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THE UNIT GROUP OF THE GROUP ALGEBRA F (Zg x Z3)
I'PYIIA OJUHHULL I'PYIIOBOI AJITEGPU F q(Zg % Z3)

Let p be a prime, Fy be a finite field with ¢ = p™ elements, and Zg x Z3 be the semidirect product of the groups Zg and
Z3. The unit group U(F4(Zy x Zs3) of the group algebra Fq(Zg x Z3) is completely characterized.

Hexaii p — npocre umcio, F, — ckiHdeHHe moe 3 ¢ = p" eneMeHTaMu, a Zg X Zs — HamiBOpsiIMUil 100yTOK Tpyn Zo i
Z3. Hasenero nosHy xapakrepusauito rpynu ogusnis U (Fy(Ze x Zs)) rpynosoi anrebpu Fq(Zg X Z3).

1. Introduction. Determination of the unit group of group algebras has been always very fascinating
and challenging. A lot of work has been done for finding the algebraic structure of the unit group
U(FQG) of a group algebra F'G, when G is a finite non-Abelian group. For example, Gildea [5, 6, 11],
and Makhijani [20, 22, 23] have determined the unit group of group algebras of certain dihedral groups.
Unit group of group algebra of the generalized dihedral group are in [22] by Makhijani. For algebras
of circulant matrices and its unit group refer to Makhijani et al. [21], and Sharma [26]. Jordan regular
units in group rings are given in [15]. Unit group of group algebras of certain permutation groups
have determined in Gildea [8], Makhijani [24], and Sharma et al. [27, 28]. Recently, Gildea [7, 9, 10]
has determined unit group of certain group algebras. Maheshwari and Sharma [25] characterized the
unit group of the finite group algebra of special linear group SLs(Zs3). In [14] we have characterized
unit group of group algebra F.S5. In this paper we have characterized completely unit group of the
group algebra F(Zg x Z3) for any finite field IF, where Z,, denotes multiplicative group of integral
modulo n, and H x K denotes the semidirect product with H normal.

Units of group rings are very important from application point of view. Hurley [12] gives a
relationship between ring of matrices and group rings. Again Hurley [13] and Dholakia [3] gives a
method to construct convolutional codes by using units of group rings.

If F is a perfect field, then by using Wedderburn—Malcev theorem [2], we have

UFG) = (1 + J(FG)) x u(}é%),

where J(FG) denotes the Jacobson radical of the group algebra FG. Thus, a nice description of
FG
Wedderburn decomposition of m is always very helpful to determine unit group of FG.
We compute the disjoint conjugacy classes of Zg x Zs. These are 11 in numbers. For this, we
have used the the presentation of Zg % Z3 given by

ZoxZs={ab:a’ =b>=e, bab~! =a'}.

The 11 conjugacy classes of group Zg x Zs are given as follows:
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el ={e}, [ ={a,a"a"}, [} ={bba’ba’},  [a’] = {a’},
(7] = {b%,b%a3, b%a®}, [ba] = {ba, ba*,ba"}, [a?] = {a?,d%, a%}, [a8] = {a®},
[b?a] = {b%a,b*a*, b%a"}, [ba?] = {ba®,ba®, ba®}, [b?a?] = {b?a?, b%a®, b%a®).
Through out the paper, IF, F,, and IF,» are used interchangeably and represent a finite field with p"
elements, GG represents a finite group.

For p-regular elements g, denoted by 7,, the sum of all conjugates of g in G. The cyclotomic
[F-class of 7, will denoted by the set

Sr(vg) = {7t | t € Tar}

where T r, = {¢" (mod s) | 0 <i < d—1}, d is the order of ¢ (mod s). Further details are given in
Ferraz [4]. Several books have been specifically dedicated to exploring the algebraic structure within
noncommutative group ring: A. A. Bovdi [1], G. Karpilovsky [16-19].

