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ON INDEX DIVISORS AND MONOGENITY
OF CERTAIN OCTIC NUMBER FIELDS DEFINED BY z® + az® + b

ITPO IHAEKCHI JIVIbHUKHN TA MOHOT'EHHICTH JAEAKHUX I1OJIIB
OKTUYHUX YUCEJL, IO 3AJJAHI ®OPMVYJIOIO 8 + ax® + b

For any octic number field K generated by a root « of a monic irreducible trinomial F(z) = z® 4 az® + b € Z[z] and
for every rational prime p, we show when p divides the index of K. We also describe the prime power decomposition of
the index #(K). In this way, we give a partial answer to Problem 22 of Narkiewicz [Elementary and analytic theory of
algebraic numbers, Springer-Verlag, Auflage (2004)] for this family of number fields. As an application of our results, we
conclude that if 4(K) # 1, then K is not monogenic. We illustrate our results by some computational examples.

JInst MOBINBHOTO OKTHYHOIO YHCIOBOTO TONsA K, MOPOIKEHOTO KOPEHEM v MOHIYHOTO HE3BiIHOrO Tpuwiena F(z) =
2 +azd+be Z[z], i ms KOKHOTO PalliOHAIBHOTO TPOCTOTO P MOKA3aHO, KOMM P IUTHTH iHmeke K . Takox OmMMcaHo
poskman ingekcy ¢(K) 3a mpoctuMu creneHsamu. TakuM 9HHOM, TaHO YaCTKOBY BiAMOBixb Ha mpobiaemy 22 Hapkenua
[Elementary and analytical theory of algebraic numbers, Springer-Verlag, Auflage (2004)] yuist i€l ciM’1 YUCIIOBUX TOIIB.
SIK 3aCTOCYBaHHS ONEPKaHKUX PEe3yNBTaTiB, 3p0OICHO BUCHOBOK, 1o sikmio i(K) # 1, to K He € MoHoreHuuM. OTpumaHi
Pe3yIBTaT! MPOITIOCTPOBAHO JACIKUMH OOUHCITIOBAILHIUMHU PUKIIAIaMU.

1. Introduction. Let K be a number field of degree n and Zg its ring of integers. For any
primitive element o € Zg of K, it is well-known that Z[a] is a free Z-module of rank n. In
what follows that (Zg : Z[«]), the index of Z[a] in Zk is finite. A known formula linking (Z :
Z[a]), A(a), and df is given by

Aa) = +(Zg : Z[a))? - dg, (1.1)

where df is the absolute discriminant of K and A(«) is the discriminant of the minimal polynomial
of o over Q. The index of K, denoted by i(K), is the greatest common divisor of the indices of all
integral primitive elements of K. Say i(K) = ged {(Zk : Z[0]) | K = Q(0) and 0 € Zx }. A rational
prime p dividing ¢(K) is called a prime common index divisor of K. If K is monogenic, then Zy
has a power integral basis, i.e., a Z-basis of the form (1,6,...,6" 1), and the index of K is trivial,
say i(K) = 1. Therefore, a field having a prime common index divisor is not monogenic. Two of the
well-known examples of monogenic number fields are quadratic fields Q(v/d) and cyclotomic fields

Q(¢n). Their rings of integers can be written as Z[6], where 6 is v/d or H2d in the quadratic
case, and (,, in the cyclotomic case. In 1871, Dedekind was the first who gave an example of a
nonmonogenic number field with nontrivial index [3, p. 30, § 5]. Based on Dedekind’s ideas and
using Kronecker’s theory of algebraic number fields, Hensel gave necessary and sufficient condition
on the so-called “index divisors of K for any rational prime p to be a prime common index divisor
[14]. In 1930, Engstrom [11] was the first one who studied the prime power decomposition of the
index of a number field. He showed that, for number fields of degree n < 7, 1,(i(K)) is determined
by the form of the factorization of pZpg, where v, is the p-adic valuation of Q. This motivated a
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very important question, stated as Problem 22 in Narkiewicz’s book [16], which asks for an explicit
formula of the highest power v,(i(K)) for a given rational prime p dividing i(K). In [19], Sliwa
showed that, if p is a nonramified ideal in K, then v,(i(K)) is determined by the factorization of
pZy . These results were generalized by Nart [17], who developed a p-adic characterization of the
index of a number field. In [15], Nakahara studied the index of noncyclic but Abelian biquadratic
number fields. In [12], Gaal et al. characterized the field indices of biquadratic number fields having
Galois group Vj. Recently many authors have been interested on index divisors and monogenity of
number fields defined by trinomials. In [2], for any quartic number field K defined by a trinomial
x* 4 ax + b, Davis and Spearman characterized when p = 2,3 divides i(K). In [6], for any quartic
number field K defined by a trinomial % + ax? + b, El Fadil and Gaal gave necessary and sufficient
conditions on @ and b to characterize when a rational prime p divides i(K). In [4], for any rational
prime p, El Fadil characterized when p divides the index i(K) for any quintic number field K
defined by a trinomial x° + ax? +b. In [7], El Fadil and Kchit characterized the index and studied the
monogenity of any sextic number field defined by 2% 4 az® + b. In [8], for every rational prime p,
they characterized v, (i(K)) for any septic number field defined by a trinomial 27 + az® + b. In [5],
El Fadil characterized the index of any quintic number field defined by 2 + ax3 + b. In this paper,
for any octic number field K defined by a monic irreducible trinomial 2® + az3 + b € Z[z] and for
every rational prime p, we characterize when p divides the index i(K'). Based on Engstrom’s results
given in [11], we evaluate v, (i(K)) in some cases. In particular, we show that i(K) = 22 . 3"3,
where 5 > 0 and 0 < v3 < 1.

2. Main results. Throughout this section, K is a number field generated by a complex root o of
a monic irreducible trinomial F(z) = 2% + ax3 + b € Z[z]. Without loss of generality, we assume
that, for every rational prime p, v,(a) <4 or vy(b) < 7.

Along this paper, A = A(F) denote the discriminant of F'(x). For every integer m € Z and a
rational prime p, let m, = W

In the next theorems, for every rational prime p, we characterize when p divides ¢(K). The
following theorem characterizes when 2 divides i(K).

Theorem 2.1. The following table gives some information on v, (i(K)):

Table 1
Conditions va(i(K))

(0,0) = (4,3) (mod 5) -,

(a,b) € {(16,15),(0,31)} (mod 32) -
vo(A) is odd 9
v9(A) =28 and Ay = 3 (mod 4)

(a,b) = (8,7) (mod 16) | vo(A) =28 and Ag = 1 (mod 8) >1
va(A) =2k > 30 and Ay =1 (mod 4) 2
va(A) =2k > 30 and Ay = 7 (mod 8) <1

a = 64 (mod 128) and b = 368 (mod 512) -

a = 64 (mod 128) and b = 240 (mod 256) 2

a =0 (mod 128) and b = 496 (mod 512) >1

Otherwise 0
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The following theorem characterizes when 3 divides i(K).

