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THE FEKETE – SZEGÖ FUNCTIONAL ASSOCIATED
WITH \bfitM -TH ROOT TRANSFORMATION USING CONICAL DOMAINS

ФУНКЦIОНАЛ ФЕКЕТЕ – СЕГЬО, АСОЦIЙОВАНИЙ З \bfitM -М КОРЕНЕВИМ
ПЕРЕТВОРЕННЯМ IЗ ВИКОРИСТАННЯМ КОНIЧНИХ ОБЛАСТЕЙ

Let \scrA be the class of analytic functions in the open unit disk \BbbU = \{ z \in \BbbC : | z| < 1\} . Let \scrR p
\alpha be the operator defined on

\scrA by

\scrR p
\alpha = f(z) \ast z

(1 - z)2(1 - \alpha )
.

A function f in \scrA is said to be in the class k-\scrS \scrP p
\alpha if \scrR p

\alpha (f) is a k-parabolic starlike function. We focus on the
Fekete – Szegö inequality associated with m-th root transformation using conical domains for this class.

Нехай \scrA — клас аналiтичних функцiй у вiдкритому одиничному диску \BbbU = \{ z \in \BbbC : | z| < 1\} , а \scrR p
\alpha — оператор,

визначений на \scrA за допомогою формули

\scrR p
\alpha = f(z) \ast z

(1 - z)2(1 - \alpha )
.

Кажуть, що функцiя f з \scrA належить до класу k-\scrS \scrP p
\alpha , якщо \scrR p

\alpha (f) є k-параболiчною зiркоподiбною функцiєю. Наша
увага сфокусована на нерiвностi Фекете – Сегьо, що асоцiйована з перетворенням m-го кореня з використанням
конiчних областей для цього класу.

1. Introduction. Let \scrA be the class of functions in the open unit disk \BbbU = \{ z \in \BbbC : | z| < 1\} and
\scrA 0 be the family of functions f in \scrA satisfying the normalization condition [12]. Thus, the functions
in \scrA 0 are given by the power series

f(z) = z +

\infty \sum 
n=2

anz
n, z \in \BbbU . (1.1)

Let \scrS denote the class of analytic univalent functions in \BbbU . For fixed k, 0 \leq k < \infty , the function
f \in \scrA 0 is said to be in k-\scrU \scrC \scrV , the class of k-uniformly convex functons in \BbbU , if the image of every
circular arc \gamma contained in \BbbU with center \xi where | \xi | \leq k, convex arc. This interesting unification of
the concepts of univalent convex functions [12] and uniformily convex functions [9] is due to Kanas
and Wisniowska [10].

The class k-\scrS \scrP , consisting of k-parabolic starlike functons is defined from k-\scrU \scrC \scrV via the
Alexandar transforms [11], that is,
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952 P. GURUSAMY, M. ÇAĞLAR, S. SIVASUBRAMANIAN, L. I. COTIRLA

f \in k-\scrU \scrC \scrV \leftrightarrow g \in k-\scrS \scrP ,

where g(z) = zf \prime (z), z \in \BbbU .
The one variable characterization theorem [10] of the class k-\scrU \scrC \scrV gives that f \in k-\scrU \scrC \scrV 

(respectively, f \in k-\scrS \scrP ) if and only if the values of p(z) = 1 +
zf \prime \prime (z)

f \prime (z)

\biggl( 
respectively, p(z) =

zf \prime (z)

f(z)

\biggr) 
, z \in \BbbU , lie in the conic region \Omega k in the w-plane, where

\Omega k =
\bigl\{ 
w = u+ iv \in C : u2 > k2(u - 1)2 + k2v2, u > 0, 0 \leq k < \infty 

\bigr\} 
.

For details of the geometric description of \Omega k see [10, 11].
A function is said to be univalent in a simply connected domain if the images of distinct points

are distinct there. A function is said to be starlike of order \alpha , denoted by \scrS \ast (\alpha ), if and only if

\mathrm{R}\mathrm{e}

\biggl[ 
zf \prime (z)

f(z)

\biggr] 
\geq \alpha in \BbbU . Also the set \scrS \ast (\alpha ) for 0 \leq \alpha < 1 is a subset of \scrS and the function

z

(1 - z)2(1 - \alpha )
= z +

\infty \sum 
n=2

C(\alpha , n)zn = z +

\infty \sum 
n=2

\left(  \prod n

k=2
(k  - 2\alpha )

(n - 1)!

\right)  zn

is the well-known extremal function for the class \scrS \ast (\alpha ).

