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THE FEKETE - SZEGO FUNCTIONAL ASSOCIATED
WITH M-TH ROOT TRANSFORMATION USING CONICAL DOMAINS

®YHKIIIOHAJ ®EKETE - CET'bO, ACOLIMOBAHUM 3 M-M KOPEHEBUM
HNEPETBOPEHHSIM 13 BAKOPUCTAHHAM KOHIYHUX OBJIACTEM

Let A be the class of analytic functions in the open unit disk U = {z € C: |z| < 1}. Let R% be the operator defined on

A by
z

(1 o 2)2(1—04) :

A function f in A is said to be in the class k-SP% if RE(f) is a k-parabolic starlike function. We focus on the
Fekete — Szegd inequality associated with m-th root transformation using conical domains for this class.

Hexaii A — kiac aHanitnasnx QyHKUii y Binkpuromy ommunynomy mucky U = {z € C: |z| < 1}, a RE — oneparop,
BU3HAYCHUH Ha A 32 IONOMOroK (GpopMyan

z

RE = f(2) = W

KaxyTs, mo ¢yuxuist f 3 A Hanexurs 10 knacy k-SP?,, axmo RE (f) € k-napaboniunoio sipkonodionoio ¢ynxyieio. Hama
yBara cgokycoBaHa Ha HepiBHOCTI Pekere—Cerbo, MO acoliiioBaHa 3 MEPETBOPEHHIM M-TO KOPEHS 3 BUKOPUCTAHHIM
KOHIYHUX 00NacTeil JJIst IbOTo Kiacy.

1. Introduction. Let A be the class of functions in the open unit disk U = {z € C: |2| < 1} and
Ajg be the family of functions f in A satisfying the normalization condition [12]. Thus, the functions
in Aq are given by the power series

f(z)zZ—FZanz", z e U. (1.1)
n=2

Let S denote the class of analytic univalent functions in U. For fixed &, 0 < k£ < oo, the function
f € Ap is said to be in k-UCV, the class of k-uniformly convex functons in U, if the image of every
circular arc -y contained in U with center { where |¢| < k, convex arc. This interesting unification of
the concepts of univalent convex functions [12] and uniformily convex functions [9] is due to Kanas
and Wisniowska [10].

The class k-SP, consisting of k-parabolic starlike functons is defined from k-UCV via the
Alexandar transforms [11], that is,
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fekUCY < gek-SP,

where g(z2) = z2f/(z), z € U.

The one variable characterization theorem [10] of the class k-UCV gives that f € k-UCV
(respectively, f € k-SP) if and only if the values of p(z) = 1 + ZJ{/ /;(ZZ))
2f'(2)
f(2)

(respectively, p(z) =

>, z € U, lie in the conic region {2 in the w-plane, where

U ={w=utiveC:u®>k(u-1)°+k% u>0, 0<k< oo}

For details of the geometric description of €2, see [10, 11].
A function is said to be univalent in a simply connected domain if the images of distinct points
are distinct there. A function is said to be starlike of order «, denoted by S*(«), if and only if

!/
Re [Zf (z)} > o in U. Also the set S*(«a) for 0 < v < 1 is a subset of S and the function

f(z)
H (k —2a) .
1 )2(1 ) z—l—ZCan _Z+Z n—l! z

is the well-known extremal function for the class S*(a).
o0
The convolution or Hadamard product of two power series ¢(z) = g 0 upz™ analytic in
n—=

|z| <rand p(z) = E > Ovnz" analytic in |z| < 7o is the power series (¢ * )(2) = ¢(2) xp(2) =
n—=
E = . unpUp 2" which is analytic in |z| < 179 [12].
n—=
For any natural number m, the m-th root transform is defined by

F(2) = (Y™ =24 S bga 2™, e U (12)

n=1
Let m be a positive integer. A domain D is said to be m-fold symmetric if a rotation of D about

2

the origin through an angle T carries D to itself. A function f(z) is siad to be m-fold symmetric
m

in U if for every z in U

f(e%z) = e%f(z).

In 1916, Gronwall shows that if f(z) is regular and m-fold symmetric in U, then it has a power
series expansion of the form

oo
F(2) = b1z 4 b1 2™ H bon 127 =D b2 (1.3)

Conversely, if f(z) is given by the power series (1.3), then f(z) is m-fold symmetric inside the circle
of convergence of the series.

