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THE SHARP BOUND OF THE THIRD HANKEL DETERMINANT
FOR CERTAIN SUBFAMILIES OF ANALYTIC FUNCTIONS

TOYHA TPAHMIIS JUIA TPETHOTO BUSHAUHUKA TAHKEJS
JUISI AESAKUX MIJICIMER AHAJTITUYHUX OYHKLINA

We study an upper bound and the sharp bound of the third-order Hankel determinant for some subfamilies of analytic
functions for the parameters o € (1,4/3] and a = 3/2, respectively, also proving the recent conjecture for the sharp
bounds made in [Virendra Kumar, Sushil Kumar, V. Ravichandran, Third Hankel determinant for certain classes of analytic
functions, Mathematical Analysis I: Approximation Theory, February (2020); DOI: 10.1007/978-981-15-1153-019].

JlocmipkeHO BEpXHIO Ta TOYHY TPaHMII0 BU3HAUYHHMKA [aHKENs TPEThOTO MOPSIKY IS MEeBHHUX MiACiMell aHaTiTHYHHUX
Gbynxuiit Ta mapametpis « € (1,4/3] Ta o = 3/2, BiANMOBIAHO, @ TAKOX IOBENEHO HEIIONABHIO TIiMOTE3y Ui TOYHUX
rpaHuilb, HaBeaeHy B [Virendra Kumar, Sushil Kumar, V. Ravichandran, Third Hankel determinant for certain classes of
analytic functions, Mathematical Analysis I: Approximation Theory, February (2020); DOI: 10.1007/978-981-15-1153-019].

1. Introduction. Denote H the family of all analytic functions in unit disk D = {z € C: |z] < 1}
and A be the subfamily of functions f normilized by the conditions f(0) = f'(0) — 1 =0, i.e., of
the type

f2) =) ane", ar:=1, (1.1)
n=1

and S be the subfamily of A, possessing univalent (schlicht) mappings. A typical problem in
geometric function theory is to study a functional made up of combination of the coefficients of the
original functions. For the positive integers r, n, Pommerenke [16] characterized the rth-Hankel
determinant of nth-order for f given in (1.1), defined as follows:

Qp Gp+1 T Qp+r—1
an+1 an4-2 T Qn4r
Hy () = . (12)
an4r—1 Qn+4r T An42r—2

The problem of finding sharp estimates of the third Hankel determinant obtained for » = 3 and
n =1 in (1.2), given by
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THE SHARP BOUND OF THE THIRD HANKEL DETERMINANT ... 1025

ai1=1 as a3

H3i(f):=| a2 a3  a4| = 2a0a3a4 — a% — ai + azas — a%a5, (1.3)
as as  as
is technically much tough than r = n = 2, i.e., |Ha2(f)| := |agas — a3].

In recent years, many authors are working on obtaining upper bounds (see [2, 4, 9, 12, 14])
and a few papers were devoted to the estimation of sharp upper bound to Hsz;(f), for certain
subclasses of analytic functions (see [3, 7, 8, 10, 18-22]). Recently, Prajapat et al. [17] obtained
an upper bound to Hs(f), for the classes M(«) and N (), o > 1, studied by Nishiwaki et
al. [13] defined as Re{zf'(z)/f(2)} < « and Re{l+ zf"(2)/f(2)} < «, respectively, when
o = 3/2. Further, these bounds were refined by Kumar et al. [24], obtained as (579 + 8/3)/1728
and (144431 +96+/141) /6497280, respectively, which are not sharp, they also conjectured the sharp
bounds for M(3/2) and N(3/2) as 119/576 and 19/2160, respectively. For 1 < « < 4/3, the
classes M () and N(«), were investegated by Uralegaddi et al. [23]. Motivated by these results, in
this paper we obtain sharp estimates for Hs 1 (f) for the classes M (3/2) and N (3/2), upper bounds
to Hs1(f) for the classes M(a) and N'(a), 1 < a < 4/3.

The collection P, of all functions p, each one called as Carathéodory function [5] of the form,

p(z) =1+ a2 (1.4)
t=1

having a positive real part in D.

The foundation in proving our main results are the following lemmas and we adopt the procedure
framed through Libera and Zlotkiewicz [11].

Lemma 1.1 [6]. If p € P, then |c; — pcjci—;| < 2 satisfies for the values i,j € N with i > j
and p € [0, 1], which is same as |, — penck| < 2 for n,k € N with p € [0, 1].

