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CONDITIONS UNDER WHICH THE CONVERGENCE OF A SEQUENCE
OR ITS CERTAIN SUBSEQUENCES FOLLOWS FROM THE SUMMABILITY
BY DEFERRED WEIGHTED MEANS

УМОВИ, ЗА ЯКИХ ЗБIЖНIСТЬ ПОСЛIДОВНОСТI
АБО ДЕЯКИХ ЇЇ ПIДПОСЛIДОВНОСТЕЙ ВИПЛИВАЄ З СУМОВНОСТI
ЗА ВIДКЛАДЕНИМИ ВАГОВИМИ СЕРЕДНIМИ

Let (uk) be a sequence of real or complex numbers. First, we consider a real sequence (uk) and formulate one-sided
Tauberian conditions, which are necessary and sufficient for the convergence of certain subsequences of (uk) to follow
from its deferred weighted summability. These conditions are satisfied if (uk) is deferred slowly decreasing or if (uk)
obeys a Landau-type Tauberian condition. Second, we consider a complex sequence (uk) and present a two-sided Tauberian
condition which is necessary and sufficient in order that the convergence of certain subsequences of (uk) follow from its
deferred weighted summability. This condition is satisfied either if (uk) is deferred slowly oscillating or if (uk) obeys
a Hardy-type Tauberian condition. Finally, we extend these results to sequences in ordered linear spaces over the real
numbers.

Нехай (uk) — послiдовнiсть дiйсних або комплексних чисел. По-перше, ми розглядаємо дiйсну послiдовнiсть (uk)
i наводимо одностороннi тауберовi умови, що є необхiдними i достатнiми для того, щоб збiжнiсть певних пiдпо-
слiдовностей послiдовностi (uk) випливала з її вiдкладеної вагової сумовностi. Цi умови виконуються, якщо (uk)
є вiдкладено повiльно спадною або якщо (uk) задовольняє тауберовi умови типу Ландау. По-друге, ми розглядає-
мо комплексну послiдовнiсть (uk) i наводимо двосторонню тауберову умову, необхiдну i достатню для того, щоб
збiжнiсть певних пiдпослiдовностей послiдовностi (uk) випливала з її вiдкладеної вагової сумовностi. Ця умова
виконується, якщо (uk) є вiдкладено повiльно осцилюючою або якщо (uk) задовольняє тауберову умову типу Гар-
дi. Насамкiнець ми поширюємо цi результати на послiдовностi у впорядкованих лiнiйних просторах над дiйсними
числами.

1. Introduction. Let (tk) be a sequence of nonnegative real numbers such that \mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}k\rightarrow \infty tk > 0

and

T\alpha \beta 
k :=

\sum 
j\in (\alpha k,\beta k]

tj \rightarrow \infty , k \rightarrow \infty , (1)

where (\alpha k) and (\beta k) are sequences of nonnegative integers satisfying

\alpha k < \beta k, k = 1, 2, . . . , (2)

and

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

\beta k = \infty . (3)

Given any sequence (uk), its deferred weighted means \sigma \alpha \beta 
k (u) are defined by

\sigma \alpha \beta 
k (u) =

1

T\alpha \beta 
k

\sum 
j\in (\alpha k,\beta k]

tjuj , k = 1, 2, . . . . (4)
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A sequence (uk) is said to be deferred weighted summable to \ell if

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

\sigma \alpha \beta 
k (u) = \ell . (5)

Obviously, in the case of tk = 1 for all k, (4) reduces to the deferred Cesàro mean introduced by
Agnew [2].

