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GEOMETRY OF MULTILINEAR FORMS ON A NORMED SPACE R™
TEOMETPIA BATATOJIIHIMHUX ®OPM HA HOPMOBAHOMY ITPOCTOPI R™

For every m > 2, let R|) be R™ with a norm || - || such that its unit ball has finitely many extreme points. For every
n > 2, we focus our attention on the description of the sets of extreme and exposed points of the closed unit balls of
LOR[Y) and Ls("R]")), where L("Rj",) is the space of n-linear forms on Rj and Ls("Rj’) is the subspace of
L("RY) formed by symmetric n-linear forms. Let 7 = L("R]") or Ls("R[]). First, we show that the number of
extreme points of the unit ball of R{; is greater than 2m. By using this fact, we classify the extreme and exposed points
of the closed unit ball of F, respectively. It is shown that every extreme point of the closed unit ball of F is exposed.
We obtain the results of [Studia Sci. Math. Hungar., 57, Ne 3, 267 -283 (2020)] and extend the results of [Acta Sci. Math.
Szedged, 87, Ne 1-2, 233 -245 (2021) and J. Korean Math., Soc., 60, Ne 1-2, 213 -225 (2023)].

Hexaii R’\'IV‘LH i KoKHOro m > 2 — ue R™ 3 HopMoro || - || Takoro, 1o il ofMHUYHA Kyisl Mae CKiHYEHHY KUIBKICTh
EKCTPEMaIbHUX TOYOK. [ KOXKHOTO 1 > 2 MH HPHALIAMO YBary OIHCY MHOXHH CKCTPEMAaJbHUX Ta BIIKPUTUX TOYOK
samkHenux omunnunux kyms B L("RYY ) i Ls("R]Y), ne L("R|Y) — npoctip n-ninitnux gopm na R, a Ls("RyY)
— mignpoctip £("R{",), wo cxnanaetbes 3 cumerpudHux n-miniinux gopm. Hexait F = L("R]’) abo Ls("R{)).
CrioyaTky MM IOKa3yeMoO, WO KiTbKICTh €KCTPEMANBHAX TOYOK OXMHMYHOI Kymi R| Ginbma Hixk 2m. Buxopuctosyioun
neil ¢axt, My KnacupikyeMo eKcTpeManbHi Ta BIIKPUTI TOUKH 3aMKHEHO! OIMHUYHOT Kyii B F BinosigHo. [TokaszaHo, mo
KO)KHA eKCTpeMaslbHa TOYKa 3aMKHEHOI OMHUYHOI Kyii F € Bigkputoro. OTpumaHno pesynsrat pobotn [Studia Sci. Math.
Hungar., 57, Ne 3, 267283 (2020)] Ta posmupeno pe3yasraru 3 [Acta Sci. Math. Szedged, 87, Ne 1-2, 233 -245 (2021)
ta J. Korean Math., Soc., 60, Ne 1-2, 213 -225 (2023)].

1. Introduction. Throughout the paper, we let n,m € N,n,m > 2. We write Bg for the closed
unit ball of a real Banach space F and the dual space of F is denoted by E*. An element z € Bg
is called an extreme point of Bg if y,z € Bg with x = %(y + z) implies = y = z. The Krein—
Milman theorem [23] says that a compact convex subset of a Hausdorff locally convex topological
vector space is equal to the closed convex hull of its extreme points. An element © € Bp is called
an exposed point of Bp if there is f € E* so that f(z) = 1 = ||f|| and f(y) < 1 for every
y € Bp \ {z}. It is easy to see that every exposed point of Bg is an extreme point. An element
x € Bpg is called a smooth point of B if there is unique f € E* so that f(x) =1 = || f||. We
denote by ext Br, exp B and sm By the set of extreme points, the set of exposed points and the
set of smooth points of Bp, respectively. A mapping P : £ — R is a continuous n-homogeneous
polynomial if there exists a continuous n-linear form 7 on the product £ x ... x E such that
P(z) = T(x,...,z) for every x € E. We denote by P("E) the Banach space of all continuous
n-homogeneous polynomials from E into R endowed with the norm || P|| = sup); =y |[P(z)]. We
denote by L(™FE) the Banach space of all continuous n-linear forms on E endowed with the norm
|T|| = supyjz, =1 [T(z1,...,2n)|. Ls("E) denote the closed subspace of all continuous symmetric
n-linear forms on E. Note that £("E) is identified with the dual of n-fold projective tensor product
®mnE. With this identification, the action of a continuous n-linear form 7" as a bounded linear

functional on ®7r,nE is given by
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k k
<Z s Wig . @i T> = Z T(:U(l)’i, .. ,x(”)’i).
=1 =1