Lemma 1.2 [15]. For p € P, then |c;| < 2 for t € N, equality occurs for the function p(z) =
(1+2)/(1—-2), zeD.

Lemma 1.3. For p € P, then |cpcn — Aegel| < 4 for m+n = k+1 with m,n, k,l € N, where
A e [0,1].
Proof. Consider

CmCn — ACLC] = CmCp — Cmtn + Cmgn — ACKCY.
By using the condition m + n = k + [ in the above expression, we have
CmCn — ACLC] = CmCp — Cmtn + Cktl — ACkCl.

Taking modulus on both sides of the above expression, applying the triangle inequality and then
Lemma 1.1, we obtain

lemen — Acker| < |emen — eman| + ek — Acke] <2+ 2 =4,
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1026 BISWAIJIT RATH, K. SANJAY KUMAR, D. VAMSHEE KRISHNA, G. K. SURYA VISWANADH

Lemma 1.4. If'p € P, is of the form (1.4) with ¢c1 > 0, such that ¢, € [0, 2], then
2c9 = c% + tu,

des = ¢ + 2eitp — ertp® + 2t(1 — ],u]2)p,

and
8cy = cf +3cttu + (4 — 3c%)t,u2 + Aty

A1 = |u) (1 = [pP) b + 41 — [ul?) (c1p — crpp — [ip%),

where t := 4 — c3, for some y, p and v such that || < 1, |p| < 1 and || < 1.
For co (see [15, p. 166]), c3 (see [11]) and ¢4 can found in [22].
Lemma 1.5[1]. Ifp € P, then

T} — Keyes + Les| < 2(1J) + |K = 2J] +|J — K + L)).
2. Bounds for M ().
4
Theorem 2.1. If f € M(a), 1 <a < 3 then

1
|Hs1,0(f)] < 1g[40° = 240° + 760" — 1170 + 84a” — 250 + 2]
Proof. For f € M(«), there exists a analytic function p € P such that

af(z) = 2f'(z) = (e = 1)p(2) f ().

(2.1)
Using the series representation for f and p in (2.1), a simple calculation gives
a—1 9
ay = —(a — 1)01, as = B [(a — 1)61 — 62],
a—1[(a—1)2¢  3(a—1)cie
- _ - 2.2
as 3 [ 5 5 +c3 (2.2)
and
—1[(a—1)3¢} 4(a—1 —1)c3
a5 = 054 |:(a 6) ‘1 (04—1)26%02—&- (a ; )6103 + (a 5 )62 _64]'
Substituting the values of as, a3, a4 and as from (2.2) in (1.3), after simplifying, we get
Harolf) = |- (a—1)58 (o= 1)>ctes (o 1)*c3c2
T 144 48 16
n (a—1)ctes  (a—1)3¢  (a—1)3cicacs
18 16 6
N (o — 18)30%04 (o —91)%% n (a — 18)20204 . 23)

ISSN 1027-3190. Ykp. mam. oscypn., 2024, m. 76, Ne 7



THE SHARP BOUND OF THE THIRD HANKEL DETERMINANT ... 1027

Rearranging the terms in (2.3) in order to apply the lemmas specified in this paper, we obtain

_ [ 3 [_ (a=1)5¢8  (a—1)°cicn N (o — 1)403}

144 48 18
1\3.2 N3
+ (alé)cz[cQ —(a -1+ (a81)cl[c104 — cocs]
_1)2 _1)2
(a 9 D) [cocy — cg] + W[Q —3(a — 1)0103]] . 2.4

Taking modulus on both sides of the expression (2.4), we have

a—1)63 a—1)cic a— 1)4c
‘H3,1,a(f)‘§ [613 ( 1)°ei 1) 12+( 1)es

144 48 18
a—1)3|ey)? a—1)3c
(1()3|2||02 — (o — 1)C§| + M\Cl% — cocs)
a—1)32 a—1)3%c
( 5 ) lcocy — 2| + (72)‘2‘|C4—3(04— 1)0103|]. (2.5)

Applying Lemmas 1.1, 1.2, 1.3, and 1.5 in (2.5), it simplifies to

1
|Hz1.0(f)] < T [4a8 — 24a® + 760" — 1170° + 84a® — 25a + 2]. (2.6)

Theorem 2.1 is proved.