Theorem 2.2. The rational prime 3 divides i(K) if and only if a = +81 (mod 3°), b =
4374 (mod 3%), v3(A) = 2k > 54, and A3z = —1 (mod 3). More precisely, if the above conditions
hold, then v3(i(K)) = 1.

Theorem 2.3. For every rational prime p > 5 and for every (a,b) € Z? such that F(x) =
28 + az® + b is irreducible, p does not divide the index i(K), where K is the number field defined
by F(x).

Corollary2.1. For every integers a and b such that F(x) = 28 + ax® + b is irreducible over Q,
i(K) =2"2-3", where vy > 0, 0 < v3 <1, and K is the number field generated by a root of F(x).

In the next theorems, we provide some cases when the index i(K) = 1 and K is monogenic.
The following theorem characterizes when the ring Z[«] is integrally closed.

Theorem 2.4. The ring 7] is integrally closed if and only if the following conditions hold:

(1) b is square free.

(2) If 2 divides a and does not divide b, then (a,b) € {(0,1),(2,3)} (mod 4).

(3) If 5 divides b and does not divide a, then vs(b — a* 4 a®) = 1.

(4) For every rational prime p ¢ {2,3,5} dividing A, if v,(ab) = 0, then vy(A) = 1.

If all these conditions hold, then K is monogenic and i(K) = 1.

The following theorem gives sufficient conditions on a and b so that K is monogenic even
thought Z[o/] is not integrally closed.

Theorem 2.5. Let p be any rational prime and K = Q(«) a number field generated by a root
« of a monic irreducible trinomial F(z) = x® + ax3 + b such that vs(a) > 1, by is square free, and
vy(3% - 5548 — 224°) < 1 for any rational prime q ¢ {3,5,p}. Then we have the following:

(1) If vp(b) = 3, vp(a) > 2, then Ly = Z[a?/p).

() If vp(b) =5, vp(a) > 4, then Ly = Z[a® /p?].

(3) If vp(b) =7, vp(a) > 5, then Zy = Z[a" /p).

In particular, if one of the above conditions holds, then K is monogenic and i(K) = 1.

3. Preliminaries. Our proofs are based on Newton polygon techniques applied on prime ideal
factorization, which is a standard method that is rather technical but very efficient to apply. We have
introduced the corresponding concepts in several former papers. Here we only give the theorem of
index of Ore which plays a key role for proving our main results.

Let K = Q(«) be a number field generated by a complex root o of a monic irreducible
polynomial F'(z) € Z[z]. We shall use Dedekind’s theorem [18, Chapter I, Proposition 8.3] and
Dedekind’s criterion [1, Theorem 6.1.4]. Let ¢ € Zy[z] be a monic lift to an irreducible factor of
F(z) modulo p, F(z) = ao(z) + ai1(z)p(x) + ... + ai(z)p(z)' the ¢-expansion of F(z), and
N;r (F) the principal ¢-Newton polygon of F(x). Let Fy, be the field F,,[z]/(¢). Then to every side
S of N;(F) with initial point (,u;), and every ¢ = 0,...,[, let the residue coefficient ¢; € I,
defined as follows:

0, if (s+1i,ust+;) lies strictly above S,

¢i = <asﬂ-(x)

pus+i

> mod (p, ¢(x)), if (s+14,us4;) lieson S.

Let —\ = —h/e be the slope of S, where h and e are two positive coprime integers and [ = [(S)
its length. Then d = [ /e is the degree of S. Hence, if ¢ is not a multiple of e, then (s + 7, us4;) does
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not lie on S, and so ¢; = 0. Let R1(F)(y) = tqy® +ta_1y* ' + ...+ tiy +to € Fy[y], called the
residual polynomial of F'(x) associated to the side S, where, for every i = 0,...,d, t; = Csyie. If
R1(F)(y) is square free for each side of the polygon N +(F), then we say that F'(x) is ¢-regular.

Let F(x) H gbl be the factorization of F'(x) into powers of monic irreducible coprime

polynomlals over [, We say that the polynomial F'(x) is p-regular if F'(z) is a ¢;-regular polynomial
with respect to p for every ¢ = 1,...,7. Let N;:(F) =S1+...+ Sm be the ¢;-principal Newton

polygon of F'(x) with respect to p. Forevery j =1,...,7;, let Ry, ( H v @ZJ?;? ) be the
factorization of Ry, (F')(y) in Fy,[y]. Then we have the followmg theorem of 1ndex of Ore.
Theorem 3.1 [9 Theorems 1.7 and 1. 9] Under the above hypotheses, we have the following:

(D) vp((Zk : Z]a])) > Z 1nd¢)Z . The equality holds if F(x) is p-regular.
(2) If F(x) is p- regular, then

r Ty Sij
vz =111 1T
i=1j=1s=1
is the factorization of pZ into powers of prime ideals of Z i, where e;; is the smallest positive integer
satisfying e;j\ij € Z and the residue degree of p;js over p is given by f;;s = deg(¢;) deg(vijs) for
every (i,7,8).

If the theorem of Ore fails, that is, F'() is not p-regular, then in order to complete the factorization
of F(z), Guardia, Montes, and Nart introduced the notion of high order Newton polygon [13]. Similar
to first order, for each order r, they introduced the valuation w,, the key polynomial ¢, (x) for this
valuation, the Newton polygon N, (F') of any polynomial F'(x) with respect to w, and ¢,(x), and
for each side T; of N, (F'), the residual polynomial R, (F')(y), and the index of F'(z) in order r. For
more details, we refer to [13].

For the proof of results, we need the following lemma, which characterizes the prime common
index divisors of K.

Lemma 3.1 [11]. Let p be a rational prime and K a number field. For every positive integer
[, let Py be the number of distinct prime ideals of Z lying above p with residue degree f and N
the number of monic irreducible polynomials of Fy[x] of degree f. Then p divides the index i(K) if
and only if Py > Ny for some positive integer f.

4. Proofs of main results. Throughout this section, if pZx = H . H . 1_[&J 4 then €ij
i= Jj=

’LJS’
denotes the ramification index of p;;s and f;;s denotes its residue degree for every (i, j, s).

Proof of Theorem 2.1. Since A = —b?(33 - 5%°a® — 224p%) is the discriminant of F'(x), thanks to
the index formula (1.1), if 2 does not divide ab, then v5((Zk : Z[a])) = 0, and so v»(i(K)) = 0.
Assume that 2 divides ab. Then we have the following cases:

(1) If va(a) = 0 and ve(b) > 1, then F(z) = 23(x — 1)(a* + 2 + 22 + 2 + 1) (mod 2).
Obviously, = — 1 (resp., z* + 23 + 22 + x + 1) provides a unique prime ideal of Z lying above 2
with residue degree 1 (resp., 4). Let ¢ = x. Then NJ(F) = 51 has a single side joining (0, v2(b))
and (3,0).

(i) If v2(b) # 0 (mod 3), then d(S1) = 1, and so 2Zx = pipaps with f1 = fo = 1 and f3 = 4.
Hence, v2(i(K)) = 0.