Note also that L£,("FE) is identified with the dual of n-fold symmetric projective tensor product
Q. . ,E. With this identification, the action of a continuous symmetric n-linear form 7" as a

bounded linear functional on ® E is given by

s,m,n

b k
<Z;(Zma<1)¢ ®...@z M), T> =S T e,
=1 o P

where o is a permutation on {1,...,n}. For more details about the theory of polynomials and
multilinear mappings on Banach spaces, we refer to [5].

Let us introduce the history of classification problems of the extreme points and the exposed
points of the unit ball of continuous n-homogeneous polynomials on a Banach space. We let [} = R"
for every 1 < p < oo equipped with the /,-norm. Choi et al. [3, 4] initiated and classified ext Bp(%%)
for p = 1,2. Grecu [6] classified ext BP(ZI%) for 1 < p<2o0r2<p< oo Kimet al [21]
showed that if £ is a separable real Hilbert space with dim(E) > 2, then ext Bp(2) = exp Bp2p)-
Kim [7] classified exp B'p(2l2) for 1 < p < oco. Kim [9] characterized ext Bp(2q, (1,w)2), Where
|+ 1yl

14+w
[11] classified exp Bp 24, (1,w)2) and showed that exp Bp2q, (1,w)2) # €Xt Bp(24, (1,1)2)- Recently,

Kim [12, 14] classified ext Bp2p2
h(

d.(1,w)? = R? with an octagonal norm ||(x, )|, = max{|x\ ], Jzl+ Iyl } for 0 < w < 1. Kim

) and exp Bpege ), Where R? ;= R? with a hexagonal
) h(3)

h(i
3 3 (z)

Yoy = maxd lyl, o] + =
norm )l 1) = max{ Iyl ] + 3o

Parallel to the classification problems of ext Bpn gy and exp Bp(n ), it seems to be very natural
to study the classification problems of the extreme points and the exposed points of the unit ball
of continuous (symmetric) multilinear forms on a Banach space. Kim [8] initiated and classified
ext Br 212y, €xp B, (2;2.) and sm By (22 ). It was shown that ext By (22 y = exp B 22 ). Kim
[15] studied ext B2 ). Cavalcante et al. [2] characterized ext B nm). Kim [16, 18] characterized
ext B, (nim), ext Bﬁ(nlm), exp B, (mim), eXpBﬁ(nlm), sm B/, (nim) and SHIBL( nm) for every
n,m > 2. Kim [19] characterized ext Bﬂ(an )» €xt B, ("R )> €XP BE(anl), and exp B/, ("R™)

if Rjf"y is R™ with a norm | - || such that ext Br,

extreme point is exposed in this case. Recently, Kim [20] characterized ext B CeRP ) © ext B Lo(mRT )

exp Bﬁ(nRﬂn‘), and exp By, (R ) if R is R™ with a norm || - || such that |ext BR’\"\ | > 2m for

m > 2. It was shown that every extreme point is exposed in this case. We refer to [1, 13, 17, 22,

| = 2m for m > 2. It was shown that every

24 —27] for some recent work about extremal properties of homogeneous polynomials and multilinear
forms on Banach spaces.

Let R, be R™ with a norm || - || such that its unit ball has finitely many extreme points. In
this paper, we devote to the description of the sets of extreme and exposed points of the closed unit
balls of [,(”]Rﬂ””) and L (”Rﬁ) Let F = E(”Rm) or L (”le) First we show that the number

of extreme points of the unit ball of ]RH I is more than 2m. Using this we classify the extreme points
and exposed points of the closed unit ball of F, correspondingly. It is shown that every extreme
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point of the closed unit ball of F is exposed. We obtain the results of [16] and extend the results of
[19, 20].

2. Results. Throughout the paper, we let Ry be R™ with a norm || - || such that its unit ball
has finitely many extreme points. Let ext BR\TII = {+Ui,...,£U;} with U; # U; for i # j and for
some [ € N. Let

W:={Uy, ...,U;,) ix=1,...,0, k=1,...,n}.
Then |W| = [".
Example. Let m > 2 and || - || be the supremum norm on R™. Then Ri? = 1% and

eXtBRﬂnH —extBlm = {x(t1, ...,tm)itj =41, j=1,...,m}.

