
DOI: 10.3842/umzh.v76i7.7524

UDC 517.5

Biswajit Rath1, K. Sanjay Kumar (Department of Mathematics, GITAM School of Science, GITAM (Deemed to

be University), Visakhapatnam, India),
D. Vamshee Krishna (North-Eastern Hill University (NEHU), Umshing Mawkynroh, Shillong, Meghalaya, India),
G. K. Surya Viswanadh (Department of Mathematics, GITAM School of Science, GITAM (Deemed to be University),

Visakhapatnam, India)

THE SHARP BOUND OF THE THIRD HANKEL DETERMINANT
FOR CERTAIN SUBFAMILIES OF ANALYTIC FUNCTIONS

ТОЧНА ГРАНИЦЯ ДЛЯ ТРЕТЬОГО ВИЗНАЧНИКА ГАНКЕЛЯ
ДЛЯ ДЕЯКИХ ПIДСIМЕЙ АНАЛIТИЧНИХ ФУНКЦIЙ

We study an upper bound and the sharp bound of the third-order Hankel determinant for some subfamilies of analytic
functions for the parameters \alpha \in (1, 4/3] and \alpha = 3/2, respectively, also proving the recent conjecture for the sharp
bounds made in [Virendra Kumar, Sushil Kumar, V. Ravichandran, Third Hankel determinant for certain classes of analytic
functions, Mathematical Analysis I: Approximation Theory, February (2020); DOI: 10.1007/978-981-15-1153-019].

Дослiджено верхню та точну границю визначника Ганкеля третього порядку для певних пiдсiмей аналiтичних
функцiй та параметрiв \alpha \in (1, 4/3] та \alpha = 3/2, вiдповiдно, а також доведено нещодавню гiпотезу для точних
границь, наведену в [Virendra Kumar, Sushil Kumar, V. Ravichandran, Third Hankel determinant for certain classes of
analytic functions, Mathematical Analysis I: Approximation Theory, February (2020); DOI: 10.1007/978-981-15-1153-019].

1. Introduction. Denote \scrH the family of all analytic functions in unit disk \BbbD = \{ z \in \BbbC : | z| < 1\} 
and \scrA be the subfamily of functions f normilized by the conditions f(0) = f \prime (0)  - 1 = 0, i.e., of
the type

f(z) =
\infty \sum 
n=1

anz
n, a1 := 1, (1.1)

and \scrS be the subfamily of \scrA , possessing univalent (schlicht) mappings. A typical problem in
geometric function theory is to study a functional made up of combination of the coefficients of the
original functions. For the positive integers r, n, Pommerenke [16] characterized the rth-Hankel
determinant of nth-order for f given in (1.1), defined as follows:

Hr,n(f) =

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 

an an+1 \cdot \cdot \cdot an+r - 1

an+1 an+2 \cdot \cdot \cdot an+r

...
...

. . .
...

an+r - 1 an+r \cdot \cdot \cdot an+2r - 2

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
. (1.2)

The problem of finding sharp estimates of the third Hankel determinant obtained for r = 3 and
n = 1 in (1.2), given by
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H3,1(f) :=

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
a1 = 1 a2 a3

a2 a3 a4

a3 a4 a5

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| = 2a2a3a4  - a33  - a24 + a3a5  - a22a5, (1.3)

is technically much tough than r = n = 2, i.e., | H2,2(f)| := | a2a4  - a23| .
In recent years, many authors are working on obtaining upper bounds (see [2, 4, 9, 12, 14])

and a few papers were devoted to the estimation of sharp upper bound to H3,1(f), for certain
subclasses of analytic functions (see [3, 7, 8, 10, 18 – 22]). Recently, Prajapat et al. [17] obtained
an upper bound to H3,1(f), for the classes \scrM (\alpha ) and \scrN (\alpha ), \alpha > 1, studied by Nishiwaki et
al. [13] defined as Re\{ zf \prime (z)/f(z)\} < \alpha and Re\{ 1 + zf \prime \prime (z)/f \prime (z)\} < \alpha , respectively, when
\alpha = 3/2. Further, these bounds were refined by Kumar et al. [24], obtained as (579 + 8

\surd 
3)/1728

and (144431+96
\surd 
141)/6497280, respectively, which are not sharp, they also conjectured the sharp

bounds for \scrM (3/2) and \scrN (3/2) as 119/576 and 19/2160, respectively. For 1 < \alpha \leq 4/3, the
classes M(\alpha ) and N(\alpha ), were investegated by Uralegaddi et al. [23]. Motivated by these results, in
this paper we obtain sharp estimates for H3,1(f) for the classes \scrM (3/2) and \scrN (3/2), upper bounds
to H3,1(f) for the classes \scrM (\alpha ) and \scrN (\alpha ), 1 < \alpha \leq 4/3.

The collection \scrP , of all functions p, each one called as Carathéodory function [5] of the form,

p(z) = 1 +

\infty \sum 
t=1

ctz
t, (1.4)

having a positive real part in \BbbD .
The foundation in proving our main results are the following lemmas and we adopt the procedure

framed through Libera and Zlotkiewicz [11].