Theorem 2.2. If f € M(3/2), then

3
‘H3,1,g(f)’ < 16
and the inequality is sharp for po(z) = (1 + 22)/(1 — 22).

Proof. For f € M(3/2), choosing o = 3/2 in (2.3), we get

1
H3,1,g(f) = 5316 [—c§ — 6ciea + 32¢}cs — 36cic3 + T2¢3

—192c1coe + 144cicq — 2565 + 288cacy]. (2.7)

In view of (2.7), using the values of co, c3 and ¢4 from Lemma 1.4, gives
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1028 BISWAIJIT RATH, K. SANJAY KUMAR, D. VAMSHEE KRISHNA, G. K. SURYA VISWANADH

6ciey = 3[6? + c%tu],
32cies = 8[c§ + 2citp — citp® + 2c3t(1 — |uf*)p),
723 = 9[c§ + 3cttu + 3cit*u? + 3,
36cics = 9[cf + 2citp + ],
192ci1coc3 = 24 [c? + 3city + 2632 % — citp® — AP
4 20(6 +eat) (1= ) ),
2560% =16 [06 + 4cttp + 4P % — 2cttp® — 4P + APt (2.8)
+ 44(c? 4 2ctp — ctp®) (1= |uf?)p + 482 (1 — |puf*)?p?],
288cocq + 144cies = 18[2¢0 + 6citp + 2¢3 (4 — 3¢3 ) tu® + 2city®
+8citp(l — p) (1= [pf*) p = 8eit (1 — |ul*) ap”
+ 8t (1 — [uf*) (1 = |p)€ + it + 3ty
+ (4 =30 + P ut + dter (1 — p) (1 — [ul?)p
— 482 (1 — ) 2P + 42 (1 — |u?) (1 = |p?) ]

Imputting the values from (2.8) in the expression (2.7), putting u := c; and taking t = (4 — u?),
after simplifying, we have

4 —y?
Hyy5(f) = ~57a [0 (w? (12 = 20) = 85(2 + pp = %) + (11 = 2p1))

+ 8u(6u® — 4p(13 + p) — up(5 — ) (1 = |ul*)p
4328 — 8(18u% 1+ (4 — w2)(8 + |uf?)) (1 — [uf?)p?

+ 72(2u2 +(4- u2),u)(1 — \,u\2) (1 — |p|2)1/1] (2.9)

Taking modulus on both sides of (2.9), using |u| = v € [0,1], |p| = w € [0,1], ¢1 = u € [0,2] and
|| < 1, we obtain

(2.10)

where 97 : R? — R is defined as
91 (u, v, w) = (4 — u?) [12u4v + (16u* + 20u*)v?
+ (432 — 8u® + 11ut)v?® + (8u? — 2u' )
+ (48u® + 144u’v + 104u(4 — u?)v + Su(4 — u2)v2) (1—v*)w
+ (64(4 — u®) + 144u®v + 8(4 — u?)v?) (1 — v*)w?
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THE SHARP BOUND OF THE THIRD HANKEL DETERMINANT ... 1029

+ (144u® + 72(4 — v?)v) (1 — v%) (1 — w?)]. (2.11)

It remains to maximize ¥; on € : [0,2] x [0,1] x [0, 1].
A. On the vertices of 2y, from (2.11), we get

91(0,0,0) = 91(2,0,0) = 91(2,1,0) = 9(2,1,1) = 9¥1(2,0,1) = 0,
91(0,0,1) = 1024,  91(0,1,0) = ¥1(0,1,1) = 1728.

B. On the edges of €24, from (2.11), we obtain:
(1) v=0,v=0,0<w<1, then

91(0,0,w) = 1024w? < 1024;
(i) u=0,v=1,0<w <1, then
91(0,1, w) = 1728;
(i) u=0, w=0, 0<wv <1, then
91(0,v,0) = 11520 + 576v° < 1728;
(iv) u=0,w=1,0<wv<1, then
91(0,v,1) = 1024 — 89602 + 1728v> — 128v*
= 1024 — 89602 + 1024v> + 70403 — 128v*
< 1728 — 896v* + 102403 — 128v*
= 1728 — 128(7 — v)(1 — v)v? < 1728;
V) v=0,w=0,0<wu<2, then
91(u,0,0) = 576u? — 144u* < 576 for u = V2;
vi) v=0,w=1,0<wu<2, then
91(u,0,1) = 1024 — 51202 + 192u> + 64u’ — 48u°
= 1024 — 256(2 — u)u® — 32(2 — w)u® + 32u* — 484°
< 1024 + 32u* < 1536;
(vi) v=1, w=0,0<u<2orv=1, w=1,0<wu<2, then
91 (u,1,0) = 91 (u, 1,1) = 1728 — 368u> + 148u* — 411"
= 1728 — 2u?(46 — Tu?)(4 — u?) — 27u® < 1728;