Hence, |ext BR” H| = |ext Bym | = 2.
Theorem A. Let n,m > 2 and R|", denote R™ with a norm | - || such that its unit ball has

nitely many extreme points. If T € L("R]" ), then
lI-117
|IT|| = sup |T'(W)].
wew

Proof. 1t follows that from the Krein—Milman theorem and multilinearity of 7.
Let n,m > 2. Let Zy, ..., Zy» be an ordering of the monomials in the expansion

(:cgl)+...+:c$}))...(:c§”)+...+x§3)).

Note that {Z1,...,Z,n} is a basis for L("R}")). Hence, dim(ﬁ("Rﬂr}”)) =m" If T"e L("R] ),

then
mn
T=Y a2
j=1

for some aq,...,a,» € R. By simplicity, we denote T = (a1, ...,amn)". Let Wi, ..., Wn be an
ordering of the elements of WV. Let

M(Zl, ceey Zmn; Wl, ceey VVln) = [Zz(WJ)]t
be the [" x m™ matrix. Note that, for every 1" € E(”Rﬁ),
M(Zy, ..., Zyn; Wh, ..., Wi )T = (T(Wy),..., T(Wpn))t.

Here, (g1,...,&m)" denote the transpose of (g1, ..., ).

Lemma B For m > 2, |extBR‘7‘n‘| > 2m.

Proof. Assume otherwise. Then 1 <[ < m.

Claim. Letn > 2 and X; = (Zj(Wl), .. .,Zj(I/Vln)) forj=1,..., 1" Then Xy, ..., Xn are
linearly independent in R'".

ln
Suppose that Zj:1 a; X; =(0,...,0) forsome a; € R, j =1,...,0". It follows that

0,...,0 Za]X— Zaj Za] (W) |,
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858 SUNG GUEN KIM

ln
which shows that E _a;jZi(Wy) =0 for k=1,..., I". Let T := (a1,...,amn, 0,...,0)" €
7j=1

n

L("RF). Since T(Wy) = an (4 Z(Wy) = 0 for k= 1,..., 1", ||T| = 0 by Theorem A.
]:
Hence, T' = 0. Therefore, a; = 0 for j = 1,..., [". Hence, the claim holds.
By the claim, rank(M (Z1,..., Zyn; Wh,...,Wn)) = I™ < m™. Hence, there is a nonzero
solution (b1, ..., byn) € R™" of the linear equations
M(Z1,. .., Zyns W,y oo, Win) (b, « ..y bygn)t = (0, ..., 0)"

Let S := (by,...,byn)t € E(”Rﬁ). Then S # 0. Since S(Wy) =0for k=1,..., 0", ||S]| =0

by Theorem A. Hence, S = 0. This is a contradiction. Therefore, [ > m.
Using Lemma B, we have the following theorem.
Theorem C. Let n,m > 2 and R}, denote R™ with a norm | - || such that its unit ball has

finitely many extreme points. Let T € E(”Rﬁ) be such that ||T'|| = 1. Then T € ext Bg(an) if

and only if there are Wy, ... , Wyn € W such that M(Zy, ..., Zyn; Wi, ..., Wpn) is an invertible
m™ x m" matrix and |T(W;)| =1 forall j =1,...,m".
Proof. (=) Let
Wr ={WeW: |T(W)| =1}.

By Theorem A, Wr # @. Let
O = {(Z1(W),...., Zyn (W) €R™" - W € Wy }.

Then Qr # @.
Claim. There are Wy, ..., Wy,n € Wy such that M(Zy, ..., Zyn; W1, ..., Wpn) is invertible.
Assume otherwise. Let N € N be the largest number of linearly independent elements in 7.
Then N < m". Let X := (x1,...,2y,n) € R™". Consider the homogeneous system of linear
equations with m” unknowns as follows:

V.Xt=0 for VeQrp.

Since the largest number N of linearly independent elements in 7 is less than m™, there is a
nontrivial solution 0 # € = (e1,...,&m,n) € R™" such that

V.- =0 forall VeQr.
Choose 9 > 0 such that
max{|T(W)|: W € W\Wr} + 6|/ < 1.
Define 71,75 € ﬁ(anl) by
Te =T+ (—Dk5 & for k=1,2.