The convolution or Hadamard product of two power series \phi (z) =
\sum \infty 

n=0
unz

n analytic in

| z| < r and \varphi (z) =
\sum \infty 

n=0
vnz

n analytic in | z| < r2 is the power series (\phi \ast \varphi )(z) = \phi (z) \ast \varphi (z) =\sum \infty 

n=0
unvnz

n which is analytic in | z| < r1r2 [12].
For any natural number m, the m-th root transform is defined by

F (z) = [f(zm)]1/m = z +

\infty \sum 
n=1

bmn+1z
mn+1, z \in \BbbU . (1.2)

Let m be a positive integer. A domain D is said to be m-fold symmetric if a rotation of D about

the origin through an angle
2\pi 

m
carries D to itself. A function f(z) is siad to be m-fold symmetric

in \BbbU if for every z in \BbbU 

f
\Bigl( 
e

2\pi i
m z
\Bigr) 
= e

2\pi i
m f(z).

In 1916, Gronwall shows that if f(z) is regular and m-fold symmetric in \BbbU , then it has a power
series expansion of the form

f(z) = b1z + bm+1z
m+1 + b2m+1z

2m+1 + . . . =
\infty \sum 
n=0

bnm+1z
nm+1. (1.3)

Conversely, if f(z) is given by the power series (1.3), then f(z) is m-fold symmetric inside the circle
of convergence of the series.

For different subclasses of \scrS , the Fekete – Szegö problem has been investigated by many authors
including [4, 5, 8, 13 – 23].

In the present paper, the Fekete – Szegö inequality for the class k-\scrS \scrP p
\alpha , 0 \leq k < \infty , associated

with m-th root transformation using conical domains is settled completely. Also, for particular values
of k, we obtain the Fekete – Szegö inequality.
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2. Preliminary results.
Lemma 2.1 [6]. Let k \in [0,\infty ) be fixed and qk(z) be the Riemann map of \BbbU =

\bigl\{ 
z \in \BbbC :

| z| < 1
\bigr\} 

on to \Omega k satisfying qk(0) = 1, q\prime k(0) > 0. If

qk(z) = 1 +Q1(k)z +Q2(k)z
2 +Q3(k)z

3 + . . . , z \in \BbbU , (2.1)

then

Q1 = Q1(k) =

\left\{                 

2A2

1 - k2
, 0 \leq k < 1,

8

\pi 2
, k = 1,

\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
, k > 1,

Q2 = Q2(k) = D(k)Q1(k),

where

D = D(k) =

\left\{                 

A2 + 2

3
, 0 \leq k < 1,

2

3
, k = 1,

4\kappa 2(t)
\bigl( 
t2 + 6t+ 1

\bigr) 
 - \pi 2

24\kappa 2(t)(1 + t)
\surd 
t

, k > 1,

A =
2

\pi 
\mathrm{a}\mathrm{r}\mathrm{c}\mathrm{c}\mathrm{o}\mathrm{s} k,

and \kappa (t) =

\int 1

0

dx\sqrt{} 
(1 - x2)(1 - t2x2)

, t \in (0, 1), is the complete elliptic integral of first kind (for

details see [1 – 3]).
Lemma 2.2 [7]. Let the function \omega \in B0 be given by

\omega (z) = d1z + d2z
2 + d3z

3 + . . . , z \in \BbbU ,

where

B0 =
\bigl\{ 
\omega \in A : \omega (0) = 0, | \omega (z)| < 1, z \in \BbbU 

\bigr\} 
.

Then, for every complex number \mu ,\bigm| \bigm| d2  - \mu d21
\bigm| \bigm| \leq 1 + (| \mu |  - 1)

\bigm| \bigm| d21\bigm| \bigm| .
3. Main results.
Definition 3.1. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p

\alpha , 0 \leq k <

\infty , if \scrR p
\alpha (f) \in k-\scrS \scrP or, equivalently,

\mathrm{R}\mathrm{e}

\Biggl( 
z
\bigl( 
\scrR p

\alpha (f)
\prime (z)
\bigr) 

\scrR p
\alpha (f)(z)

\Biggr) 
> k

\bigm| \bigm| \bigm| \bigm| \bigm| z
\bigl( 
\scrR p

\alpha (f)
\prime (z)
\bigr) 

\scrR p
\alpha (f)(z)

 - 1

\bigm| \bigm| \bigm| \bigm| \bigm| , z \in \BbbU .

We first state and prove the following theorem.
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Theorem 3.1. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p
\alpha , 0 \leq k < \infty ,

0 \leq \alpha < 1, and if F is the m-th root transformation of f given by (1.2). Then\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| 

\leq 

\left\{                   

Q1

2m(1 - \alpha )(3 - 2\alpha )

\biggl\{ 
(2\mu +m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )
 - Q1  - D

\biggr\} 
, if \mu \geq \sigma 1,

Q1

2m(1 - \alpha )(3 - 2\alpha )
, if \sigma 2 \leq \mu \leq \sigma 1,

Q1

2m(1 - \alpha )(3 - 2\alpha )

\biggl\{ 
Q1 +D  - (2\mu +m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )

\biggr\} 
, if \mu \leq \sigma 2,

(3.1)

where

\sigma 1 =
2m(1 - \alpha )

(3 - 2\alpha )Q1

\biggl( 
1 +Q1 +D  - (m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )

\biggr) 
,

\sigma 2 =
2m(1 - \alpha )

(3 - 2\alpha )Q1

\biggl( 
Q1 +D  - 1 - (m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )

\biggr) 
and Q1 and D are given by Lemma 2.1.

