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CONDITIONS UNDER WHICH THE CONVERGENCE OF A SEQUENCE
OR ITS CERTAIN SUBSEQUENCES FOLLOWS FROM THE SUMMABILITY
BY DEFERRED WEIGHTED MEANS

YMOBH, 3A SIKUX 3BI)KHICTh IOCJIJJOBHOCTI
ABO JESIKUX il NIIITOCJIIJOBHOCTEN BUIIINBAE 3 CYMOBHOCTI
3A BIIKJIATEHUMHA BATOBUMMU CEPEJHIMHA

Let (ur) be a sequence of real or complex numbers. First, we consider a real sequence (uy) and formulate one-sided
Tauberian conditions, which are necessary and sufficient for the convergence of certain subsequences of (uy) to follow
from its deferred weighted summability. These conditions are satisfied if (ux) is deferred slowly decreasing or if (uy)
obeys a Landau-type Tauberian condition. Second, we consider a complex sequence (ux) and present a two-sided Tauberian
condition which is necessary and sufficient in order that the convergence of certain subsequences of (uy) follow from its
deferred weighted summability. This condition is satisfied either if (ux) is deferred slowly oscillating or if (ux) obeys
a Hardy-type Tauberian condition. Finally, we extend these results to sequences in ordered linear spaces over the real
numbers.

Hexait (uy) — nmocmigoBHICTh AificHUX a60 KOMIUIEKCHUX dncel. [To-miepiie, MH pO3MIsAIaeMo IiHCHY MOCTiAOBHICTD (uy)
1 HABOIMMO OIHOCTOPOHHI TayOepoBi YMOBH, IO € HEOOXiAHUMHM i TOCTATHIMH Ui TOTO, 00 301KHICTH MEBHUX MiAIO-
CITZIOBHOCTEH MOCIITOBHOCTI () ) BUILUIMBANA 3 ii BifKIIaIeHOT BaroBoi CyMOBHOCTI. Lli yMOBH BUKOHYIOTBCS, AKIIO ()
€ BiIKJIaJEeHO MOBIIBHO CagHOI0 abo KO (uk) 3aH0BONBHSIE TayOeposi ymoBu Tumy Jlammay. [To-npyre, Mu po3risigae-
MO KOMIUIEKCHY TOCIIIOBHICTh (u)) 1 HABOOUMO JBOCTOPOHHIO TayGepoOBYy YMOBY, HEOOXiIHY i ZOCTATHIO I TOTO, 00
30DKHICTD TEBHHUX TMAMOCIITOBHOCTEH MOCTIZOBHOCTI (uk) BHIUTHBAJIA 3 il BifkmamzeHoi BaroBoi cymoBHOCTI. Llst ymoBa
BUKOHYETBCS, SIKIIO (k) € BIAKIAACHO MOBUIBHO OCLIMIIIOK0Y00 a00 KO (U ) 3a10BOJIBHSE TayGepoBy YMOBY THIly [ 'ap-
ni. HacaMkiHens MU MOIIAPIOEMO IIi pe3yJbTaTd Ha MOCTIIOBHOCTI Y BHOPSIKOBAHUX JIHIMHUX MPOCTOpaxX HaJ NiHCHUMH
YHCIIAMH.

1. Introduction. Let (¢;) be a sequence of nonnegative real numbers such that lim infy o, tx > 0
and

0% = > tj—o0, k- oo, (1)
J€(ag,Br]

where (ay) and () are sequences of nonnegative integers satisfying

ap < Bk, k=1,2,..., (2)
and
k—o0

Given any sequence (uy), its deferred weighted means O'?ﬁ (u) are defined by

1
o2 (u) = a7 o oty k=12, (4)
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A sequence (uyg) is said to be deferred weighted summable to ¢ if

klgglo U?ﬂ(u) = /. Q)
Obviously, in the case of ¢, = 1 for all k, (4) reduces to the deferred Cesaro mean introduced by
Agnew [2].