2. The structure of U(Fq(Zg x Z3)), p # 3. Since |(Zg x Z3)| = 33, by Maschke’s theorem,
the Jocobson radical J(F,(Zg x Z3)) = 0. Also observe that F(Zg x Z3) being a finite ring, is
Artinian. Further, by Wedderburn decomposition theorem

Fq(Zg X Zg) & Mn1 (Dl) D Mn2 (DQ) D...PD MnT (DT),

where D1, Ds, ..., D, are finite dimensional division algebras over the finite field F. Hence, Dj =
Fpn, and

Fy(Zg % Z3) = My, (Fpm1) & My, (Fpma2) & ... & My, (Fpmr ).
This immediately gives
U(Fy(Zg x Z3)) = GLp, (Fpmi) X GLypy (Fpm2) X ... X GLy, (Fpmr ).

Thus, the structure of the unit group U(F,(Zg x Z3)) is determined completely by computing the
integers r,1n1,n2, ..., Ny, M1, M2, ..., My

Lemma 2.1. Let g = p", p # 3, be a prime. Then Wedderburn decomposition of F,(C3 x C3)
(C5 being cyclic group order 3) is given as follows:

Table 1
Condition on n Wedderburn decomposition of F,(C3 x Cs3)
n is even F, ® 8F,
n is odd with p =1 (mod 3) F, @ 8F,
n is odd with p = —1 (mod 3) F, @ 4F;(w)

Proof. When n is even, p" = 1(mod3), i.e., 3/(p" — 1), it implies that the field F, has
primitive third root of unity. Hence, we have

Fq(C;J, x Cg) & F, @ 8F,.
Next, let n be odd. We divide this case into two subcases: p = 1 (mod 3) and p = —1 (mod 3).
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Subcase 1. If p = 1 (mod 3) and n is odd, then p" =
[F, has a primitive third root of unity. Thus, we have

Fq(Cs x C3)

Subcase 2. If p = —1(mod3) and n is odd, then p" # 1(mod 3). In this case, the field [,
doesn’t have a primitive third root of unity. Therefore, we get

Fq(Cg X Cg) = Fq S5, 4Fq(w),

1 (mod 3), which indicates that the field

~ T, @ 8F,.

where w ¢ F, is a third root of unity.
Theorem 2.1. Let g = p", p # 3, be a prime, then Wedderburn decomposition of Fy(Zg x Z3)

is given as follows:

Table 2

Condition on n

Wedderburn decomposition of F,(Zg x Zs3)

n 1S even

IE‘q D SFq D MS(Fq) D M3(Fq)

n is odd with p =1 (mod 3)

F, ® 8F, ® M3(F,) ® M3(F,)

n is odd with p = —1 (mod 3)

Fq @ 4Fy(w) © M3(Fy2)

(Zg X Zg)

Fy(Zo % Z3)'
27 = 33. Hence, the group algebra F
Now

IIZ

Proof. Observe that

Fq(Zg X Zg)

where

e(Zg NZg)/ = 6(03><03)

and

Fq(C;g X Cg), as (Zg X Zg)/

= (O3 x C3. Also, |Zg x Z3| =

¢(Zg x Z3) is semisimple, as p { |G|. Here, ¢ = p™, p # 3.

= Fq(Zg X Z3>6(Zg>qz3)’ D Fq(Zg X Zg)((Zg X Zg)/ - 1)),

(C5 x C3)! Zae(Cs><C'3) ’
|C3 x Cs] 9 7

Fy(Zg 3 Z3)e(7447,) = sum of all commutative simple components of Fy(Zg x Zs).

However,

(Zg X Zg) )
(Zg x Z3)'

This gives the Wedderburn decomposition

Fo(Zg » Z3)e(zgnzsy = Fq(

FQ(ZQ Dall Zg)
or
Fq(Zg X Zg)

for n; > 2.
We divide the proof in two cases.

> F, @ 4F,(w) © Y My, (F ;)

I

F,(C3 x C3) = F, & 8F, or [, @4dF,(w).

2

=F, ©8F; © Z My, (Fqki)

=1
2

q i
=1
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Case 1. When n is even, p" = 1 (mod 3), i.e., the field F, contains primitive third root of unity.
In this case, we get

Sk, (v,) = 179}  for each group element g,
that is,

|SF, 1

(vg) ‘
for each g € Zg x Zs. This gives
2
Fy(Zy x Z3) = F, & 8F, @ ZMW (F,)
i=1

by Lemma 2.1.