Proof. The expansion of
z

(1 - z)2(1 - \alpha )
is given by

z

(1 - z)2(1 - \alpha )
= z +

2 - 2\alpha 

1!
z2 +

(2 - 2\alpha )(3 - 2\alpha )

2!
z3 + . . . .

So, by the definition of Hadamard product, we have

\scrR p
\alpha (f)(z) = z +

(2 - 2\alpha )a2
1!

z2 +
(2 - 2\alpha )(3 - 2\alpha )a3

2!
z3 + . . . .

By using simple calculations, we get

z
\bigl( 
\scrR p

\alpha (f)
\prime (z)
\bigr) 

\scrR p
\alpha (f)(z)

= 1 + (2 - 2\alpha )a2z +
\Bigl( 
(2 - 2\alpha )(3 - 2\alpha )a3  - (2 - 2\alpha )2a22

\Bigr) 
z2 + . . . . (3.2)

By the definition, there are analytic function \omega with \omega (0) = 0 and | \omega (z)| < 1 in \BbbU such that

z
\bigl( 
\scrR p

\alpha (f)
\prime (z)
\bigr) 

\scrR p
\alpha (f)(z)

= qk(\omega (z)),

where \omega (z) is given by

\omega (z) = c1z + c2z
2 + c3z

3 + . . . . (3.3)

From the equations (2.1) and (3.3), we obtain

qk(\omega (z)) = 1 +Q1(k)c1z +
\bigl( 
Q1(k)c2 +Q2(k)c

2
1

\bigr) 
z2 + . . . . (3.4)

Note that, throughout, we shall write Q1 = Q1(k), Q2 = Q2(k) and D(k). Comparing the
corresponding coefficients from (3.2) and (3.4), we have

a2 =
Q1c1

2(1 - \alpha )
(3.5)

and
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a3 =
Q1c2 +

\bigl( 
Q2 +Q2

1

\bigr) 
c21

2(1 - \alpha )(3 - 2\alpha )
. (3.6)

Since Q2 = DQ1, then (3.6) becomes

a3 =
Q1c2 +

\bigl( 
DQ1 +Q2

1

\bigr) 
c21

2(1 - \alpha )(3 - 2\alpha )
, (3.7)

where D(k) is as in Lemma 2.1.
For a function f given by (1.1), a computation shows that

[f(zm)]1/m = z +
1

m
a2z

m+1 +

\biggl[ 
1

m
a3  - 

1

2

\biggl( 
m - 1

m2

\biggr) 
a2

2

\biggr] 
z2m+1 + . . . . (3.8)

From (1.2) and (3.8), equating the coefficients of zm+1 and z2m+1, we get

bm+1 =
1

m
a2 (3.9)

and

b2m+1 =
a3
m

 - 1

2

\biggl( 
m - 1

m2

\biggr) 
a2

2. (3.10)

From (3.5), (3.7), (3.9) and (3.10), we obtain

b2m+1  - \mu b2m+1 =
Q1

2m(1 - \alpha )(3 - 2\alpha )

\times 
\biggl\{ 
c2 +

\biggl( 
Q1 +D  - (2\mu +m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )

\biggr) 
c21

\biggr\} 
, (3.11)

which gives us

b2m+1  - \mu b2m+1 =
Q1

2m(1 - \alpha )(3 - 2\alpha )

\times 
\biggl\{ 
c2  - c21 +

\biggl( 
1 +Q1 +D  - (2\mu +m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )

\biggr) 
c21

\biggr\} 
. (3.12)

Therefore,

b2m+1  - \mu b2m+1 =
Q1

2m(1 - \alpha )(3 - 2\alpha )

\times 
\biggl\{ \bigm| \bigm| c2  - c21

\bigm| \bigm| + \biggl( 1 +Q1 +D  - (2\mu +m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )

\biggr) 
| c1| 2

\biggr\} 
. (3.13)

Suppose that \mu \geq \sigma 1, the expression inside the second modulus symbol on the right-hand side of
(3.13) is nonnegative. Then, using the estimate

\bigm| \bigm| c2  - c21
\bigm| \bigm| \leq 1 from Lemma 2.2 and the well-known

esimate | c1| \leq 1 of the Schwarz lemma, we have\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| \leq Q1

2m(1 - \alpha )(3 - 2\alpha )

\times 
\biggl\{ 
1 +

\biggl( 
(2\mu +m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )
 - Q1  - D  - 1

\biggr) \biggr\} 
, (3.14)

which implies that
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\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| \leq Q1

2m(1 - \alpha )(3 - 2\alpha )

\biggl\{ 
(2\mu +m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )
 - Q1  - D

\biggr\} 
.