In recent years, deferred Cesaro and deferred weighted means have been extensively studied due
to their applications in several areas, such as summability and approximation theory. Considering
the concepts of deferred Cesaro means and statistical convergence, Kiiglikaslan and Yilmaztiirk
[14] introduced the deferred statistical convergence of sequences. Savas [24] defined the concept
of asymptotically deferred statistical equivalence of sequences, by combining the deferred density
and the asymptotically statistical equivalence of sequences. Taking different kinds of statistical
convergence into account, such as pointwise, uniform, and equistatistical convergence, for a sequence
of real-valued functions, Saini et al. [23] obtained various deductive conclusions and proved an
approximation theorem based on the deferred Cesaro and the deferred Euler statistical convergence.
Later, Jena and Paikray [7] established some fundamental theorems associated with the concepts of
statistical Riemann integrability, statistical Cauchy — Riemann integrability, deferred Cesaro statistical
Riemann integrability, and statistical deferred Cesaro—Riemann summability for a sequence of real-
valued functions. Besides, Jena et al. [6] introduced the statistical deferred Cesaro summability
of sequences and utilized it to obtain Korovkin-type approximation theorems. Later, Srivastava et
al. [27] presented the deferred weighted statistical convergence and the deferred weighted statistical
summability methods and demonstrated similar approximation theorems. Recently, Sezer et al. [25, 26]
proved some Tauberian theorems for the deferred Cesaro summability and the statistical deferred
Cesaro summability of sequences, respectively. Furthermore, researchers investigated deferred means
in various fields of mathematics, including Fourier series [9], sequence spaces of random variables
[28], time scales [3], paranormed spaces [4], and sequence spaces of complex uncertain variables
[12]. For more recent studies in this direction, see [8, 11, 21].

The deferred weighted summability method is regular under the conditions (1)—(3). That is, if
(1)—(3) are fulfilled, then the convergence of a sequence (uy) implies the convergence of deferred
weighted means to the same limit.

In this paper, we are interested in the inverse implication. We investigate supplementary conditions
on (t;) and (uy) under which the convergence of (JZ"B (w)) implies that of (ug) or its certain
subsequences. Such kind of conditions are called Tauberian conditions and results in this direction
are known as Tauberian theorems. We introduce one- and two-sided conditions for real and complex
sequences, respectively. The techniques used in this study also allow us to extend our Tauberian
results to sequences in ordered linear spaces.

The reader concerned with the theory of summability and Tauberian theorems is referred to the
monographs [1, 13, 19].

2. Auxiliary results. This section includes some lemmas that are required in the proofs of the
main results.

In the sequel, let (%) be strictly increasing and define v := [yk] for v > 0, where [.] means
the integer part.
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Lemma 1. (i) If~v > 1 and k is large enough such that T,?ﬁ” > TIS‘B, then

B\ _ k s 3 1
U =0k (W)= o5 g (o () — 0" (w)) — T R—"z (/32:;3 ]tj(uj —ug,). (6)
k k k k je ksPyg

(i) If 0 <~ < 1 and k is large enough such that T > TO‘B”, then
k k

7P

By _ k asf asp 1 , ,
k"/ 'Y(u) — W(Jk'Y (u) —JkW 'Y(u)) —+ W Z t](uﬁk — ’LLJ). (7)

k k k ko GE(By, Bkl

Up, —0

Proof. (i) From the definition in (4), we have

8 8 B 1 1
ot (w) — o (u) = > tjuj——Taﬁ >t

T
B af
1 T, =T, 1
= Taﬁ'y Z tjuj o T,ozfé’.Y Ta,@ Z tjuj'
Hence,
75 1
k afy af . aB
0By _ B (o (w) = 0" (w)) — 0By _ b Z tjuj = =0, (u),
k k k ko G€(Br.Bry]

accordingly (6) follows.
(i) The proof of (7) is similar to that of (6).
Remark 1. 1t is worth noting that the sequence (Py) is defined as follows:

P = Z t;.