We will show that ||T%|| <1 for £ = 1, 2. Note that, for W € Wr,
ENW) =Y e, Z;(W) = (Zu(W), ..., Zyn (W) - £ = 0,
j=1

ISSN 1027-3190. Ykp. mam. oscypn., 2024, m. 76, Ne 6
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Hence, for every W € Wr and k =1, 2,
IT(W)| < max {[T(W) +8 E(W)|, [T(W) -5 EW)|} = [T(W)| =1,
It follows that, for every W € W\Wr,
T (W)] < [T(W)| + 8 |1 (W)] < max{[T(W)]: W € W\Wr} +5]1€"]] < 1.

1
By Theorem A, ||T;|| =1 for k =1,2. Since T, # T and T =

§(T1 +T5), T is not extreme. This

is a contradiction. Therefore, the claim holds.
1
(<) Let 51,5; € E(anl) be such that ||Si|| =1 for k = 1,2 and T = 5(51 + S2). Write

Sk =T+ (=1)k(61,...,5yn)t for some 1,...,6mn € R and k = 1,2.
Claim: 61 = ... = ,,» = 0.
Note that

(SkW1), .o, Se(Winn)) = M(Z1, ..., Zyn; Wi, ..., Winn ) S
=M(Zy,..., Zyn; Wi, ..., Wyn)T
+ (=DM (Zy, ..., Zons Why o, Won ) (01, - - -, O )
= (T(W1) + (=1)*(S1s . Gon) (W), o, T (W)

+ (=1)F 01y, Gnn) (W),

which shows that

forall k=1,2and j =1,...,m". It follows that, for j =1,...,m",
1> max{| Sy (W), [S2(W))|} = [T(W)| + (61, - - Gmn) (W)l
=1+1(01,. -, 0mn)" (W))],
which implies that (01, ..., 8,n) (W;) =0 forall j =1,...,m™. Hence,

M(Zy, ..., Zgrns Wi,y oo, Wn ) (61, -+ o, G )

= ((61,- s 0mn) (W1)y ooy (615 ey G ) (W) =
Therefore,
(61, 0mn) = M(Z1, ..., Zyn; Wi, ..., Wn)7H0,...,0)t = (0,...,0)".

Hence, the claim holds. Therefore, T' € ext B CeRT)-

Theorem C is proved.

Theorem D [10]. Let E be a real Banach space such that ext B is finite. Suppose that x© €
ext By satisfies that there exists a functional f € E* with f(x) =1 = |f|| and |f(y)| < 1 for every
y € ext Bg\{xz}. Then x € exp Bg.

ISSN 1027-3190. Ykp. mam. scypn., 2024, m. 76, Ne 6
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Theorem E. Let n,m > 2 and R be R™ with a norm || - || such that its unit ball has finitely
many extreme points. Then exp B[;(an) = ext Bﬁ(nRﬁV}H).

Proof. Let T € ext BE(nR"r‘Y?l‘). By Theorem C, there are Wi,...,Wyn € W such that

M(Zy,...,Zpn; Wi,...,Wyn) is invertible and |T'(W;)| =1 forall j =1,...,m". Define

f= # Z sign(T'(Wj))dw, € L("R)",

1<j<mn

where dy () :== S(W) for S € E(HRITH

that | f(S)| = 1. We will show that S =T or S = —T. It follows that

). Note that 1 = || f|| = f(T). Let S € L("R]"

H'II) be such

L= 1A(S) = | ST sin(T(W)SO;)

1<j<mn

IN
|

— D Isyl<,

1<j<mn

which shows that
or
Suppose that

It follows that
S =M(Zy,..., 200 Wi, .., Wyn) " H(S(WY), ..., S(Wpn))
= M(Z1,..., Zygn; Wi, ..., Win )" H (= sign(T(W1)), ..., — sign(T(Wyn)))!
=M(Zy,..., Zyn; Wi, ..., Wpn) " H(=T(W1),...,~T(Wyn))t = —T.

Note that if S(W;) = sign(T(W;)), 1 <j < m™, then S = T. By Theorem D, T is exposed.
Theorem E is proved.
We define an equivalence relation on W by (U, ...,U;,) ~ (Uj,, ..., Uj,) if and only if there
is a permutation o on n such that jp = i, forall K =1,...,n. Let

V=W/~={[W]: W e W}

Theorem F. Let n,m > 2 and R, be R™ with a norm || - || such that its unit ball has finitely
many extreme points. If T' € Ls("Ri"), then T[] = supppjep [T(W)].

Proof. 1t follows that from Theorem A and symmetry of 7.

Let Y7, ..., Y, be an ordering of the symmetric monomials in the expansion

n)

(asgl)—i—...—}—x,(q}b))...(azg + .. +a).