This is precisely the first inequality in (3.1).

On the other hand, \mu \leq \sigma 2, then (3.11) gives

b2m+1  - \mu b2m+1 =
Q1

2m(1 - \alpha )(3 - 2\alpha )

\times 
\biggl\{ 
| c2| +

\biggl( 
Q1 +D  - (2\mu +m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )

\biggr) 
| c1| 2

\biggr\} 
.

Applying estimate | c2| \leq 1 - | c1| 2 of Lemma 2.2 and | c1| \leq 1, we have

\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| \leq Q1

2m(1 - \alpha )(3 - 2\alpha )

\times 
\biggl\{ 
1 - | c1| 2 +

\biggl( 
Q1 +D  - (2\mu +m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )

\biggr) 
| c1| 2

\biggr\} 
,

which implies that

\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| \leq Q1

2m(1 - \alpha )(3 - 2\alpha )

\biggl\{ 
Q1 +D  - (2\mu +m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )

\biggr\} 
, (3.15)

this is the last inequality in (3.1).

Lastly, if \sigma 2 \leq \mu \leq \sigma 1, then\bigm| \bigm| \bigm| \bigm| Q1 +D  - (2\mu +m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )

\bigm| \bigm| \bigm| \bigm| \leq 1.

Therefore, (3.11) yields

\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| \leq Q1

2m(1 - \alpha )(3 - 2\alpha )
.

This is the middle inequality in (3.1).

Now, we discuss the sharpness of the inequalities in (3.1). Suppose that \mu > \sigma 1. Then equality
holds in (3.1) if and only if the equality holds in (3.14). This happens if and only if | c1| = 1 and\bigm| \bigm| c2  - c21

\bigm| \bigm| = 1. Therefore, u(z) = z and the extremal function is qk(z).

Next, if \mu < \sigma 2, then equality holds (3.15) if and only if c21 =  - 1 (and, hence, c2 = 0 in (3.12)).

Thus, \omega (z) = ei\theta z, where \theta =
\pi 

2
or \theta =

3\pi 

2
.
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Lastly, if \sigma 2 \leq \mu \leq \sigma 1, then equality holds (3.1), if c1 = 0 and | c2| = 1. Thus, \omega (z) is a rotation
of z2.

Theorem 3.1 is proved.

If m = 1 in Theorem 3.1, then we have the following corollary.

Corollary 3.1. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p
\alpha , 0 \leq k < \infty ,

0 \leq \alpha < 1. Then

\bigm| \bigm| b3  - \mu b22
\bigm| \bigm| \leq 

\left\{                     

Q1

2(1 - \alpha )(3 - 2\alpha )

\biggl\{ 
\mu (3 - 2\alpha )Q1

2(1 - \alpha )
 - Q1  - D

\biggr\} 
, if \mu \geq \alpha 1,

Q1

2(1 - \alpha )(3 - 2\alpha )
, if \alpha 2 \leq \mu \leq \alpha 1,

Q1

2(1 - \alpha )(3 - 2\alpha )

\biggl\{ 
Q1 +D  - \mu (3 - 2\alpha )Q1

2(1 - \alpha )

\biggr\} 
, if \mu \leq \alpha 2,

where

\alpha 1 =
2(1 - \alpha )

(3 - 2\alpha )Q1
(1 +Q1 +D),

\alpha 2 =
2(1 - \alpha )

(3 - 2\alpha )Q1
(Q1 +D  - 1)

and Q1 and D are given by Lemma 2.1.

If m = 1 and \alpha = 0 in Theorem 3.1, then we have the following corollary.

Corollary 3.2. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p
\alpha , 0 \leq k < \infty .

Then

\bigm| \bigm| b3  - \mu b22
\bigm| \bigm| \leq 

\left\{                     

Q1

6

\biggl( 
Q1 +D  - 3\mu Q1

2

\biggr) 
, if \mu \leq 2

3Q1
(Q1 +D  - 1),

Q1

6
, if

2

3Q1
(Q1 +D  - 1) \leq \mu \leq 2

3Q1
(1 +Q1 +D),

Q1

6

\biggl( 
3\mu Q1

2
 - Q1  - D

\biggr) 
, if \mu \geq 2

3Q1
(1 +Q1 +D),

where Q1 and D are given by Lemma 2.1.

Putting the values of Q1 = Q1(k) and D = D(k) from Lemma 2.1 in Theorem 3.1 for 0 \leq k < 1,

k = 1 and k > 1, respectively, we ge the following theorems.