7€(0,K]
Clearly, (Py) is a nondecreasing positive sequence, and further 7} # can be written as

B _
T,? = Pg, — P,

-
Lemma 2. For the sequence (Py), the assertion

T -
lim inf o, >1 forall ~>1 ®)

k—o00 B

is equivalent with

P
liminf =25 > 1 forall 0<~< 1. 9)
k—o0 Bry,
1
Proof. Let (8) holds and 0 < v < 1 be given. Take r := ~; = [yk]|. Certainly, — > 1 and
Y
r [kl

= < k, accordingly it follows
Y Y

ISSN 1027-3190. Ykp. mam. scypn., 2024, m. 76, Ne 7



1044 SEFA ANIL SEZER, IBRAHIM CANAK
B[l} < Bka
Yy
and so P
Pg, = Pg,
Hence, we have
Pg

P,
lim inf —2% > liminf

k—o0 ngk
Conversely, let (9) holds and v > 1 be given

. 1 1 .
Since 0 < — < — < 1, we obtain
Y p

k<
p

1
provided that p <~ — z

vk —1

£
DPs,
. Take p such that 1 < p < v and 7 := v, = [vk].

> 1.

k—o0

r
p

< DAl
P

, whenever k is necessarily large. For such k, it follows

Br < Bz,

and then
P/ch
Pg

k

Therefore, we conclude

P,
lim inf "B

>
k—oo Pﬁk -

Pg,

>
P

P
liminf ~27 > 1.
k—o0 [%}

3. Main results. First, we consider the case where (uy) is a sequence of real numbers and prove
the following Tauberian theorem under one-sided conditions.

Theorem 1. Assume that (8) holds. If a real
finite number {, then

sequence (uy) is deferred weighted summable to a

li =/ 10
Jim s, 10
if and only if
li lim inf ! > 4( )>0 (11)
im sup lim inf — 3 j(u; —ug,) >
1 koo Y Y (B
and )
lim sup lim inf Z tj(ug, —uj) > 0. (12)
B aﬁ J k ]/ =
M Emee T =T el
In that case we necessarily have
Jm 0B pab Y tiluj—ug) =0 (13)
k ko 5€(BrBay]
for every v > 1 and
) 1
o g > tilug, —uy) =0 (14)

Jor every 0 < v < 1.
At this point, a few remarks are in order.
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Remark 2. A real sequence (uy) is said to be deferred slowly decreasing [25] if

limliminf min (u; —ug, ) > 0. 15
P Ry s ﬁk<jsm( J T us) 2 (13)
To put it another way, (15) means that, for any ¢ > 0, there exist v = ~y(e) > 1 and k; = k1(e) > 0
satisfying u; — ug, > —e, whenever k1 < k and 3, < j < 3,,.
The notion of “slow decrease” was first introduced by Schmidt [22] (see also [16]).
(15) can be reformulated equivalently as follows:

lim imint | min | (ug, — ) 2.0 Q
It is clear that if a real sequence (u,,) is deferred slowly decreasing, then (11) and (12) are satisfied.
Then the next result is an obvious consequence of Theorem 1.
Theorem 2. Assume that (8) holds and a real sequence (uy) is deferred slowly decreasing. If
(uy) is deferred weighted summable to a finite number {, then (uy) is convergent to {.
Remark 3. A positive sequence (%) is said to be regularly varying of index p € R in the sense
of Karamata [10] if

—* =~P foreach ~ > 0.
Clearly, if the one-sided Tauberian condition
k(ur —ug—1) > —C

of Landau [15] is satisfied for some C' > 0 and every k = 1,2, ..., then (15) is definitely satisfied,
as long as (fj) is regularly varying of index p > 0.

Second, we consider the general case where (uy) is a sequence of complex numbers and prove
the following Tauberian theorem under two-sided conditions.

