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DYNAMICAL BEHAVIOR OF RATIONAL DIFFERENCE EQUATION
Ln—13

LTpit1 =
1+ 2, 1Tn 3Tn_5Tn_7Tn—9Tn_11Tn—13

JUHAMIYHA ITOBEJIHKA PAIIIOHAJIBHOI'O PI3BHUIIEBOI'O PIBHSAHHS
Ln—13

Lny1 =
1tz 12p 3T 5Tn_7Trn—9Tn_11Tn—13

Discrete-time systems are sometimes used to explain natural phenomena encountered in nonlinear sciences. We study the
periodicity, boundedness, oscillation, stability, and some exact solutions of nonlinear difference equations. Exact solutions
are obtained by using the standard iteration method. Some well-known theorems are used to test the stability of the
equilibrium points. Some numerical examples are also provided to confirm the validity of the theoretical results. The
numerical component is implemented with the Wolfram Mathematica. The presented method may be simply applied to
other rational recursive issues.

In this paper, we explore the dynamics of adhering to rational difference formula

Tn—13

In+4+1 = ’
1+ Tn—1Tn—-3TLn—5Ln—7Tn—-9Tn—-11Tn—13

where the initials are arbitrary nonzero real numbers.

CucTeMu 3 JUCKPETHIM YacOM 1HOZ1 BUKOPHCTOBYIOTBCS UISl MOSICHEHHS IPUPOAHUX SBHIL, IO 3yCTPIUAIOThCS B HEINiHIN-
HUX Haykax. Y IIiif cTarTi MU BHBYAEMO MEPiOTUYHICTh, OOMEXKEHICTh, KOJMBAHHS, CTIHKICTh Ta JEAKI TOYHI PO3B’A3KU
HEINHIMHUX Pi3HUIEBUX PiBHSAHB. TOUHI pO3B’S3KH OTPUMAHO 3 BUKOPUCTAHHAM CTaHIAPTHOTO iTepalliifHoro Metony. Jleski
BIZIOMi TEOpeMH BHKOPHCTOBYIOTBCS /I HEPEBIPKU CTIMKOCTI TOYOK piBHOBAaru. TakoX HaBEICHO KiJIbKAa YHUCIOBHX IPHU-
KJIaJiB, SKi MiATBEPKYIOTH OCTOBIPHICTh TEOPETUYHHUX PE3yibTaTiB. UHCIOBI pO3paXxyHKH peai3oBaHO 32 JOIIOMOTOI0
cucremu Wolfram Mathematica. HaBenenuit meton Moxke OyTH JIETKO 3aCTOCOBaHHMH 0 PO3B’SA3KY IHIIMX pamiOHATBHUX
PEKypCHUBHHX 3ajad.
VY wiit cTaTTi MU ZOCHIIKYEMO AWHAMIKY JOTPHUMaHHS (OPMYIH palioHaJbHUX Pi3HHULB

Tn—13

ITn+1 = 5
+1+ LTn—1Tn—-3Tn—5Ln—-7TLn—-9Ln—-11Tn—13

Jie iHilianu — JA0BUIbHI HEHYNIBOBI MIHCHI YKCTa.

1. Introduction. The evolution of a certain natural phenomena is often described over a course of
time using differential equations. However, many real life problems can be sometimes modeled using
discrete time steps which lead to difference equations. Hence, recursive equations have an effective
and powerful role in mathematics. They are successfully utilized to investigate some applications in
engineering, physics, biology, economic and others. For instance, recursive equations have been well
used in modeling some natural phenomena such as the size of a population, the Fibonacci sequence,
the drug in the blood system, the transmission of information, the pricing of a certain commodity, the
propagation of annual plants, and others [9]. In addition, some scholars have used difference equations
to find the numerical solutions of some differential equations. More specifically, discretizing a given
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differential equation gives a difference equation. For example, Runge —Kutta scheme is obtained
from discretizing a first order differential equation. This raises the question of the convergence of the
difference scheme to the solution of a differential equation. Or, in a broader sense, the question of
the correspondence between the properties of solutions of differential equations and their difference
approximations. The work [17] is devoted to questions of conservation of a solution bounded on the
entire axis in the transition from differential to difference equations and vice versa. In [18], similar
questions were considered to preserve the oscillatory property of solutions to second-order equations.
The development of technology has motivated the use of recurrence equations as approximations
to partial differential equations. It is worth mentioning that fractional order difference equations are
often utilized to investigate some real life phenomena emerging in nonlinear sciences.