By dimension constraints, we have
dimp, (Fy(Zg x Z3)) = 1 + 8 + nf + n3,

21 =1+8+n4+n2 or 18=n?+nl.

This equation has only one solution, namely,

Hence, in this case, we obtain
Fq(Zg X Z3) = Fq S5, 8Fq S¥ Mg(]Fq) D Mg(Fq)

Case 2. Let n be odd. We further divide this case into two subcases:
(1) p=1(mod3),

(2) p=—1(mod3).

Subcase 1. If p =1 (mod 3) and n is odd, observe that

Sk, (v,) = 179}  for each group element g,
that is,

|SF, 1

(v9) ‘

for each g € Zg X Zs5.
Again, as p = 1 (mod 3) and n is odd, p" = 1 (mod 3), which says that the field ', has primitive
third root of unity. Hence, as in case 1 when n is even, by the above lemma, we get

Fq(Zg X Zg) = Fq ©® 8Fq &b Mg(Fq) D Mg(Fq).

ISSN 1027-3190. Ykp. mam. scypn., 2024, m. 76, Ne 7



1090 R. K. SHARMA, YOGESH KUMAR, D. C. MISHRA

Subcase 2. Let p = —1(mod 3), and n is odd. Then

Sk,(ve) = 1Vets 1€, [Sp (o) = 1,

qu {%w} i.e., |SF,(ya)l =2
(rys) = Va2 Yasts 1€ [SEy(y 4 =2,

SIFq = {2}, 1€, Sk, =2

SIF'q('be = {20 Yar2z}: 1€, |SF,(y0,)| =2

SF,(vpa) = 1 Vbas M2a2}, 1€ [SF,(yp0)| = 2

that is, in this subcase, we have 2 = |S;| = |K;: F| [4, Proposition 1.3] for ¢ # 1. Again, since
p = —1(mod3) and n is odd, p" # 1 (mod 3), by using above lemma, we get

Fy(Zg x Z3) = Fy @ 4F g (w) @ My, (Fp2).
Equating dimensions on both side, we obtain
dimp, (Fy(Zg x Z3)) = 1 +4 - 2 + 2n,
27=9+2n7 or  18=2ni.

Only possible solution of the equation is n; = 3.
Hence, in this subcase, we have

Fq(Zg X Zg) = Fq S, 4Fq(w) D Mg(Fq2).

Corollary2.1. Let ¢ = p", where p # 3 be a prime. Then U(Fq(Zg x Z3)), i.e., unit group of
the group ring Fo(Zg x Z3) is given as follows:

Table 3
Condition on n U(Fy(Zg x Z3))
n is even Fy x 8F; x GL3(Fy) x GL3(F,)
n is odd with p = 1(mod 3) | F; x 8F; x GL3(F,) x GL3(F,)
n is odd with p = —1 (mod 3) Fy x 4F7, x GL3(F2)

Proof. Proof is simple application of the fact that for any two ring Ry and Ry, U(R1 ® R3) =
U(Rl) X U(Rg) and Fq(w) = FqQ.

3. The structure of U(Fq(Zg x Z3)), g = 3™.

Proposition 3.1. Let G be a finite group and F be a finite field of prime characteristic p. If G
has a normal p-Sylow subgroup N, then the Jacobson radical J(FG) of the group algebra FG is
the kernel of the homomorphism ¢ : FG — F[G/N] induced by the projection G — G /N.

