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SOBOLEV-TYPE THEOREM FOR COMMUTATORS OF HARDY OPERATORS
IN GRAND HERZ SPACES

TEOPEMA THUITY COBOJIEBA IJIS1 KOMYTATOPIB OITIEPATOPIB I'AP/1
Y BEJIMKUX MPOCTOPAX I'EPLIA

The higher-order commutators of fractional Hardy-type operators of variable order ((z) are shown to be bounded from
the grand variable Herz spaces Ka( )9 (R™) into the weighted space KZ(qz ;L) ’(R™), where p = (1 + |z1])~* and
11 <),

qz)  plz)  n

IMoka3aHo, 10 KOMYTATOPH BHIIMX TOPSAKIB JpoOOBHX oreparopiB Tumy [apai 3minHoro mopsaky ((z) oOMmexeni 3

(z) is not necessarily constant at infinity.

BEJIMKUX 3MIiHHHX mpocTtopis [epia Ka( ), Y(R™) y Baroemii mpoctip Ka( ) “> YR, me p= (14 |z]) i @ =
q(z
<)
n

D) , KO p(z) He 060B’SIBKOBO € CTANOI0 HAa HECKIHYEHHOCTI.
p(z

1. Introduction. Let g is a nonnegative integrable function in R*. The classical Hardy operators
are defined as

()

Ho(z) = /g(x)dx, Hog(z) = 7dm, 250,

X

The Hardy operators H and H* are mutually adjoint:

O/g DH(z O/f 2,

1 1
where f € LP(R"), g€ LYR') with 1 <p < oo and — 4+ - = 1.

Nowadays there is a vast boom of research related tg both the study of the Herz spaces
themselves and the operator theory in these spaces. This is caused under the influence of some
possible applications in modeling with nonstandard local growth (in differential equations, fluid
mechanics, elasticity theory, see, for example, [1, 2]). Boundedness of various operators has been
intensively studied in the last years, and one the remarkable results was on the boundedness of the
Hardy - Littlewood maximal operator in these spaces.

In [3] authors proved a Sobolev-type theorem for the potential operator 1¢(*) from the Lebesgue
space LP(") into the weighted Lebesgue space L?,J(') in R™, under the conditions that p(x) is satisfying
the logarithmic condition locally and at infinity. It was not only supposed that p(z) is constant at
infinity but also assumed that p(x) took its minimal value at infinity.
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In [4], remarkable results were proved in which authors discussed the boundedness of sublinear
operators on homogeneous Herz spaces KE(()) "(R™) and nonhomogeneous Herz spaces qué)) “(R™)
with variable exponents ((-) and v(-). Meanwhile, they also established Hardy — Littlewood Sobolev
theorems for fractional integrals on Herz spaces with variable exponent. In [5], authors considered
the Herz—Morrey spaces M K g(v)(’)\ (R™) with variable exponent and investigated mapping properties
for the fractional Hardy-type operators in these spaces.

Grand variable Herz spaces was introduced in [6] and proved boundedness for sublinear operators
in these spaces. Sultan el al. in [7] introduced the idea of grand variable Herz—Morrey spaces and
obtained boundedness of Riesz potential operator in these spaces. Boundedness of other integral
operators on grand function spaces can be seen in [8 — 12]. Inspired by the concept, in this paper we
will demonstrate the boundedness of higher order commutators of the fractional Hardy-type operators
of variable order from grand Herz spaces to weighted space under some proper assumptions on
weights.

We divided this paper into different sections. Apart from introduction, a section is dedicated to
basic lemmas and definitions. One section is for Sobolev-type theorem for the fractional Hardy-type

operators of variable order in grand variable Herz spaces.
2. Preliminaries. For this section we refer to [13—17] unless and until stated otherwise.
2.1. Lebesgue space with variable exponent.
Definition 2.1. If H is a measurable set in R™ and p(-): H — [1,00) is a measurable function.
(a) Lebesgue space with variable exponent Lp(')(H ) is defined as

p(y)
Lp(')(H) = ¢ [ measurable: /(]f(y)|) dy < oo where ~y is a constant
Y

Norm in LPC)(H) can be defined as

p(y)
1 /1l sy = inf v > 0: /(f(y)f> dy <1

H
(b) The space Lfo((;)(H) is defined as

Lp(‘)(H) = {f: fe Lp(')(K) for all compact subsets K C H}

loc

We use these notations in this article:
(i) Let f € L{ _(H) be a locally integrable function, then the Hardy - Littlewood maximal

loc
operator M is defined as

M f(y) = sups~" / Fy)ldy, e m,
B(y,s)

where B(y,s) :={x € H: |y — x| < s}.
(ii) The set P(H) is consists of all measuable functions p(-) satisfying

p— :=ess inf p(h) > 1, p+ = esssup p(h) < c0. (2.1)
heH heH
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1054 BABAR SULTAN, MEHVISH SULTAN