Most properties of recursive expressions have been widely discussed by some researchers. For
example, researchers have explored the stability, periodicity, boundedness and solutions of some
recursive equations. We here present some published works. Alayachi et al. [4] analyzed the local and
global attractivity, periodicity and the solutions of a sixth order difference equation. Some numerical
examples have been also presented in [4]. In [22], Sanbo and Elsayed presented the periodicity,
stability and some solutions of a fifth order recursive equation. Almatrafi and Alzubaidi [5] discussed
the dynamical behaviors of an eighth order difference relation and showed some 2D figures for the
obtained results. Moreover, Ahmed et al. [3], found new solutions and investigated the dynamical
analysis for some nonlinear difference relations of fifteenth order. More discussions about nonlinear
recursive problems can be seen in [1-29].

The motivation of writing this article arises from the investigation of eighteenth order difference
equations given in [28]. We consider more sophisticated rational difference equations of fourteenth
order. Therefore, this work aims to analyze some dynamical properties such as equilibrium points,
local and global behaviors, boundedness, and analytic solutions of the nonlinear recursive equations

. Tn—13 1

Tn+l1 = 11+ . ( )
Tn—1Tn—-3Tn—5Ln—7Ln—9Tn—11TLn—13

Here, the initial values z_13, r_12, _11,..., T_2, _1, Xg, are arbitrary nonzero real numbers.

In this work, we also illustrate some 2D figures with the help of Wolfram Mathematica to validate
the obtained results.
Let I be some interval of real numbers and

IR L=y
be a continuously differentiable function. Then, for every set of initial conditions
Tk T—ft1,---,%0 €1,
the difference equation

xn-{-l == f(xTw wn—h sey xn*k‘)a (2)

has a unique solution {z,}>° _, [20]. A point Z € [ is called an equilibrium point of equation (2) if
z=f(z,7,...,7).

That is, z, =7 for n > 0 is a solution of equation (2) or, equivalently, = is a fixed point of f.
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Definition 1 (stability). (i) The equilibrium point T of equation (2) is called locally stable if,
for every € > 0, there exists § > 0 such that, for all

Ty Tefgly---s To1, To € I,
with
T_p— T+ |T_p1 — T+ ...+ |0 —T| <0,
we have
|z, —Z| <€ forall n>k.

(i) The equilibrium point T of equation (2) is called locally asymptotically stable if T is a locally
stable solution of equation (2) and there exists v > 0 such that, for all
Toky T—ktly--+5 T-1, TO € I,
with
I_k—f‘ + ’x—k+1 —f’ +...+ ‘l’o—f| <7,
we have
lim z, = 7.
n—o0
(i) The equilibrium point T of equation (2) is called a global attractor if, for all
T—ky Toktly---» T—-1, L0 € Ia
we have
lim z, = 7.
n—oo
(iv) The equilibrium point T of equation (2) is called a global asymptotically stable if T is locally
stable and T is also a global attractor of equation (2).
(V) The equilibrium point T of equation (2) is called unstable if T is not locally stable. The

linearized equation of equation (2) about the equilibrium T is the linear difference equation
k _

i =3 Ry
Theorem 1 (see [19]). Assume that p,q € R and k € Ny. Then
I + gl <1
is a sufficient condition for the asymptotic stability of the difference equation
Tpi1 +PTp +qry_p =0, n € Np.
Remark 1. Theorem 1 can be easily extended to general linear equations of the form
Tytk + P1Tntk—1 + ...+ prTn =0, n € N, 3)

where p1,p2,...,pr € R and k € N. Then (3) is asymptotically stable provided that

K
> lpil <1,
=1
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Definition 2 (periodicity). A sequence {x,}° _, is said to be periodic with period p if Tpip =
Ty for all n > —k.
Definition 3. The equilibrium point T is said to be hyperbolic if |f(Z)| # 1. If |f(Z)| =1, z is

non hyperbolic.
Ln—13

2. Solution of the difference equation x,, 1 = .
. . . ‘ 1+2n_1Tn_3%n_5Tn—7Tn—9Tn—-11Tn—13
In this section, we give a specific form of the solutions of the difference equation below, provided