In recent years, deferred Cesàro and deferred weighted means have been extensively studied due
to their applications in several areas, such as summability and approximation theory. Considering
the concepts of deferred Cesàro means and statistical convergence, Küçükaslan and Yılmaztürk
[14] introduced the deferred statistical convergence of sequences. Savaş [24] defined the concept
of asymptotically deferred statistical equivalence of sequences, by combining the deferred density
and the asymptotically statistical equivalence of sequences. Taking different kinds of statistical
convergence into account, such as pointwise, uniform, and equistatistical convergence, for a sequence
of real-valued functions, Saini et al. [23] obtained various deductive conclusions and proved an
approximation theorem based on the deferred Cesàro and the deferred Euler statistical convergence.
Later, Jena and Paikray [7] established some fundamental theorems associated with the concepts of
statistical Riemann integrability, statistical Cauchy – Riemann integrability, deferred Cesàro statistical
Riemann integrability, and statistical deferred Cesàro – Riemann summability for a sequence of real-
valued functions. Besides, Jena et al. [6] introduced the statistical deferred Cesàro summability
of sequences and utilized it to obtain Korovkin-type approximation theorems. Later, Srivastava et
al. [27] presented the deferred weighted statistical convergence and the deferred weighted statistical
summability methods and demonstrated similar approximation theorems. Recently, Sezer et al. [25, 26]
proved some Tauberian theorems for the deferred Cesàro summability and the statistical deferred
Cesàro summability of sequences, respectively. Furthermore, researchers investigated deferred means
in various fields of mathematics, including Fourier series [9], sequence spaces of random variables
[28], time scales [3], paranormed spaces [4], and sequence spaces of complex uncertain variables
[12]. For more recent studies in this direction, see [8, 11, 21].

The deferred weighted summability method is regular under the conditions (1) – (3). That is, if
(1) – (3) are fulfilled, then the convergence of a sequence (uk) implies the convergence of deferred
weighted means to the same limit.

In this paper, we are interested in the inverse implication. We investigate supplementary conditions
on (tk) and (uk) under which the convergence of

\bigl( 
\sigma \alpha \beta 
k (u)

\bigr) 
implies that of (uk) or its certain

subsequences. Such kind of conditions are called Tauberian conditions and results in this direction
are known as Tauberian theorems. We introduce one- and two-sided conditions for real and complex
sequences, respectively. The techniques used in this study also allow us to extend our Tauberian
results to sequences in ordered linear spaces.

The reader concerned with the theory of summability and Tauberian theorems is referred to the
monographs [1, 13, 19].

2. Auxiliary results. This section includes some lemmas that are required in the proofs of the
main results.

In the sequel, let (\beta k) be strictly increasing and define \gamma k := [\gamma k] for \gamma > 0, where [.] means
the integer part.
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Lemma 1. (i) If \gamma > 1 and k is large enough such that T\alpha \beta \gamma 

k > T\alpha \beta 
k , then

u\beta k
 - \sigma \alpha \beta 

k (u) =
T
\alpha \beta \gamma 

k

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\bigl( 
\sigma 
\alpha \beta \gamma 

k (u) - \sigma \alpha \beta 
k (u)

\bigr) 
 - 1

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\sum 
j\in (\beta k,\beta \gamma k

]

tj(uj  - u\beta k
). (6)

(ii) If 0 < \gamma < 1 and k is large enough such that T\alpha \beta 
k > T

\alpha \beta \gamma 

k , then

u\beta k
 - \sigma 

\alpha \gamma \beta \gamma 

k (u) =
T
\alpha \gamma \beta 
k

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\bigl( 
\sigma 
\alpha \gamma \beta 
k (u) - \sigma 

\alpha \gamma \beta \gamma 

k (u)
\bigr) 
+

1

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\sum 
j\in (\beta \gamma k

,\beta k]

tj(u\beta k
 - uj). (7)

Proof. (i) From the definition in (4), we have

\sigma 
\alpha \beta \gamma 

k (u) - \sigma \alpha \beta 
k (u) =

1

T
\alpha \beta \gamma 

k

\sum 
j\in (\alpha k,\beta \gamma k

]

tjuj  - 
1

T\alpha \beta 
k

\sum 
j\in (\alpha k,\beta k]

tjuj

=
1

T
\alpha \beta \gamma 

k

\sum 
j\in (\beta k,\beta \gamma k

]

tjuj  - 
T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

T
\alpha \beta \gamma 

k

1

T\alpha \beta 
k

\sum 
j\in (\alpha k,\beta k]

tjuj .