(i) If v2(b) =0 (mod 3), then d(S1) = 3 with Ry (F)(y) = v*+1 = (y+1)(y*+y+1) € Fylyl.
Thus, 2Z = P11P12P21P31 with f11 = f21 =1, f21 = 2, and f31 = 4. Hence, I/Q(Z(K)) =0.
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(2) If va(a) > 1 and vo(b) = 0, then F(z) = (z — 1)® (mod 2). Let ¢ = = — 1. Then
F(z) = ¢® + 89" + 28¢° + 56¢° + 706" + (a + 56)¢> + (3a + 28)¢* + (3a + 8)¢ +a + b+ 1.

(i) If (a,b) € {(0,1),(2,3)} (mod 4), then N4(F) = Si has a single side of height 1. Thus,
27k = p§ with residue degree 1. Hence, v2(i(K)) = 0.

(ii) If (a,b) = (2,1) (mod 4), then Ny(F') = S1 + S has two sides joining (0, w), (1,1), and
(8,0) with w > 2. Thus, the degree of each side is 1, and so 2Zx = plpg with residue degree 1
each ideal factor. Hence, 15 (i(K)) = 0.

(iii) If (a,b) € {(0,3),(4,7)} (mod 8), then Ny(F') = S has a single side joining (0,2) and
(8,0) with R1(F)(y) = y* +y + 1, which is irreducible over Fy. Thus, 2Zx = p} with residue
degree 2. Hence, 12(i(K)) = 0.

(iv) If (a,b) = (4,3) (mod 8), then Ny(F) = S1 + Sz + S3 has three sides joining (0, w),
(1,2), (4,1), and (8,0) with w > 3. Thus, the degree of each side is 1, and so 2Zx = p1p3p3 with
residue degree 1 each ideal factor. Hence, 2 divides i(K).

(v) If (a,b) = (0,7) (mod 8), then we have the following subcases:

(@) If (a,b) € {(0,7),(8,15)} (mod 16), then Ny(F') = Si + Sz has two sides joining (0, 3),
(4,1), and (8,0) with d(S2) = 1 and Ry, (F)(y) = y* +y + 1, which is irreducible over F4. Thus,
27k = p2p3 with f; =2 and fo = 1. Hence, v5(i(K)) = 0.

(b) If (a,b) = (0,15) (mod 16), then we have two cases:

(b1) If (a,b) € {(0,15),(16,31)} (mod 32), then Ny(F') = S1+.S2+ S5 has three sides joining
(0,4), (2,2), (4,1), and (8,0) with d(S2) = d(S3) = 1 and Ry,(F)(y) = y* + y + 1, which is
irreducible over Fy. Thus, 2Zx = p1p3ps with f; =2 and fo = f3 = 1. Hence, v2(i(K)) = 0.

(b2) If (a,b) € {(16,15),(0,31)} (mod 32), then Ny(F') = S; + Sz + S3 + Sy has four sides
joining (0, w), (1,3), (2,2), (4,1), and (8,0) wit w > 5. Thus, the degree of each side is 1, and so

27 = p1p2p3p; with residue degree 1 each ideal factor. Hence, 2 divides i(K).
g2

a
(c) If (a,b) = (8,7) (mod 16), then vo(A) > 28. Let ap = 3 and u = 7e3 € Q. Since
ap

vo(75a3) = 0, then u € Zs. Let ¢ = x —u. Then F(x) = ¢8 +8ug” + 28u¢% +56u¢° + 70u¢* +
(56u° + a)¢® + (28uS + 3au)¢? + Ap + B with

A? b'A
A =8u’ 4 3au® = -
U SauT = oo Bligdl ~ 22037 5lig21

and

— A3 7h2 A? A

B =8 Ptb= + :
un Tt aut 0= ooy B15a2Tp5 | 218 .39 . 516421 T 52139 51642

Thus, VQ(A) = VQ(A) — 20 and UQ(B) = VQ(A) — 24. Hence, N¢(F) = S1 + S5 + S3 has three
sides joining (0,12(A) — 24), (2,2), (4,1), and (8,0) with d(S2) = d(S3) = 1. It follows that if
v2(A) is odd, then d(S;) = 1, and so 2Zx = p?p3ps with residue degree 1 each ideal factor. Hence,
2 divides i(K). Applying [11, Theorem 6], we get 12(i(K)) = 2. If 1o(A) =2k +26 (k> 1) is
even, then d(S1) = 2 with Ry, (F)(y) = (y + 1)? € Fy[y]. Let us replace ¢ by = — (u + 2¥). Then

F(x) = (z — (u+2%)8 + ijo Ay(x — (u+ 27))! with ve(Ay) = 1, 1(A3) > 3, va(As) =2,
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Ay = A+ 2%(6au® + 56u8) + 22%(3a + 168u°)
+ 280ut (23%) + 280u3(2%%) 4 168u?(25%) + 56u(2°F) 4 8(27%),
and
Ag = B+ 28 A + (3au + 28u8) (2%) + (a + 56u)(23F)
+ 700t (2%F) + 56u3(2°%) + 2812 (25F) 4 8u(27F) + 28%.

Obviously, v2(A1) = k + 3.
For 15(A) =28, k =1, we have

VA
Ay =24 (3@224 + 6agu + Tu’ + 7Ou4) (mod 128),
2

4
1107 Ay — 10a320* + 95a5b'% 4 102a3%%) (mod 128).

7%4(
Since 1167 Ay — 10a22b? + 95a$b'? + 10263268 = 5A5 + 3 (mod 8), three cases arise: If Ay =
3,7 (mod 8), then v9(Ag) = 5. Thus, N,_(,19)(F) = S1 + S2 + S3 has three sides joining (0,5),
(2,2), (4,1), and (8,0). It follows that 2Zjc = p3p3p3 with residue degree 1 each ideal factor. Hence,
2 divides i(K). Applying [11, Theorem 6], we get v5(i(K)) = 2.

If Ay =5 (mod 8), then v9(Ag) = 6. Thus, Nx,(quQ)(F) = S; + S9 + S3 has three sides
joining (0,6), (2,2), (4,1), and (8,0) with d(S2) = d(S3) = 1 and Ry, (F)(y) = y? +y + 1, which
is irreducible over F,_(, 9. It follows that 2Zy = p1p3ps with f; = 2 and fo = f3 = 1. Hence,
va(i(K)) = 0.

If Ay =1 (mod 8), then v5(Ag) > 7. Thus, N,_(y49)(F) = S1 + S2 + S5 + Sy has four sides
joining (0,w), (1,4), (2,2), (4,1), and (8,0) with w > 7. It follows that 2Z = p1pap3p] with
residue degree 1 each ideal factor. Hence, 2 divides i(K).