that the initial conditions are arbitrary real numbers

Tn—13
n = , 4
B Tn—1Tn—3Tn—5Tn—7Tn—9%Tn—11Tn—13 )
where
T_13 =S, T_12 =T, T_11 =p, T_10 = m, r_9 =1,
r-8 =17, r_7= ha -6 =7, T_5 = f7 T—y =€, (5)
r_3=d, T_9 =c, r_1=b, To=a
Theorem 2. Let {x,}° 5 be a solution of (4). Then
nfl n—1
s H 1+ 7ibdf hkps) r H (1 + Tiacegjor)
T14n—13 = —,; Tl4n-12 = —, =0 )
H,_ (1 + (7i + 1)bdfhk:ps) H,_ (1 + (7i + 1)acegjor)
pH 1 + (71 + 1)bdf hkps) v H 1 + (71 + 1)acegjor)
T14n—11 = 1 ) L14n—10 = 1 ] )
HZ_O (1+ (71 + 2)bdf hkps) Hz—() (1+ (71 + 2)acegjvur)
k H 1 + (7i 4 2)bdf hkps) j H 1 + (71 + 2)acegjur)
T14n—9 = n 3 L14n—8 = )
H‘_ (1 + (77 + 3)bdf hkps) H,_ (1 + (71 + 3)acegjor)
h H B (7i 4 3)bdf hkps) g H 1 + (71 + 3)acegjur)
Tian-7 = = y o Tlan—6 = ;
H,_ (1 + 7i + 4)bdf hkps) H,_ (14 (7i + 4)acegjvr)
f H (71 + 4)bdf hkps) e Hn__ (1+ (7i + 4)acegjur)
Tlan—5 = — . Tupeg = —2 ;
H_ (1 + (7i + 5)bdf hkps) H,_O (14 (7i + 5)acegjvr)
-1
dH 1 + (7i + 5)bdf hkps) cHé_ (14 (7i+ 5)acegjur)
Tian-3 = —, 5 , Tup = — =) ;
H,_ (1 + (7i + 6)bdf hkps) H,_ (14 (7i 4+ 6)acegjur)
bH 1 + (7i + 6)bdf hkps) a H 1 + (7i + 6)acegjor)
T1dn—1 = y T14n = s
H, (1 + (7i + 7)bdf hkps) H'—o (14 (7i + T)acegjvr)
where xg, . ..,T_13 defines as in (5).
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Proof. The proof of each formula are carried out in similar way. So, we will demonstrate proof
using one of the formula. We will employ the mathematical induction method. Suppose that n > 0

and our assumption holds for n = 1, that is,

n—2 n—2
s H (1 + Tibdf hkps) r H (1 + Tiacegjor)
Tlan—o7 = —5— ; Tlan—26 = — 5 ;
Hi: (1 + (7i + 1)bdf hkps) Hi: (1+ (7i + 1)acegjor)
pH 1 + (7i + 1)bdf hkps) v Hn_— (14 (7i 4+ 1)acegjor)
T14n—25 = ) Tl4n—24 = nZ:QO )
H.i (1 + (7i + 2)bdf hkps) H;O (1+ (7i + 2)acegjor)
k H (7i + 2)bdf hkps) J H 1 + (7i + 2)acegjor)
T14n—23 = - , Tln—22 = — = )
H; (1 + (71 + 3)bdf hkps) H 0 ( + (71 + 3)acegjvr)
h H (7i 4 3)bdf hkps) g H 1 + (7i + 3)acegjur)
Tlan—21 = y o Tlan—20 = = )
H; ( + 7i + 4)bdf hkps) H;O (1+ (7t + 4)acegjor)
f H (71 + 4)bdf hkps) e H 1 + (7i + 4)acegjor)
L1an—19 = y o Tun—18 = — )
H._ (1 + (7i + 5)bdf hkps) H'—o (14 (7i 4 5)acegjor)
n—2
dH 1 + (71 + 5)bdf hkps) CH; (1+ (71 + 5)acegjor)
Tian—17 = =) , Tln-16 = — =9 —
H 0 ( + (7i + 6)bdf hkps) H 0 ( + (7i + 6)acegjor)
b H 1 + (7i + 6)bdf hkps) a H (71 + 6)aceg]m“)
T14n—15 = ) T14n—14 =
Hi_ (14 (7i 4 7)bdf hkps) Hi_ I+ (7i + 7)aceg]m“)

Now, by using equation (4), one has

T14n—27

T14n—13 =
]-+$14n715$14n717x14n719x14n721$14n 23214n—25L14n—27

sH 1+77bdfhkps)
H: (14 (7i + 1)bdf hkps)

n—2 1+ (7i + 6)bdf hkps 1 + (7¢ + 5)bdf hkps 1 + (Ti + 4)bdf hkps

1 4 Tibdf hkps

1 + bdf hkps H

Hn—z (1 + 7ibdf hkps)
(14 (7i + 1)bdf hkps)
n—2 1+ 7ibdf hkps

1 + bdfhk
+bdfhkps [T 1+ (7i + 7)bdf hkps

_ Hn—2 1+ 7ibdf hkps 1
N i=0 14 (7i + 1)bdf hkps bdf hkps
+ (7i — 7)bdf hkps

1+

ISSN 1027-3190. Ykp. mam. oscypn., 2024, m. 76, Ne 7
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. HH 1+ Tibdfhkps 1+ (Ti — 7)bdf hkps
~ " Mico 14 (70 + 1)bdfhkps \ 1+ (7i — 6)bdfhkps )’