(iii) '8 = Pl°8(H) is consists of all functions ¢ € P(H) satisfying (2.1) and log-condition
defined as

4(x) — qly) < — 9

S, , x,y € H. (2.2)
—Infz —y|

DN |

lz —y| <

(iv) Let H is unbounded, Poo(H) and Po o (H) are the subsets of ‘P(H) and values of these
subsets lies in [1,00). Poo(H) and Po o (H) satisfy conditions

(2.3)
where ¢ € (1,00), and
(2.4)

respectively.

™) x1=xg, Fy =D\ Di_1, Dy = D(0,2") = {zx € R": |z| < 2!} for all [ € Z.

(' is a constant, its value varies from line to line and independent of main parameters involved.

We are assuming that order of Riesz potential operator ((z) is not continuous rather we are
assuming that it is a measurable function in R" satisfying the following conditions:

(1) ¢ := iﬂfxe]Rn C(.I') > 0,

(2) esssup,ern p(00)((2) < n,

(3) esssup,epn p()((x) < n,
where p(c0) = lim|4| o0 P(7T)-

The following proposition is the one of the main requirement to prove our main results. The given
proposition was proved in [3] and commonly known as Sobolev theorem for Riesz potential operator
in Lebesgue spaces under the some necessary assumptions on exponent.

Proposition 2.1. Suppose that p(-) € B8(R") N By o (R™) N B(R™) and

1 < p(oo) < p(x) < py < oo.

Let ((x) is satisfying the above conditions (1), (2), and (3). Then we have following weighted
Sobolev-type estimate for the fractional operator 16(%):

1@+ 1) P PIE () s @y < OISl @y

where

is the Sobolev exponent

n

A@)—C«@(l—q5»§504

Here, C' is denoting the Dini— Lipschitz constant from the inequality (2.3) in which q(-) replaced by
p()-
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Coo
Remark 2.1. (i) If ((z) is satisfying the condition (2.3): |((z) — (oo < e+ o) for x € R,
n(e

then (14 |z|)~*(*) is equivalent to the weight (1 +|z|)~*>. (ii) One can replace the variable order of
Riesz potential operator {(z) by ((y) in the case of potentials over bounded domain, such potentials
differ unessential if the function ((x) is satisfying the smoothness logarithmic condition as (2.2),
since

Chlz1 — 22" )| < |2y — 29" ) < Ol — 2o

2.2. Variable exponent Herz spaces and Herz— Morrey spaces. In this subsection we define
variable exponent Herz spaces.

Definition 2.2. Let u,v € [1,00), ¢ € R, the classical versions of Herz spaces commonly known
as homogeneous and nonhomogeneous are defined by their norms such as

JCA v
u

9l ey = lollzecoony + 4 20| [ lotwla | ¢

leN Py

) ES
- v
u

lollis, =4 22| [ oy | b

1€Z s

respectively, such that F; ; := D(0,7)\D(0,t).
Definition 2.3. Let u € [1,00), v(-) € P(R") and ( € R. KC(")(R”) is the homogeneous
version of Herz space and its norm is given as

RS8N = {g € LD\ 10D lollgggan < -

where

1
l
||9||K<u o) = ( > IQCQXMLU()> -

l=—00

Definition 2.4. Let u € [1,00), ¢ € R and v(-) € P(R™). The nonhomogeneous Herz space

Kg(“) (R™) is defined as

K ®) = {g € LO® 0D ol eny < 0

where

g [=

o)
HQHK&#)(RTL) = HQHLU(')(D(O,I)) + ( Z ’2“9)(1@”%@(»)) :

k=—o00

Now we will define variable Herz— Morrey spaces.
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1056 BABAR SULTAN, MEHVISH SULTAN

Definition 2.5. For a(-): R" - R, 0 < u < o0, v(:) € P(R") and 0 < B < co0. A variable

Herz— Morrey space M KZ(U)(? (R™) is defined by

Aﬂﬁ&ﬁsz{geLﬁMWW{mwuﬂMK@ﬁw)<m},

where
1

ko (14) w(1+9)
—k ka(- u(1+
H%M%Wf$;w<2m“mmw> ~

k=—o00

2.3. Important lemmas. Following are the important lemmas to prove our main results.
Lemma 2.1 [18]. Let D > 1 and q € Py oo(R™). Then

.)Stosﬁ for 0<s<1

1
2 < IxF,.p, g

and

1 = n_
—— 8§ doo g ||XF5,DS||(1(‘) S toos%o fOl" S Z 1,

too

respectively, where tg > 1 and t~, > 1 is depending on D but not depending on s.