For v5(A) > 30, k > 2, we have

_ 22k+2b9 AZ

Ao = 39 . 5164242

+ (3au + 28u8)(22%) (mod 22+75),

22k+2

= m(lﬁAQ _9.39. 51642252 4 33 . 5¢. 7aSh'2) (mod 92k+5)

Since b?Ay — 2 3% 51663202 4 33 . 5% . 7aSh12 = TA9 + 7 (mod 8), three cases arise:

If Ay = 1,5 (mod 8), then vo(Ag) = 2k + 3. Thus, Ny_(,49)(F) = S1 + S2 + S3 has three
sides joining (0,2k +3), (2,2), (4,1), and (8,0). It follows that 2Zy = p?p3p3 with residue degree
1 each ideal factor. Hence, 2 divides i(K'). Applying [11, Theorem 6], we get v5(i(K)) = 2.

If Ag =3 (mod 8), then v5(Ag) = 2k + 4. Thus, Np—(u+2) (F) = S1 + S + S5 has three sides
joining (0,6), (2,2), (4,1), and (8,0) with d(Ss) = d(S3) = 1 and Ry, (F)(y) = y?>+y+ 1, which
is irreducible over F,_(, 9. It follows that 2Zy = plpgpé with f; = 2 and fo = f3 = 1. Hence,
va(i(K)) = 0.

If Ay =7 (mod 8), then v9(Ag) > 2k + 5. Thus, N,_(,49)(F) = S1 + S2 + S3 + Sy has
four sides joining (0,w), (1,k + 3), (2,2), (4,1), and (8,0) with w > 2k + 5. It follows that
22 = ppopgpji with residue degree 1 each ideal factor. Hence, 2 divides i(K).
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(3) Ifva(a) > 1 and vo(b) > 1, then F(x) = 2® (mod 2). Let ¢ = z. By assumption, v(a) < 4
or 9(b) < 7.

If v5(b) > iyg(a), then Ny(F') = S1+ Ss has two sides joining (0, v2(b)), (3,12(a)), and (8,0)
with d(S2) = 1 since v2(a) < 4 by assumption.

(i) If v2(b) # va(a) (mod 3), then d(S;) = 1, and so 2Z = p3p3 with residue degree 1 each
ideal factor. Hence, v2(i(K)) = 0.

(ii) If vo(b) = v2(a) (mod 3), then d(S1) = 3 with Ry, (F)(y) = >+ 1 = (y+1)(y*+y+1) €
F¢[y}. Thus, QZK = pllplgpgl with f11 = f21 =1 and f12 = 2. Hence, VQ(Z(K)) =0.

If 12(b) < iyz(a), then Ny(F) = S; has a single side joining (0,22(b)) and (8,0) with
d(S1) € {1,2,4} since v2(b) < 7 by assumption. Let d = d(S1), then we have the following cases:

() If d = 1, va(b) € {1,3,5,7}, then R;(F)(y) is irreducible as it is of degree 1. Thus,
275 = p§ with residue degree 1. Hence, v2(i(K)) = 0.

(i) If d = 2, v2(b) € {2,6}, then R1(F)(y) = (y + 1)* € Fy[y]. Since —\; € {—1/4,—3/4}
is the slope of S1, then e; = 4 divides the ramification index of any prime ideal of Zx lying above
2. Thus, the possible decompositions of 2Zy are: p§ with f; = 1 or p] with f; = 2 or pp3 with
fi = fa = 1. In each case, 1»(i(K)) = 0.

(iii) If d = 4, b = 16 (mod 32) and a = 0 (mod 8), then R (F)(y) = (y + 1)* € Fyy]. In
this case, we have to use second order Newton polygon. Let wy = 2[va, ¢, 1/2] be the valuation of
second order Newton polygon and go = 22 — 2 the key polynomial of wo, where [1o, ¢,1/2] is the
augmented valuation of 5 with respect to ¢ and A\; = 1/2. Let F(x) = g5 + 8¢5 +24¢2 + (x+a+
32)g2 + (2ax + b+ 16). Then wa(z) = 1, wa(g2) = 2, and wa(m) = 2 - vo(m) for every m € Qa.

(a) If @ = 8 (mod 16), then Ny(F') = T} has a single side joining (0,9) and (4,8). Thus, the
degree of Ty is 1, and so 2Zj = p§ with residue degree 1. Hence, v5(i(K)) = 0.

(b) If b = 16 (mod 64), then No(F) = T has a single side joining (0,10) and (4,8) with
Ro(F)(y) = (y + 1)? € Faly]. Since —\] = —1/2 is the slope of T} and —\; = —1/2 is the slope
of 51, then eje} = 4 divides the ramification index of any prime ideal Zy lying above 2. Thus, the
possible decompositions of 2Zy are: p§ with f; = 1 or p{ with f; = 2 or pips with f1 = fo = 1.
In each case, v»(i(K)) = 0.

(c) If @ = 16 (mod 32) and b = 48 (mod 64), then No(F') = T} has a single side joining
(0,11) and (4, 8). Thus, 2Zx = p§ with residue degree 1. Hence, v5(i(K)) = 0.

(d) If a = 0 (mod 32) and b = 48 (mod 128), then Ny(F') = 717 has a single side joining
(0,12) and (4,8) with Ra(F)(y) = v* +y?>+1 = (y?> +y+1)? € Faly]. In this case, we have to use
third order Newton polygon. Let w3 = 1[ws, g2, 1] be the valuation of third order Newton polygon
and g3 = x* — 223 — 422 + 4z — 4 the key polynomial of w3, where [wa, go, 1] is the augmented
valuation of wy with respect to go and A} = 1. Let F(z) = g2 + ((47 + 12)g2 + 96 + 24x)g3 +
((a +192)x + 224)g2 + (192 + 2a)z + b + 720. Then ws(z) = 1, w3(g2) = 3, ws(g3) = 6, and
wsg(m) = 2 - va(m) for every m € Q. It follows that N3(F') = T7 has a single side joining (0, 13)
and (2,12), and so 2Zx = p} with residue degree 2. Hence, v5(i(K)) = 0.

(e) If a =32 (mod 64) and b = 112 (mod 128), then Ny(F) = T} + T» has two sides joining
(0,13), (2,10), and (4,8) with d(T1) = 1 and Ro,(F)(y) = (y + 1) € Fa[y]. In this case, we
have to use third order Newton polygon. Let w3 = 1[ws, g2, 1] be the valuation of third order Newton
polygon and g3 = 22 — 22 — 2 the key polynomial of w3, where [wa, go, 1] is the augmented valuation
of wo with respect to g2 and N\, = 1. Let F(z) = g+ (32+8z)g3 + (248 +1287) g3 + ((a+608)x +
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704 4 2a)gs + (6a + 896)x + b + 656 + 4a. Then ws(z) = 1, w3(g3) = 3, and w3(m) = 2 - vo(m)
for every m € Qa. It follows that N5"(F) = Ty has a single side joining (0, 13) and (2, 12), and so
27k = pip3 with residue degree 1 each ideal factor. Hence, v5(i(K)) = 0.