Hence, we have

n—1 14 Tibdf hkps
T14n—13 = H f P

i=0 1+ (7i 4+ 1)bdf hkps’
Similarly,

L14n—26
1+ 2140147140 16T14n—18T14n—20T14n—22T14n—24T14n—26

T14n—12 =

Hn—2 r(1+ Tiacegjor)
i=0 1+ (7 + 1)acegjor

n—2 1+ (7i + 6)acegjor 1 + (71 + 5)acegjor 1 + (7i + 4)acegjor 1+ Tiacegjur
=0 1+ (7i + 7T)acegjor 1 + (Ti + 6)acegjvr 1 + (7i + 5)acegjvr =~ 1+ (7i + 1)acegjor

1+ acegjvr H

Hn—2 (1 + Tiacegjor)
i=0 (14 (7i 4 1)acegjor)

n—2 14 Tiacegjor

. .
+ acegjur Hizo 1+ (7i 4 T)acegjor

Hn—2 1+ Tiacegjur 1
=r .
i=0 1+ (7i 4+ 1)acegjor acegjor

1+ (7i — T)acegjur

Hn—2 1 + Tiacegjor 1+ (7i — T)acegjor
i=0 1+ (7i + 1)acegjor \ 1 + (71 — 6)acegjvr )

1+

Therefore, we obtain

Hn 1 1+ Tiacegjvur

Tln—12 = i=0 1+ (7i + 1)acegjor’

Other relations can also be obtained in a similar way, and thus the proof is complete.
Theorem 3. Equation (4) has unique equilibrium point which is the number zero and this
equilibrium is not locally asymptotically stable. Also, T is non hyperbolic.
Proof. For the equilibriums of equation (4), we get
z
+z7

—_

Then
T+z =%, T =0.

Thus, the equilibrium point of (4) is * = 0.
Let f: (0,00)7 — (0, 00) be the function defined by

!

Therefore, it follows that
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DYNAMICAL BEHAVIOR OF RATIONAL DIFFERENCE EQUATION ... 1099

1 —PtwaBy
o l7 7t7 9 ) ) = 9y
At lotwapye 1o a0 = o0

fl(l707t’w’a?577) =

—Powafy —Potafy
ft(l707t7w7a7677) - (1 +l0twa/8'}’)27 fw(l,O,t,w,a,B,'y) - (1 +lotwaﬁ7)27
—owtfy —1otawy
(e l7 7t7 ) ) b - b l? 7t7 ) b ) = )
fall, 0,1, w, 0, 8,7) (1 + lotwaBv)? fa(l;0.t,w, 0, ,7) (1 + lotwaBv)?
—Potawf

l,o,t = .
f’Y( » 0y ,U),OZ,IB,’Y) (].—{—lOtU]Olﬁ’}/)z

We see that
M@ 775550 =1, f@E555E5) =0,  f@5,57.5,5.7) =0,
fw(fvfaf7fajafvf) 0, fa(fvfaf7fvajaf):07 fﬂ(faf7fafvjaf7§):07

The proof now follows by using Theorem 2.

To illustrate the results of this section, we now consider numerical examples which represent
different types of solutions to equation (4).

Example 1. Assume that

r_13 — 2.8, r_12 = 2.6, r—_11 = 2.5, r_10 — 2.55, Xr_g9g = 2.35,
r_g = 2.25, r_7 = 2.15, r_g = 2.05, r_5=2.13, r_4 = 2.65,
xr_3 = 2.57, T_o = 2.42, z_q1 = 2.36, xo = 2.33.

According to the above initial conditions, Fig. 1 was obtained. Figure 1 shows the dynamic behavior
of equation (4).
Example 2. Suppose that

r_13 = 3.8, Tr_12 = 2.6, r_11 = 2.5, r_10 — 3.55, r_9g = 2.35,
r_g = 2.25, r_7 = 2.15, r_g = 3.29, r_5 = 2.13, r_4 = 3.65,
r_3 = 257, r_9 = 2.42, r—1 = 236, o = 2.33.