For different subclasses of S, the Fekete — Szego problem has been investigated by many authors
including [4, 5, 8, 13-23].

In the present paper, the Fekete — Szegd inequality for the class k-SP2, 0 < k < oo, associated
with m-th root transformation using conical domains is settled completely. Also, for particular values
of k, we obtain the Fekete — Szeg6 inequality.
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2. Preliminary results.
Lemma 2.1 [6]. Let k € [0,00) be fixed and qi(z) be the Riemann map of U = {z e C:
|z| < 1} on to Q, satisfying qr(0) =1, ¢},(0) > 0. If

q(2) = 1+ Q1(k)z + Q2(k)2* + Qs(k)z* + ..., z€U, (2.1)
then
(24 0<k<1
1—k% - ’
Q=@ ={ 2 k=1,
T
2
T
, k>1,
4R2(t) (k2 = 1)(1 - )Vi
Q2 = Q2(k) = D(k)Q1(k),
where
2
A"+ 2, 0<k<1,
3
2
D=D(k) =15 k=1,
4R2(t) (1% + 6t + 1) — 72
RO+ 6t + ) W, k>1,
24k2(t) (1 + )Vt
2
A = — arccos k,
7r
and Kk(t) = /1 dz t € (0,1), is the complete elliptic integral of first kind (for

details see [1-3]).
Lemma 2.2 [7]. Let the function w € By be given by

w(z)=diz+dpz® +d3z® +..., zeU,
where
By={weA:w(0)=0, lwz)| <1, z€U}.
Then, for every complex number (i,
dy — ] < 1+ (1] — D] ).

3. Main results.
Definition 3.1. The function f € Ay, given by (1.1), is said to be in the class k-SP?, 0 < k <
oo, if RE(f) € k-SP or, equivalently,

2(RA()()
Re( RE(D)(2) )”

We first state and prove the following theorem.

2(Ra(f)'(2))

RENG)

, ze€l.

ISSN 1027-3190. Ykp. mam. scypn., 2024, m. 76, Ne 7



954 P. GURUSAMY, M. CAGLAR, S. SIVASUBRAMANIAN, L. I. COTIRLA

Theorem 3.1. The function f € Ay, given by (1.1), is said to be in the class k-SPE, 0 < k < oo,
0 <a <1, andif F is the m-th root transformation of f given by (1.2). Then

bomt1 — b2y ‘

| 2m(1 — 2)1(3 ~%a) { s Zn:&)fga_) 200@1_ g, - D}, if 1> o1,
= om(i- S)1(3 —2a)’ if o2 <p<or, (31)
2m(1 - %(3 ) {Ql w0 TZTr_L(i)Ega_) = } if 1< o2,
where
= e (1 @ p - I
e (@0 )

and Q1 and D are given by Lemma 2.1.

Proof. The expansion of % is given by
(1 o 2)2(1 )
z B 2—-2a , (2—-2a)(3—2a) 4
(1—2)20-2) TR 2! i

So, by the definition of Hadamard product, we have
(2 — 2a)a222 N (2 —2a)(3— 2a)a3Z3 L

Ra(f)(z) =z +

1! 2!
By using simple calculations, we get
2(RE(f) (2)) 2 2\ 2
2R ) 14220 agz+<2—2a 3 - 2a)as — (2 — 20)%a )z TN )|
By the definition, there are analytic function w with w(0) = 0 and |w(z)| < 1 in U such that
2(Ra(f)'(2)
(Rp(f)(z)) = qr(w(2)),
where w(z) is given by
w(z) =crz+c2? + 325+ ... (3.3)

From the equations (2.1) and (3.3), we obtain

ar(w(2)) = 1+ Qi(k)erz + (Qu(k)ea + Qa(k)el) 2% + ... . (3.4)

Note that, throughout, we shall write Q1 = Q1(k), Q2 = Q2(k) and D(k). Comparing the
corresponding coefficients from (3.2) and (3.4), we have