Hence,

T
\alpha \beta \gamma 

k

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\bigl( 
\sigma 
\alpha \beta \gamma 

k (u) - \sigma \alpha \beta 
k (u)

\bigr) 
 - 1

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\sum 
j\in (\beta k,\beta \gamma k

]

tjuj =  - \sigma \alpha \beta 
k (u),

accordingly (6) follows.
(ii) The proof of (7) is similar to that of (6).
Remark 1. It is worth noting that the sequence (Pk) is defined as follows:

Pk :=
\sum 

j\in (0,k]

tj .

Clearly, (Pk) is a nondecreasing positive sequence, and further T\alpha \beta 
k can be written as

T\alpha \beta 
k = P\beta k

 - P\alpha k
.

Lemma 2. For the sequence (Pk), the assertion

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

P\beta \gamma k

P\beta k

> 1 for all \gamma > 1 (8)

is equivalent with

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

P\beta k

P\beta \gamma k

> 1 for all 0 < \gamma < 1. (9)

Proof. Let (8) holds and 0 < \gamma < 1 be given. Take r := \gamma k = [\gamma k]. Certainly,
1

\gamma 
> 1 and

r

\gamma 
=

[\gamma k]

\gamma 
\leq k, accordingly it follows
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\beta [ r
\gamma 
] \leq \beta k,

and so
P\beta k

P\beta \gamma k

\geq 
P\beta [ r\gamma ]

P\beta r

.

Hence, we have

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

P\beta k

P\beta \gamma k

\geq \mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

P\beta [ r\gamma ]

P\beta r

> 1.

Conversely, let (9) holds and \gamma > 1 be given. Take \rho such that 1 < \rho < \gamma and r := \gamma k = [\gamma k].

Since 0 <
1

\gamma 
<

1

\rho 
< 1, we obtain

k \leq \gamma k  - 1

\rho 
<

[\gamma k]

\rho 
=

r

\rho 

provided that \rho \leq \gamma  - 1

k
, whenever k is necessarily large. For such k, it follows

\beta k \leq \beta [ r
\rho 
],

and then
P\beta \gamma k

P\beta k

\geq 
P\beta r

P[ r
\rho 
]
.

Therefore, we conclude

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

P\beta \gamma k

P\beta k

\geq \mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

P\beta r

P[ r
\rho 
]
> 1.

3. Main results. First, we consider the case where (uk) is a sequence of real numbers and prove
the following Tauberian theorem under one-sided conditions.

Theorem 1. Assume that (8) holds. If a real sequence (uk) is deferred weighted summable to a
finite number \ell , then

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

u\beta k
= \ell (10)

if and only if

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
\gamma \downarrow 1

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

1

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\sum 
j\in (\beta k,\beta \gamma k

]

tj(uj  - u\beta k
) \geq 0 (11)

and

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
\gamma \uparrow 1

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

1

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\sum 
j\in (\beta \gamma k

,\beta k]

tj(u\beta k
 - uj) \geq 0. (12)

In that case we necessarily have

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

1

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\sum 
j\in (\beta k,\beta \gamma k

]

tj(uj  - u\beta k
) = 0 (13)

for every \gamma > 1 and

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

1

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\sum 
j\in (\beta \gamma k

,\beta k]

tj(u\beta k
 - uj) = 0 (14)

for every 0 < \gamma < 1.

At this point, a few remarks are in order.
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Remark 2. A real sequence (uk) is said to be deferred slowly decreasing [25] if

\mathrm{l}\mathrm{i}\mathrm{m}
\gamma \downarrow 1

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

\mathrm{m}\mathrm{i}\mathrm{n}
\beta k<j\leq \beta \gamma k

(uj  - u\beta k
) \geq 0. (15)

To put it another way, (15) means that, for any \epsilon > 0, there exist \gamma = \gamma (\epsilon ) > 1 and k1 = k1(\epsilon ) > 0

satisfying uj  - u\beta k
\geq  - \epsilon , whenever k1 \leq k and \beta k < j \leq \beta \gamma k .