Lemma 2.2 [13] (Generalized Holder’s inequality). Consider a measurable subset H such that
HCR"and 1 <p_(H)<pi(H) < oco. Then

”f9||Lr<<>(H) < HfHLP(-)(H)HQHLQH(H)

1 1 1
holds, where f € LPC)(H), g € L") (H) and = + for every z € H.
r(z)  p(z)  q(2)
Lemma 2.3 [19]. Let k is a positive integers. Then, for all b € BMO(R"™) and all j,i € Z for
J>1,

CH bl Bro@n < sup (b - bD)kXDHLP(-)(]R”)

Dibalt XD 1p¢) ()
< OlblBaromn
|(6 = bp,)*xD, HLP(.)(RH) <C@ - i)kHbH%MO(R”)HXDj e er)-

2.4. Grand variable Herz spaces. Next we define grand variable Herz spaces.
Definition 2.6 (BMO space). A BMO function is a locally integrable function u whose mean

1
oscillation given by Ql o lu(y) — ugldy is bounded. Mathematically,
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1
lull3azo = sup — / fu(y) — ugldy < co.
o Q|

Definition 2.7. Let a(-) € LOO(]R”), u € [l,00), v: R" = [1,00), 8 > 0. 4 grand Herz spaces
with variable exponent K (()) DAY defined by

a(-),u),0
K237 = {g € LLOE\ 10): gl <o},

where

6 k u(141) )
IIQIIKS(Q-)),u),e = sup S 12O gxilFu

kez
0
= sup Y 9 ||g|| o) utit -
$>0 o)

We consider the Riesz potential operator

/|2122|n e dZQ, 0<{(z1)<n

Note that the ((z1) is the order of the Riesz potential operator which is variable.

Definition 2.8. Let g is a locally integrable function on R™, b € BMO(R"™), 0 < ((2) < n
and m > 0. The n-dimensional fractional Hardy operators of variable order ((z) can be defined as

o) = [ )~ b)),
|z[<]z]
g = [ PR s ern o).

|z[>|z]

3. Sobolev-type theorem for grand variable Herz spaces.
Theorem 3.1. Let 1 < u < 00, a,q2 € Poo(R"), and 1/q1(2) — 1/q2(2) = ¢(-)/n. If
0 < u<min{l/(q1)1, 1as)+}, 0 < () < n, and
-n n -n n

e <l < ——, ,
Qoo T dle q1(0) 71(0)

then

[+ 1D oy gy = OB I sy
q at

(R")
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1058 BABAR SULTAN, MEHVISH SULTAN

Proof: Let f € K"OY(R") and f(z) = Zi_w F(2)x;(2) = Zi_m £;(2). Then have
m 1 m
Hy" (F)(2)-xk(2)] < PEO / |f(2)[[b(2) = b(2)]™ dzxx(2)
Dy,
D; D;
1 k
= |Z]”_C(‘) |b(z) B bDj |mjzzoo ”fjHL'H(') HXjHLq’1(~)

k
+ ) (bbDJ)ijLq;mijm»))x;c(Z)

j==o0

k
1 - .
SWZ HfjHLfn(-)(’b(Z)_bDj’ 110+ 11 (b= bp,) XjHLq’1(~))Xk(Z)

j=—00

k
<O S il (182 =0, ™l g+ 1 0=bD, ™5 g )21 X 2).

j==o00

It is known (see, e.g., [5]) that

I°O((b(=) = bp,) ™ xi) (2) = 1°O((b(2) = bp,)"x1:) (2) (i) (2)

_ / MdZQXk<Z)

‘z — 29 ’C(z)—n
Dy,

> C|b(z) — bp,|™[2]°®)xk(2)
> Cfb(2) — b, " |21 xi ().
Consequently, by Proposition 2.1 we obtain
Ikl G0 (14 1212 aer < 1A+ 122D 21O 00 aats < el oo