Theorem 3. Assume that (8) holds. If a complex sequence (uy,) is deferred weighted summable
to a finite number {, then (ug, ) is convergent to { if and only if either

1
lim inf lim sup| ——— Z tj(uj —ug,)| =0 (17)
B B VAN k
'Y\Ll k—o0 T’;x 7 _T]? je(ﬂkvﬁ"/k]
or
1
lim inf lim sup| ———— Z ti(ug, —uj)| =0. (18)
3 B J\HUBy, J
'YTl k—oo Tka _T]{? ’Yje(ﬁ"/kyﬁk}

In that case we necessarily have (13) for every v > 1 and (14) for every 0 < v < 1.
Now, we can make similar discussions as in the real case above.
Remark 4. A complex sequence (uy) is said to be deferred slowly oscillating [25] if

lim lim su max |u; —ug, | = 0. 19
1 kﬁoopﬂmjgﬁwk' i~ sl (19)

In other saying, (19) means that, for any ¢ > 0, there exist v = v(e) > 1 and k1 = ki(e) > 0
satisfying |u; — ug, | < €, whenever ky < k and f, < j < f3,,.
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The notion of “slow oscillation” dates back to Schmidt [22] (see also [16]).
(19) can be reformulated equivalently as follows:

o | min s, ~ 5] =0 @)
It is easy to check that if a complex sequence (u,,) is deferred slowly oscillating, then (17) and (18)
are satisfied. Hence, the next result is an immediate consequence of Theorem 3.
Theorem 4. Assume that (8) holds and a complex sequence (uy,) is deferred slowly oscillating.
If (uy) is deferred weighted summable to a finite number {, then (uy) is convergent to {.
Remark 5. Apparently, if the two-sided Tauberian condition

k:|uk — uk_1| <C

of Hardy [5] is satisfied for some C' > 0 and every k = 1,2, ..., then (19) is certainly satisfied, as
long as (f) is regularly varying of index p > 0.

Remark 6. Special cases.

(i) In the case ap = 1, B = k for each k£ € N, then we have Tauberian theorems for the
weighted mean summability given in [17].

(i) Inthe case tx = 1, ap = 1, Bx = k for each k € N, then we obtain Tauberian theorems for
the (C, 1) summability given in [16].

(iii) In the case tx, = 1/k, ay, = 1, B = k for each k € N, then we get Tauberian theorems for
the (L, 1) summability given in [18].

(iv) In the case t; = 1 for each k£ € N, then we have Tauberian theorems for the deferred Cesaro
summability given in [25].

Moreover, we characterize the convergence of deferred weighted moving averages via the
following theorem. It states that if (5) and (8) are satisfied, then the so-called deferred weighted
moving averages of a complex sequence (uy) also converges to its deferred weighted sum.

Theorem 5. Assume that (8) holds. If a complex sequence (uy,) is deferred weighted summable
to a finite number ¢, then, for any v > 1,

) 1
k k JE€(Br,Byy]
and, for any 0 < v < 1,
) 1
e 2 =t @)
k ko §€(Byy Bkl

4. Proofs. Proof of Theorem 1. Necessity. By the fulfillment of (5) and (10), we obtain

Jlim (ug, — 0P (w)) = 0. (23)
Considering (8), we have
. oo . By
hii Solip W < hir; Sip m
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P -1 poo\-1) !
— Jliminf(1— 22 _Ji- <1iminfﬁ”k> <o (24)
k—o0 Pﬁwk k—o0 ng

It follows from (5) and (24) that

Taﬁ’y

: k aB B _

for all v > 1. The same is valid for any fixed 0 < v < 1. Then, (13) (respectively, (14)) follows
from (6) (respectively, (7)), (23) and (25).