Theorem 3.2. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p
\alpha , 0 \leq k <

1, 0 \leq \alpha < 1. Then
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\bigm| \bigm| 

\leq 

\left\{                                     

1

m(1 - \alpha )(3 - 2\alpha )

\biggl( 
A2

1 - k2

\biggr) 
\times 
\biggl( 

2A2

1 - k2
+

\biggl( 
A2 + 2

3

\biggr) 
 - (3 - 2\alpha )(2\mu +m - 1)

2m(1 - \alpha )

\biggl( 
A2

1 - k2

\biggr) \biggr) 
, if \mu \leq \rho 2,

1

m(1 - \alpha )(3 - 2\alpha )

\biggl( 
A2

1 - k2

\biggr) 
, if \rho 2 \leq \mu \leq \rho 1,

1

m(1 - \alpha )(3 - 2\alpha )

\biggl( 
A2

1 - k2

\biggr) 
\times 
\biggl( 
(3 - 2\alpha )(2\mu +m - 1)

2m(1 - \alpha )

\biggl( 
A2

1 - k2

\biggr) 
 - 
\biggl( 

2A2

1 - k2

\biggr) 
 - 
\biggl( 
A2 + 2

3

\biggr) \biggr) 
, if \mu \geq \rho 1,

(3.16)

where

\rho 1 =
2m(1 - \alpha )

3 - 2\alpha 

\biggl( 
1 - k2

A2

\biggr) \biggl( \biggl( 
2A2

1 - k2

\biggr) 
+

\biggl( 
A2 + 2

3

\biggr) 
 - (m - 1)(3 - 2\alpha )

2m(1 - \alpha )

\biggl( 
A2

1 - k2

\biggr) 
+ 1

\biggr) 
,

\rho 2 =
2m(1 - \alpha )

3 - 2\alpha 

\biggl( 
1 - k2

A2

\biggr) \biggl( \biggl( 
2A2

1 - k2

\biggr) 
+

\biggl( 
A2 + 2

3

\biggr) 
 - (m - 1)(3 - 2\alpha )

2m(1 - \alpha )

\biggl( 
A2

1 - k2

\biggr) 
 - 1

\biggr) 
and A is given by Lemma 2.1.

Proof. We omit the proofs since it is similar to Theorem 3.1.
If m = 1 in Theorem 3.2, then we have the following corollary.
Corollary 3.3. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p

\alpha , 0 \leq k <

1, 0 \leq \alpha < 1. Then

\bigm| \bigm| b3  - \mu b22
\bigm| \bigm| \leq 

\left\{                                       

1

(1 - \alpha )(3 - 2\alpha )

\biggl( 
A2

1 - k2

\biggr) 
\times 
\biggl( 

2A2

1 - k2
+

\biggl( 
A2 + 2

3

\biggr) 
 - (3 - 2\alpha )\mu 

(1 - \alpha )

\biggl( 
A2

1 - k2

\biggr) \biggr) 
, if \mu \leq \rho 4,

1

(1 - \alpha )(3 - 2\alpha )

\biggl( 
A2

1 - k2

\biggr) 
, if \rho 4 \leq \mu \leq \rho 3,

1

(1 - \alpha )(3 - 2\alpha )

\biggl( 
A2

1 - k2

\biggr) 
\times 
\biggl( 
(3 - 2\alpha )\mu 

(1 - \alpha )

\biggl( 
A2

1 - k2

\biggr) 
 - 
\biggl( 

2A2

1 - k2

\biggr) 
 - 
\biggl( 
A2 + 2

3

\biggr) \biggr) 
, if \mu \geq \rho 3,

where

\rho 3 =
1 - \alpha 

3 - 2\alpha 

\biggl( 
1 - k2

A2

\biggr) \biggl( \biggl( 
2A2

1 - k2

\biggr) 
+

\biggl( 
A2 + 2

3

\biggr) 
+ 1

\biggr) 
,

\rho 4 =
1 - \alpha 

3 - 2\alpha 

\biggl( 
1 - k2

A2

\biggr) \biggl( \biggl( 
2A2

1 - k2

\biggr) 
+

\biggl( 
A2 + 2

3

\biggr) 
 - 1

\biggr) 
and A is given by Lemma 2.1.

If m = 1 and \alpha = 0 in Theorem 3.2, then we have the following corollary.
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Corollary 3.4. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p
\alpha and

0 \leq k < 1. Then

\bigm| \bigm| b3  - \mu b22
\bigm| \bigm| \leq 

\left\{                   

1

3

\biggl( 
A2

1 - k2

\biggr) \biggl( 
2A2

1 - k2
+

\biggl( 
A2 + 2

3

\biggr) 
 - 
\biggl( 

3\mu A2

1 - k2

\biggr) \biggr) 
, if \mu \leq \rho 6,

1

3

\biggl( 
A2

1 - k2

\biggr) 
, if \rho 6 \leq \mu \leq \rho 5,

1

3

\biggl( 
A2

1 - k2

\biggr) \biggl( \biggl( 
3\mu A2

1 - k2

\biggr) 
 - 
\biggl( 

2A2

1 - k2

\biggr) 
 - 
\biggl( 
A2 + 2

3

\biggr) \biggr) 
, if \mu \geq \rho 5,

where

\rho 5 =
1

3

\biggl( 
1 - k2

A2

\biggr) \biggl( 
1 +

\biggl( 
2A2

1 - k2

\biggr) 
+

\biggl( 
A2 + 2

3

\biggr) \biggr) 
,

\rho 6 =
1

3

\biggl( 
1 - k2

A2

\biggr) \biggl( \biggl( 
2A2

1 - k2

\biggr) 
+

\biggl( 
A2 + 2

3

\biggr) 
 - 1

\biggr) 
and A is given by Lemma 2.1.

