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REPRESENTATION OF SOLUTIONS OF THE LAME - NAVIER SYSTEM
BY ENDOMORPHISMS ON QUATERNIONS

30BPA’)KEHHS PO3B’A3KIB CUCTEMMU JIAME -HAB’€ EHAOMOP®I3MAMU
HA KBATEPHIOHAX

Solutions of the Lamé—Navier system in R® are given in real analysis and in quatenionic analysis in different forms. We
introduce a new method of using endomorphisms on quaternions with an aim to represent these solutions.

Po3s’s3ku cuctemu Jlame—Har’e B R® maBeneno y pizamx (opmax B paMKax ifiCHOTO Ta KBAaTEPHIOHHOTO aHAIi3y.
3a1nporoHOBaHO HOBHI METOJ] BUKOPUCTAHHS €HIOMOP(}I3MiB Ha KBaTEpHIOHAX JUIsl 300pasKeHHs PO3B’S3KiB Ii€] CHCTEMH.

1. Introduction. The displacement field u in a homogeneous isotropic linear elastic material without
volume forces is described by the Lamé — Navier system in R?

pAu + (p+ ) grad(divu) =0,

where © > 0, A > —gu are the Lamé coefficients [16]. Quaternionic analysis provides useful
tools for 3D elasticity problems. Various representations of solutions of the Lamé—Navier system
are considered. Some Kolosov—Muskhelishvili formulae are constructed by using two monogenic
functions [2, 4, 9, 12, 18]. Complete systems of polynomial solutions are introduced in [3, 5].
Somigliana formula in quaternionic analysis is introduced in [§].

In [15], the Lamé—Navier system is rewritten in quaternionic analysis with the appearance of
the (a, B)-Dirac operator. In [7], the (¢, 3)-monogenic functions are represented by a new method
of using the endomorphisms on Clifford algebras. From these relations, in this paper, we introduce a
method of endomorphisms on quaternions to represent solutions of the Lamé— Navier system.

2. Preliminaries. We recall the notation of the quaternion algebra

H = {q0 + q1e1 + q2€2 + g3€3 | @0, 01, q2, 93 € R},
where the quaternion units e, es, e3 obey the multiplication rules
e% = e% = e% = —1, ejey; = —ege; = es.

An element x = (z1,x9,23) € R? is identified with the reduced quaternion variable z = x1e; +
Toes + x3es € H. In other papers and books, variable x = x1 + x2e1 + x3es is called the reduced
quaternionic variable [5, 11]. The Dirac operator in quaternionic analysis is given by
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We refer the readers to the books [6, 10, 13] for details on quaternionic and Clifford analysis.
With each displacement field u, using the equalities

DDu = —grad(divu) 4 rot(rot u),
DuD = —grad(divu) — rot(rot u),
the Lamé — Navier system can be reformulated to the form [15]
(Bp+ A)Au — (u+ X\)DuD = 0.
Define the operator
Mu = 3+ N)Du + (n+ NuD.

Integral representations of solutions of the operator M are constructed in [1] and in [7] by using the
endomorphisms on Clifford algebras. The Lamé— Navier system is rewritten in the form

DMu = 0.

Denote by End(H) all the R-linear mappings from H into itself. When an element f € End(H)
is applied to an element a € H, we will use the notation f(a). For each j = 1,2,3, define the
elements e, e; € End(H) by

ejla) = eja,

€j(a) = ae; Ya € H,

We obtain the following relations:

eiej—i—ejei:O, 1 <1<y <3,

ege;-—i—e;-e;:(), 1<i<j <3,

eie;:e;ei, 1<i <y <3,

By [14, 17], End(H) is generated by 16 elements: 1, e;, e;, e;e}, 4,5 € {1;2;3}. Define

3
L= Z (B + Nei + (1 + Nej] aii.

J=1

The adjoin operator of L is defined by

1

Ap2p + X) ‘

L=

[(Bu+ Ne; — (1 + Nej] 8?51-‘

3
=1
We obtain the relation £LL£ = LL = A. We define the Dirac operator for functions taking values in
End(H) (by the same notation)
0 0 0
D=e— — —
€1 81‘1 + e9 81’2 + e3 (3.%3

An element go+q1e1+qee2+qses € H, qo, q1, 2, g3 € R, is identified with qp+q1e1 +q2e2+qses €
End(H).
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3. Integral representation formulae. We consider the equation DMu = 0 with u is a H-
valued function. In this section, we construct an integral representation for its solutions by using the
endomorphism on quaternions.