The notion of “slow decrease” was first introduced by Schmidt [22] (see also [16]).
(15) can be reformulated equivalently as follows:

\mathrm{l}\mathrm{i}\mathrm{m}
\gamma \uparrow 1

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

\mathrm{m}\mathrm{i}\mathrm{n}
\beta \gamma k

<j\leq \beta k

(u\beta k
 - uj) \geq 0. (16)

It is clear that if a real sequence (un) is deferred slowly decreasing, then (11) and (12) are satisfied.
Then the next result is an obvious consequence of Theorem 1.

Theorem 2. Assume that (8) holds and a real sequence (uk) is deferred slowly decreasing. If
(uk) is deferred weighted summable to a finite number \ell , then (uk) is convergent to \ell .

Remark 3. A positive sequence (\beta k) is said to be regularly varying of index \rho \in \BbbR in the sense
of Karamata [10] if

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

\beta \gamma k
\beta k

= \gamma \rho for each \gamma > 0.

Clearly, if the one-sided Tauberian condition

k(uk  - uk - 1) \geq  - C

of Landau [15] is satisfied for some C > 0 and every k = 1, 2, . . . , then (15) is definitely satisfied,
as long as (\beta k) is regularly varying of index \rho > 0.

Second, we consider the general case where (uk) is a sequence of complex numbers and prove
the following Tauberian theorem under two-sided conditions.

Theorem 3. Assume that (8) holds. If a complex sequence (uk) is deferred weighted summable
to a finite number \ell , then (u\beta k

) is convergent to \ell if and only if either

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
\gamma \downarrow 1

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\sum 
j\in (\beta k,\beta \gamma k

]

tj(uj  - u\beta k
)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| = 0 (17)

or

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
\gamma \uparrow 1

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\sum 
j\in (\beta \gamma k

,\beta k]

tj(u\beta k
 - uj)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| = 0. (18)

In that case we necessarily have (13) for every \gamma > 1 and (14) for every 0 < \gamma < 1.

Now, we can make similar discussions as in the real case above.
Remark 4. A complex sequence (uk) is said to be deferred slowly oscillating [25] if

\mathrm{l}\mathrm{i}\mathrm{m}
\gamma \downarrow 1

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\mathrm{m}\mathrm{a}\mathrm{x}
\beta k<j\leq \beta \gamma k

| uj  - u\beta k
| = 0. (19)

In other saying, (19) means that, for any \epsilon > 0, there exist \gamma = \gamma (\epsilon ) > 1 and k1 = k1(\epsilon ) > 0

satisfying | uj  - u\beta k
| \leq \epsilon , whenever k1 \leq k and \beta k < j \leq \beta \gamma k .
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The notion of “slow oscillation” dates back to Schmidt [22] (see also [16]).
(19) can be reformulated equivalently as follows:

\mathrm{l}\mathrm{i}\mathrm{m}
\gamma \uparrow 1

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\mathrm{m}\mathrm{i}\mathrm{n}
\beta \gamma k

<j\leq \beta k

| u\beta k
 - uj | = 0. (20)

It is easy to check that if a complex sequence (un) is deferred slowly oscillating, then (17) and (18)
are satisfied. Hence, the next result is an immediate consequence of Theorem 3.

Theorem 4. Assume that (8) holds and a complex sequence (uk) is deferred slowly oscillating.
If (uk) is deferred weighted summable to a finite number \ell , then (uk) is convergent to \ell .

Remark 5. Apparently, if the two-sided Tauberian condition

k| uk  - uk - 1| \leq C

of Hardy [5] is satisfied for some C > 0 and every k = 1, 2, . . . , then (19) is certainly satisfied, as
long as (\beta k) is regularly varying of index \rho > 0.