Qic1

2(1 — ) (3-5)

ag =
and
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2\ .2
a5 — Q1co + (Q2+Q1)C1. (3.6)
21 — o)(3 — 2av)
Since QY2 = D@1, then (3.6) becomes
D 2\ .2
a5 = Qic2 + ( Q1+ Ql)cl’ 3.7)
2(1 — )(3 — 2a)
where D(k) is as in Lemma 2.1.
For a function f given by (1.1), a computation shows that
1 1 1 -1
[f(Zm)}l/m =z + %Q22m+1 + |:ma3 — 5 (mm2 )CL22:| 22m+1 4+ ..., (38)
From (1.2) and (3.8), equating the coefficients of 2™ *! and 2?™*!, we get
1
bint1 = 02 (3.9)
and
a 1/m-1
bomi1 = — — < 5 >a22. (3.10)
m 2\ m

From (3.5), (3.7), (3.9) and (3.10), we obtain

Q1
bomt1 — by =
2mt Tl = 51— o) (3 — 20)

x{02—|—<Q1+D— (2“+m_1>(3_20‘)Q1>c%}, G.11)

Am(1l — )
which gives us

Q1
2m(1 — a)(3 — 2a)

bom+1 — bl 41 =

x{cQ 2y (1 L 4p rEm =B 20‘)6’21)0%}. (3.12)

Am(1l — «)
Therefore,

Q1
2m(1 — o) (3 — 2a)

bomt1 — b g =

X{‘CQ — |+ (1 +Q1+ D — (2ptm=1)@3 - 2a)Q1>\cl\2}. (3.13)

dm(l — «)

Suppose that 4 > o1, the expression inside the second modulus symbol on the right-hand side of
(3.13) is nonnegative. Then, using the estimate ‘CQ — c%‘ < 1 from Lemma 2.2 and the well-known
esimate |c1| < 1 of the Schwarz lemma, we have

@1
bomat — ub2 4] <
[bamt1 = b < 2m(1 — a)(3 - 2a)

X{1+ (QHZ&)E?’J) 2 G- p- 1)} (3.14)

which implies that

ISSN 1027-3190. Ykp. mam. scypn., 2024, m. 76, Ne 7



956 P. GURUSAMY, M. CAGLAR, S. SIVASUBRAMANIAN, L. I. COTIRLA

Q1 {(2u+m— 1)(3 —2a)@1

2
(Dot = b | < 2m(1 — a)(3 — 2a) 4m(1 — «) _QI_D}'

This is precisely the first inequality in (3.1).
On the other hand, u < o9, then (3.11) gives

Q1
2m(1 — o) (3 — 2a)

bomi1 — b g =

x{,@, ) (Ql Lo Gutm— 1)(3_2@@1)'0”2}

Am(1l — «)

Applying estimate |ca| < 1 — |¢1|* of Lemma 2.2 and |¢1| < 1, we have

Q1
boma1 — ub2 4] <
(Dot = | < om(l — a)(3 — 2a)

X {1 —la)* + <Q1 +D - @ptm— 1)@ 2a)Q1>‘01‘2}7

4m(1 — «)

which implies that

i = thois] < g f @ p - BRSO S2IG s)
this is the last inequality in (3.1).
Lastly, if 0o < p < 01, then
Qo BT <1
Therefore, (3.11) yields
Q1

2
_ < .
‘b2m+1 ubm+1| ~2m(1l — a)(3 — 2a)

This is the middle inequality in (3.1).

Now, we discuss the sharpness of the inequalities in (3.1). Suppose that p > o;. Then equality
holds in (3.1) if and only if the equality holds in (3.14). This happens if and only if |c¢;| = 1 and
}02 - c%’ = 1. Therefore, u(z) = z and the extremal function is gx(z).

Next, if y1 < 02, then equality holds (3.15) if and only if ¢2 = —1 (and, hence, c3 = 0 in (3.12)).

. 3
Thus, w(z) = €z, where 0 = g or § = %
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Lastly, if o9 < p < o1, then equality holds (3.1), if ¢; = 0 and |ca| = 1. Thus, w(z) is a rotation

of 22.

Theorem 3.1 is proved.

If m =1 in Theorem 3.1, then we have the following corollary.