() If a =0 (mod 64) and b = 112 (mod 256), then Ny(F') = T + T has two sides joining
(0,14), (2,10), and (4,8) with Ry, (F)(y) = y*> + v + 1, which is irreducible over F3. On the other
hand, Ra,(F)(y) = (y + 1)? € Fa[y]. In this case, we have to use third order Newton polygon. Let
w3 = 1]ws, g2, 1] be the valuation of third order Newton polygon and g3 = 22 — 2z — 2 the key
polynomial of w3, where w2, g2, 1] is the augmented valuation of wy with respect to go and A, = 1.
Let F(x) = g5+ (32+8) g3+ (248+1282) g3 +((a+608)x+704+2a) g3+ (6a+896)x+b+656+4a.
Then w3(x) =1, ws(g3) = 3, and wz(m) = 2 - va(m) for every m € Qs.

(f1) If @ = 0 (mod 128), then N3 (F) = T} has a single side joining (0,15) and (2,12). It
follows that 2Zj; = p?p3 with f; = 2 and f = 1. Hence, 15(i(K)) = 0.

(f2) If @ = 64 (mod 128) and b = 112 (mod 512), then N3 (F) = T] + T} has two sides
joining (0,w), (1,14), and (2, 12) with w > 18. It follows that 2Zx = p?,p3,p3, with f1; = 2 and
f21 = f22 =1. Hence, VQ(Z(K)) =0.

(f3) If @ = 64 (mod 128) and b = 368 (mod 512), then N; (F) = T} has a single side joining
(0,16) and (2,12) with R3(F)(y) = y?® + y + 1, which is irreducible over F3. It follows that
27k = p2p3 with residue degree 2 each ideal factor. Hence, 2 divides i(K).

(g) If a =0 (mod 64) and b = 240 (mod 256), then Ny(F') = T + T» + T3 has three sides
joining (0,w), (1,12), (2,10), and (4,8) with w > 15, d(T1) = d(T2) = 1 and Ry, (F)(y) =
(y + 1)2 € Fa[y]. In this case, we have to use third order Newton polygon. Let w3 = 1[ws, g2, 1]
be the valuation of third order Newton polygon and g3 = x? — 22 — 6 the key polynomial of ws,
where w2, g2, 1] is the augmented valuation of wy with respect to go and X, = 1. Let F(x) =
g5+ (48+87) g3 + (728 +2242) g2 + ((a+2016)z + 4480 + 2a) g3 + (10a + 5888)x + b+ 9744 + 12a.
Then ws(z) =1, ws(gs) = 3, and wz(m) = 2 - va(m) for every m € Qs.

(g1) If @ = 64 (mod 128), then N; (F) = T} has a single side joining (0, 15) and (2,12). It
follows that 27 = p?p3p3 with residue degree 1 each ideal factor. Hence 2 divides i(K). Applying
[11, Theorem 6], we get v(i(K)) = 2.

(g2) If a =0 (mod 128) and b = 240 (mod 512), then N, (F) = T} has a single side joining
(0,16) and (2,14) with R3(F)(y) = y* + y + 1 which is irreducible over F3. It follows that
27k = p2p3p3 with f1 = fo = 1 and fo = 2. Hence, 15(i(K)) = 0.

(g3) If a =0 (mod 128) and b = 496 (mod 512), then N5 (F) = T} + T3 has two sides joining
(0,w), (1,1), and (2,14) with w > 18. It follows that 2Zy = p3;p3;p3;p3, with residue degree 1
each ideal factor. Hence, 2 divides i(K).

Theorem 2.1 is proved.

Proof of Theorem 2.2. 1f v3(b) = 0, then since A = —b?(32-5%a® —224b°) is the discriminant of
F(z), thanks to the index formula (1.1), v3((Zk : Z]])) = 0, and so v3(i(K)) = 0. Now assume
that 3 divides b. Then we have the following cases:

(1) If a = —1 (mod 3), then F(x) = 23(x — 1)(2* + 23 + 22 + 2 + 1) (mod 3). Thus, there
are two prime ideals of Zx lying above 3 with residue degree 1 and 4 provided by x — 1 and
% 4+ 23 + 22 + x + 1, respectively. On the other hand, let ¢ = 2. Then N;{ (F) = Sy has a single
side joining (0, v3(b)) and (3,0).

(i) If v3(b) # 0 (mod 3), then d(S1) = 1, and so its attached residual polynomial is irreducible.
It follows that 3Z = p3paps with fi = fo = 1 and f3 = 4. Hence, v3(i(K)) = 0.
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(ii) If v3(b) = 3k for some positive integer k, then d(S3) = 3 with Ry (F)(y) = —y> + b3 =
—(y — b3)? € Fyly]. Let us replace ¢ by = — 3¥b3. Then F(z) = ... + Az(x — 3%b3)3 + As(z —
3Fb3)% + Ay (x — 3Fb3) + Ag with v3(A43) = 0,

Ag = b+ 3% abi + 3515,

Ay = 3% aby + 8- 3703,
and

Ay = 28 - 35%pS 4 3K 1gps,

Obviously, v3(A2) = k+ 1, v3(A1) =2k + 1, and v3(A4p) > 3k + 1.

(a) If v3(Ap) = 3k + 1, then N;;?)kbg(F) = S has a single side joining (0,3k + 1) and (3,0).
Thus, 3Zx = pipaps with fi = fo =1 and f3 = 4. Hence, v3(i(K)) = 0.

(b) Ifvs3(Ag) > 3k+2, then N;ﬁska(F) = 51+ 55 has two sides joining (0, w), (1,2k+1), and
(3,0). Thus, 3Zk = p11p3opaips1 with f11 = fio = for = 1 and f31 = 4. Hence, v3(i(K)) = 0.

(2) Ifa =1 (mod 3), then F(z) = 23(z + 1)(2* + 223 4+ 22 + 22 4+ 1) (mod 3). The treatment
of this case is similar to the case a = —1 (mod 3) above, and we get v3(i(K)) = 0.

(3) Ifv3(a) > 1, then F(z) = 28 (mod 3). Let ¢ = . By assumption, v3(a) < 4 or v3(b) < 7.

If v3(b) > :Vg(a), then Ny(F) = S1 + S has two sides joining (0,23(b)), (3,v3(a)), and (8,0)
with d(S2) = 1 since v3(a) < 4 by assumption.

() If v3(b) # v3(a) (mod 3), then d(S;) = 1, and so 3Zy = p3p3 with residue degree 1 each
ideal factor. Hence, v3(i(K)) = 0.

(i) If v3(b) = 3k +v3(a), then d(S1) = 3 with Ry, (F)(y) = asy® + b3 = (y+ asbs)? € Fyly).
Let us replace ¢ by = + 3%u, where u = agbs. Then F(z) = (z + 3%u)® + 217:1 Ag(z + 3%u)! with
v3(A7) =k, v3(Ag) = 2k, v3(As) = 3k, v3(As) = 4k, v3(A3) = v3(a),

Ay = 28 - 3%%40 — gy,

Ay =322 — 8. 37k
and

Ay = b — 3% aud + 38%u8.

(@ If £ > 1 or v3(a) < 3, then v3(A2) = k + v3(a) + 1, v3(41) = 2k + v3(a) + 1, and
v3(Ao) > 3k + v3(a) + 1. It follows that:

(a1) If v3(Ag) = 3k + v3(a) + 1, then N, 3x,(F) = Si + So has two sides joining (0, 3k +
v3(a)+1), (3,v3(a)), and (8,0). It follows that 3Zx = p3p3 with residue degree 1 each ideal factor.
Hence, v3(i(K)) = 0.