(vi) u=2,v=0,0<w<l,oru=2,v=1,0<w<l,oru=2, w=0,0<v<1,or
u=2 w=1,0<wv <1, then

Y1(2,v,w) = 0.
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C. On the faces of 21, from (2.11), we have:
(i) u=2,v€(0,1) and w € (0,1), then

(i) u=0,ve (0,1

91(0,v,w) =

<

U1(2,v,w) = 0;
) and w € (0,1), then
11520 + 57603 4 (1024 — 11520 — 89602 + 1152v% — 1280 )w?
11520 + 576v% 4 128(8 — v)(—1 + v)*(1 4 v)w?
11520 + 57603 4+ 128(8 — v) (=1 + v)?(1 +v)
1024 — 89602 + 17280 — 128v* < 1728 (- B(iv));

(iii) v=0, u € (0,2) and w € (0,1), then

191 (U, O)

w) = (4 —u?) (48uPw + 64(4 — u?)w? + 1440 (1 — w?))

= (4—u’)(
= (4 — u?)(144u® + 48u3w + 16(16 — 13u?)w?)
)

A

(
(
(4 — u?)(144u® + 48uw + 16(16 — 4u*)w?)
< (4 —u?)(144u® + 48u® + 16(16 — 4u?)))

= 1024 + 64u® + 192u® — 80u* — 48u®

< 1024 + 64u® + 192u® — 80u* < 1536;

(iv) v=1, u e (0,2), w e (0,1), then, we observe that the function 91 (u, 1, w) is independent
of w, from B(vii), we get

Y (u, 1, w) < 1728,

(v) w=0,(u,v) € (0,2) x (0,1), then

Y1(u,v,0) = (4

—u?)[(12u*v + (16u? + 20u*)v? + (432 — 8u? + 11u*)v?

+(8u? — 2ut vt + (144u? + 72(4 — u?)v) (1 — 1}2))]

:(4

< (4

:(4

< (4

:(4

—u?)[144u® + (288 — 72u” + 12u*)v + (—128u® + 20u?)v?

+ (144 + 64u® + 11u)0® + (8u” — 2ut)v?]

—u?)[144u® + (288 — 72u” + 12u*)v + (—128u® 4 20u’)v?

+ (144 + 64u® + 11ut)v? + (8u® — 2u4)112]

— u?)[144u® + (288 — 72u” + 12u*)v + (144 — 56u” + 29u)v?]
— u?) [144u® + (288 — 72u” + 12u”) + (144 — 56u® + 29u”)]

— u?)(432 4 16u” + 41u?) < 1728 (- B(vii));
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(vi) w=1, u e (0,2), ve(0,1), then
V1 (u,v,1) = (4 — u?) (12u4x + (16u* + 20u*)0?
+ (432 — 8u? + 11u*)v?® + (8u? — 2u*)v?
+ (1 — v?)(144u?v + 8(4 — u?)(8 + v?))
+ (1= 02)(48u® + 144030 + Suv(4 — u?)(13 + v)))

= g1(u,v) with u € (0,2) and v € (0, 1).

Note that all the real solution (u,v) € (0,2) x (0,1) of the system of equation

)
% = —1024u + 576u> + 256u> — 240u* + 1664v + 1152uv — 768u’v
u

— 384u3v — 200u*y — T2uPv + 12802 + 1024uv? — 768u%v? + 32uv?

+ 280u*v? — 120u°v? — 166403 — 2080uv® + 768u%v3
+ 784usvd + 200ut0® — 66u°v? — 12801 + 192uv*

+192u20* — 96u0v* — 40utv? + 120°0* =0
and

)
% = 1664u + 576u> — 256u> — 96u* — 40u® — 12u° — 17920

+ 256uw + 1024120 — 512u3v + 16u*v + 112u°v — 40ubv + 518402

— 4992uv? — 3120u%v? 4+ 768u3v? + 588utv? + 120u°v? — 33ubv?