Proof. If N is A normal p-Sylow subgroup, then by Maschke’s theorem J(F[G/N] = 0, i.e.,
F[G/N] is semisimple and, hence, ker(¢) O J(FG). This proves the proposition in one direction.
Conversly, let H be any simple FG-module. Clifford’s theorem [16], says that the restriction of H
to F'N is semisimple. The only simple F/N-module is the trivial module as N is a p-group, and
hence N acts on H trivially. Now ker(¢) annihilates H as the action of G on H factors through
G/N. Now the Jacobson radical J(FG) is the intersection of annihilators of all simple FG-modules,
we get ker(¢) C J(FG). This proves that ker(¢) = J(FG).
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Proposition 3.2. Let G be a finite p-group and F be a finite field of prime characteristic p. Then
the Jacobson radical J(FG) of the group algebra FG is equal to A(G).
Proof. Proof follows from the fact that G/N is trivial group in this case.
Fq (Zg X Zg)
J(Fq(Zy % Z3))
Proof. An element x € Zg X Z3 is 3-regular if 3 t |z|. As each non identity element of G is of
order 3 or 9, only one element is 3-regular, i.e., the identity element e. Hence, by [4, Proposition 1.2],

Theorem 3.1. Let g = 3", then = Fy.

F (Zg X Zg) . . . . .
we have that —— has only one simple component of dimension 1 over F,, as dimension
J(Fy(Zo x Z3)) Y ple comp g

F,(Zg x Z
of J(Fq(Zg x Z3)) is equal to 26 over F,. This proves that a(Zo 3) = T,.

J(Fq(ZQ A Zg))

Corollary3.1. Let ¢ = 3" and G = Zg x Z3. Then U(Fy(G) = (1 + J(F,G)) x Fy, where

1+ J(F,G) is a non-Abelian group of exponent 9.
F,G

J(Fq G)
elements a and b in G such that ab # ba. Now, since a — 1, b — 1 are elements of augmentation
ideal A(G) C J(F,G), it follows that a =a — 141, and b = b — 1 + 1 are two non commutating
elements of 1+ J(IF,G). This proves that 14 J(IF,G) is non-Abelian. Since group G is 3-solvable,
by [16, p. 110, Proposition 1.9] we have (1 + J(FQG))27 = 1. Observe that G has elements of
order 9. Therefore, the exponent of 1+ J(F,G) is either 9 or 27. Since G is a non-Abelian 3-group,
3-Sylow subgroups of G are non cyclic. Hence, by [16, p. 419, Proposition 2.4], index of nilpotency
of J(F,G) must be less than 3. Thus, the exponent of 1+ J(F,G) must be equal to 9.

4. The structure of U(Fy(Zy2 x Zp)), q = p™. In this section, we generalize results of
Section 3 to the group algebra of Z,2 x Z,,. The group Z,2> x Zy, is the semi direct product of groups

L2 and Zj, and has the following presentation:

Proof. By Theorem 3.1, we have U( ) = F,. As G is non-Abelian, there exist

Zyp % Zp = {a,b: a” =P =1, bab~! = P!},

p

F,G
Theorem 4.1. Let ¢ = p" and G = Z,» x 7, for an odd prime p. Then ———— ~T,.
v J(EF(G) °
Proof. An element x € G is p-regular if p { |x|. As each non identity element of G is of order p

or p2, only identity element e is p-regular. By Proposition 3.2, we have dim J(IF G) = p>—1 over F,.
J(If‘j(cé)) has only one simple component of dimension 1. Thus, we have (F (G @) = I,
Corollary4.1. Let q = p" and G = Z,» x Zy for an odd prime p. Then U(F,(G) =
J(FyG)) x Fy, where 1+ J(FyG) is a non-Abelian group of exponent P2
F,G
J(F,G)
exist elements a and b in G such that ab # ba. Since a — 1, b — 1 are elements of augmentation
ideal A(G) € J(F,G), a=a—1+1and b =b— 1+ 1 are two non commutating elements of
1+ J(F,G). This proves that 1+ J(F, G) is non-Abelian. Since G is p-solvable, usmg [16, p. 110,
Proposition 1.9], we have (1 + J (IE‘ G))P" = 1. Now, G has elements of order p?, it implies that
exponent of 1+ J(F,G) is either p? or p3. Again G is a non-Abelian p-group, p-Sylow subgroups
of G are non cyclic. Hence, by [16, p. 419, Proposition 2.4], index of nilpotency of J(F,G) must
be less than p3. Therefore, exponent of 1 + J (F,G) must be less than p3, i.e., equal to p?.

Hence,

(1+

Proof. By Theorem 4.1, we have U ( ) = ;. Now, since G is non-Abelian, there
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