Theorem 3.3. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p
\alpha , k =

0, 0 \leq \alpha < 1. Then

\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| \leq 
\left\{                   

4

m(1 - \alpha )(3 - 2\alpha )\pi 2

\biggl( 
8

\pi 2
+

2

3
 - 2(3 - 2\alpha )(2\mu +m - 1)

m(1 - \alpha )\pi 2

\biggr) 
, if \mu \leq \beta 2,

4

m(1 - \alpha )(3 - 2\alpha )\pi 2
, if \beta 2 \leq \mu \leq \beta 1,

4

m(1 - \alpha )(3 - 2\alpha )\pi 2

\biggl( 
2(3 - 2\alpha )(2\mu +m - 1)

m(1 - \alpha )\pi 2
 - 8

\pi 2
 - 2

3

\biggr) 
, if \mu \geq \beta 1,

(3.17)

where

\beta 1 =
m(1 - \alpha )\pi 2

4(3 - 2\alpha )

\biggl( 
8

\pi 2
+

5

3
 - 2(3 - 2\alpha )(m - 1)

m(1 - \alpha )\pi 2

\biggr) 
and

\beta 2 =
m(1 - \alpha )\pi 2

4(3 - 2\alpha )

\biggl( 
8

\pi 2
 - 1

3
 - 2(3 - 2\alpha )(m - 1)

m(1 - \alpha )\pi 2

\biggr) 
.

Proof. We omit the proofs since it is similar to Theorem 3.1.
If m = 1 in Theorem 3.3, then we have the following corollary.
Corollary 3.5. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p

\alpha , k = 0, 0 \leq 
\alpha < 1. Then

\bigm| \bigm| b3  - \mu b22
\bigm| \bigm| \leq 

\left\{                   

4

(1 - \alpha )(3 - 2\alpha )\pi 2

\biggl( 
8

\pi 2
+

2

3
 - 4(3 - 2\alpha )\mu 

(1 - \alpha )\pi 2

\biggr) 
, if \mu \leq \beta 4,

4

(1 - \alpha )(3 - 2\alpha )\pi 2
, if \beta 4 \leq \mu \leq \beta 3,

4

(1 - \alpha )(3 - 2\alpha )\pi 2

\biggl( 
4(3 - 2\alpha )\mu 

(1 - \alpha )\pi 2
 - 8

\pi 2
 - 2

3

\biggr) 
, if \mu \geq \beta 3,

ISSN 1027-3190. Укр. мат. журн., 2024, т. 76, № 7
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where

\beta 3 =
(1 - \alpha )\pi 2

4(3 - 2\alpha )

\biggl( 
8

\pi 2
+

5

3

\biggr) 
,

\beta 4 =
(1 - \alpha )\pi 2

4(3 - 2\alpha )

\biggl( 
8

\pi 2
 - 1

3

\biggr) 
.

If m = 1 and \alpha = 0 in Theorem 3.3, then we have the following corollary.
Corollary 3.6. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p

\alpha and k = 0.

Then

\bigm| \bigm| b3  - \mu b22
\bigm| \bigm| \leq 

\left\{                   

4

3\pi 2

\biggl( 
8

\pi 2
+

2

3
 - 12\mu 

\pi 2

\biggr) 
, if \mu \leq \beta 6,

4

3\pi 2
, if \beta 6 \leq \mu \leq \beta 5,

4

3\pi 2

\biggl( 
12\mu 

\pi 2
 - 8

\pi 2
 - 2

3

\biggr) 
, if \mu \geq \beta 5,

where

\beta 5 =
\pi 2

12

\biggl( 
8

\pi 2
+

5

3

\biggr) 
,

\beta 6 =
\pi 2

12

\biggl( 
8

\pi 2
 - 1

3

\biggr) 
.