— 5120° — 512uv® + 384u%0® + 256uv® — 96u*v® — 3200 + 8ubv® = 0

by a numerical computation are the following:

(uo, vo) ~ (0.782015,0.889028)  and  (u1,v1) ~ (1.09323,0.750188).

But 91 (ug,vo, 1) ~ 1565.83 and ¥ (u1,v1,1) =~ 1590.42.
D. Now we consider the interior of ;.
We can rewrite U1 (u, v, w) as

V1 (u, v, w) = (4 — u?) [12u4v + (16u? 4 20u*)v?

(432 — 8u? 4 11ut)v® + (8u? — 2u* v

(48u3 + 144630 4 104u(4 — u?)v + Su(4 — u2)v2) (1—v*)w
[64(4 — u?) + 144u%v + 8(4 — u®)v?

— (144u® + 72(4 — u2)v)} (1 —v?)w?

+ (144u® + 72(4 — v?)v) (1 — v?)].
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Case 1. If 64(4 — u?) + 144uv + 8(4 — u?)v? — (144u? + 72(4 — u?)v) > 0, then V1 (u, v, w)
is an increase function of w. Hence, 91 (u, v, w) < ¥1(u,v,1).

Case 2. 1f 64(4 — u?) + 144u?v + 8(4 — u?)v? — (144u? + 72(4 — u?)v) < 0, then
D1 (u,v,w) < (4 —u?)[12uv + (16w + 20u*)v?
+ (432 — 8u? + 11ut)v® + (8u® — 2u*)o?
+ (48u3 + 144u3v + 104u(4 — u?)v + Su(4 — u2)v2)(1 —v¥)w
+ (144u® + 72(4 — v?)v) (1 — v?)]
< (4 —u?)[12uv + (16u* + 20u*)v?
+ (432 — 8u? 4+ 11uh)v® + (8u? — 2ut)v?
+ (48u3 + 144u3v 4 104u(4 — u?)v + Su(4 — u2)v2) (1—%
+ (144u? + 72(4 — u2)v)(1 - v2)]
:= hq(u,v) with u € (0,2) and v € (0, 1).
Note that all the real solution (u,v) € (0,2) x (0,1) of the system of equation

oh
6—1 = 1152u + 576u> — 576u> — 240u* + 1664v — 1152uw
u

— 768u%v + 480u3v — 200u*v — T2ubv + 12802
— 1024uv? — 768uv? + 832u3v? 4 280utv? — 120u50?
— 1664v° + 224uv® + 768u%0v® — 80uPv? + 200ut?
— 66u’v® — 128v* + 64uv® + 192u%0v?* — 64u0?
— 40utv* + 12u°0* =0
and

Ohy

= 1152 + 1664u — 576u> — 256u> + 120u* — 40u® — 12u°
(v

+ 256uv — 1024u%v — 512u3v + 416uv + 112u’v
— 40uv + 172802 — 4992uv? 4 336uv? + 768u3v?
— 60utv? + 120u50? — 33ubv? — 512uv® + 128u203
+ 256u3v? — 64utv® — 320’03 + 8ubv® =0

by a numerical computation are the following:

(ug, v2) ~ (1.20468,0.70818) and (us,vs) ~ (0.822847,0.893599).
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But hq (UQ,UQ) ~ 1602.12 and hl(u;;, U3) ~ 1558.5.
Therefore, from cases 1 and 2, we have 95 (u, v, w) < 1728.
In review of cases A, B, C and D, we obtained

max {t (v, v,w): u € [0,2],v € [0,1] and w € [0,1]} = 1728. (2.12)
From expression (2.10) and (2.12), we get

3
‘HS,l,,%(f)‘ < 16

For py € P, we obtain aa = a4 = 0, ag = —1/2 and a5 = —1/8, which follows the result.
Theorem 2.2 is proved.
3. Bounds for N ().