(az) If v3(Ag) > 3k + v3(a) + 2, then N, 3k, (F) = Sy 4+ S2 + S3 has three sides joining
(0,v3(A0)), (1,2k + v3(a) + 1) (3,v3(a)), and (8,0). It follows that 3Zx = p1p3p3 with residue
degree 1 each ideal factor. Hence, v3(i(K)) = 0.
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(b) If k =1 and v3(a) = 4, then v3(b) =7, v3(A3) =4,
Ay =28 - 3545 — 3%au = 3°(28u’ + azu),
A =3%au? — 8- 3"u" = 37(azu® — 8u'),
and
Ag = b —33au® + 3%u® = 37(b3 — azu® + 3ud).
Obviously, v3(A4g) > 8, v3(A1) > 7, and v3(Az) > 6. If b3 =1 (mod 3); b = 37 (mod 3%), then
Ay /3% = 284565 + a3bs (mod 3) = 2 (mod 3),
A1/3" = a} — 8albi = 2 (mod 3).
Hence, v3(A;) = 7 and v3(As) = 6. If v3(Ag) = 8, then Nyy3,(F) = S1 + Sz has two sides
joining (0,8), (3,4), and (8,0). Thus, 3Zyx = p3p5 with residue degree 1 each ideal factor.
Hence, v3(i(K)) = 0. If v3(Ag) > 9, then Nyis3,(F) = S; + Sz + S has three sides joining
(0,v3(40)), (1,7), (3,4), and (8,0). Thus, 3Zx = pip3p3 with residue degree 1 each ideal

factor. Hence, v3(i(K)) = 0. If b3 = 1 (mod 3), b = 4374 (mod 3%), then v3(A) > 50. Let

—29.3b3
v = 52733 Since v3(5%a3), then v € Zs. Let us replace * — 3u by g = x — v. Then
as

F(z) = ¢® 4 8ug” + 2802¢5 + 5603¢° + T0vtg* + (56v° + a)g® + A'g? + B'g + C' with

— 29A2 24p3A  2%0.36. 542

A" = 2805 4 3av = + + ,
392 . 512ai1))8b:23 343 . 512@%’)8 512a%8

218A2 243b’§A

B/ =8 7 3 2 — _ ,
v+ dav 391 plag2l 312 plagdl

and
— A3 224. 7b§A2 24Sb§A

C'=v®+av’+b= + :
3140 . 515a§4bg 391 . 516a§4 342 . 516a§4

Thus, v3(C") = v3(B') = v3(A) — 42 and v3(A’) = 6. Then we have the following cases:

(b1) If v3(A) = 50 (resp., v3(A) = 51), then Ny(F') = S1 + S has two sides joining (0, 8)
(resp., (0,9)), (3,4), and (8, 0). Thus, the degree of each side is 1, and so 3Zx = p3p3 with residue
degree 1 each ideal factor. Hence, v3(i(K)) = 0.

(ba) If v3(A) = 52, then Ny(F') = S+ .52 has two sides joining (0,10), (3,4), and (8,0) with
d(S2) = 1 and Ry, (F)(y) = azy® — y? + C4 (since Ay = —1 (mod 3)), which is separable but
does not split completely over IF,. Thus, the possible decompositions of 3Zy are p1p5 with f; =3
and fo =1, or p11p12p3; with fi1 = fo1 = 1 and fio = 2. In both cases, v3(i(K)) = 0.

(bg) If v3(A) > 53 and v3(A) is odd, then Ny(F) = S; + Sz + S3 has three sides joining
(0,v3(A) — 42), (2,6), (3,4), and (8,0). Thus, the degree of each side is 1, and so 3Zx = p3pap3
with residue degree 1 each ideal factor. Hence, v3(i(K)) = 0.

(bg) If v3(A) > 53 and v3(A) is even, then Ny(F') = S1 + Sz + S3 has three sides joining
(0,v3(A) — 42), (2,6), (3,4), and (8,0) with d(S2) = d(S3) = 1 and Ry, (F)(y) = —y* + C} €
F,ly]. Since C5 = —A3 (mod 3), then two cases arises:
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If A3 =1 (mod 3), then Ry, (F)(y) = —y? — 1, which is irreducible over F,. Thus, 3Zx =
p1p2ps with fi = 2 and fo = f3 = 1. Hence, v3(i(K)) = 0.

If A3 = —1 (mod 3), then Ry, (F)(y) = —y* +1= —(y — 1)(y + 1) € Fyly]. Thus, 3Zs =
pllplnglpgl with residue degree 1 each ideal factor. Hence, 3 divides i(K'). Applying [11, p. 230,
Corollary], we get v3(i(K)) = 1.

If v3(b) < iyg(a), then Ny(F) = S; has a single side joining (0,23(b)) and (8,0) with
d(S1) € {1,2,4} since v3(b) < 7 by assumption. Let d = d(S1), then we have the following cases:

(i) If d = 1, v3(b) € {1,3,5,7}, then R;(F)(y) is irreducible as it is of degree 1. Thus,
3Zy = p§ with residue degree 1. Hence, v3(i(K)) = 0.

(i) If d = 2, v3(b) € {2,6}, then Ry (F)(y) = y*> +bs € Fyly]. If b3 = 1 (mod 3), then
Ry (F)(y) is irreducible over Fy, and so 3Zx = p} with residue degree 2. Hence, v3(i(K)) = 0.
If b3 = —1 (mod 3), then R1(F)(y) = (y — 1)(y + 1) € Fy[y]. Thus, 3Zx = pi,p}, with residue
degree 1 each ideal factor. Hence, v3(i(K)) = 0.

(i) If d = 4, v3(b) = 4, then Ri(F)(y) = y* + b3 € Fyly]. If bs = 1 (mod 3), then
Ri(F)(y) = (¥ —y—1)(y*+y—1) € F4ly], and so 3Z = p?,p3, with residue degree 2 each ideal
factor. Hence, v3(i(K)) = 0. If b3 = —1 (mod 3), then Ry (F)(y) = (y—1)(y+1)(v*+1) € F4[y].
Thus, 3Zk = p%lp%2p%3 with f11 = fi1o = 1 and fi13 = 2. Hence, Vg(Z(K)) = 0.

Theorem 2.2 is proved.

Proof of Theorem 2.3. For p = 5. Since A = —b%(33-5%a% —2240°), if v5(b) = 0, then v5((Z :
Zla)) = 0, and so v5(i(K)) = 0. Now assume that 5 divides b. Then we have the following cases:

(1) If v5(a) = 0, then F(z) = 23(x + a)® (mod 5). Let ¢; = x and ¢o = x + a. Then

F(z) = ¢} + ad? + b,
= —56a3¢3 + (—56a° + a)¢s + (28a° — 3a®)$3 + (3a® — 8aT) 3 + Py + b — a* + a®.