Corollary 3.1. The function f € Ay, given by (1.1), is said to be in the class k-SP?, 0 < k < oo,
0<a<l. Then

2(1 - aq))(l?) ~2a) {”f@facth —@- D}’ iz,
[bs = 3] < 2(1—04632(13—2@)’ if ag <p<a,
2(1 — a?(ls —2a) {Ql +D - M(S(IEO;?)QI } if 1< a,
where
ap = (32(_12;(;221(1 + Q1+ D),
QZZM(Q1+D—1)

and Q1 and D are given by Lemma 2.1.

If m =1 and a = 0 in Theorem 3.1, then we have the following corollary.

Corollary3.2. The function f € Ay, given by (1.1), is said to be in the class k-SP?, 0 < k < oo.
Then

%(Q1+D—3“2Ql), IJ’MS?);I(QWD_D’
) 2
s — 3] < { 22, Taq @t P-hsnsggraeD)
%<3H2621—Q1—D>, l'fMZ?)le(l‘FQl"FD)’

where Q1 and D are given by Lemma 2.1.

Putting the values of Q1 = Q1(k) and D = D(k) from Lemma 2.1 in Theorem 3.1 for 0 < k < 1,
k=1 and k > 1, respectively, we ge the following theorems.

Theorem 3.2. The function f € Ay, given by (1.1), is said to be in the class k-SP?, 0 < k <
1, 0<a< 1. Then
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|bomt1 — (b7, 41 }

( 1 A2
m(l—a)(3—2a)<1_k2>
2A2 A% 4+ 2 (3—2a)(2u+m—1) A2 '
X<1—k2+< 3 )_ om(l — ) (1_k2>>7 if 1< po,
1 A2 |
- m(l_a)(3—2a)(1—k2>’ if p2 < p < pr,
1 A2
m(la)(32a)<1]€2>
(3—204)(2u+m—1) A2 9242 A2+2 .
. X< 2m(1 - «) (1—k2>_<1—k2) (3>)7U‘u2p1,
(3.16)
where

2 (LY (22 (#02) b)) )

2= 277;9 ;aa) <1 ;12k2> <<12—AZ2> * <Azs+ 2> B (mz;?l(:fa) <1 iﬁk?) B 1)

and A is given by Lemma 2.1.

Proof. We omit the proofs since it is similar to Theorem 3.1.

If m =1 in Theorem 3.2, then we have the following corollary.

Corollary 3.3. The function f € Ay, given by (1.1), is said to be in the class k-SP?, 0 < k <
1, 0<a< 1. Then

1 A?
(1—a)(3—=2a) <1 — k2)
(e (550) -5 ()). vnsn

1 A?
by — ub3| < if o < <
‘3 MQ‘— (1_a)(3_2a)<1_k2>? l.fp4_/’t—p37

1 A?
(1 —=0a)@3—2a) <1 - kz)
(2 5) - (25) - (52)). vz
m=in () () (57) 1)
m=sn( ) () (57) )

and A is given by Lemma 2.1.
If m =1 and a = 0 in Theorem 3.2, then we have the following corollary.

where
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Corollary3.4. The function f € Ay, given by (1.1), is said to be in the class k-SP? and

0<k<1. Then
1
1

by — pb3| <

where

() (2 (57 - (%) vosnm
( k2> if ps < < ps,
() (25 - (25) - (552). e
mes () (0 () (57))
=3 () ()« (57) )

and A is given by Lemma 2.1.
Theorem 3.3. The function f € Ay, given by (1.1), is said to be in the class k-SPY, k =

0, 0<a< 1. Then

|bomi1 — by, ] <

where

and

4 8 2 283-2a)2u+m-—1) .
m(l—a)(3 - 2a)r? <7r2 3 m(1 — a)r? ) U us P
4 .

m(1l — «a)(3 — 2a)m?’ if Bo < p < B,
4 23— 20)2u+m—1) 8 2\ |
m(l—a)(3—2a)7r2< m(1 — a)m2 _7r2_3>’ if = p,

(3.17)
Cm(l-a)r? (8 5 2(3-2a)(m—1)
B1 4(3 — 2a0) <7r2 3 m(1l — )2 >
om(l-—a)r? (8 1 2B3-2a)(m—1)
Pz 4(3 — 2a) (772 3 m(l-a)r? >

Proof. We omit the proofs since it is similar to Theorem 3.1.
If m =1 in Theorem 3.3, then we have the following corollary.
Corollary 3.5. The function f € Ay, given by (1.1), is said to be in the class k-SSP, k=0, 0 <

o < 1. Then

|bs — ub3| <

: 8 2 4B—2a)p)
et g ) <A

4 .
(1 - a)@3 ~ 2a)r if Ba < p < B,

1 4B-2a)p 8 2\
Tmamar o ws) T
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5

3
1

)
)

3

If m =1 and o = 0 in Theorem 3.3, then we have the following corollary.