4
Theorem 3.1. If f € N(a), 1 <a < 3 then

a—1)>2
|H31.0(f)] < (540)(2(04 —1)* +12(a = 1)* +37(a— 1) + 18).
Proof. For f € N(«a), there exists a analytic function p € P such that
(= 1)f'(2) = 2f"(2) = (a = Dp(2) f'(2). (.1
Using the series representation for f and p in (3.1), a simple calculation gives
a—1)c a—1
P L S e (TR = s
2 6 (3.2)
a—1[(a—1)2¢  3(a—1)cico '
a4 = — — + c3
12 2 2
and
a—1[(a—1)>3c 4(a—1eres . (a—1)c2
a5 = —55 [ : L (a—1)%c + 3 + 5 2 eyl
Substituting the values of a9, a3, a4 and as from (3.2) in (1.3), we have
Hyrolf) = (o= 1)6¢§ (o= 1)°ctes (= 1)*c3c2
e 8640 1440 2880
(a—Dcdes  (a—1)3c3 (o 1)3cieac3
720 2160 240
a—1)3cc a—1)2c a—1)2%cc
4 Jleies ( )75 ( )"caca | (33)
240 144 120

Grouping the terms in (3.3) in order to apply the lemmas specified in this paper, we obtain

-1 (a—1)P%ciea (a—1)%cs
Hsiolf) =3[ = (a 1
s1alf) <61< 8640 1400 720
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n (o —1)3c3 le2 — (o — 1)e2] — 17(a —1)3¢2 <C4 o 103)

2160 4320 2
Cl(a B 1)3 i + (CK — 1)2 % 2 (3 4)
240\ @7 184 120 \2“7 1)) ‘

Taking modulus on both sides of the expression (3.4), we get

(a—1)5c  (a—1)P°ciea = (a—1)%c3

8640 1400 720

|H31.0(f)] < <|Cl|3

1

(o —1)%|eaf?
— at1an C2C3 — Tgclcél

2160

oa—1)3e
e — (o — 1)@ + @ Ve

(0 —1)?
120

120 ,

17(a — 1)3]eg |2
C2C4 — ——C3

4320

a—1 4

c ) (3.5)

+ Cq4

2 2

Applying Lemmas 1.1, 1.2, 1.3, and 1.5 in (3.5), upon simplification we have

(o —1)

|Hs1.a(f)| < 10

(2(a 14 4 12(a— 12+ 37(a — 1) + 18).

Theorem 3.1 is proved.
Theorem 3.2. If f € N(3/2), then

19
}Hglﬁ(f)‘ < m

It

and the inequality is sharp for p1(z) = (1 + 22)/(1 — 22).
Proof. For f € N(3/2), choosing o = g in (3.3), we obtain

1
H —
31,3 = 553060

(—c(li — 12¢fco + 48¢3c3 — 84cics + 3265
— 288cycocs + 288cics — 960c3 + 1152¢ocy). (3.6)

In view of Lemma 1.4, adopting the similar procedure as Theorem 2.2 and putting v := ¢; and using
t = (4 — u?) in (3.6), we get

22
H3’1 §(f) -

= 36u’y + 12u?p® + 108u’y® — 75u’ i
3 552960( e BT LOSup = ou

+ (4 — u?) (56u2u3 120t 1 304,&”)

+ (144u3(1 —3u) — 24(4 — u?)p(11 + 2M)) (1 |u®)p
489U+ (4 — u2)(5 + D)1 — [ul?)?

+144(3u2 + 2(4 — ) (1 — |uf?) (1 - |p\2)¢). (3.7)
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Taking modulus on both sides of (3.7), using |u| =v € [0,1], |p| = w € [0,1], ¢; = u € [0,2] and
|| <1, we have

192(U, v, U))

3.8
552960 (3-8

’HB,L%(f)‘ =
where J5 : R3 — R is defined as
9o (u, v, w) = (4 — u?) (36u4v + 12u%0? + 108utv® + 75utv?
+ (4 — u?) (56u*v® + 12u*v* + 3040%)
n (144u3(1 + 30) + 24uv(4 — u?)(11 + 211)) (1 - v?)w
+48 <9u2v + (4 —u?)(5+ 122)> (1 —vH)w?
+ 144(3u® 4+ 2(4 — v?)v) (1 — v?) (1 — w?)). (3.9)

It remains to maximize ¥; on 9 : [0,2] x [0,1] x [0, 1].
A. On the vertices of (2o, from (3.9), we obtain

792(07070) = 792<27070) - 192(27 170) - 192(27 17 1) - 192(27070) = 07
92(0,0,1) = 3840, 92(0,1,0) = 95(0, 1, 1) = 4864.