As a result, we have

a1+ 1D @238y

Laz2()

k
<C Y 2 lmo (II(1 + [21) 1215 (6 = b, ) Xkl a0 1X | 0

j=—o0
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+ 116 = b0,) "5l g o 11+ [2)) 71O (Xk)l!m»)

k
<C Y il (10 + 12D OO~ bo, x| Il g

j=—o00

+ 16 =b0,)"X;ll o) 11 + |Z|)_>\(Z)IC(.)(Xk)||Lc12(‘))

!
<C Y 2 jllgao (k= )™ 101 Brrony Ixl oo 161 o 00

j==o0

+ HbHTgMO(R”)HXjHLqﬁ(-) HXkHLm»))

k
C > 2 k= )"0 fill ool g o Xkl oo

j=—00

1+ 1) OHEE) | o0 g
a2(+)

w(1+1))
—zlip<w92\l2k“ Xk (1 [2) O )L )

keZ

< sup w@ Z 2ka Ju(1+)

$>0 k=—00

k
< D 2k = )" bl Brro@m il o Il oo el o

j==o0

+ sup w@ Z 2kaoou 1+)
P»>0 =0

K
< | Do 2 k= D)™ b Erro@e 1 Fill Lo o 1 Ly o Ikl a0

j=—0c0

=: F + Es.

Now we will find the estimate for F, by using the fact z € Fy and j < k.
By the Lemma 2.1, we have

in (J—k)n
_nHX]Hqu()HXk”qu( < c2~ kn2q1(0)2q1(0) < 2 4} (0) .
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Applying above results to F, we get

By <sup| ¢’ Z gka(0)u(l+y)

¥>0 k=—o00

1
u(1+)\ w(@+9)

—k
X Z 277k = D" B a0 @) L Fill Lar o X o o x| Lan

j=—00

_ 1
_1 & o u(1+)\ w(@+4)

§Czul[)) o° Z gka(Oull ) Z (k= 3)" b1 Bar0 ]R")2 4 1fill oo
>

k=—00 Jj=—00

Let b := a(0). Applying the fact 2-%(1+%) < 2=  the Holder’s inequality and Fubini’s

n
a4y (O)
theorem, we obtain

1
_1 u(1+4)\ u(@+¥)

k
<Csw [ S S0 25O £ s O — ) b 29

¥>0 k=—00 \j=—00
-1 k u(1+y) m
§Ci‘i% 93D 2Dl (k= D™ 1B o 2"V

k=—o00 \j=—00

-1

m a(0)u (1 \mu u j—
SCHbHBMO(JRn)j}i% o Z Z 2 (1+wj||fy||Lq1J<r;ﬁ)( — j)ymui )2+ 9)G=h)/2

k=—o00 \j=—00

1
w(4¥) 2 L(1+9)
k (1))

x| D7 (k— jymute)/2gblu(ite)) G=k)/2

j=—o00

1
u(1+1)

m a( u(l S\ U U j—

k=—00 j=—00

-1
u \mu U u(l_H/j)
wﬁ Z ga(-)u(l+1) ]HfjH (1+¢) (k — ) (149) /29bu(1+4) (5 —k) /2

< ClblEmomn) sup La1()
>0l j=—00 k=j
1
-1 -1 w(1+9)
(1+ . i
§C||b||gMO(R")iu% we Z 9a(0)u 1+w)j||f]Hqu()¢ (k_])mu(1+¢)/22bu(1+w)(] k)/2
> . !
J=—00 k‘:]
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WD)
0 14+4)
< CHbHBMO R") zup<¢ Z 20 1er)j||fJHqu() )

l=—0

eEn)
0 1+1)
= ClIblBaroqn sup | ¥7 3 1271156
4 JEZ
< ClblEmommf Nl gac) .0 gny-
q1(+)
Now, for Fs», by using Minkowski’s inequality, we have

u(14+) \ w(@+¢)

By < sup | 903 ghauli+e) Z k@ + 12D OHP e

>0 Pt

~ u(141) u(11+w)
<sup [ gf Y gkaecn(lte) Z k(L + 12) *EHE ) anco

¥>0 k=0 j=—00
- A u(14+) u(llw)
+sup [ Y 2Rt IFD N g (14 [2) P EOHE () Lo
>0\ k=0 =0
= Ay + As.