Corollary3.6. The function f € Ag, given by (1.1),

is said to be in the class k-SPE, and k = 0.

Then
(4 (8 2 12u
(22 2Er i <
37T2<7T2 3 7r2>, if 1< P,
4 .
‘bg—ﬂb%‘ < ﬁ? lfﬁﬁSMSBE’)a
4 [(12u 8 2
s (=2 _Z i >
37T2<7T2 7T2 3)7 l/{l’b_ﬁf);
where
/(8 5
55—12<7r2 3>,
w2 (8 1
56—12<7r2 3>'

Theorem 3.4. The function f € Ay, given by (1.1), is said to be in the class k-SPE, k > 0,

0<a<landte (0,1). Then

1

2

Qm(l — a)(3 — 2@) <4/€2(t)(k2 _ 1)(1 _ t)x/i) (A(t))v lf < 02,
1 2 .
|boms1 — pb, 1] < 2m(1 — ) (3 — 2a) <4/<52(t)(k:2 11— t)\/i>’ if 02 < p <0,
1 72 '
2m(1 — a)(3 — 2a) <4/<;2(t)(k2 “ - t)ﬁ) (—A(t), if p>d1,

where

71,2

T 422 — 1)(1— )i
4r2() (2 4+ 6t + 1) — m2

A(t)

(3.18)

(3 —2a)(2u+m — 1)72

24k2(t) (1 + 1)Vt

01 =

C16m(1 — a)r2(t) (k2 —
8m (1 — a)r2(t)(k? — 1)(1 — )Vt

D1 =)Vt

(3 — 2a)m2

Al (t)7

ISSN 1027-3190. Ykp. mam. oscypn., 2024, m. 76, Ne 7
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71_2

4k2(t) (k2 = 1)(1 — t)Vt
ARA() (2 +6t+1) =72 (3 —2a)(m —1) w2

24121+ t)vE  4m(l—a) (4,@2(15)(1@2 —1)(1 - t)ﬂ)’
_8m(l — a)r*(t)(k? — 1)(1 — t)Vt
N (3 — 2a)m?

Ay(t) =1+

2

Ax(t),

and
2 4R2(t) (82 + 6t + 1) — w2
T RME D00V | 2421+ )i
_(3—204)(m—1)< 2 )_1
d4m(l—a)  \4r2(t)(k2 - 1)(1 —t)V1 ’
Proof. We omit the proofs since it is similar to Theorem 3.1.
If m =1 in Theorem 3.4, then we have the following corollary.

Corollary3.7. The function f € Ay, given by (1.1), is said to be in the class k-SPY, k > 0,
O0<a<landte (0,1). Then

As(t)

1 2 )
prery eyl by UM
1 w2 .
b =] <\ 5B ) <4/<;2(t)(k2 —1)(1- t)\/£>’ o= pso
1 2 .
2(1 — a)(3 — 2a) <4/<;2(t)(k2 -1 - t)\/i> (FAa®), 20,
where
71-2
A= LameE-na—ovi
4R2(t) (12 + 6t + 1) — w2 (3 — 2a)m%p
242 (1+)vVE  8(1 — a)r2(t)(k2 — 1)(1 — t)VE
5. B )R (K — (1 —)VE
5 (3 —2a)m?
) 2 Ak () (£ + 6t 4+ 1) — 72
VT —na-ovi T meoarovi )
and
5 — 8(1 — a)r?(t)(k? — 1)(1 — )Vt
4 (3 —2a)m?
w2 4R2(t)(t* + 6t + 1) — o2 .
‘N —na—ovi . ama+ovi )