Theorem 3.4. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p
\alpha , k > 0,

0 \leq \alpha < 1 and t \in (0, 1). Then

\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| \leq 
\left\{                   

1

2m(1 - \alpha )(3 - 2\alpha )

\biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

\biggr) 
(A(t)), if \mu \leq \delta 2,

1

2m(1 - \alpha )(3 - 2\alpha )

\biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

\biggr) 
, if \delta 2 \leq \mu \leq \delta 1,

1

2m(1 - \alpha )(3 - 2\alpha )

\biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

\biggr) 
( - A(t)), if \mu \geq \delta 1,

(3.18)

where

A(t) =
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

+
4\kappa 2(t)

\bigl( 
t2 + 6t+ 1

\bigr) 
 - \pi 2

24\kappa 2(t)(1 + t)
\surd 
t

 - (3 - 2\alpha )(2\mu +m - 1)\pi 2

16m(1 - \alpha )\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
,

\delta 1 =
8m(1 - \alpha )\kappa 2(t)(k2  - 1)(1 - t)

\surd 
t

(3 - 2\alpha )\pi 2
A1(t),
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A1(t) = 1 +
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

+
4\kappa 2(t)

\bigl( 
t2 + 6t+ 1

\bigr) 
 - \pi 2

24\kappa 2(t)(1 + t)
\surd 
t

 - (3 - 2\alpha )(m - 1)

4m(1 - \alpha )

\biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

\biggr) 
,

\delta 2 =
8m(1 - \alpha )\kappa 2(t)(k2  - 1)(1 - t)

\surd 
t

(3 - 2\alpha )\pi 2
A2(t),

and

A2(t) =
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
+

4\kappa 2(t)
\bigl( 
t2 + 6t+ 1

\bigr) 
 - \pi 2

24\kappa 2(t)(1 + t)
\surd 
t

 - (3 - 2\alpha )(m - 1)

4m(1 - \alpha )

\biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

\biggr) 
 - 1.

Proof. We omit the proofs since it is similar to Theorem 3.1.
If m = 1 in Theorem 3.4, then we have the following corollary.
Corollary 3.7. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p

\alpha , k > 0,

0 \leq \alpha < 1 and t \in (0, 1). Then

\bigm| \bigm| b3  - \mu b22
\bigm| \bigm| \leq 

\left\{                   

1

2(1 - \alpha )(3 - 2\alpha )

\biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

\biggr) 
(A3(t)), if \mu \leq \delta 4,

1

2(1 - \alpha )(3 - 2\alpha )

\biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

\biggr) 
, if \delta 4 \leq \mu \leq \delta 3,

1

2(1 - \alpha )(3 - 2\alpha )

\biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

\biggr) 
( - A3(t)), if \mu \geq \delta 3,

where

A3(t) =
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

+
4\kappa 2(t)

\bigl( 
t2 + 6t+ 1

\bigr) 
 - \pi 2

24\kappa 2(t)(1 + t)
\surd 
t

 - (3 - 2\alpha )\pi 2\mu 

8(1 - \alpha )\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
,

\delta 3 =
8(1 - \alpha )\kappa 2(t)(k2  - 1)(1 - t)

\surd 
t

(3 - 2\alpha )\pi 2

\times 

\Biggl( 
1 +

\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
+

4\kappa 2(t)
\bigl( 
t2 + 6t+ 1

\bigr) 
 - \pi 2

24\kappa 2(t)(1 + t)
\surd 
t

\Biggr) 
,

and

\delta 4 =
8(1 - \alpha )\kappa 2(t)(k2  - 1)(1 - t)

\surd 
t

(3 - 2\alpha )\pi 2

\times 

\Biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
+

4\kappa 2(t)
\bigl( 
t2 + 6t+ 1

\bigr) 
 - \pi 2

24\kappa 2(t)(1 + t)
\surd 
t

 - 1

\Biggr) 
.

If m = 1 and \alpha = 0 in Theorem 3.4, then we have the following corollary.
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Corollary 3.8. The function f \in \scrA 0, given by (1.1), is said to be in the class k-\scrS \scrP p
\alpha , t \in (0, 1)

and k > 0. Then

\bigm| \bigm| b3  - \mu b22
\bigm| \bigm| \leq 

\left\{                   

1

6

\biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

\biggr) 
(A4(t)), if \mu \leq \delta 6,

1

6

\biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

\biggr) 
, if \delta 6 \leq \mu \leq \delta 5,

1

6

\biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t

\biggr) 
( - A4(t)), if \mu \geq \delta 5,

where

A4(t) =
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
+

4\kappa 2(t)
\bigl( 
t2 + 6t+ 1

\bigr) 
 - \pi 2

24\kappa 2(t)(1 + t)
\surd 
t

 - 3\pi 2\mu 

8\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
,

\delta 5 =
8\kappa 2(t)(k2  - 1)(1 - t)

\surd 
t

3\pi 2

\Biggl( 
1 +

\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
+

4\kappa 2(t)
\bigl( 
t2 + 6t+ 1

\bigr) 
 - \pi 2

24\kappa 2(t)(1 + t)
\surd 
t

\Biggr) 
,

and

\delta 6 =
8\kappa 2(t)(k2  - 1)(1 - t)

\surd 
t

3\pi 2

\Biggl( 
\pi 2

4\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
+

4\kappa 2(t)
\bigl( 
t2 + 6t+ 1

\bigr) 
 - \pi 2

24\kappa 2(t)(1 + t)
\surd 
t

 - 1

\Biggr) 
.