According to the above initial conditions, Fig. 2 was obtained. Figure 2 shows the dynamic
behavior of equation (4).

x(n) x(n)t
20
2.5¢
1.5 2.0t
1.5¢
10
1.0¢
0.5 05
x=0 —L } Le L — & L L Xx=0-1 b . ! a R = S
20 40 60 80 100 n 20 40 60 80 100 n
Fig. 1 Fig. 2
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Tn—13

3. Solution the difference equation x,, 1 = .
' _ . . 1 —2p 120 _3Tn_5Tn—7Tn—9Tn—11Tn—13
In this section, we give a specific form of the solutions of the difference equation below, provided

that the initial conditions are arbitrary real numbers,

X - Tn—13 (6)
n+l — .
1 — Ty 1Tn—3Tn—5Tn—7Tn—9Tn_11Tn—13

Theorem 4. Let {ZL‘n}OO

n=

_13 be a solution of equation (6). Then

n—1
s H 1 — Tibdf hkps) T H (1 — Tiacegjor)
T14n—13 = Ti4n—-12 = pos Ly )
H,_ (1 —(Ti 4+ 1)bdfhkps) H,_ (1 —(7i+ 1)acegjor)
pH 1 — (7t + 1)bdf hkps) v Hn__ (1 —(7i+ 1)acegjvr)
Ti4n—11 = ) T14n—10 = nz__f )
H,_ (1 — (7i 4 2)bdf hkps) H,_O (1 —(7i 4 2)acegjor)
k H 1 — (7i + 2)bdf hkps) J H 1 — (7i + 2)acegjor)
T14n—9 = ) L14n—8 = )

Hyf_ (1 — (Ti + 3)bdf hkps) Hé_ (1 — (7i + 3)acegjur)
h H 1 — (7i 4 3)bdf hkps) g H 1 — (7i + 3)acegjur)

T14n—7 = " ) T14n—6 = n ;
H,_ (1 — Ti + 4)bdf hkps) H,_O (1 — (7i + 4)acegjur)

n—1
f H 1 — (7i 4+ 4)bdf hkps) e Hl_ (1 —(7i 4+ 4)acegjur)
Tldn—5 = — . Tupg = —= )
H,_ (1 — (Ti + 5)bdf hkps) II_, (0~ (7i+5)acegjor)
n—1
dH "(1 = (7i + 5)bdf hkps) e[ (- (7i+5)acegjor)
Tlan—3 = — = ; Tigp—g = — = ;
Hv (1 — (7i + 6)bdf hkps) H;O (1 —(7i + 6)acegjvr)
n—1
bH 1 — (7i 4 6)bdf hkps) aH o (1 —(7i+6)acegjur)
Tlan—1 = —, : Tian = — 5
H‘i (1 — (7i 4 7)bdf hkps) H;O (1 = (7i + 7)acegjur)
holds.
Proof. Suppose that n > 0 and our assumption holds for n = 1. That is,
n n—2
s H‘_ (1 — 7ibdf hkps) r H,_ (1 — Tiacegjor)
Tl4n—271 = ——5 T14n—26 = ——5 :
H,_ (1 —(Ti+ 1)bdfhk:ps) H‘_ (1 —(7i+ 1)acegjur)
pH 1 — (7i 4 1)bdf hkps) UHn (1 —(7i 4 1)acegjvr)
Tlan—25 = —, . Tlpe = =) :
H,_ (1 — (7i 4 2)bdf hkps) H,_ (1 — (7i + 2)acegjor)
k H 1 — (7i 4 2)bdf hkps) J H 1 — (7i 4+ 2)acegjur)
T14n—23 = y o Tlap—22 = )
Hl_ (1 — (7i 4+ 3)bdf hkps) H,_ (1 —(7i+ 3)acegjvr)
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n—2
h HF (1 —(7i + 3)bdf hkps) g H 1 — (71 + 3)acegjvr)

L14n—21 = n 3 L14n—20 =
H; (1 — Ti + 4)bdf hkps)

H:i (1 — (7i 4+ 4)acegjor)

i

f H 1 — (7i + 4)bdf hkps) e H 1 — (7i + 4)acegjor)

L1an—19 = y Tlap—18 = )
Hi: (1 — (7i + 5)bdf hkps) Hi: (1 —(7i + 5)acegjor)
dH 1 — (7i 4+ 5)bdf hkps) cHn_ 1 —(7i 4 5)acegjor)

T1an-17 = s Tlan—16 = = ;

H:__ (1 — (7i + 6)bdf hkps)