The estimate for Ay follows in a similar manner to E; by replacing ¢} (0) with ¢}, and by the use
of the fact b :=

— aoo > 0. For A; we obtain
qi

_jn_ —kn _jn

275 el o Xl ) < Co kg 9T < Ooins 210

n
as aoo — —— < 0 we get

loo
1
u(1+9) \ v(@+¢)

-1
A1 < Caup 9032kl [ S (14 )N OHP () e
> k=0 j=—00

< CHbHTgMO(Rn) 2}1;1(3) qbe Z gkacou(1+1)

1
_1 u(l+¢)\ w(@+9)

x| D (k= )2 m2me 250 || ] L

j=—o00
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< CllblBrromn)

1
u(l+¢)\ w(@+)

00 -1 .
kaco oo —J oo
scsup | 90 Y (k- j)m2T kngar s A% gjas o 70 % 151l e
>0\ k=0 \j=—o0
> ! . LA 7 jase
< CllbBnonsup (73| 30 2= (- gm0 2
k=0 \j=—o0
1
—1 k j 581% )
1+ . ket kaco e —Jaco /
<A | D0 (k= jymehnma = ghe e Q)2
Jj=—00

o0 1+
A Z Z gueedulLH)|| £, UL H)
k=0 j=—o00

1
_ u(l4y)/2 \ 0+
x((k jyma-tngas tha ol ]““)

oo u(l+1
< ClblBrogn sup | ¥ Z guseduLH)|| £, A1)

j=—00
1
[e'e) n u(1+)
XZ 7)m2 kn2q1 +ka°°2q @ e “)%
k=l
1
—1 u(1+9)
0 soju(l u(1+p
< C|bl[Eyso@n sup (0! ST 2omdulro) gt
>0\ I

< ClblEmo@n) 1Fll o) .0 gy
q1(+)
Combining these estimates, we get
1+ 1D OHE ) a0y < CIM Basonll g0 gy

The theorem is proved.
Theorem 3.2. Let 1 < u < 00, a,q2 € Poo(R"), and 1/qi1(2) — 1/q2(2) = ¢(-)/n. If
0 < w<minf1/(g1)+,1(gh)+}, 0 < (() < n and

—Nn < < n —Nn n
e a ; 9
Qoo Qe q1(0) q4;(0)
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then
0+ ) DR (Dl 0030y < CII 0081 a5 oy

Proof. This proof is similar to our previous result, therefore we only give a simple proof. Let

fe K;Q(&?Su)ﬁ(Rn) and f(z) = Z;i_oo f(2)xi(z) = Z:i_oo f;(2). Then we have
e (1 + [2) 7w (XM pazt

<C 3 il gmer (10 + D OO0 = b, ™l s Il
j=k+1

116 = 50,3l 1+ DT 00 [ )

<0 Y =l (10 + 12D OTOW = b, Y™ x)l| o I
j=k+1

16 = b0, X o L+ 12D O IO 0 | s )

o
<C Y 2 il (k= D)™ BB a0 Ikl o X610
j=k+1

1600 1o el panco)

o0

Z = "0l B 0@y 1 fill Lar o 1 g ) IXk ar 05
=kt

(L4 12])~ Z)H (f)H Zg(())“)G(R")

1
u(14+4)\ v(1+%)

(o]
<sup [ ¢’ Z RO N2 il a0 1 g o Ikl a0
$>0 k=—o0 j=k+1
1
(1) \ TTF5)
oo
0 koo -
o[ w0 S99 [ S Gl el o
¥>0 k=0 j=k+1
=: 1 + Es.

We will find estimate of Eo. Now by using the fact that for each k € Z and j > k 4 1 with
z € Fy,

(k=i)n
2” J"HXk”qu( HX;HquU <C2” ]n2qloo2qloo < (2 1~
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we get

. u(141) m
Ey < Csup @ZJBZQI““’"” 1+y) Z [xk (1 + ’ZD_)\(Z)/HZI* (fi)ll Lz

P>0 =0 Pt
1
00 oo u(1+9)\ w(l+¥)
0 cod mod(k—j
< Ol Brr0) @y SUP (4 Z Z 29293 | £]| oo (ke — j)m24k=9) 7
v> k=0 \ j=k+1

where d = —— + aoo > 0. Then we use Holder’s theorem for series and the inequality 2~ “(1+%) <
loo