Remark 6. Special cases.
(i) In the case \alpha k = 1, \beta k = k for each k \in \BbbN , then we have Tauberian theorems for the

weighted mean summability given in [17].
(ii) In the case tk = 1, \alpha k = 1, \beta k = k for each k \in \BbbN , then we obtain Tauberian theorems for

the (C, 1) summability given in [16].
(iii) In the case tk = 1/k, \alpha k = 1, \beta k = k for each k \in \BbbN , then we get Tauberian theorems for

the (L, 1) summability given in [18].
(iv) In the case tk = 1 for each k \in \BbbN , then we have Tauberian theorems for the deferred Cesàro

summability given in [25].

Moreover, we characterize the convergence of deferred weighted moving averages via the
following theorem. It states that if (5) and (8) are satisfied, then the so-called deferred weighted
moving averages of a complex sequence (uk) also converges to its deferred weighted sum.

Theorem 5. Assume that (8) holds. If a complex sequence (uk) is deferred weighted summable
to a finite number \ell , then, for any \gamma > 1,

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

1

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\sum 
j\in (\beta k,\beta \gamma k

]

tjuj = \ell (21)

and, for any 0 < \gamma < 1,

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

1

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\sum 
j\in (\beta \gamma k

,\beta k]

tjuj = \ell . (22)

4. Proofs. Proof of Theorem 1. Necessity. By the fulfillment of (5) and (10), we obtain

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

\bigl( 
u\beta k

 - \sigma \alpha \beta 
k (u)

\bigr) 
= 0. (23)

Considering (8), we have

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

T
\alpha \beta \gamma 

k

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\leq \mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

P\beta \gamma k

P\beta \gamma k
 - P\beta k
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=

\Biggl\{ 
\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

\Biggl( 
1 - 

P\beta k

P\beta \gamma k

\Biggr) \Biggr\}  - 1

=

\Biggl\{ 
1 - 

\biggl( 
\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

P\beta \gamma k

P\beta k

\biggr)  - 1
\Biggr\}  - 1

< \infty . (24)

It follows from (5) and (24) that

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

T
\alpha \beta \gamma 

k

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\bigl( 
\sigma 
\alpha \beta \gamma 

k (u) - \sigma \alpha \beta 
k (u)

\bigr) 
= 0 (25)

for all \gamma > 1. The same is valid for any fixed 0 < \gamma < 1. Then, (13) (respectively, (14)) follows
from (6) (respectively, (7)), (23) and (25).

Sufficiency. Suppose that the fulfillment of (5), (11) and (12). By (11), there exists a sequence
\gamma s \downarrow 1 such that

\mathrm{l}\mathrm{i}\mathrm{m}
s\rightarrow \infty 

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

1

T
\alpha \beta \gamma s
k  - T\alpha \beta 

k

\sum 
j\in (\beta k,\beta \gamma sk

]

tj(uj  - u\beta k
) \geq 0, (26)

where \gamma sk := [\gamma sk].

We observe via (6) that

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\bigl( 
u\beta k

 - \sigma \alpha \beta 
k (u)

\bigr) 
\leq \mathrm{l}\mathrm{i}\mathrm{m}

s\rightarrow \infty 
\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

T
\alpha \beta \gamma s
k

T
\alpha \beta \gamma s
k  - T\alpha \beta 

k

\bigl( 
\sigma 
\alpha \beta \gamma s
k (u) - \sigma \alpha \beta 

k (u)
\bigr) 

+ \mathrm{l}\mathrm{i}\mathrm{m}
s\rightarrow \infty 

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\left(   - 1

T
\alpha \beta \gamma s
k  - T\alpha \beta 

k

\sum 
j\in (\beta k,\beta \gamma sk

]

tj(uj  - u\beta k
)

\right)  .

