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REPRESENTATION OF SOLUTIONS OF THE LAMÉ – NAVIER SYSTEM
BY ENDOMORPHISMS ON QUATERNIONS

ЗОБРАЖЕННЯ РОЗВ’ЯЗКIВ СИСТЕМИ ЛАМЕ – НАВ’Є ЕНДОМОРФIЗМАМИ
НА КВАТЕРНIОНАХ

Solutions of the Lamé – Navier system in \BbbR 3 are given in real analysis and in quatenionic analysis in different forms. We
introduce a new method of using endomorphisms on quaternions with an aim to represent these solutions.

Розв’язки системи Ламе – Нав’є в \BbbR 3 наведено у рiзних формах в рамках дiйсного та кватернiонного аналiзу.
Запропоновано новий метод використання ендоморфiзмiв на кватернiонах для зображення розв’язкiв цiєї системи.

1. Introduction. The displacement field u in a homogeneous isotropic linear elastic material without
volume forces is described by the Lamé – Navier system in \BbbR 3

\mu \Delta u+ (\mu + \lambda ) \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}(\mathrm{d}\mathrm{i}\mathrm{v} u) = 0,

where \mu > 0, \lambda >  - 2

3
\mu are the Lamé coefficients [16]. Quaternionic analysis provides useful

tools for 3D elasticity problems. Various representations of solutions of the Lamé – Navier system
are considered. Some Kolosov – Muskhelishvili formulae are constructed by using two monogenic
functions [2, 4, 9, 12, 18]. Complete systems of polynomial solutions are introduced in [3, 5].
Somigliana formula in quaternionic analysis is introduced in [8].

In [15], the Lamé – Navier system is rewritten in quaternionic analysis with the appearance of
the (\alpha , \beta )-Dirac operator. In [7], the (\alpha , \beta )-monogenic functions are represented by a new method
of using the endomorphisms on Clifford algebras. From these relations, in this paper, we introduce a
method of endomorphisms on quaternions to represent solutions of the Lamé – Navier system.

2. Preliminaries. We recall the notation of the quaternion algebra

\BbbH =
\bigl\{ 
q0 + q1\bfe 1 + q2\bfe 2 + q3\bfe 3 | q0, q1, q2, q3 \in \BbbR 

\bigr\} 
,

where the quaternion units \bfe 1, \bfe 2, \bfe 3 obey the multiplication rules

\bfe 21 = \bfe 22 = \bfe 23 =  - 1, \bfe 1\bfe 2 =  - \bfe 2\bfe 1 = \bfe 3.

An element x = (x1, x2, x3) \in \BbbR 3 is identified with the reduced quaternion variable x = x1\bfe 1 +

x2\bfe 2 + x3\bfe 3 \in \BbbH . In other papers and books, variable x = x1 + x2\bfe 1 + x3\bfe 2 is called the reduced
quaternionic variable [5, 11]. The Dirac operator in quaternionic analysis is given by

D = \bfe 1
\partial 

\partial x1
+ \bfe 2

\partial 

\partial x2
+ \bfe 3

\partial 

\partial x3
.
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We refer the readers to the books [6, 10, 13] for details on quaternionic and Clifford analysis.
With each displacement field u, using the equalities

DDu =  - \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}(\mathrm{d}\mathrm{i}\mathrm{v} u) + \mathrm{r}\mathrm{o}\mathrm{t}(\mathrm{r}\mathrm{o}\mathrm{t}u),

DuD =  - \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}(\mathrm{d}\mathrm{i}\mathrm{v} u) - \mathrm{r}\mathrm{o}\mathrm{t}(\mathrm{r}\mathrm{o}\mathrm{t}u),

the Lamé – Navier system can be reformulated to the form [15]

(3\mu + \lambda )\Delta u - (\mu + \lambda )DuD = 0.

Define the operator

\scrM u := (3\mu + \lambda )Du+ (\mu + \lambda )uD.

Integral representations of solutions of the operator \scrM are constructed in [1] and in [7] by using the
endomorphisms on Clifford algebras. The Lamé – Navier system is rewritten in the form

D\scrM u = 0.