For ¢1, N;rl (F) = S has a single side joining (0, v5(b)) and (3,0). If v5(b) # 0 (mod 3), then
d(S1) = 1, and so ¢ provides a unique prime ideal of Zy lying above 5 with residue degree 1. If
v5(b) = 0 (mod 3), then d(S1) = 3 with Ry, (F)(y) = ay® + b5 € Fy,[y]. One can check easily
that, for every values of a and b5 in F} , ay® + bs = 11 - o (mod (5, ¢1)) with deg(er) = 1,
deg(12) = 2, 91 and 1) are coprime irreducible polynomials over Fy4 . Thus, ¢; provides two
prime ideals of Z g lying above 5 with residue degrees 1 and 2, respectively. For ¢2, we have the
following cases:

(i) If v5(b— a* +a®) = 1, then N, (F) = S, has a single side of height 1. Thus, ¢» provides
a unique prime ideal of Zx lying above 5 with residue degree 1.

(i) If v5(b — a* + a®) > 2 and v5(3a® — 8a”) = 1, then N;; (F') = Sa1 + So2 has two sides of
degree 1 each side. Thus, ¢2 provides two prime ideals of Zy lying above 5 with residue degree 1
each ideal factor.

(iii) Ifvs(b—a*+a®) > 2 and v5(3a®—8a") > 2, then one can check easily that v5(3a®—8a") >
2 if and only if a € {2, 11,14, 23} (mod 25). But for these values, we have v5(3a® — 8a") = 1. It
follows that N(;;(F) = ...+ 5 such that the side S’ join the points (2,1) and (5,0) with slope
—)X = —1/3. In this case, ¢ can provide at most three prime ideals of Zy lying above 5 with
residue degree 1 each ideal factor.

We conclude that there are at most four prime ideals of Zx lying above 5 with residue degree 1
each ideal factor. Hence, v5(i(K)) = 0.
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(2) Ifvs(a) > 1, then F(z) = 28 (mod 5). Let ¢ = . By assumption, v5(a) < 4 or v5(b) < 7.

If vs(b) > iyg,(a), then Ny(F') = Si + So has two sides joining (0, v5(b)), (3,v5(a)), and (8,0)
with d(S2) = 1 since v5(a) < 4 by assumption.

() If v5(b) # vs(a) (mod 3), then d(S;) = 1, and so 5Zk = pip5 with residue degree 1 each
ideal factor. Hence, v5(i(K)) = 0.

(i) If v5(b) = v5(a) (mod 3), then d(S1) = 3 with Ry, (F)(y) = asy® + bs = 91 - ¢2 € Fy[y]
with, for every values of a5 and bs in Fy , deg(11) = 1, deg(v2) = 2, 11 and 1y are coprime
irreducible polynomials over Fy, . Thus, 5Zx = p11p12pgl with fi11 = fo1 = 1 and f12 = 2. Hence,
I/5(Z(K)) =0.

If vs5(b) < §V5(CL), then Ny4(F') = 51 has a single side (0, v5(b)) and (8,0) with d(S1) € {1,2,4}
since v5(b) < 7 by assumption. Thus, there are at most four prime ideals of Zy lying above 5 with
residue degree 1 each ideal factor. Hence, v5(i(K)) = 0.

For p = 7. Since A = —b%(3% - 5%8 — 224p°), v7(A) > 1 if and only if v7(b) > 1 or
(a,b) € {(1,2),(2,4),(3,1),(4,1),(5,4),(6,2)} (mod 7). Then we have the following cases:

(1) For (a,b) € {(1,2),(2,4),(3,1),(4,1),(5,4),(6,2)} (mod 7), one can easily check that
F(x) = ¢% - ¢i2 (mod 7) with deg(¢;1) = 1, deg(diz) = 6, and ¢;; is irreducible over F7 for every
1=1,...,6 and 5 = 1, 2. Thus, there is at most two prime ideals of Zy lying above 7 with residue
degree 1 each ideal factor. Hence, v7(i(K)) = 0.

(2) If v7(b) > 1 and v7(a) = 0, then F(x) = 23 - ¢1 - ¢ (mod 7) with, for every value of a,
deg(¢1) = 1, deg(p2) = 4, and ¢; is irreducible over F; for every i = 1, 2. Thus, there are at most
four prime ideals of Zx lying above 7 with residue degree 1 each ideal factor. Hence, v7(i(K)) = 0.

(3) If v7(b) > 1 and v7(a) > 1, then F(z) = 2® (mod 7). Let ¢ = x. By assumption, v;(a) < 4
or v7(b) < 7.

If v7(b) > iw(a), then Ny(F') = S1+ Ss has two sides joining (0, v7(b)), (3,v7(a)), and (8,0)
with d(S2) = 1 since v7(a) < 4 by assumption.

(i) If v7(b) # v7(a) (mod 3), then d(S;) = 1, and so 7Zy = p3p3 with residue degree 1 each
ideal factor. Hence, v7(i(K)) = 0.

(i) If v7(b) = v7(a) (mod 3), then d(S1) = 3 with Ry, (F)(y) = ary® + by € Fyly]. Thus,
there are at most four prime ideals of Zg lying above 7 with residue degree 1 each ideal factor.
Hence, v7(i(K)) = 0.

If v7(b) < iw(a), then Ny(F') = Si has a single side (0,27(b)), (3,v7(a)), and (8,0) with
d(S1) € {1,2,4} since v7(b) < 7 by assumption. Thus, there are at most four prime ideals of Zx
lying above 7 with residue degree 1 each ideal factor. Hence, v7(i(K)) = 0.

For p > 11, since there is at most 8 prime ideals of Zg lying above p with residue degree 1
each ideal factor, and there is at least p > 11 monic irreducible polynomial of degree f in F)[x] for
every positive integer f, we conclude that p does not divide i(K).

Theorem 2.3 is proved.

Proof of Theorem 2.4. Let K = Q(«) be a number field defined by a monic irreducible trinomial
F(z) = 28 4+ az® +b € Z[x]. Since A = —b?(3 - 5°a® — 2240°) is the discriminant of F'(x), thanks
to the index formula (1.1), we have the following:

(1) If p divides both a and b, then p does not divide the index (Zg : Z[a]) if and only if
vp(b) = 1.
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(2) If p =2 and 2 does not divide ab, then 2 does not divide (Zg : Z[a]).

(3) If p =2, 2 divides a and does not divide b, then F(x) = (z — 1)® (mod 2). Let ¢ = = — 1.
Then F(z) = ---+ (3a+ 8)¢ + a + b + 1. Hence, 2 does not divide (Zg : Z[a]) if and only if
va(a+b+1) =1, thatis (a,b) € {(0,1),(2,3)} (mod 4).

(4) If p # 5 divides b and does not divide a, then F(x) = 23(2° + a) (mod p). Since z° + a
is square free over IF,,. p does not divide (Zg : Z[«]) if and only if v, (b) = 1.

