and Z(R) be its set of all zero-divisors and Z*(R) = Z(R) \ {0}
be the set of nonzero zero-divisors. The concept of the zero-divisor graph I'(R) associated to a ring
R was first defined and introduced by Beck [4] and later modified by Anderson and Livingston [2].
A new extension of the zero-divisor graph can be seen in Cherrabi et al. [6, 7] and Bennis et al. [5].
Anderson and Badawi [1] introduced the total graph of R, denoted by Tr(R), as a simple graph
with all elements of R as vertices and two distinct vertices  and y are adjacent if and only if
x+y € Z(R). We define a new extension of the total graph, denoted by T'(I'°(R)), corresponding
to a commutative ring R, whose vertex set is the set of nonzero zero-divisors of R and two distinct
vertices x and y are adjacent if and only if = + y € Z*(R). The justification can be seen from the
fact that the number of edges in 7'(I'*(R)) is relatively less than the number of edges in 71(R). The
extended total graphs T'(I'(Z16)) and T'(I'¢(Za7)) associated to Zj¢ and Za7 are shown in Fig. 1.

24 21 22

zZ z
3 7 25 23

29 26 26 Z4

<1 <5 =7 <8

(a) (b)
Fig. 1. The extended total graphs T'(I'(Z1¢)) (a) and T'(I'°(Z27)) (b).

Liu et al. [9] completely determined the structure of all finite commutative rings whose zero-divisor
graphs have clique number 1, 2, or 3. Also, Liu et al. [10] investigated the algebraic structure of rings
R whose zero-divisor graph G(R) has clique number 4. They obtained complete characterizations of
all the finite commutative local rings with clique number 4. Tian and Li [18] proposed a constructive
method for calculating the clique number of the zero-divisor graph of the ring Z,. We observe that
finding the clique of some particular order in T'(I'°(R)) is relatively difficult than in T (R). Thus, it is
interesting to investigate the clique number of 7'(I'*(R)). Further, it will be interesting to investigate
the graph invariants of 7'(I'*(R)). From the definition, we observe that 7'(I'°(R)) is an empty graph
if and only if R is an integral domain. Some recent results can be seen in [13—15].

This paper is organized as follows. In Section 2, we discuss some basic properties of the graph
T(T'°(R)), especially when R is the ring of integers modulo n. In Section 3, we characterize all finite
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commutative rings for which w(7T'(I'¢(R)) = 1,2, 3. Also, we characterize the finite commutative
nonlocal rings R corresponding to 7'(I'(R)), when w(T'(I'¢(R))) = 4.

2. Basic properties of T'(I'°(R)) when R = Z,,. For any ring R, we observe that 7'(I"*(R))
is connected. Further, we observe that T'(I'“(R)) is connected for some specific families of rings.

For example, consider the family of zero-rings R = m—Z, the graph T'(I'¢(R)) is always connected,
n

since all the elements of 7 are zero-divisors and is closed with respect to addition. In case we

consider the family of quogent rings, the graph T'(I'°(R)) is not always connected. For example, if
R~ L2l Zs3]x]

= 2\
the graph T'(I'°(R)) is disconnected with two isolated vertices. Further, if R is an Artinain ring, then
R= R; X Ry X Ry X ...x R,, where each R;, 1 <14 < n, are local rings. Therefore, for n > 2,
we observe that the graph T'(I'“(R)) is connected. The above observations suggest to characterize
those rings whose 7'(I'°(R)) is connected. In this direction, we have investigated the connectedness
of T(I'“(R)), for the family of the ring of integers modulo 7, for different values of n.

, the graph T'(I'“(R)) is connected and is isomorphic to K3, while as for R =

We start with the following observation.

Observation 2.1. If n = p, where p is prime, then the graph T'(I'*(Z,)) is an empty graph.

Lemma 2.1. If n = 2™, m > 4, is an integer, then, for any vertex v € V(T (T*(Zy))), we
have

2m71 - 27 lf v = ﬁ7
degv = 2
om=1l _ 3 otherwise.

Further, i(T(T¢(Zy))) = 2.