Sufficiency. Suppose that the fulfillment of (5), (11) and (12). By (11), there exists a sequence
vs 4 1 such that

e 1
Jim lim inf P Y tiluj—ug) 20, (26)
k ko G€Bk: Byl
where i, 1= [V5k].
We observe via (6) that
Brs
limsup (ug, — az‘ﬂ(u)) < lim limsup ﬁTkM (Ugﬁ“ (u) — O’SB(U»
k00 5700 L oo Tl? Vs _Tl?fﬁ
1
+ lim limsup [ ——5—— Z tj(u; — ug,)
Brs F] INTI k
§—00 k—o0 Tk s ch:t je(ﬁkyﬁ"/sk}
Taking (5), (25) and (26) into account, we find
1
lim sup (u — o™y < — lim liminf | ——— ti(u; —u <0. (27
PR ( Bk k ( )) 5300 k300 T]:lg% —T]?ﬂ je(g%’y | J( J Bk)
sk
It follows from (12) that, for any sequence 5 1 1,
1
e ‘ >
Jim lim inf T _ 7% >, tilus, —uj) 20.
k ko GE(Bvgy Bl
Following similar steps as above, we conclude
sB
liminf (ug, — s (w)) > lim liminf ]?77(0%55(11) — g (u))
ko0 B k T 500 k—roo Tkaﬁ _ T]?B'YS k k
1
+ lim liminf ————ro > t(ug, —uy) 2 0. (28)

B of3
s—00 k—o0 T,;l _ Tk ol JeBrs Bl
Combining (27) and (28) gives (23), which is equivalent to (10) due to (5).
Proof of Theorem 2. Let (15) holds, then so does (16). It is plain that (15) and (16) imply (11)
and (12), respectively. Hence, from Theorem 1, we have ug, — £. That is, for any € > 0, there exists
K = K(e) > 0 such that, for all £ > K,
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€
5

It is obtained from (15) that, for any € > 0, there exist kg = ko(e) > 0 and v = y(€) > 1 such that,
forall k > kg and B, < j < 4,

—5 Sug — (< (29)

€
Uj —ug, = Ty (30)

Besides, it follows from (16) that, for given € > 0, there exist k1 = k1(€) > 0and 0 < v =(e) < 1
such that, for all £ > k; and 8, < j < By,

€
ug, — uj > —5 31

Considering (29) and (30), we obtain
uj — € =uj —ug, +ug, —€> —¢ (32)

forall j > k > K; = max{ko, K}.
On the other hand, considering (29) and (31), we have

uj —f=wuj —ug, +ug, —{<e (33)

forall j > k > Ky = max{ky, K}.
Therefore, using (32) and (33), we conclude

—e<uj—f¢<e

for all j > k > K3 = max{ K1, K2}, which completes the proof.

Proof of Theorem 3. Necessity. Let (5) and (10) be satisfied. Analogously to the proof of the
necessity part of Theorem 1, we derive (17) if v > 1 and (18) if 0 < v < 1.

Sufficiency. Suppose that the fulfillment of (5) and (17). From (17), there exists a sequence s | 1
such that

1
lim limsup|———— S 4;(u; — ug,)| = 0. 4
Brs s Y '
§70 Lk sso Tk 7 _TI? je(ﬁkvﬁvsk]

Since (6), we obtain

Taﬁ’Ys ,8
limsup|ug, — 0™ (u)| < lim limsup ——%——— 007 (1) — 09 (u ‘
PN Br K ( s T]?B’YS _Tkag ko (u) k()
. 1
+ lim limsup|——— Z ti(uj —ug,)|-

= OCB’YS of3
§70 koo T =T FEBrsBry )

Taking (5), (25) and (34) into account, we have

1
lim sup|ug, — g]‘i‘ﬁ(u) < lim limsup e R—— E ti(uj —ug,)| =0,
ke T koo | T =TT
sk

which implies ug, — £.
A similar proof may be performed in the case (18) is provided.
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Proof of Theorem 4. Considering (19) together with Theorem 2, we have ug, — /. That is, for
any € > 0, there exists K = K (e) > 0 such that, for all £ > K,

lug, — €| < 5. (35)

DN

It follows from (19) that, for any e > 0, there exist kg = ko(e) > 0 and v = y(e) > 1 such that, for
all k> ko and B, < j < B,

luj —ug, | < <. (36)

NN e

Combining (35) and (36) yields
uj — €] < fuj —ug, |+ ug, — €| <€

for all j > k > K1 = max{ko, K}.