27 to obtain

o) S
Es < CHngMO)(]Rn) sup ¢0 Z Z 9aoou(14¢)j
¥>0 k=0 \ j=k+1

u(l S\ n s
£ 1400 ( — jymu(ie)/2gdu(ie) (b=5)/2

Lai()
1
u(1+w> Y g
) (u(14
x| S (= ymuey gdutre) G-z
j=k+1

< ClblBro@n SUP o’ Z Z 2eeoul1H¥)]
k=0 j=k+1

1
w(1+1)

1 \Mmu u —7
HfJHquJ(r;p)(k—J) (1+9)/29du(1+9) (k—3) /2

0o 1+¢
< CIlEroqm sup | ¥ 22“ w1 )
>

_92 m
« mu 1+7,Z))/22du(1+’l/1)(k 7)/2

k;:()

N

< Cl|blIBrro@n) sup ? Z gacet(1¥)J
¥>0 JEL
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— T
x| £5I; IT;ZJ (k— j)mu(1+)/29du(14+4) (k=5)/2
L1
k=—o00
1
w(1+9)
0 (1+
= ClblFrrogn sup | ¥ 312V £l
JEL

m
< CHbHBMO(R") HfHK;ll((>)u)e(R”)
For F1, by using Minkowski’s inequality, we have

1
4 u(14+)\ w(1+9)

Ey <sup|¢? ) 2ke@uiry) Z (L + 12D OHE ()] et
¥>0 k=—00 j=k+1

1
_1 w(14+9)\ w(1+9)

<sup|gf Y 2relOulte) Z (1 + [20) M ()] aacs
¥>0 k=—o00 j=k+1

1
U(1+1/)) u(l+9)

+sup | 9 Z a0yl +4) ZHXk L+ )X OHT () L

$>0 k=—o00 7=0

=11 + Is.

The estimate of I; can be obtained in a similar way to Fs by replacing ¢, with ¢1(0) and using
the inequality SRLE— a(0) > 0, L aoo > 0. For Iy we have

¢1(0) 1o

—jn

277" Ixkl| pan ) X 1 ) < €27 ng w27 < 0241(0)241007

1
_1 u(14+1)\ u(T+9)

B Csup|uf 3 25O (3 (1 ) P OHE (g
> k=—00 §=0

-1
SC“b”gMo(Rn)zlipo q/;e Z 2ka(0)u(1+¢)

k=—o00

1
w(1+4)\ v(@+9)
oo

x| D (k= j)ym2ir2a® 2% ||l par )
=0
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< ClIblBrvomn

1
1 00 ’U,(1+1Z)) u(1l+)

TR ZW jymamr RO m IO

>0 k——o00

= (<, n 4 a(0), 22 —ja() | T
< ClblBuopn sup | * 3 ZW"’(“)(“‘”W((%—j>m2q1<°> 27 )
k=—o00 \ j=0

u(141p) m
w(1+v)

Nt e =R 4 ka(0) 5 L% —ja(0) 4, '
HfjHqul'(*‘;J’) Z((k_]) 2q1<0)+ ()2‘1100 ja( )) (1+y)' /2
=0

> a u 1 2
e Z 3 g g )/
k=—o00 7=0

1
u(141p) u(1+9)
x <<k _ jymoain tha©)gat (0)>

a u 1
< OBl Basoen Sup w"sz O+ £ w0+
7=0

1
2\ v(1+4)

< 32 (e gyt i)

k=—00
0 (1+
< CHb”BMO(]R” sup ¥ ZQJ@(O)(U 1+4)) 1/ ||qu()¢)
> =0
1
9\ v(1+¥)

i\ WD)/
X Z < — jymomiy the(® )2‘“Jf’°_]a(0)>

k=—0oc0
9 u(1+y
< CHbHBMO(Rn sup ¥ ZQJa(O)(u 1+4)) £ ”qu() )
P»>0 j=0
1
w(1+)

X Z — ) mqu(m“‘C a(0) g g1z —Ja(0)

k=—o0

ISSN 1027-3190. Ykp. mam. oscypn., 2024, m. 76, Ne 7



SOBOLEV-TYPE THEOREM FOR COMMUTATORS OF HARDY OPERATORS IN GRAND HERZ SPACES 1067

1
u(1+)

m a(+)j u(l
< ClblBrromn) Sup 77[162 12 ()]fJHLEHT;Z))
$>0 jez

< CHngMO(R")"f“['(‘l(‘)’“)’e(R”)‘
q1 (")

Combining these estimates yields

—A(z) g mx m
I8+ D OH )09 g0y < CIEnrorem 11 g0y

we finish the proof of the theorem.
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