Lemma 3.1 (Stokes formulae). Let Q C R® be a bounded domain with smooth boundary and
f,9 € CL(Q, End(H)). Then

/fngd5=/<fD-g+f-Dg>dx, 3.1)
o0 Q
/fugdS:/(fE‘g—i-f-Eg)dx, (3.2)
o0 Q

3
where v = , 3u+Ne; + (u+ Nei|n; and n = nyey + nges +nzes is the outer unit normal
1 K
]:

vector of the boundary (see [6, p. 52]).
Lemma 3.2. Let Q@ C R® be a bounded domain with smooth boundary. Let also f €
CH(Q, End(H)), g € C*(Q, End(H)). Then

/[fLD-n-Lg+Af£-ug]dS=/[fLD.D£g+A2fg]dx, (3.3)
0N Q

3
where v = Z . [(3,u, +N)e; + (u+ )\)e;]ni and n = nyeq1 + noes + nses is the outer unit normal
j=

vector of the boundary.
Proof. Applying the Stokes formulae (3.1), (3.2), we have

/fED-n-Eg:/[—Afﬁ-ﬁg+f£D~D£g]dm,
oN

Q
(3.4)

/Afﬁ‘ugdS:/[AQfg+Af£~£g]da:.
[o9) Q

Substituting (3.4) into the left-hand side of (3.3), we complete the proof of the lemma.
Recall the fundamental solutions of the operators A? and A in R3, respectively, by

r—y 1
_’ St |7 (p1(1:7y) =

® - o
2(1’,y) 471"1’—y|

Theorem 3.1. Let Q0 C R3 be a bounded domain with smooth boundary and g € C*(Q,H).
Then, for all y € ),

9(y) = /[E:ED;B%(% y)n(z)(Mg(z)) + Lo P1(z, y)v(z){9(z))]dS
o0

—/[,xDI(I)Q(x,y)(DMQ(CC»dxv
Q

3
where v(x) = Z ) (B + Nei + (1 + N)ejn; and n(z) = nyer + noea + nses is the outer unit
‘]:

normal vector of the boundary. The notations L, D, indicate the variable = of derivation.
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Proof. Let y be a fixed point in Q. Let ¢ > 0 such that B.(y) = {x € R? | [z —y| < e} C Q.
Applying the Lemma 3.2 for the functions ®3 and g in the domain 2. = Q \ B:(y), we obtain

[ [#09)22D,  n(a) - Lolo) + Aol ) - wiw)g(a)]aS
00,

- / By (z, y) LoD, - DLy(x)da. (3.5)
Qe
Since ®o(x,y) is a real-valued function and A, Po(z,y) = ®1(x,y), the equality (3.5) becomes

/ [L:Dy®o(x,y) - n(z) - Lg(x) + Lo P1(x,y) - v(z)g(x)]dS
00

- / L.D,®3(z,y) - DLg(x)da. (3.6)
Qe
The left-hand side of (3.6) is equal to

/ [ LoDy ®o(x,y) - n(x) - Lg(x) + Lo P1(z,y) - v(z)g(x)]dS
00

- / [ LoDy ®2(x,y) - n(x) - Lg(z) + LoP1(x,y) - v(x)g(x)]dS.

|z—y|=¢

We calculate the second order derivatives of the function ®5(z,y):

0Ps(y) _  =i=W o3
ox; 8|z — y|
2 )2 —yl?
d @z(f,y) _ (@i—w) ’””3 Yl , 1<i<3,
Ox; 87|z — y|
0°®a(z,y) _ (i —yi)(z; —yj)7 1<i<j<3
0x;0x; 8mlx — yf?

‘We have the estimate

82¢2($7y) ‘ < 1

Ve,yeQ, xz#y, 1<:i<j5<3.

O0z;0x; |~ 8mlx —y|
Then we obtain
lim / LD, ®o(x,y) -n(x) - Lg(z)dS = 0. (3.7)
e—0t
lz—yl=e
. — 1
Since on the sphere |z — y| = ¢, L, P1(z,y) - v(z) = —, we have

Are?’
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e—0t e—0t Ame?
lz—yl=e lz—y|=e

lim / L:®1(z,y) - v(z)g(r)dS = lim / 9(z) s = g(y). (3.8)

Let € — 07 from both sides of the equality (3.6). By using (3.7), (3.8), we get

o(y) = / (LD, %s(x, y)n(z) - Lg(z) + Loy (2, y)v()g(x)]dS
o0

- /Ea:Dx‘h(fE,y) -DLg(z)dx. (3.9)
Q

Apply both sides of the equality (3.9) to the element 1. By using the equality
Lg(x)(1) = Mg(z),

we complete the proof of the theorem.

Remark3.1. Theorem 3.1 can be seen as an analogue of the classical Borel - Pompeiu formula.
The values of a function g € C%(2, H) are recovered from the values of Mg and g on the boundary
0f) and the values of D Mg in €). Solutions of the Lamé—Navier system D Mg = 0 in quaternionic
analysis are represented by an analogue of the classical the Cauchy integral formula in the following
corollary.

Corollary3.1. Let Q) C R? be a bounded domain with smooth boundary and v € C*>(Q,H) be a
solution of the equation DMu = 0. Then, for all y € €,

u(y) = / [ Lo Da®2(, y)n(@)(Mu()) + Lo®1 (2, y)v(2){u())] dS.
)

4. Conclusions. The representation of the solutions of the Lamé—Navier system in classical
analysis is known as the Betti—Somigliana representation formula, which plays an important role
in boundary integral equation problems in elasticity. The development of quaternionic analysis
provides useful tools for 3D elasticity problems. In this paper, we introduce a new application of the
endomorphisms on quaternions to represent solutions of the Lamé — Navier system in a compact form.
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