Proof. Let G = T(I'°(Zy,)). For n = 2™ note that Z*(Z,,) = {2k(mod n) | k € Z*}. Therefore,
V(G) =1{2,4,6,...,2™—2} = {z1,29..., 29m-1_1}, Where 23, = 2k forall k = 1,2,...,2m 1 1.
Hence, |V (G)| = 2™~ —2. Observe that, corresponding to every z,, 7 # 2™~ 2, there exists a unique
25, 1 < r # 5 < 2™t 1 such that z, + 2z, = 0 (modn). However, if r = 272, there is no
2z, 1 < r # s < 2m1 — 1 such that 2. + 2z, = 0 (modn). Since 2, + 2z, € Z*(Z,) for all
1 <r+#s<2m ! 1 such that z. + zs # 0 (modn), therefore it follows that {z,, z;} € E(G)
such that z, + zs Z 0 (modn). In other words, for k # 2™2 degz, = |[V(G)| —2 =2m"1 -3
and deg zom—2 = |V(G)| — 1 =2m"1 -2,

Moreover, i(G) = 2 follows from the fact that {z,, zs} is the maximal independent set if and
only if z, + zs = 0 (modn).

One can consider the example of extended total graph of Z;s as shown in Fig. 1(a) to see for
k # 4, deg z;, = 5, and deg z4 = 6.

Lemma 2.2. [fn = p™, where m > 3 and p is a prime greater or equal to 3, then the graph
T(T(Zy)) is p™* — 1 regular. Moreover, i(T(T¢(Zy)) = 2.

Proof. Let G = T(I'(Z,)), where n = p™, m > 3, is an integer and p > 3 is prime.
Note that Z*(Z,) = {kp | k = 1,2,...,p™! — 1}. Hence, V(G) = {p,2p,..., (™' — 1)p} =
{#1,22,.. ., 2pm-1_1}, where 2, = pk forall k = 1,2, ... ,p™ 1 —1. Now, for any rp, sp € Z*(Z,),
where 1 < r # s < p™~! — 1, we see that rp + sp = (r + s)p € Z*(Z,,) provided r + s # p™ 1.
Therefore, {z,, 25} € E(G) provided 7 + s # p™~!. Since for a given z,, there exists a unique zs
such that r 4+ s = p™~!, we see that every vertex z; of G is adjacent to every other vertex except
the vertex z,m-1_y,. Therefore, we conclude that G is [V (G|) — 1 = p™~ ! — 1 regular.
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Moreover, i(G) = 2 follows from the fact that {z,, z,} is the maximal independent set if and
only if z, + 2z = 0 (mod n).

Furthermore, one can observe that the set {z,,zs} is maximal independent set if and only if
r+ s # p™ ! Hence, i(G) = 2.

Lemma 2.3. Let n = pq, where are p, q be distinct primes with p < q. Then the graph
T(I'¢(Zy,)) is disconnected and

2, if p,q#3,

3, otherwise.

comp (G) =

Proof. Let G =T (I'°(Z,,)), where n = pq. Note that Z*(Z,,) = {rp,sq |1 <r <q, 1 <s<
p}. Hence, V(G) = {p,2p,...,(¢—1)p,q,2q,...,(p—1)q} = ViUVa, where V} = {p,2p,...,(q—
)p} ={u1,ug,...,ug—1} and Vo = {q,2¢q,...,(p — 1)¢} = {w1,we, ..., wp_1}. First note that if
u; € Vqp and w; € Vs, then u; + w; = ip + jq for some 1 <7 < g and 1 < j < p, and hence
u,v € Vi, since ged(ip + jq,pq) = 1. Thus, there is no edge in G whose one end vertex is in
V1 and other in V5. This shows that comp (G) > 2. On the other hand, suppose u,v € V;, i =1
or 2. Without loss of generality, we may assume that u,v € Vi. Then u + v = rp 4 sp for some
1 <rs < q.Hence, u+v € Z*(Zy,) if and only if r + s # ¢. Similarly, one can observe that if
u=1q, v=mq € Va, then u+v € Z*(Z,) if and only if [ +m # p, where 1 < I,m < p. We have
the following cases to consider.