4. Improvements of the main results. In this section we discuss some improvements of the
second part of assertion in (3.1).

Remark 4.1. The second inequality in (3.1) can be improved as follows for 0 \leq \alpha < 1:\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| + (\mu  - \sigma 2)| bm+1| 2 \leq 
Q1

2m(1 - \alpha )(3 - 2\alpha )
, \sigma 2 \leq \mu \leq \sigma 3, (4.1)

and \bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| + (\sigma 1  - \mu )| bm+1| 2 \leq 
Q1

2m(1 - \alpha )(3 - 2\alpha )
, \sigma 3 \leq \mu \leq \sigma 1, (4.2)

where

\sigma 3 =
2m(1 - \alpha )

(3 - 2\alpha )Q1

\biggl\{ 
Q1 +D  - (m - 1)(3 - 2\alpha )Q1

4m(1 - \alpha )

\biggr\} 
and Q1 and D are given by Lemma 2.1.

Remark 4.2. If m = 1 then the second inequality in (3.1) can be improved as follows for
0 \leq \alpha < 1: \bigm| \bigm| b3  - \mu b22

\bigm| \bigm| + (\mu  - \alpha 2)| b2| 2 \leq 
Q1

2(1 - \alpha )(3 - 2\alpha )
, \alpha 2 \leq \mu \leq \alpha 3,

and \bigm| \bigm| b3  - \mu b22
\bigm| \bigm| + (\alpha 1  - \mu )| b2| 2 \leq 

Q1

2(1 - \alpha )(3 - 2\alpha )
, \alpha 3 \leq \mu \leq \alpha 1,
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where

\alpha 3 =
2(1 - \alpha )(Q1 +D)

(3 - 2\alpha )Q1

and Q1 and D are given by Lemma 2.1.
Remark 4.3. By putting the values of Q1(k) and D(k) for 0 \leq k < 1 in (4.1) and (4.2), the

second part of the estimate in (3.16) can be improved as follows for 0 \leq \alpha < 1:\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| + (\mu  - \rho 2)| bm+1| 2 \leq 
A2

m(1 - \alpha )(3 - 2\alpha )(1 - k2)
, \rho 2 \leq \mu \leq \rho 7,

and \bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| + (\rho 1  - \mu )| bm+1| 2 \leq 
A2

m(1 - \alpha )(3 - 2\alpha )(1 - k2)
, \rho 7 \leq \mu \leq \rho 1,

where

\rho 7 =
2m(1 - \alpha )

3 - 2\alpha 

\biggl( 
1 +

(A2 + 2)(1 - k2)

6A2
 - (m - 1)(3 - 2\alpha )

4m(1 - \alpha )

\biggr) 
.

Remark 4.4. By putting the values of Q1(k) and D(k) for k = 1 and 0 \leq \alpha < 1 in (4.1) and
(4.2), the second part of the estimate in (3.17) can be improved as follows:\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| + (\mu  - \beta 2)| bm+1| 2 \leq 
4

m(1 - \alpha )(3 - 2\alpha )\pi 2
, \beta 2 \leq \mu \leq \beta 7,

and \bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| + (\beta 1  - \mu )| bm+1| 2 \leq 
4

m(1 - \alpha )(3 - 2\alpha )\pi 2
, \beta 7 \leq \mu \leq \beta 1,

where

\beta 7 =
2m(1 - \alpha )

(3 - 2\alpha )

\biggl( 
1 +

\pi 2

12
 - (m - 1)(3 - 2\alpha )

4m(1 - \alpha )

\biggr) 
.

Remark 4.5. By putting the values of Q1(k) and D(k) for 0 \leq \alpha < 1, k > 1 and t \in (0, 1) in
(4.1) and (4.2), the second part of the estimate in (3.18) can be improved as follows:\bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| + (\mu  - \delta 2)| bm+1| 2

\leq \pi 2

8m(1 - \alpha )(3 - 2\alpha )\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
, \delta 2 \leq \mu \leq \delta 7,

and \bigm| \bigm| b2m+1  - \mu b2m+1

\bigm| \bigm| + (\delta 1  - \mu )| bm+1| 2

\leq \pi 2

8m(1 - \alpha )(3 - 2\alpha )\kappa 2(t)(k2  - 1)(1 - t)
\surd 
t
, \delta 7 \leq \mu \leq \delta 1,

where

\delta 7 =
2m(1 - \alpha )

3 - 2\alpha 

\Biggl( 
1 +

\bigl( 
4\kappa 2(t)

\bigl( 
t2 + 6t+ 1

\bigr) 
 - \pi 2

\bigr) 
4\kappa 2(t)(k2  - 1)(1 - t)

\surd 
t

24\pi 2\kappa 2(t)(1 + t)
\surd 
t

 - (m - 1)(3 - 2\alpha )

4m(1 - \alpha )

\Biggr) 
.
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