Hj_ (1 — (7i + 6)acegjvr)

bH 1 — (7i 4 6)bdf hkps) aH 1 —(7i + 6)aceg]vr)

L14n—15 = , T14n—14 =

Hi_ (1 — (7i 4 7)bdf hkps) Hi_ (1—(7i+ 7)aceg]m“)

Now, by using the main equation (6), one has

T14n—27
1-— L14n—15L14n—17L14n—19L14n—21L14n—23T14n—25L14n—27
n—2 X
s Hq_:o (1 — Tibdf hkps)
=2
T o (1= (7i + 1)bdf hkps)
i

T14n—13 =

n—21— (7i + 6)bdfhkps 1 — (7i + 5)bdf hkps 1 — (7i + 4)bdf hkps

1 — 7ibdf hkps

1 — bdfhkps | [ .
i

Hn—2 (1 — Tibdf hkps)
i=0 (1 — (7i + 1)bdf hkps)
n—2 1 — 7ibdf hkps
— (7i 4+ 7)bdf hkps

B bdf hkps H

"2 1 — Tibdfhkps 1

(7i 4 1)bdf hkps bdf hkps
— (7i — 7)bdf hkps

I
:1

:0 1-—

n—2

. H 1 — 7ibdf hkps 1 — (7i — 7)bdf hkps
N L0 1= (7i+ 1)bdfhkps \ 1 — (7i — 6)bdf hkps )

Hence, we have

n—1

. . 1—[ 1 — 7ibdf hkps
e TR L T~ (Ti + Dbdfhkps”

Similarly,

L14n—26
1+ L14n—14TL14n—16L14n—18L14n—20L14n—22L14n—24L14n—26

T14n—12 =
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n—-2 (1 — Tiacegjor)
Ht 0 1— (7 + 1)acegjor
n—2 1 — (7i + 6)acegjvr 1 — (7i + 5)acegjvr 1 — (Ti + 4)acegjor 1 — Tiacegjur
i=0 1 — (7i + 7T)acegjvr 1 — (7i + 6)acegjor 1 — (7i + 5)acegjor 1 — (Ti + 1)acegjvr

1 — acegjur H

an2 (1 — Tiacegjor)
(1-— (7i + 1)acegjor)

1 — Tiacegjvr

1_
acegjur H =0 1 — (7i + 7T)acegjur
n—2 . .
_ 1 — Tiacegjvr 1
=" H acegjor

i (7i + D)acegjor 1_
1 — (7i — T)acegjor

nl—f 1 — Tiacegjur 1 —(7i — T)acegjor
=r :
1 —(7i 4 1)acegjor \ 1 — (7i — 6)acegjor

Therefore, we obtain

H 1 — Tiacegjor

Pln-12 = 1 — (7i + 1)acegjor’

Similarly, it is easily obtained in other relationships.

Theorem 5. Equation (6) has a unique equilibrium point T = 0, which is not locally asymptotical-
ly stable.

Proof. The proof is the same as the proof of Theorem 3 and hence is omitted.

For confirming the outcomes of this section, we take into consideration mathematical instances
which stand for various kind of solutions to equation (6).

Example 3. We consider

r—13 = 3.1, r—12 = 2.6, r—11 = 2.5, r—10 = 3.55, r—g = 2.35,
z_g = 2.25, z_7 = 2.15, T_g = 3.29, z_5 = 2.13, z_y = 1.65,
T_3 = 2.57, T_o = 2.42, T_1 = 2.21, zo = 2.33.

According to the above initial conditions, Fig. 3 was obtained. Figure 3 shows the dynamic behavior
of equation (6).
Example 4. Suppose that

r—13 = 5.1, r—12 = 2.6, r—11 = 2.5, r—10 = 3.55, r—g = 5.35,
z_g = 2.25, z_7 = 2.15, T_g = 3.29, z_5 = 5.13, z_y = 0.3,
T_3 = 2.57, T_o = 2.42, T_1 = 2.21, zo = 2.33.

According to the above initial conditions, Fig. 4 was obtained. Figure 4 shows the dynamic behavior
of equation (6).
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LTn—13

4. Solution the difference equation x,, 1 = .
. ' ' —14+2n 1Tn_3Tn_5Tn—7Tn—9Tn—-11Tn—13
In this case, we give a specific form of the solutions of the difference equation below, provided that

the initial conditions are arbitrary real numbers

Tn—13

Ipt+1 = ) (7)
—1 4+ T 1Tn—3Tn—5Tn—7Tn—9Tn—11Tn—13
where xg, ...,x_13 defines as in (5) with
T 1T 3T 5T 7T_9T_ 11713 # 1, TOT 20 4T _6T_8T_10T-12 7 1.