A similar proof can be given if (20) is provided.

Proof of Theorem 5. Assume that v > 1 and k is necessarily large in the sense that T,? By > T,? A
Hence, by Lemma 1 (i),

Z tiu; = o2 (u) + Tkozﬁy(aaﬁW (u) — aaﬁ(u))
1% k k k '

B of3
(BB, 1,7 — T

1
afs B
Tk T - TI? je

Then, using (24) and the deferred weighted summability of (uy), we deduce (21).

Assume that 0 < v < 1 and k is necessarily large in the sense that T} S Tka By, Thus, from
Lemma 1 (ii),

1 a~f3 T;:—yﬂ a3 a~f3
Jp— vPy Tk y . ~B~
e 2 = ok W) b e (o () = o (),
k ko GE(Bry, Bl k k
Since (9) holds, we also have
]:‘wﬁ Pﬁ
limsup ——*—— < limsup ———%—
koo TP — Tk‘fﬂ” k—oo 8, — Pa,,
[ I
={1— [liminf =2 < . (37)

k—o0 ka

Therefore, taking (37) and the deferred weighted summability of (ug) into account, we establish (22).

5. Extension to ordered linear spaces. The theory developed in the Section 3 can be extended
to sequences in ordered linear spaces.

Let (X, <) be an ordered linear space over R, in which with 0 we represent the zero of X and
by 7, a given nonnegative element in X. We remind the definition below from [20].

A sequence (ug) in X is called convergent to ¢ € X, relative to T, if, for every e > 0, there
exists kg > 0 such that

—eT <uy — € <er, whenever k > kg.
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Following Maddox [20], we say that (ug) in X is deferred slowly decreasing, relative to 7, if,
for every € > 0, there exists ky > 0 and v > 1 such that

u; —ug, > —€r, Whenever k>ky and [ <j<fS,.

The deferred slow decrease property for 0 < v < 1 relative to 7 is defined in a similar way.
Based on the above concepts, we can derive the following generalizations of [16].

Theorem 6. Assume that (8) holds. If (U?'B(u)) converges to ! € X, relative to T, then (ug,)
converges to {, relative to T, if and only if the following two conditions are satisfied.:

for every € > 0, there exists ko > 0 and v > 1 such that, for all k > ko,

1

0By _ o Z tj(uj — ug,) = —er,
k Tk

GE(BrorBoy]
for every € > 0, there exists kg > 0 and 0 < v < 1 such that, for all k > ko,

1
7’_?&[3 prya Z tj(ug, —uj) > —er.
E 7 Tk je(Byy Bk

In that case the sequences ((TISBAY — T,S‘ﬁ)_1 Z'e(ﬁ 5 ]tj(uj — u5k)) for every v > 1 and
J kP

T8 _ pohny ti(u —u-) or every 0 < v < 1, necessarily converge to 0 € X,
(( v Tk ) Zje(ﬂ%ﬁk] i(ug, —uy) ) for every 0 <~ y g

relative to T.

Theorem 7. Assume that (8) holds and (uy) is deferred slowly decreasing relative to T. If
(0?5 (u)) converges to [ € X, relative to T, then (uy) converges to { relative to .

6. Conclusion. We established necessary and sufficient Tauberian conditions for sequences of
real or complex numbers that are summable by deferred weighted mean methods. The main results
of this paper are applicable to all such methods and provide a unifying framework for the results
in the literature for specific methods, such as weighted mean summability [17], (C,1) summability
[16], (L, 1) summability [18], and deferred Cesaro summability [25]. We observed that the conditions
in our theorems are consequences of the deferred slowly decreasing condition for sequences of real
numbers, or the deferred slowly oscillating condition for sequences of complex numbers. Therefore,
we obtained classical one-sided Landau-type as well as two-sided Hardy-type Tauberian conditions as
corollaries of our main theorems. Finally, we introduced a general Tauberian theorem for sequences
in ordered linear spaces.
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