Taking (5), (25) and (26) into account, we find

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\bigl( 
u\beta k

 - \sigma \alpha \beta 
k (u)

\bigr) 
\leq  - \mathrm{l}\mathrm{i}\mathrm{m}

s\rightarrow \infty 
\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

\left(  1

T
\alpha \beta \gamma s
k  - T\alpha \beta 

k

\sum 
j\in (\beta k,\beta \gamma sk

]

tj(uj  - u\beta k
)

\right)  \leq 0. (27)

It follows from (12) that, for any sequence \gamma s \uparrow 1,

\mathrm{l}\mathrm{i}\mathrm{m}
s\rightarrow \infty 

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

1

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\sum 
j\in (\beta \gamma sk

,\beta k]

tj(u\beta k
 - uj) \geq 0.

Following similar steps as above, we conclude

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

\bigl( 
u\beta k

 - \sigma 
\alpha \gamma s\beta \gamma s
k (u)

\bigr) 
\geq \mathrm{l}\mathrm{i}\mathrm{m}

s\rightarrow \infty 
\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

T
\alpha \gamma s\beta 
k

T\alpha \beta 
k  - T

\alpha \beta \gamma s
k

\bigl( 
\sigma 
\alpha \gamma s\beta 
k (u) - \sigma 

\alpha \gamma s\beta \gamma s
k (u)

\bigr) 
+ \mathrm{l}\mathrm{i}\mathrm{m}

s\rightarrow \infty 
\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

1

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\sum 
j\in (\beta \gamma sk

,\beta k]

tj(u\beta k
 - uj) \geq 0. (28)

Combining (27) and (28) gives (23), which is equivalent to (10) due to (5).
Proof of Theorem 2. Let (15) holds, then so does (16). It is plain that (15) and (16) imply (11)

and (12), respectively. Hence, from Theorem 1, we have u\beta k
\rightarrow \ell . That is, for any \epsilon > 0, there exists

K = K(\epsilon ) > 0 such that, for all k \geq K,
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 - \epsilon 

2
\leq u\beta k

 - \ell \leq \epsilon 

2
. (29)

It is obtained from (15) that, for any \epsilon > 0, there exist k0 = k0(\epsilon ) > 0 and \gamma = \gamma (\epsilon ) > 1 such that,
for all k \geq k0 and \beta k < j \leq \beta \gamma k ,

uj  - u\beta k
\geq  - \epsilon 

2
. (30)

Besides, it follows from (16) that, for given \epsilon > 0, there exist k1 = k1(\epsilon ) > 0 and 0 < \gamma = \gamma (\epsilon ) < 1

such that, for all k \geq k1 and \beta \gamma k < j \leq \beta k,

u\beta k
 - uj \geq  - \epsilon 

2
. (31)

Considering (29) and (30), we obtain

uj  - \ell = uj  - u\beta k
+ u\beta k

 - \ell \geq  - \epsilon (32)

for all j \geq k \geq K1 = \mathrm{m}\mathrm{a}\mathrm{x}\{ k0,K\} .
On the other hand, considering (29) and (31), we have

uj  - \ell = uj  - u\beta k
+ u\beta k

 - \ell \leq \epsilon (33)

for all j \geq k \geq K2 = \mathrm{m}\mathrm{a}\mathrm{x}\{ k1,K\} .
Therefore, using (32) and (33), we conclude

 - \epsilon \leq uj  - \ell \leq \epsilon 

for all j \geq k \geq K3 = \mathrm{m}\mathrm{a}\mathrm{x}\{ K1,K2\} , which completes the proof.
Proof of Theorem 3. Necessity. Let (5) and (10) be satisfied. Analogously to the proof of the

necessity part of Theorem 1, we derive (17) if \gamma > 1 and (18) if 0 < \gamma < 1.