Case 1. If p,q # 3, then clearly ¢ > 5. Consider the induced subgraph G[V;] on |V;|, i = 1, 2.
We claim that G[V;] is connected. First suppose that p = 2 so that ¢ > 3. Then G[V3] is a vertex,
since |Va| = 1. Hence, G[V3] is connected. On the other hand, G[V1] consists of more than 4 vertices.
Since for any u € Vi, there exists exactly one element v € V; such that u+v ¢ Z*(Z,,). Therefore,
we conclude that G[V;] is connected. However, if p # 2, then both p,r > 5 and by the same
argument as above, we conclude that G[V;] is connected for ¢ = 1, 2. Hence, comp (G) = 2.

Case 2. If either p or ¢ is equal to 3, then one of the subsets |V;| of V(G) has size 2, where
i = 1 or 2. Without loss of generality, suppose that V| = 2. Then by the same fact as discussed
above, for any u € Vi, there exists exactly one element v € V; such that v + v ¢ Z*(Z,). This
shows that comp (G[V1]) = 2. Hence, comp (G) = 3.

Lemma 24. If n = 2m, where m € Z" and V(T(T¢(Zy))) = Z*(Zy), then the graph
T(T¢(Zy)) is connected or disconnected according as n = 2F or n = 2™.pt, where p is an odd
prime and t,k € 7" .

Proof. The proof follows from Lemmas 2.1 and 2.3.

Theorem 2.1. Let n = p{'py2ps® ... p*, where k > 3, p; 5 are distinct primes for all 1 <
i <k, and nj, 1 < j < k, are positive integers. Let V(T (I*(Zy))) = Z*(Zy). Then the graph
T(T¢(Zy,)) is connected.

Proof. Let G =T(I'°(Zy)). Consider the following subsets of the vertex set V(G):

Vi={veV(@G):pl+veZ*(R), 1<i<k, 1<j<mn}.

Clearly, every element of the vertex set V' (G) will be present in at least one of the Vij , 1 <1<k,
1 < j < n;, as defined above. Note that, by Lemma 2.2, the induced subgraph G[V/] on the vertex
subsets V;/ are connected.
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Again, let for any v € Vij there exists at least one element w € V", i # [ and j # m, such that
from every Vj, 1 < j < ng, j # t, such that v + w € Z*(Zy,). This would imply that the graph
T(G) is connected.

3. Cliques in T'(I'°(R)) associated to finite commutative rings. We start with the following
facts.

Observation 3.1. For a finite integral domain R, we observe that w(T(I'°(R))) = 1. Further,
if in case R is a finite commutative ring, then w(T'(I'°(R))) = 2 if and only if R is one of the
following rings:

Z3 [w]
(f(2))”

Z4[a?,y]
(2,9)%"

o\ ZG or ZZ X Z3a Z9a

where f(x) is a reducible polynomial of degree two over Zs.
Observation 3.2. Let R~ Ry X Ry X...X Ry, n>2 and |R;| > 2, where R;, i =1,2,...,n,
are local rings. Then w(T(I'°(R))) > n + 1, as we can choose a vertex subset

Vlz{(O,O,O,...,O)7 (1,0,0,...,0), ..., (0,0,0,...,1,0), (O,O,O,...,O,l)}7

such that the induced subgraph by Vi forms K, 1, which implies that w(T(I'*(R))) > n+ 1.
Now, we determine the finite commutative rings whose clique number is 3.
Theorem 3.1. Let R be a finite commutative ring. Then w(T(I'*(R))) = 3 if and only if R is
one of the following rings:

Zg, Zg X Z4, Zg X Zg, ZQ X Z5 or ZlO-

Proof. First assume that R is a finite nonlocal commutative ring. Then by the structure theorem,

R Ry X Ry x...Xx R,, where R;, i = 1,2,...,n, are local rings. We have the following cases
to consider.
Case 1. Forn > 3, we have R & Ry X Ry X ... X R,,, where R;, i = 1,2,...,n, are local

rings. Then, by Observation 3.2, w(T(I'“(R))) > 4. Now, for n = 2, we get R = R; X Ry,
where R;, i = 1,2, are local rings. First assume that |R;| > 4 and |R2| > 6. Then the vertex subset
Vo ={(0,0), (0,y1), (0,y2), (0,y3)}, where y; € Ry fori =1,2,3 and y;+y; # |Ra|, 4,5 = 1,2, 3,
when Ry = Z,, n > 6, induces the subgraph K. Thus, w(T(I'“(R))) > 4. Next, when |R;| < 3
and |Rg| > 6, then R = Zgy X Ry or Zz x Ry. Taking the similar vertex subset as above, we have
w(T(I'“(R))) > 4. Finally, when |R;| < 3 and |R2| < 5, then R is one of the following rings:

Z
Zig X L3, Zg X Ly OF Ly X 2[93], Z3 X 73, Lo X Zs. Clearly, w(T(I'*(Zy x Z3))) = 2 as seen in

(x?)
. : Za|x]
Observation 3.1. The graphs for rings Zs x Z4 and Zg X ——5
x
Zy[x]
(x?)
Z
the vertex subset {(0,0), (0,1), (0, ), (0,14 z)}, implies that w (T(I‘)6 <ZQ X <2[29§] >> = 4. Now,
x

T(I°(Z x Z4)) contains K3 as a maximal complete subgraph, implies that w(T(I'°(Zg x Z4)) = 3
as required. If R & Z3 x Zs, then w(T(I'°(Zs x Zs3)) = 3. The graph associated to the ring Zy x Zs
is shown in Fig. 3.

Clearly, T'(I'¢(Zo x Zs)) contains K3 as a maximal complete subgraph and hence w(7T(I'¢(Zg x
Zs)) = 3.

are shown in Fig. 2.

Clearly, the graph of T(Fe <Zg X )) contains K, as a maximal complete subgraph on
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0,00 (0.1 0,00 (0,1
0,2) 0,3) (O,x)/ 0,1+ x)
(1,2) (1,3) (1,1)% (1,14 x)
1,00 (1,1 1,00 (1,%)
(@) (b)
Zg[wl

Fig. 2. The extended total graphs of Zs X Z4 (a) and Zo X (b).

(x?)

0,2) (0,3)

O, 1) 0,4)
0,0) (1,1)
(1,0) (1,4)
(1,2) (1,3)

Fig. 3. The extended total graph of Za X Zs.

Case 2. Let R be nonlocal. Then |R| = p™, where p is prime and n is a nonnegative integer. First
assume that R is a field. Then w(T(I'*(R)) = 1. Now, let R be not a field. First, let p > 3 and n > 2.
Then |Z(R)| = p", where r < n as Z(R) is an ideal of R. Then the minimum cardinality of R is 9,
for which w(T'(I'“(R)) = 2. For |R| > 9, there exist at least three nonzero zero-divisors say «, 3,7 €
Z*(R) such that « + B, a +, B+~ € Z*(R). Now, choose a vertex subset V3 = {0, «, 3,7},
the induced subgraph of V3 forms K4 C T'(I'*(R)), which implies that w(7'(I'*(R)) > 4. Now, for
p=2and n > 3, we get |R| > 8. First, let |R| > 8. Then 2y € Z*(R), 1 € R and choose the subset
Vi = {0,2u1,2u9,2pus3}. Then the induced subgraph by Vj is K4 C T'(I'°(R)), which implies that

Z Z
w(T(T)¢(R)) > 4. Now, for |R| = 8, we have the following rings [16]: Zs, 2/} 7]

(x3) " (2z,2%2 — 2)’
Loz, y] Zalz,y] ~ Lo|a] L[] L[z, y] 2 2
@? @R For R = 0 @r =2 (g choose subsets as {0, z, 2%, = + z°},

{0,2, 2,24z}, {0,z,y,x+y} C Z(R), respectively. The induced subgraphs formed by these subsets
Z
form K4 C T(I'"°(R)), which implies that w(T'(I'*(R))) > 4. Also, w(T (Fe< é[x’)'z] >>> =2,
Y
whereas for the graph T'(I'¢(Zs), w(T'(I'*(Zs)) = 2, as shown in Fig. 4.
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7

Fig. 4. The extended total graph of Zsg.