B. On the edges of {29, in view of (3.9) as follows:
(i) v=0,v=0,0<w<1, then

92(0,0,w) = 3840w? < 3840;
(i) vu=0,v=1,0<w <1, then
92(0,1, w) = 4864;

(i) v=0, w=0, 0 <wv <1, then

92(0,v,0) = 4608v + 2560° < 4864;
(iv) u=0,w=1,0<wv<1, then

92(0,v,1) = 3840 — 30720? + 4864v° — 768v*

= 3840 — 30720° 4 102403 + 38400v% — 768v*

< 4864 — 3072v% + 384003 — 768v"

< 4864 — 768(4 — v)(1 — v)v? < 4864;
V) v=0,w=0,0<u<2, then

92(u,0,0) = 432u%(4 — u?) < 1728 for u = V2;
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Vi) v=0,w=1,0<u<2, then
92(u,0,1) = 3840 — 19200 4 576u> + 240u? — 1444°
= 3840 — 960(2 — u)u® — 192(2 — u)u® + 48u* — 1444°
< 3840 + 48u* < 4608;
vi) v=1, w=0,0<u<2andv=1 w=1, 0<u<2, then
Va(u, 1, w) = 4864 — 1296u? + 624u* — 151u°
— 4864 — 3(4 — u?)(108 — 25u?)u? — 76u’ < 4860;

(i) u=2,v=0,0<w<l,oru=2,v=1,0<w<l,oru=2, w=0,0<v<1,or
u=2 w=1,0<wv <1, then

¥2(2,v,w) = 0.

C. On the faces (2o, from (3.9), we have:
) u=20<v<l1 0<w<]1, then

92(2,v,w) = 0;
(i) v=0,0<v<1, 0<w<l,then
92(0, v, w) = 4608v + 256v° + (3840 — 4608v — 3072v* 4 4608v> — 768v*)w?
= 4608v 4 256v° + 768(5 — v)(—1 4+ v)*(1 4 v)w?
< 46080 + 2560° + 768(5 — v)(—1 + v)*(1 + v)
= 3840 — 30720% + 4864v> — 768v? < 4860 (. B(iv));
(i) v=0,0<u<2, 0<w<1, then
91 (u, 0, w) = 1728u® — 432u* + (576u> — 144u°)w + (3840 — 3648u” + 672u’)w?
= 1728u? — 432u* + (576u> — 144u’)w + 96(4 — u?)(10 — Tu?)w?
< 1728u? — 432u* + (576u® — 144u®)w + 96(4 — u?)(10 — 2u?)w?
< 1728u? — 432u* + (576u> — 144u°) + 96(4 — u?)(10 — 2u?)
= 3840 — 500(2 — w)u? + 76u® — 240ut — 14445
< 3840 4 76u® < 4448;

(iv) v=1,u € (0,2), w € (0,1), then, we observe that the function J5(u, 1, w) is independent
of w, from B(vii), we have

Va(u, 1, w) < 4864;
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(v) w=0 for (u,v) € (0,2) x (0,1), then
Da(u,v,0) = (4 — u?)[432u” + (1152 — 288u® + 36u*)v — (420u” — THu')v?
+ (64 + 208u? + 52u)v? + (48u? — 12u*)v?]
< (4 —u?)[432u® + (1152 — 288u? + 36u*)v — (420u® — THu')v?
+ (64 + 208u? + 52ut)v? + (48u? — 12u*)v?]
= (4 — u?)[432u” + (1152 — 288u® + 36u)v + (64 — 164u® + 115u*)v?]
= (4 — u?)[432u” + (1152 — 288u® + 36u*) + (64 — 164u® + 115u?)]
= 4864 — 1296u> 4 624u* — 151u’ < 4864 (. B(vii));
(vi) w =1 for (u,v) € (0,2) x (0,1), then
Yo(u,v,1) = (4 — u2) (36u4v + 120202 + 108u*v® + T5utv?
+ (4 — u?) (56uv® + 12u*v* + 3040%)

+ (144u®(1 + 3v) + 24uv(4 — w?) (11 + 20)) (1 — v?)
+48(9u%v + (4 — u2)(5+v2)) (1 — v2)>

= ga(u,v) with we (0,2) and v e (0,1).

By a numerical computation, it observe that all the real solutions (u,v) € (0,2) x (0,1) of the
system of equation

6892 = 6(—64@(—11 — 20 + 11v% + 20%) + udv(—36 — 750 — 5202 + 120°)
u

—20u* (6 + Tv — 8v* — Tv® + 2u%) + 96u?(3 — 20 — 5v? + 207 + 2v%)
— 32u3(—=5 + 6v — 202 — 150° + 30?)