Sufficiency. Suppose that the fulfillment of (5) and (17). From (17), there exists a sequence \gamma s \downarrow 1

such that

\mathrm{l}\mathrm{i}\mathrm{m}
s\rightarrow \infty 

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

T
\alpha \beta \gamma s
k  - T\alpha \beta 

k

\sum 
j\in (\beta k,\beta \gamma sk

]

tj(uj  - u\beta k
)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| = 0. (34)

Since (6), we obtain

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\bigm| \bigm| \bigm| u\beta k
 - \sigma \alpha \beta 

k (u)
\bigm| \bigm| \bigm| \leq \mathrm{l}\mathrm{i}\mathrm{m}

s\rightarrow \infty 
\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

T
\alpha \beta \gamma s
k

T
\alpha \beta \gamma s
k  - T\alpha \beta 

k

\bigm| \bigm| \bigm| \sigma \alpha \beta \gamma s
k (u) - \sigma \alpha \beta 

k (u)
\bigm| \bigm| \bigm| 

+ \mathrm{l}\mathrm{i}\mathrm{m}
s\rightarrow \infty 

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

T
\alpha \beta \gamma s
k  - T\alpha \beta 

k

\sum 
j\in (\beta k,\beta \gamma sk

]

tj(uj  - u\beta k
)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| .
Taking (5), (25) and (34) into account, we have

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\bigm| \bigm| \bigm| u\beta k
 - \sigma \alpha \beta 

k (u)
\bigm| \bigm| \bigm| \leq \mathrm{l}\mathrm{i}\mathrm{m}

s\rightarrow \infty 
\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 1

T
\alpha \beta \gamma s
k  - T\alpha \beta 

k

\sum 
j\in (\beta k,\beta \gamma sk

]

tj(uj  - u\beta k
)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| = 0,

which implies u\beta k
\rightarrow \ell .

A similar proof may be performed in the case (18) is provided.
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Proof of Theorem 4. Considering (19) together with Theorem 2, we have u\beta k
\rightarrow \ell . That is, for

any \epsilon > 0, there exists K = K(\epsilon ) > 0 such that, for all k \geq K,

| u\beta k
 - \ell | \leq \epsilon 

2
. (35)

It follows from (19) that, for any \epsilon > 0, there exist k0 = k0(\epsilon ) > 0 and \gamma = \gamma (\epsilon ) > 1 such that, for
all k \geq k0 and \beta k < j \leq \beta \gamma k ,

| uj  - u\beta k
| \leq \epsilon 

2
. (36)

Combining (35) and (36) yields

| uj  - \ell | \leq | uj  - u\beta k
| + | u\beta k

 - \ell | \leq \epsilon 

for all j \geq k \geq K1 = \mathrm{m}\mathrm{a}\mathrm{x}\{ k0,K\} .
A similar proof can be given if (20) is provided.
Proof of Theorem 5. Assume that \gamma > 1 and k is necessarily large in the sense that T\alpha \beta \gamma 

k > T\alpha \beta 
k .

Hence, by Lemma 1 (i),

1

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\sum 
j\in (\beta k,\beta \gamma k

]

tjuj = \sigma \alpha \beta 
k (u) +

T
\alpha \beta \gamma 

k

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\bigl( 
\sigma 
\alpha \beta \gamma 

k (u) - \sigma \alpha \beta 
k (u)

\bigr) 
.

Then, using (24) and the deferred weighted summability of (uk), we deduce (21).

Assume that 0 < \gamma < 1 and k is necessarily large in the sense that T\alpha \beta 
k > T

\alpha \beta \gamma 

k . Thus, from
Lemma 1 (ii),

1

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\sum 
j\in (\beta \gamma k

,\beta k]

tjuj = \sigma 
\alpha \gamma \beta \gamma 

k (u) +
T
\alpha \gamma \beta 
k

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\bigl( 
\sigma 
\alpha \gamma \beta 
k (u) - \sigma 

\alpha \gamma \beta \gamma 

k (u)
\bigr) 
.