Denote by \mathrm{E}\mathrm{n}\mathrm{d}(\BbbH ) all the \BbbR -linear mappings from \BbbH into itself. When an element f \in \mathrm{E}\mathrm{n}\mathrm{d}(\BbbH )

is applied to an element a \in \BbbH , we will use the notation f\langle a\rangle . For each j = 1, 2, 3, define the
elements ej , e

\prime 
j \in \mathrm{E}\mathrm{n}\mathrm{d}(\BbbH ) by

ej\langle a\rangle = \bfe ja,

e\prime j\langle a\rangle = a\bfe j \forall a \in \BbbH .

We obtain the following relations:

e2j = e\prime 2j =  - 1, 1 \leq j \leq 3,

eiej + ejei = 0, 1 \leq i < j \leq 3,

e\prime ie
\prime 
j + e\prime je

\prime 
i = 0, 1 \leq i < j \leq 3,

eie
\prime 
j = e\prime jei, 1 \leq i \leq j \leq 3.

By [14, 17], \mathrm{E}\mathrm{n}\mathrm{d}(\BbbH ) is generated by 16 elements: 1, ei, e\prime i, eie
\prime 
j , i, j \in \{ 1; 2; 3\} . Define

\scrL =
3\sum 

j=1

\bigl[ 
(3\mu + \lambda )ei + (\mu + \lambda )e\prime i

\bigr] \partial 

\partial xi
.

The adjoin operator of \scrL is defined by

\scrL =
 - 1

4\mu (2\mu + \lambda )

3\sum 
j=1

\bigl[ 
(3\mu + \lambda )ei  - (\mu + \lambda )e\prime i

\bigr] \partial 

\partial xi
.

We obtain the relation \scrL \scrL = \scrL \scrL = \Delta . We define the Dirac operator for functions taking values in
\mathrm{E}\mathrm{n}\mathrm{d}(\BbbH ) (by the same notation)

D = e1
\partial 

\partial x1
+ e2

\partial 

\partial x2
+ e3

\partial 

\partial x3
.

An element q0+q1\bfe 1+q2\bfe 2+q3\bfe 3 \in \BbbH , q0, q1, q2, q3 \in \BbbR , is identified with q0+q1e1+q2e2+q3e3 \in 
\mathrm{E}\mathrm{n}\mathrm{d}(\BbbH ).
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3. Integral representation formulae. We consider the equation D\scrM u = 0 with u is a \BbbH -
valued function. In this section, we construct an integral representation for its solutions by using the
endomorphism on quaternions.

Lemma 3.1 (Stokes formulae). Let \Omega \subset \BbbR 3 be a bounded domain with smooth boundary and
f, g \in \scrC 1(\Omega ,\mathrm{E}\mathrm{n}\mathrm{d}(\BbbH )). Then \int 

\partial \Omega 

f\bfn g dS =

\int 
\Omega 

(fD \cdot g + f \cdot Dg) dx, (3.1)

\int 
\partial \Omega 

f\bfitnu g dS =

\int 
\Omega 

(f\scrL \cdot g + f \cdot \scrL g) dx, (3.2)

where \bfitnu =
\sum 3

j=1

\bigl[ 
(3\mu +\lambda )ei+(\mu +\lambda )e\prime i

\bigr] 
ni and \bfn = n1e1+n2e2+n3e3 is the outer unit normal

vector of the boundary (see [6, p. 52]).
Lemma 3.2. Let \Omega \subset \BbbR 3 be a bounded domain with smooth boundary. Let also f \in 

\scrC 4(\Omega ,\mathrm{E}\mathrm{n}\mathrm{d}(\BbbH )), g \in \scrC 2(\Omega ,\mathrm{E}\mathrm{n}\mathrm{d}(\BbbH )). Then\int 
\partial \Omega 