(5) If p =5 divides b and does not divide a, then F(z) = 2*(z + a) (mod 5). Let ¢ = x + a.
Then F(x) = ...+ (3a® — 8a")¢ + b — a* + aB. Hence, 5 does not divide (Zx : Z[a]) if and only
if V5(b) = I/5(b - a4 + as) = 1.

6) If p ¢ {2,3,5}, p? divides 33 - 55%a® — 22465, and v, (ab) = 0, then F(z) admits a multiple
root % modulo p if and only if F(u) = u® + au® + b = 0 (mod p) and F’'(u) = 8u” + 3au? =

97,2
0 (mod p). Let u = 7526; € Q. Since v,(75a®) = 0, then u € Z,. Let ¢ = x — u. Then
F(z)=...+ A¢* + B¢ + C, with

) _ 99A2 93415 A 256 . 5pl2
A =28u” + 3au = 36 . 512,18}2 + 36 . 512,18 + 36 . 512418
18 A2 _ 943)7
B:8u7+3au2:2 A2 bA,

37 . 5ld,21
and

— A% 2MLTRRAZ 2SN

_ .8 3 —

Since vp(C) = vp(B) = 1,(A) and vy(A) = 0, then NJ(F) = 57 has a single side joining
(0,v5(A)) and (2,0). Since v,(A) > 2, by Theorem 3.1, v,((Zk : Z]c)) > |1p(A)/2] > 1.
Hence, p divides the index (Zg : Z[«]).

Theorem 2.4 is proved.

Proof of Theorem 2.5. Under the hypotheses, thanks to the index formula, the unique prime
candidate to divide the index (Zg : Z[a]) are the rational primes dividing b. Let ¢ # p be a
rational prime dividing b. If ¢ divides a, then v4((Zk : Z]a])) = 0 since b, is square free. If
q does not divide a, then F(z) = 23(2° + a) (mod ¢q) (the case of ¢ = 5 is not in this case
since v5(a) > 1). Since z° + a is square free modulo ¢ and b, is square free, then v,((Z :
Z[a])) = 0. Now consider the case ¢ = p. We have F(z) = 2® (mod p). Let ¢ = z.

(1) If v,(b) = 3 and vp(a) > 2, then Ny(F) = S has a single side joining (0,3) and
(8,0). Hence, d(S1) = 1 and its attached residual polynomial R;(F')(y) is irreducible as it is of
degree 1. By Theorem 3.1, v,((Zk : Z[a])) = 7; (Zk : Z[a]) = p, and so Z[a] is not integrally
closed. On the other hand, let L = Q,(«). Since Q, is Henselian, there is a unique valuation w
of L extending v,. Let & = a3/p, then § € K, and since 3 and 8 are coprime, we conclude
that K = Q(6). Furthermore, Ny(F') = S has a single side of slope —\; = —3/8. Hence,
w(a) = 3/8, and so w(f) = 1/8. By [10, Corollary 3.1.4], we conclude that 0 € Zg. Let G(x)
be the minimal polynomial of 6§ over Q. Using the formula relating roots and coefficients of a

8 . ,

. . 8 Vi .8—i o .
monic polynomial, we get G(z) = x +Zi:1( 1)'s;z°"", where s; = Zk1<---<ki Ok, ... 0Ok, with
61 = 0 and 05, ..., 0g are the Q,-conjugates of 6. Then w(f;) = 1/8 for every i = 1,...,8. Thus,
Vp(ss) = w(sg) = w(by---03) =8-1/8 =1 and w(s;) > i/8 > 0. We conclude that v,(s;) > 1

ISSN 1027-3190. Ykp. mam. oscypn., 2024, m. 76, Ne 7



ON INDEX DIVISORS AND MONOGENITY OF CERTAIN OCTIC NUMBER ... 1005

for every ¢ = 1,...,7, and so G(z) is a p-Eisenstein polynomial. Hence, v,((Zg : Z[f])) = 0.
Since p is the unique rational prime candidate to divide (Z[a]: Z[f]), we conclude that v,((Zg :
Z[0])) = 0 for every rational prime ¢ (including p), which means that Zx = Z[f]. Hence, K is
monogenic.

(2) The treatment of the cases (2) (v,(b) = 5 and v,(a) > 4) and (3) (v(b) = 7 and v,(a) > 5)
is similar to the case (1) above.

Theorem 2.5 is proved.

5. Examples. Let F(x) = 2® + ax® + b € Z[z] be a monic irreducible polynomial and K the
octic number field generated by a complex root of F'(x).

(1) For a = 14 and b = 247, we have b is square free, (a,b) = (2,3) (mod 4), and for every
rational prime p ¢ {2,13,19}, v,(A) < 1. By Theorem 2.4, Z[o] is integrally closed and so K is
monogenic. Hence, i(K) = 1.

(2) For a = 875 and b = 750, we have v5(a) = 3, v5(b) = 3, bs = 6 is square free, and
(3% - 55a® — 224b%) < 1 for every rational prime ¢ ¢ {3,5}. By Theorem 2.5 (1), Zx = Z[a?/5].
Hence, K is monogenic and so i(K) = 1.

(3) For a = 84 and b = 43, we have (a,b) = (4,3) (mod 8), then, by Theorem 2.1, i(K) is
even. Hence, K is not monogenic.

(4) For a = 81 and b = 20717451, we have v,(ab) = 0, then, by Theorem 2.1, v»(i(K)) = 0.
On the other hand, a = 81 (mod 243), b = 4374 (mod 3%), v3(A) = 54, and Az = —1 (mod 3),
by Theorem 2.2, v3(i(K)) = 1. Hence, i(K) = 3 and so K is not monogenic.

(5) For a = 40 and b = 183, we have (a,b) = (8,7) (mod 16) and v3(A) = 29, then, by
Theorem 2.1, v5(i(K)) = 2. On the other hand, v5(b) = 0, by Theorem 2.2, v3(i(K)) = 0. We
conclude that ¢(K) = 4. Hence, K is not monogenic.

(6) For a = 3240 and b = 989094807, we have (a,b) = (8,7) (mod 16), vo(A) = 30, and
Ay =1 (mod 4), then by Theorem 2.1, 1»(i(K)) = 2. On the other hand, a = 81 (mod 243),
b = 4374 (mod 3%), v3(A) = 56, and Az = —1 (mod 3), by Theorem 2.2, v3(i(K)) = 1. We
conclude that i(K) = 12. Hence, K is not monogenic.

(7) For a = 384 and b = 1008, we have a = 0 (mod 128) and b = 496 (mod 512), then
by Theorem 2.1, v5(i(K)) = 5. On the other hand, F'(x) is 3-Eisenstein, then v3(i(K)) = 0. We
conclude that i(K) = 2¥2 with v» > 1. Hence, K is not monogenic.

(8) For a = 41472 and b = 222724080, we have a = 0 (mod 128) and b = 496 (mod 512),
then by Theorem 2.1, 2 divides i(k). On the other hand, a = 162 (mod 243), b = 4374 (mod 3%),
v3(A) =54, and Az = —1 (mod 3), by Theorem 2.2, v3(i(K)) = 1. We conclude that i(k) = 223
with 5 > 1. Hence, K is not monogenic.
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