Then {Y1,..., Yy} is a basis for L;("R]"

||'H)‘ IfT e Es(”le), then

ISSN 1027-3190. Ykp. mam. scypn., 2024, m. 76, Ne 6
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d

T=) by

j=1

for some by, ...,bg € R. By simplicity, we denote T' = (b1, ..., bg)".

Theorem G. Let n,m > 2 and R, denote R™ with a norm || - || such that its unit ball has
finitely many extreme points. Let T € 'CS(an\) be such that |T|| = 1. Then T € ext Bgs(an) if
and only if there are [W1],...,[Wy| € V such that

M(Yi,..., Y [Wil,..., Wa)) = [Yi(W))]'

is an invertible d x d matrix and |T(W;)| =1 forall j=1,...,d.

Proof. By analogous arguments in the proof of Theorem C it follows.

Theorem H. Let n,m > 2 and RJf}, be R™ with a norm | - || such that its unit ball has finitely
many extreme points. Then exp B ngm

) = ext B
Proof. Let T € ext Bﬁs(an). By Theorem G, [W1],...,[Wy] € V such that

MY, Yg Wi, ..., [Wa) = [Yi(W))]'

is an invertible d x d matrix and |T'(W;)| =1 forall j = 1,...,d. Define
1 3 n m o\ k

1<j<d

By analogous arguments in the proof of Theorem E we may show that f exposes 7'. Therefore, 7" is

exposed.
The following shows a relation between L’(”Rﬁ) and Ls(”Rﬂ’_‘H).
Theorem L. Let n,m > 2 and R/, be R™ with a norm || - || such that its unit ball has finitely

many extreme points. Then:
(a) ext B, (g ) = ext Bregee ) (1 Ls("RY);
(b) exp Be, vy ) = exp Brgr ) (1 Ls("R|Y))-
Proof. (a) It follows from Theorems C and G.
(b) It follows from Theorems E and H.
Let

Wian = (L t57,tD), o (7, ) o) = 1,

j=2...,mandk=1,...,n}.

Let

Vn,m = n,m/ ~

~ is the equivalence relation on W, ,,, in the front of Theorem F.

Cavalcante et al. [2] characterized ext Bpnym) for all n,m > 2. Kim [16] characterized
ext B[ls(”lg)a ext BL("lgé) , €Xp Bcs(mlgé), and exp BC("I&)‘

We obtain the results of [16].

Corollary J. Let n,m > 2. Then:

ISSN 1027-3190. Ykp. mam. scypn., 2024, m. 76, Ne 6
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(@) Let T € L(") be such that | T|| = 1. Then T € ext Brmm) if and only if there are
Wi, ..., Win € Wy such that M (Z1, ..., Zypn; Wh, ..., Wyn) is an invertible m™ x m™ matrix
and |[T(W;)| =1 forall j=1,...,m"

(b) Let T € Ls("I) be such that ||T|| = 1. Then T € ext Bp (nym) if and only if there are
(Whl,..., [Wa] € Vim such that

M(Y,...,Yg W), [Wy)) = [Yi(W))]"

is an invertible d x d matrix and |T(W;)| =1 forall j=1,...,d.
(c) exp Bﬁ(nlg) = ext B[:(nlgg)-
(d) exp Bﬁs("lg) = ext Bﬁs("l’o’é)'
(6) ext Bﬁs(”lg) = ext Bﬁ(nlrono) m ;Cs(nlg)
() exp B, (nim) = exp Brngmy () Ls("15)-
Proof. (a) It follows from Theorem C.
(b) It follows from Theorem G.
(c) It follows from Theorem E.
(d) It follows from Theorem H.
(e) and (f) It follows from Theorem I.

Kim [19, 20] characterize ext Bﬁ(an) ,ext Bﬁs(an), exp Bﬁ(an), and exp Bﬁs(an) if Rﬁ?”
is R™ with a norm || - || such that | ext BRWM > 2m for m > 2. It is shown that every extreme point
is exposed in this case. Note that we extend the results of [19, 20].

Conflict of interest. The author declares that he has no potential conflict of interest in relation
to the study in this paper.

Funding. The author declares that no funds, grants, or other support were received during the
preparation of this manuscript.