\bigl[ 
f\scrL D \cdot \bfn \cdot \scrL g +\Delta f\scrL \cdot \bfitnu g

\bigr] 
dS =

\int 
\Omega 

\bigl[ 
f\scrL D \cdot D\scrL g +\Delta 2fg

\bigr] 
dx, (3.3)

where \bfitnu =
\sum 3

j=1

\bigl[ 
(3\mu +\lambda )ei+(\mu +\lambda )e\prime i

\bigr] 
ni and \bfn = n1e1+n2e2+n3e3 is the outer unit normal

vector of the boundary.
Proof. Applying the Stokes formulae (3.1), (3.2), we have\int 

\partial \Omega 

f\scrL D \cdot \bfn \cdot \scrL g =

\int 
\Omega 

\bigl[ 
 - \Delta f\scrL \cdot \scrL g + f\scrL D \cdot D\scrL g

\bigr] 
dx,

\int 
\partial \Omega 

\Delta f\scrL \cdot \bfitnu gdS =

\int 
\Omega 

\bigl[ 
\Delta 2fg +\Delta f\scrL \cdot \scrL g

\bigr] 
dx.

(3.4)

Substituting (3.4) into the left-hand side of (3.3), we complete the proof of the lemma.
Recall the fundamental solutions of the operators \Delta 2 and \Delta in \BbbR 3, respectively, by

\Phi 2(x, y) =  - | x - y| 
8\pi 

, \Phi 1(x, y) =  - 1

4\pi | x - y| 
.

Theorem 3.1. Let \Omega \subset \BbbR 3 be a bounded domain with smooth boundary and g \in \scrC 2(\Omega ,\BbbH ).

Then, for all y \in \Omega ,

g(y) =

\int 
\partial \Omega 

\bigl[ 
\scrL xDx\Phi 2(x, y)\bfn (x)\langle \scrM g(x)\rangle + \scrL x\Phi 1(x, y)\bfitnu (x)\langle g(x)\rangle 

\bigr] 
dS

 - 
\int 
\Omega 

\scrL xDx\Phi 2(x, y)\langle D\scrM g(x)\rangle dx,

where \bfitnu (x) =
\sum 3

j=1

\bigl[ 
(3\mu + \lambda )ei + (\mu + \lambda )e\prime i

\bigr] 
ni and \bfn (x) = n1e1 + n2e2 + n3e3 is the outer unit

normal vector of the boundary. The notations \scrL x, Dx indicate the variable x of derivation.
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Proof. Let y be a fixed point in \Omega . Let \varepsilon > 0 such that B\varepsilon (y) = \{ x \in \BbbR 3 | | x - y| \leq \varepsilon \} \subset \Omega .

Applying the Lemma 3.2 for the functions \Phi 2 and g in the domain \Omega \varepsilon = \Omega \setminus B\varepsilon (y), we obtain\int 
\partial \Omega \varepsilon 

\bigl[ 
\Phi 2(x, y)\scrL xDx \cdot \bfn (x) \cdot \scrL g(x) + \Delta \Phi 2(x, y)\scrL x \cdot \bfitnu (x)g(x)

\bigr] 
dS

=

\int 
\Omega \varepsilon 

\Phi 2(x, y)\scrL xDx \cdot D\scrL g(x)dx. (3.5)

Since \Phi 2(x, y) is a real-valued function and \Delta x\Phi 2(x, y) = \Phi 1(x, y), the equality (3.5) becomes\int 
\partial \Omega \varepsilon 

\bigl[ 
\scrL xDx\Phi 2(x, y) \cdot \bfn (x) \cdot \scrL g(x) + \scrL x\Phi 1(x, y) \cdot \bfitnu (x)g(x)

\bigr] 
dS

=

\int 
\Omega \varepsilon 

\scrL xDx\Phi 2(x, y) \cdot D\scrL g(x)dx. (3.6)

The left-hand side of (3.6) is equal to\int 
\partial \Omega \varepsilon 

\bigl[ 
\scrL xDx\Phi 2(x, y) \cdot \bfn (x) \cdot \scrL g(x) + \scrL x\Phi 1(x, y) \cdot \bfitnu (x)g(x)

\bigr] 
dS

 - 
\int 

| x - y| =\varepsilon 

\bigl[ 
\scrL xDx\Phi 2(x, y) \cdot \bfn (x) \cdot \scrL g(x) + \scrL x\Phi 1(x, y) \cdot \bfitnu (x)g(x)

\bigr] 
dS.