Since (9) holds, we also have

\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

T
\alpha \gamma \beta 
k

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\leq \mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}
k\rightarrow \infty 

P\beta \gamma k

P\beta k
 - P\beta \gamma k

=

\left\{   1 - 

\Biggl( 
\mathrm{l}\mathrm{i}\mathrm{m} \mathrm{i}\mathrm{n}\mathrm{f}
k\rightarrow \infty 

P\beta k

P\beta \gamma k

\Biggr)  - 1
\right\}   

 - 1

< \infty . (37)

Therefore, taking (37) and the deferred weighted summability of (uk) into account, we establish (22).

5. Extension to ordered linear spaces. The theory developed in the Section 3 can be extended
to sequences in ordered linear spaces.

Let (X,\leq ) be an ordered linear space over \BbbR , in which with 0 we represent the zero of X and
by \tau , a given nonnegative element in X. We remind the definition below from [20].

A sequence (uk) in X is called convergent to \ell \in X, relative to \tau , if, for every \epsilon > 0, there
exists k0 > 0 such that

 - \epsilon \tau \leq uk  - \ell \leq \epsilon \tau , whenever k \geq k0.
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Following Maddox [20], we say that (uk) in X is deferred slowly decreasing, relative to \tau , if,
for every \epsilon > 0, there exists k0 > 0 and \gamma > 1 such that

uj  - u\beta k
\geq  - \epsilon \tau , whenever k \geq k0 and \beta k < j \leq \beta \gamma k .

The deferred slow decrease property for 0 < \gamma < 1 relative to \tau is defined in a similar way.
Based on the above concepts, we can derive the following generalizations of [16].

Theorem 6. Assume that (8) holds. If
\bigl( 
\sigma \alpha \beta 
k (u)

\bigr) 
converges to \ell \in X, relative to \tau , then (u\beta k

)

converges to \ell , relative to \tau , if and only if the following two conditions are satisfied:
for every \epsilon > 0, there exists k0 > 0 and \gamma > 1 such that, for all k \geq k0,

1

T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\sum 
j\in (\beta k,\beta \gamma k

]

tj(uj  - u\beta k
) \geq  - \epsilon \tau ,

for every \epsilon > 0, there exists k0 > 0 and 0 < \gamma < 1 such that, for all k \geq k0,

1

T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\sum 
j\in (\beta \gamma k

,\beta k]

tj(u\beta k
 - uj) \geq  - \epsilon \tau .

In that case the sequences
\Bigl( \bigl( 
T
\alpha \beta \gamma 

k  - T\alpha \beta 
k

\bigr)  - 1
\sum 

j\in (\beta k,\beta \gamma k
]
tj(uj  - u\beta k

)
\Bigr) 

for every \gamma > 1 and\Bigl( \bigl( 
T\alpha \beta 
k  - T

\alpha \beta \gamma 

k

\bigr)  - 1
\sum 

j\in (\beta \gamma k
,\beta k]

tj(u\beta k
 - uj)

\Bigr) 
for every 0 < \gamma < 1, necessarily converge to 0 \in X,

relative to \tau .

Theorem 7. Assume that (8) holds and (uk) is deferred slowly decreasing relative to \tau . If\bigl( 
\sigma \alpha \beta 
k (u)

\bigr) 
converges to \ell \in X, relative to \tau , then (uk) converges to \ell relative to \tau .

6. Conclusion. We established necessary and sufficient Tauberian conditions for sequences of
real or complex numbers that are summable by deferred weighted mean methods. The main results
of this paper are applicable to all such methods and provide a unifying framework for the results
in the literature for specific methods, such as weighted mean summability [17], (C, 1) summability
[16], (L, 1) summability [18], and deferred Cesàro summability [25]. We observed that the conditions
in our theorems are consequences of the deferred slowly decreasing condition for sequences of real
numbers, or the deferred slowly oscillating condition for sequences of complex numbers. Therefore,
we obtained classical one-sided Landau-type as well as two-sided Hardy-type Tauberian conditions as
corollaries of our main theorems. Finally, we introduced a general Tauberian theorem for sequences
in ordered linear spaces.
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