Theorem 6. Every solution {x,}5° 5 of equation (7) is periodic with period twenty eight and
is of the form

s r
i _ = x _ =V
22T 1 bdf hkps’ =20 L acegjor
Tagn—25 = p(—1 + bdf hkps), Tasn—24 = v(—1 + acegjor),
k J
X _ = x _ =V
202 7 1 L bdfhkps' =227 1 4 acegjor
Togn—21 = h(—1+ bdf hkps), Zagn—20 = g(—1 + acegjvr),
T28n—19 = 4 To8n—18 = S
=197 1 ¥ bdfhkps’ 18T 1 ¥ acegjor’
Togn—17 = d(—1 + bdf hkps), Togn—16 = ¢(—1 + acegjur),
b a
Togn_15 = ————————, Togn_14 = ————————
e bdf hkps S acegjur
T28n—13 = S, T2gn—12 =T, L28n—11 = P,
T28n—10 = U, Togn—9 = k, T28n-8 = Js
Tagn—7 = h, T28n—6 = 9, Zogn—5 = f,
To8n—4 = €, Togn—3 = d, Togn-2 = C,
Zogn—1 = b, Togy = q.

The solutions consist of 28 periods.
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Proof. Suppose that

To8n—55 = m, Togn—54 = m, Tosn—53 = p(—1 + bdf hkps),
. k J
Togn—s52 = v(—1 + acegjur), Togp_51 = m7 T28n—50 = Wy
Tosn—19 = h(—=1+ bdfhkps), xosn—4s = g(—1+ acegjor), Tagn—a7 = —1+l;fdfhkps”
Togn—_46 = m, Togn—a5 = d(—1 + bdf hkps), wagn—a4 = c(—1+ acegjor),
b a
L28n—43 = m, L28n—42 = W’
T28n—41 = S, T28n—40 = T L28n—39 = D,
T28n—38 = U, Togn—37 = k, T28n—36 = Js
Tagn—35 = N, Tagn-34 = g, Tagn-33 = f,
Togn—32 = €, Togn-31 = d, Zo8n—30 = C,
Tagn—29 = b, Togn—28 = Q.
Now, it follows from equation (7) that
Togn—41

T28n—27 =
-1+ T28n—29L28n—31L28n—33L28n—35L28n—37L28n—39L28n—41

s
~ —1 -+ bdfhkps’
Then we have s
VB2 = i hkps — 1
Other relation can be given by the same way.
Theorem 7. Equation (7) has three equilibrium points which are 0, ++/2, and these equilibrium
points are not locally asymptotically stable.
Proof. The proof is the same as the proof of Theorem 3 and hence is omitted.
Example 5. Assume that

r—-13 = 1.1, r—12 = 1.12, r—11 = 1.13, r—10 = 1.14, Tr—9 = 1.15,
r_g = 1.16, r_7 = 1.17, r_g = 1.18, r_5 = 1.19, T g =12,
r_3 =121, T_g =122, r_1 = 1.23, zo = 1.24.

According to the above initial conditions, Fig. 5 was obtained. Figure 5 shows the dynamic behavior
of equation (7).
Example 6. Suppose that

r_13 — 1.1, Tr_12 = 1.12, r_11 = 1.13, r_10 — 1.4, r_g = 1.15,
r_g = 1.16, r_7=1.17, r_g = 1.3, r_5 = 1.19, r_g4=1.2,

ISSN 1027-3190. Ykp. mam. scypn., 2024, m. 76, Ne 7



DYNAMICAL BEHAVIOR OF RATIONAL DIFFERENCE EQUATION ... 1105

z_g =121, T_o =122, z_1 =123, zo = 1.5.

According to the above initial conditions, Fig. 6 was obtained. Figure 6 shows the dynamic behavior
of equation (7).

R
AT el

Ln—13

5. Solution the difference equation x,, 1 = .
. . . ‘ —1—%p_1%n _3Tn_5Tn—7Tn—9Tn—-11Tn—13
In this section, we give a specific form of the solutions of the difference equation below, provided

that the initial conditions are arbitrary real numbers,

Tn—13
Tn4+1 = ’ (8)
—1 — Ty 1Tp—3Tn—5Tn—7Tn—9Tn—11Tn—13
where, xq,...,x_13 defines as in (5) with
T T 3T 5T 7T 9T 11713 #F —1, TOT_2T_4T_gT_8T_10T_12 7# —1.