ZQ [CE]
(z?)

graphs have clique number 2. Now, we characterize the finite commutative nonlocal rings whose
clique is 4.
Theorem 3.2. Let R be a finite nonlocal commutative ring. Then w(T(I'°(R)) = 4 if and only
if R is one of the following rings:
ZQ X ZL[ZE], ZQ X F4, Z12, Zg X Z4, Zg X Zgi[l']’
(x?) (z?)

Zg X Z5, Z15, Zg X Z7, Zgl, ZQ X Z2 X ZQ, ZQ X Z2 X Zg.

and their associated

Finally, if p = 2 and n = 2, then |R| = 4. In this case, R = Z, or

L3 x By, Zio X Lz, L4,

Proof. Let R be a finite nonlocal ring. Then R = Ry X R X ... X R,, where R;, t =1,2,...,n,
are local rings. First, let n > 4. Then, by Observation 3.2, w(T'(I'"*(R)) > 5. Next, let n < 3. The
following cases arise.

Case 1. Let |R;| > 4 foreachi = 1,2,3.If |R;| = 4 foreach i = 1,2, 3, then we choose a vertex
subset V5 = {(0,0,0), (o, 1, @), (o, o, @), (e, 0, 1), (0, v, ) }, where o € Z*(R;), i = 1,2,3. Then
the induced subgraph of V5 forms K5 C T(I'°(R)), implying that w(T'(I'"*(R)) > 5. If |R;| > 5,
i = 1,2, 3, then choose the vertex subset V5 = {(0,0,0),(0,1,1),(0,1,a), (0,1, 3),(0,1,7)}, where
a, B,v € Rs. A similar vertex subset will be taken if one or two of the rings have cardinality less
than or equal to 4. Therefore, the induced subgraph of Vs forms K5 and hence w(T(I'*(R)) > 5.

Case 2. Letn =3 and |R;| <3, i=1,2,3. Then R is isomorphic to one of the following rings:
Lo X Lo X Loy Tog X Lo X L3, Zig X L X L3, 73 X L3 X 2. The graph for the ring Zo X Z3 X Z3 contains
one complete subgraph on five vertices with vertex subset V7 = {(1, 1,0), (0, 2,2),(1,0,1), (1,1, 2),
(1,1,1)}. This implies that w(T(I'°(Zy X Zs x Z3)) > 5. Similarly, for the ring Zs X Zs x Zs3, we
can choose a vertex subset on five vertices say Vg = {(0,0,0), (1,0,0),(0,0,1),(1,0,2),(2,0,2)}
and the induced subgraph formed by Vg is K5, which gives w(T(Fe(Zg X 23 X Zg))) > 5. The
graphs for rings Zg X Zg X Za, Zo X Zso X Z3 are shown in Fig. 5.

Clearly, from the graph in Fig. 5(a), we see that T'(I'¢(Zy X Zg X Zs)) contains K4 as a maximal
complete subgraph on the vertex subset Vy = {(0,0,0),(1,0,0),(0,1,0),(0,0,1)}, whereas the
remaining vertices are adjacent to all the vertices in Vg except one vertex. So the induced subgraph
by Vy forms Ky, which implies that w (7' (I'°(Zg X Zy X Z2)) = 4 as desired. Similarly, for the graph
in Fig. 5(b), T'(I'°(Z2 x Zo % Z3)) contains K4 as a maximal complete subgraph on the vertex subset
Vio = {(0,0,0), (1,0,0),(0,1,0),(0,0,1)}. As none of the remaining eight vertices are adjacent to
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0,0,0) (1,1,1)

0)

(1,0,1)

1y

0,1, 1)

(1,0,0)
(@)

0,1,0)

Fig. 5. The extended total graphs T'(I'*(Z2 X Z3 X Z2)) (a) and T'(T'*(Zz X Z2 X Z3)) (b).

(0,0)
(0, 0) 0,1) (1,2) 0,1)
/ (1,3) 0,2)
©0,x 0,1+x) (1,1) (1,0)
LodL KA M
1,1 (1,1 +x)
1,5) 0,4)
% (1,6 0,5)
(1,0) (1,x) (0,6)
(@) (b)

ZQ [SE]
(x?)

Fig. 6. The extended total graphs T(F6 (Zz X )) (a) and T'(T'°(Z2 x Zz)) ().

any one of the vertices in Vj¢ and do not form a complete subgraph with five or more than five
vertices, so the induced subgraph by Vi is Ky. Hence, w(T(T'¢(Za X Zo x Z3)) = 4.