We calculate the second order derivatives of the function \Phi 2(x, y):

\partial \Phi 2(x, y)

\partial xi
=  - xi  - yi

8\pi | x - y| 
, 1 \leq i \leq 3,

\partial 2\Phi 2(x, y)

\partial x2i
=

(xi  - yi)
2  - | x - y| 2

8\pi | x - y| 3
, 1 \leq i \leq 3,

\partial 2\Phi 2(x, y)

\partial xi\partial xj
=

(xi  - yi)(xj  - yj)

8\pi | x - y| 3
, 1 \leq i < j \leq 3.

We have the estimate\bigm| \bigm| \bigm| \bigm| \partial 2\Phi 2(x, y)

\partial xi\partial xj

\bigm| \bigm| \bigm| \bigm| \leq 1

8\pi | x - y| 
\forall x, y \in \Omega , x \not = y, 1 \leq i \leq j \leq 3.

Then we obtain

\mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0+

\int 
| x - y| =\varepsilon 

\scrL xDx\Phi 2(x, y) \cdot \bfn (x) \cdot \scrL g(x)dS = 0. (3.7)

Since on the sphere | x - y| = \varepsilon , \scrL x\Phi 1(x, y) \cdot \bfitnu (x) =
1

4\pi \varepsilon 2
, we have
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\mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0+

\int 
| x - y| =\varepsilon 

\scrL x\Phi 1(x, y) \cdot \bfitnu (x)g(x)dS = \mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0+

\int 
| x - y| =\varepsilon 

g(x)

4\pi \varepsilon 2
dS = g(y). (3.8)

Let \varepsilon \rightarrow 0+ from both sides of the equality (3.6). By using (3.7), (3.8), we get

g(y) =

\int 
\partial \Omega 

\bigl[ 
\scrL xDx\Phi 2(x, y)\bfn (x) \cdot \scrL g(x) + \scrL x\Phi 1(x, y)\bfitnu (x)g(x)

\bigr] 
dS

 - 
\int 
\Omega 

\scrL xDx\Phi 2(x, y) \cdot D\scrL g(x)dx. (3.9)

Apply both sides of the equality (3.9) to the element 1. By using the equality

\scrL g(x)\langle 1\rangle = \scrM g(x),

we complete the proof of the theorem.
Remark 3.1. Theorem 3.1 can be seen as an analogue of the classical Borel – Pompeiu formula.

The values of a function g \in \scrC 2(\Omega ,\BbbH ) are recovered from the values of \scrM g and g on the boundary
\partial \Omega and the values of D\scrM g in \Omega . Solutions of the Lamé – Navier system D\scrM g = 0 in quaternionic
analysis are represented by an analogue of the classical the Cauchy integral formula in the following
corollary.

Corollary 3.1. Let \Omega \subset \BbbR 3 be a bounded domain with smooth boundary and u \in \scrC 2(\Omega ,\BbbH ) be a
solution of the equation D\scrM u = 0. Then, for all y \in \Omega ,

u(y) =

\int 
\partial \Omega 

\bigl[ 
\scrL xDx\Phi 2(x, y)\bfn (x)\langle \scrM u(x)\rangle + \scrL x\Phi 1(x, y)\bfitnu (x)\langle u(x)\rangle 

\bigr] 
dS.

4. Conclusions. The representation of the solutions of the Lamé – Navier system in classical
analysis is known as the Betti – Somigliana representation formula, which plays an important role
in boundary integral equation problems in elasticity. The development of quaternionic analysis
provides useful tools for 3D elasticity problems. In this paper, we introduce a new application of the
endomorphisms on quaternions to represent solutions of the Lamé – Navier system in a compact form.
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