References

1. R. M. Aron, M. Klimek, Supremum norms for quadratic polynomials, Arch. Math. (Basel), 76, 73 —80 (2001).
2. W. V. Cavalcante, D. M. Pellegrino, E. V. Teixeira, Geometry of multilinear forms, Commun. Contemp. Math., 22,
Ne 2, Article 1950011 (2020).
3. Y. S. Choi, H. Ki, S. G. Kim, Extreme polynomials and multilinear forms on l1, J. Math. Anal. and Appl., 228,
467-482 (1998).
4. Y.S. Choi, S. G. Kim, The unit ball of P(*13), Arch. Math. (Basel), 71, 472480 (1998).
S. Dineen, Complex analysis on infinite dimensional spaces, Springer-Verlag, London (1999).
6. B. C. Grecu, Geometry of 2-homogeneous polynomials on l, spaces, 1 < p < oo, J. Math. Anal. and Appl., 273,
262 -282 (2002).
7. S. G. Kim, Exposed 2-homogeneous polynomials on P(Qlf,) (1 € p € =), Math. Proc. R. Ir. Acad., 107, 123 -129
(2007).
8. S.G.Kim, The unit ball of Ls(*12,), Extracta Math., 24, 1729 (2009).
9. S.G.Kim, The unit ball of P(*d.(1,w)?), Math. Proc. R. Ir. Acad. 111, Ne 2, 7994 (2011).
10. S. G. Kim, Exposed symmetric bilinear forms of Ls(*d.(1,w)?), Kyungpook Math. J., 54, 341 —347 (2014).
11. S. G. Kim, Exposed 2-homogeneous polynomials on the two-dimensional real predual of Lorentz sequence space,
Mediterr. J. Math., 13, 2827 -2839 (2016).
12. S. G. Kim, Extreme 2-homogeneous polynomials on the plane with a hexagonal norm and applications to the
polarization and unconditional constants, Studia Sci. Math. Hungar., 54, 362 -393 (2017).
13. S. G. Kim, Extreme bilinear forms on R™ with the supremum norm, Period. Math. Hungar., 77, 274-290 (2018).

14. S. G. Kim, Exposed polynomials of’P(ZRi(l)), Extracta Math., 33, Ne 2, 127-143 (2018).
2

b

ISSN 1027-3190. Ykp. mam. oscypn., 2024, m. 76, Ne 6



GEOMETRY OF MULTILINEAR FORMS ON A NORMED SPACE R™ 863

15.
16.
17.
18.
19.

20.
21.

22.

23.
24.

25.

26.
27.

S. G. Kim, Extreme points of the space L(*ls ), Commun. Korean Math. Soc., 35, Ne 3, 799 —807 (2020).

S. G. Kim, The unit balls of L(™13) and Ls("1%), Studia Sci. Math. Hungar., 57, Ne 3, 267283 (2020).

S. G. Kim, Extreme and exposed points of L(™12,) and Ls("12,), Extracta Math., 35, Ne 2, 127135 (2020).

S. G. Kim, Smooth points of L("13}) and Ls("13), Comment. Math., 60, Ne 1-2, 13-21 (2020).

S. G. Kim, Geometry of multilinear forms on R™ with a certain norm, Acta Sci. Math. (Szedged), 87, Ne 1-2,
233-245 (2021).

S. G. Kim, Geometry of bilinear forms on a normed space R", J. Korean Math. Soc., 60, Ne 1-2, 213 -225 (2023).
S. G. Kim, S. H. Lee, Exposed 2-homogeneous polynomials on Hilbert spaces, Proc. Amer. Math. Soc., 131, 449 -453
(2003).

A. G. Konheim, T. J. Rivlin, Extreme points of the unit ball in a space of real polynomials, Amer. Math. Monthly,
73, 505-507 (1966).

M. G. Krein, D. P. Milman, On extreme points of regular convex sets, Studia Math., 9, 133 -137 (1940).

L. Milev, N. Naidenov, Semidefinite extreme points of the unit ball in a polynomial space, J. Math. Anal. and Appl.,
405, 631-641 (2013).

G. A. Muifoz-Fernandez, J. B. Seoane-Septlveda, Geometry of Banach spaces of trinomials, J. Math. Anal. and
Appl., 340, 1069 - 1087 (2008).

S. Neuwirth, The maximum modulus of a trigonometric trinomial, J. Anal. Math., 104, 371 -396 (2008).

R. A. Ryan, B. Turett, Geometry of spaces of polynomials, J. Math. Anal. and Appl., 221, 698-711 (1998).

Received 06.02.23

ISSN 1027-3190. Ykp. mam. oscypn., 2024, m. 76, Ne 6