Case 3. If n = 2, then R = R; X Ry, where R; and Ry are local rings. First, let |R;| > 4
and |Rz| > 8. Construct a vertex subset as Vi3 = {(0,0),(0,1),(0,v1), (0,y2), (0,y3)}, vi € Ra,
i=1,2,3, where y; + y; # |R2|, 4,j = 1,2,3, when Ry = Z,,, n > 8. Then the induced subgraph
formed by V11 is K3, implies that w(T(I'°(R)) > 5. If |R1| < 3 and |R2| < 7, then R is isomorphic

Z
to one of the following rings: Zgo X Zo, Zo X Zs, Lo X Ly, Lo X ﬂ, Ziog X Wy, Zio X L5y, Zio X L7,

(z2)
Z
22‘?, Zy x Fa, Ty X Zs, Zs x Zs. The rings Zo X Zo, Zo x T are
X

discussed in Observation 3.1 and the rings Zo X Zy, Zo X Fy, Zs X Z3, Zo X Zs are discussed in
ZQ [1‘]
(x?)

Zg XZg, Zg XZ4, Z3 X

Theorem 3.1. The graphs for rings Zg X

and Zsy X Zy are shown in Fig. 6.
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0,0
(1,2) 0,1)

(1,3) 0,2)
2,1) 0,3)
(2,2) (1,0)
(2,3) (1,1)

2.,0)

(@)

Fig. 7. The extended total graphs T(I'*(Z3 X Z4)) (a) and T(Fe (Zg X Zég[;;] >) (b).

Fig. 8. T(T"*(Zs x Zs)).

< contains two complete subgraphs on maximal vertex subsets
x
Vig = {(070)7 (O’ 1), (07$)7 (Oa 1+ .’L‘)} and Vip = {(170)a (17$)7 (L 1)5 (17 1+ 113‘)} and both form
Ky. So w(T'(I'°(R)) = 4. Similarly, T'(I'“(Zy x Z7)) contains two different maximal vertex subsets
Vi = {(07 0)7 (Oa 1)7 (07 2)7 (07 3)} and Vi3 = {(17 1)7 (1? 2)7 (170)7 (17 3)} and both form Kjy. So
Z
w(T(I'*(R)) = 4. The graphs for rings Zg x Za4, Z3 X <2[2:§]
x
Clearly, in Fig. 7(a), the graph has maximal complete subgraph on the vertex subset Vi4 =
{(0,0), (2,0),(1,2),(0,2)}. This implies that Ky C T(I'°(Z3 x Z4)), which gives w(T(T'*(Z3s x
Z4)) = 4. Also, in Fig. 7(b), the graph has a maximal complete subgraph on the vertex subset
Vis = {(0,0),(0,1),(0,z), (0,1 + =)}. This implies that Ky C T(I'°(Zs x Z4)), which gives
e ZQ[x]
w(T(I‘ <Zg X )
complete subgraph K4 on the vertex subset Vig = {(0,0),(0,1),(0,z), (0,1 + x)}, which implies
that w(T (T¢(Z3 x IE‘4))) = 4. Finally, the graphs associated to rings Zs x Zs and Z3 X Z7 are shown
in Figs. 8 and 9, respectively.

7
Clearly, T'| I'® <Zz X 2[2$>]
)

are shown in Fig. 7.

= 4. Also, the graph associated to the ring Zs x F4 contains a maximal
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Flg 9. T(Fe(Zg X Z7))

Clearly, from Fig. 8, the subgraph on the vertex subset V17 = {(2,2),(1,1),(2,3),(1,4)} forms
a complete subgraph K4 C T'(I'“(Zs x Zs)) and there does not exist any other maximal complete
subgraph larger than induced by Vi7. This implies that w(7T'(I'°(Zs x Z7)) = 4.

From Fig. 9, the subgraph on the vertex subset Vig = {(0,0),(0,1),(0,2),(0,3)} forms a
complete subgraph K4 C T'(I'°(Zs x F7)), which implies that w(7'(I'°(Z3 x Z7)) = 4.
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