+ 16u(—40 + 36v + 330% — 680° + 121}4)) —0
and
092

T2 = 6(—4+u?) (szv(s — 190 + 402) + ut(—6 — 250 — 260° + 8v°)
v

— 40 (T — 160 — 210 + 8v%) + 16u(—11 — 4v + 33v% + 8v°)
— 4?(18 + 170 — 6402 + 16v3)) —0

are the following:

(ug, v4) ~ (1.06135,0.690822),  (us,vs) ~ (0.539801,0.888371)

and  (ug,ve) ~ (0.0690861,0.0570909).
But 192(U4, V4, 1) ~ 4769.23, 192(U5, Vs, 1) ~ 4565.82, 192(’&6, V6, 1) =~ 3839.18.
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Therefore, ¥2(u, v, 1) < 4769.23 on the face w = 1.
D. Now we consider the interior 2.
We can rewrite Y2 (u, v, w) as
9o (u, v, w) = (4 — u?) <36u4v + 12u20? + 108utv® + 75u'v?
+ (4 — u?) (56u?v® + 12u%v* + 3040%)
+ (144u3(1 + 3v) + 24uv(4 —u?)(11 + 21))) (1—v*)w

+48 [9u2v + (4 —u?)(5+v?)

~ 144(3u® + 2(4 — u2)v)] (1 — v?)w?

+ 144(3u* + 2(4 — w?)v) (1 — v2)>.
Case 1. If Quv+ (4 —u?)(5+v?) — 144(3u? 4+ 2(4 —u?)v) > 0, then ¥2(u, v, w) is an increase
function of w. Hence, ¥2(u, v, w) < 9a(u,v,1).
Case 2. If 9u?v + (4 — u?) (5 + v?) — 144(3u® + 2(4 — u?)v) < 0, then
91 (u, v, w) < (4 — u?) (36u4v + 12u20? + 108u*v® + T5uv?
+ (4 —u?) (56u2v3 + 12uv? + 3047)3)

+ (144u3(1 + 3v) + 24uv(4 — u?)(11 + 21})) (1—vHw
+ 144(3u® + 2(4 — u2)v)(1 - 1)2))

< (4-u?) (36u4v + 12u%0? + 108u'v® + 75u'v?
+ (4 — u?) (56u?v® + 12u%v* + 3040%)

+ (144u3(1 +30) + 24uv(4 — u?)(11 + 21})) (1—0?)
+144(3u® +2(4 — u®)v) (1 — v2)>

= ha(u,v) with u € (0,2) and v € (0, 1).
Note that all the real solution (u,v) € (0,2) x (0,1) of the system of equation

%h? = 3456u + 1728u* — 1728u® — 720u* + 4224v — 4608uv
u

— 1152u%v + 1728u3v — 840u'v — 216u°v + T68v>
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— 3360uv? — 2880u*v? + 2880u3v? + 960u’v?

— 450u°v? — 422403 4+ 1536uv® + 11520203 + 840utv?
— 312u°0v® — 768v* + 384uv* + 1152u%v* — 384u3v?
— 240u*v? + 720’0 =0

and

oh
8—2 = 4608 + 4224u — 2304u> — 384u> + 432u* — 168u° — 36u°
(v

+ 1536uv — 3360uv — 1920uv + 1440u*v + 384u5v
— 150u8v + 7680v% — 12672uv? + 2304u%v? + 1152u30?
+ 504u°v? — 156u%0? — 3072uv® + 768u20?
+ 1536u3v® — 384utv?® — 1920503 + 48uSv3 = 0
by a numerical computation are the following:
(u7,v7) = (1.21171,0.674712)  and  (ug,vs) =~ (0.647547,0.887607).

But ho(uy,vy) ~ 4772.04 and hi(us,vs) ~ 4516.37. Therefore, from cases 1 and 2, we have
Va(u, v, w) < 4864.
In review of cases A, B, C and D, we obtain

max {ﬁQ(U,v,w) <4864 u € [0,2],v € [0,1] and w € [0, 1]}. (3.10)

Symplifying the expressions (3.9) and (3.10), we get

19
H < —. 3.11
|Hs1(f)] < 5160 (3.11)
For py € P, we obtain ag = a4 = 0, a3 = —1/6 and a5 = —1/40, which follows the equality

in (3.11).
Theorem 3.2 is proved.
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