Theorem 8. Every solution {x,}5° 5 of equation (8) is periodic with period twenty eight and
is of the form

-5 -r

o e 9 = —p(1 + bdfhk
Tasn-21 = T bdfhkps’ T2sn-26 = T acegjor’ T28n—25 p(1 + bdf hkps),
(14 ) i —J
T _ = —0 ace or), T — = T X — _ T,
28n—24 g) 28n—23 1+ bdf hkps 28n—22 1+ acegjor
xogn—21 = h(1 + bdf hkps), Togn—20 = g(1 + acegjvr), xogn—19 = Hl):i]{fllms’
e )
Togn—18 = ——————, Togn—17 = d(1 + bdf hkps),  x2gn—16 = c(1 + acegjur),
1+ acegjor
—b —a
T _ = €T _ =—
W15 = bdf hkps’ Wn-l4 7= 970 acegjor
T28n—13 = S, Togn—12 = T, Z28n—11 = P,
T28n—10 = U, Togn—9 = k, T28n-8 = Js
Zogn—7 = h, Z28n—6 = 7, Zogn—s5 = f,
Togn—4 = €, Togn—3 = d, Togn—2 = C,
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Zogn—1 = b, Togn = Q.

The solutions consist of 28 periods.
Proof. Suppose that

—s —r
Pogn 55 = ——— Pogmosd = ———— zogn_s3 = —p(1 + bdfhkps),
28055 = T s 2054 = T 28n—53 p(1 + bdf hkps)
1+ or) —k —J
Togn_59 = —V acegjor Togn-5] = —————— Togn_5) = ——————
28n—>52 g) ’ 28n—>51 11 bdfhkps’ 28n—>50 11 acegjvr’
. —f
_49 = h(1 4+ bdf hk _48 = ¢g(1 =
T98n—49 (1 + bdf hkps), Togn—48 = g(1 + acegjor),  xagn-_47 15 bdfTkps’
_e .
Ta/n—46 = T Togn—a5 = d(1 + bdfhkps),  xa8n—44 = c(1 + acegjur),
+ acegjor
—b —a
€T _ = €T _ - —_ —
Wn—d3 = 1 bdf hkps’ 2n—d2 = 97 acegjor’
T28n—41 = S, T28n—40 = T, Z28n—39 = P,
To8n—38 = U, Togn—37 = k, T28n—36 = J»
Zogn—35 = h, To8n—34 = g, Zo8n—33 = f,
Togn—32 = €, Togn—31 = d, T28n—30 = C,
Z28n—29 = b, T28n—28 = Q.
Now, it follows from equation (8) that
T28n—41
To8n—27 =
—1 — 2280 —29728n—31728n—33T28n—35T28n—37L28n—39T28n—41
s
~ —1 —bdfhkps’
Then we have
—s
T2 W hkps + 10

Other relations can be given by the same way.

Theorem 9. Equation (8) has three equilibrium point which are 0, +/—2 and this equilibrium
points is not locally asymptotically stable.

Proof. The proof is the same as the proof of Theorem 3 and hence is omitted.

Example 7. We consider

r—_13 = 1.1, r—12 = 1.12, r—11 = 113, Tr—10 = 1.4, [ 115,
r_g = 1.16, r_7 = 1.17, r_g = 1.3, z_5 = 1.19, T_g =12,
r_3 = 1.45, r_o = 1.56, x_1=1.6, xg = 1.5.

According to the above initial conditions, Fig. 7 was obtained. Figure 7 shows the dynamic behavior
of equation (8).
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Example 8. Suppose that

r_13 = 1.26, r—_12 = 1.32, r—11 = 138, Tr—_10 = 1.4, o — 1.15,
r_g = 1.16, rz_7=1.17, z_g = 1.3, r_5 = 1.19, r_4 = 1.25,
r_3 = 145, r_9 = 156, r_1 = 1.6, Trog = 1.5.

According to the above initial conditions, Fig. 8 was obtained. Figure 8 shows the dynamic behavior
of equation (8).

x(n) x(n)
15 1.5
10 1.0
0.5 0.5
X= O L L L L L 1 X= 0 L L L L L L
20 40 60 80 100 n 20 4 60 80 00 n
Fig. 7 Fig. 8

6. Conclusion. We study the behavior of the difference equation

Tn—13
)
Tl 4+ 2y 120 3Tn—5Tn—7Tn—9Tn—11Tn—13

ITn+1 =

where the initials are positive real numbers. Local stability is discussed. Moreover, we get the solution
of some special cases. Finally, some numerical examples are given.
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