If m =1 and a = 0 in Theorem 3.4, then we have the following corollary.
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Corollary3.8. The function f € Ay, given by (1.1), is said to be in the class k-SP?, t € (0,1)

and k > 0. Then

1 2 |
6 <4/<c2(t)(k2 —1)(1 - t)\/g> (Aa(1)). i 1 < 6,
2

1 ™ .
|bs — pb3| < 6<4/<e2(t)(k2—1)(1—t)\/i>’ if 06 < p < 05,
1 2 }
6<4/~c2(t)(k2 - t)\/,E)(_A“(t))’ if p=> 05,
where
Alt) — 2 4R2(t) (2 + 6t + 1) — w2 3miu
a(t) = 4k2(t) (k2 — 1)(1 — t)V/t * (@2 (1+t)vE  8e2(B)(k2 — 1)(1 — Ve
5 8k2(t) (k2 — 1)(1 —t)V/t - 2 4R2(t) (t* + 6t + 1) — 72
° T 372 Ak2(t) (k2 — 1)(1 — )V 24k2(t)(1 4 t)V/1 ’
and
5 8k2(t) (k2 —1)(1 — t)v/t 72 +4/<52(t)(t2+6t+1) — 72 .
0~ 3n2 4k2(t) (k2 — 1)(1 — )V 24k2(1)(1 + t)V1

4. Improvements of the main results. In this section we discuss some improvements of the
second part of assertion in (3.1).
Remark4.1. The second inequality in (3.1) can be improved as follows for 0 < a < 1:

Q1

b2t = bt |+ (1 = 02) b |* < sm—a)(3—2a) C2SH=0 (4.1)
and
b2+t — b, + (01 = ) b [* < 5 A ; 03 < p<or, (4.2)
m(l —a)(3 —2a)
where
R

and Q1 and D are given by Lemma 2.1.
Remark4.2. If m = 1 then the second inequality in (3.1) can be improved as follows for
0<a<l:

2 2 Q1
— — < < u<
|bg — pb3| + (1 — a2)|ba|” < 20 —a)(3=2a)’ ar < p < ag,
and
2 2 Q1
b3 — pb3| + (a1 — p)|ba|” < az < p< o,

2(1 —a)(3 —2a)’
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where
2(1 - a)(Q1+ D)
(3 —2a)1

a3 =

and (01 and D are given by Lemma 2.1.
Remark4.3. By putting the values of Q1(k) and D(k) for 0 < k <1 in (4.1) and (4.2), the
second part of the estimate in (3.16) can be improved as follows for 0 < a < 1:

A2
1—a)(3—2a)(1 - &2)’

’b2m+1 - :U’bgn—&—l} + (n— P?)|bm+1|2 < m( p2 < < pr,

and
A2
1—a)(3—2a)(1-k2)’

|boms1 = it | + (o1 = )b |* < m pr < < pr,

where

_2m(l— ) (A2 +2)(1—k%) (m—1)(3—20a)
PT= "3 0a <1+ 6A2 T 4am(l—a) )

Remark 4.4. By putting the values of Q1(k) and D(k) for k=1 and 0 < a < 1 in (4.1) and
(4.2), the second part of the estimate in (3.17) can be improved as follows:

4

b2t — bt |+ (1 = B2) b | < = )3 - 20)m2" B2 < pu < P,
and
|bam1 — b 1| + (B — )b |* < 1 5, Pr << p,
m(l —a)(3 —2a)m
where

_2m(l—a) 72 (m—1)(3 - 2a)
br= (3 —2a) <1+12_ 4m(l — ) )

Remark 4.5. By putting the values of Q1(k) and D(k) for 0 < a <1, k> 1andt € (0,1) in
(4.1) and (4.2), the second part of the estimate in (3.18) can be improved as follows:

|b2m+1 - Mb72n+1‘ + (1 — 52)|bm+1|2
2

= Sm(l—a)(3 = 22O 1)1 = OV O2 S p <0

and
|bam1 — pbi, 1| + (61 — 1) b1 |?
71.2

= Sm(l— )3 = 22O — 1)1 = OV o7 S0
where
5 2m(1 — ) . (4r2() (2 + 6t +1) — m2)4r2(t) (K2 — 1)1 =)Vt (m —1)(3 - 2a)

T 3-2a * 2472k2(t) (1 + )Vt  4Am(1—0) '
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