Lemma 1.1 [6]. If p \in \scrP , then | ci  - \mu cjci - j | \leq 2 satisfies for the values i, j \in \BbbN with i > j

and \mu \in [0, 1], which is same as | cn+k  - \mu cnck| \leq 2 for n, k \in \BbbN with \mu \in [0, 1].

Lemma 1.2 [15]. For p \in \scrP , then | ct| \leq 2 for t \in \BbbN , equality occurs for the function p(z) =
(1 + z)/(1 - z), z \in \BbbD .

Lemma 1.3. For p \in \scrP , then | cmcn - \lambda ckcl| \leq 4 for m+n = k+ l with m,n, k, l \in \BbbN , where
\lambda \in [0, 1].

Proof. Consider

cmcn  - \lambda ckcl = cmcn  - cm+n + cm+n  - \lambda ckcl.

By using the condition m+ n = k + l in the above expression, we have

cmcn  - \lambda ckcl = cmcn  - cm+n + ck+l  - \lambda ckcl.

Taking modulus on both sides of the above expression, applying the triangle inequality and then
Lemma 1.1, we obtain

| cmcn  - \lambda ckcl| \leq | cmcn  - cm+n| + | ck+l  - \lambda ckcl| \leq 2 + 2 = 4.
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Lemma 1.4. If p \in \scrP , is of the form (1.4) with c1 \geq 0, such that c1 \in [0, 2], then

2c2 = c21 + t\mu ,

4c3 = c31 + 2c1t\mu  - c1t\mu 
2 + 2t

\bigl( 
1 - | \mu | 2

\bigr) 
\rho ,

and

8c4 = c41 + 3c21t\mu +
\bigl( 
4 - 3c21

\bigr) 
t\mu 2 + c21t\mu 

3

+ 4t
\bigl( 
1 - | \mu | 2

\bigr) \bigl( 
1 - | \rho | 2

\bigr) 
\psi + 4t

\bigl( 
1 - | \mu | 2

\bigr) \bigl( 
c1\rho  - c1\mu \rho  - \=\mu \rho 2

\bigr) 
,

where t := 4 - c21, for some \mu , \rho and \psi such that | \mu | \leq 1, | \rho | \leq 1 and | \psi | \leq 1.

For c2 (see [15, p. 166]), c3 (see [11]) and c4 can found in [22].

Lemma 1.5 [1]. If p \in \scrP , then

| Jc31  - Kc1c2 + Lc3| \leq 2
\bigl( 
| J | + | K  - 2J | + | J  - K + L| 

\bigr) 
.

2. Bounds for \bfscrM (\bfitalpha ).

Theorem 2.1. If f \in \scrM (\alpha ), 1 < \alpha \leq 4

3
, then

\bigm| \bigm| H3,1,\alpha (f)
\bigm| \bigm| \leq 1

18

\bigl[ 
4\alpha 6  - 24\alpha 5 + 76\alpha 4  - 117\alpha 3 + 84\alpha 2  - 25\alpha + 2

\bigr] 
.

Proof. For f \in \scrM (\alpha ), there exists a analytic function p \in \scrP such that

\alpha f(z) - zf \prime (z) = (\alpha  - 1)p(z)f(z). (2.1)

Using the series representation for f and p in (2.1), a simple calculation gives

a2 =  - (\alpha  - 1)c1, a3 =
\alpha  - 1

2

\bigl[ 
(\alpha  - 1)c21  - c2

\bigr] 
,

a4 =  - \alpha  - 1

3

\biggl[ 
(\alpha  - 1)2c31

2
 - 3(\alpha  - 1)c1c2

2
+ c3

\biggr] 
(2.2)

and

a5 =
\alpha  - 1

4

\biggl[ 
(\alpha  - 1)3c41

6
 - (\alpha  - 1)2c21c2 +

4(\alpha  - 1)c1c3
3

+
(\alpha  - 1)c22

2
 - c4

\biggr] 
.

Substituting the values of a2, a3, a4 and a5 from (2.2) in (1.3), after simplifying, we get

H3,1,\alpha (f) =

\biggl[ 
 - (\alpha  - 1)6c61

144
 - (\alpha  - 1)5c41c2

48
 - (\alpha  - 1)4c21c

2
2

16

+
(\alpha  - 1)4c31c3

18
+

(\alpha  - 1)3c32
16

 - (\alpha  - 1)3c1c2c3
6

+
(\alpha  - 1)3c21c4

8
 - (\alpha  - 1)2c23

9
+

(\alpha  - 1)2c2c4
8

\biggr] 
. (2.3)
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Rearranging the terms in (2.3) in order to apply the lemmas specified in this paper, we obtain

H3,1,\alpha (f) =

\biggl[ 
c31

\biggl[ 
 - (\alpha  - 1)6c31

144
 - (\alpha  - 1)5c1c2

48
+

(\alpha  - 1)4c3
18

\biggr] 

+
(\alpha  - 1)3c22

16
[c2  - (\alpha  - 1)c21] +

(\alpha  - 1)3c1
8

[c1c4  - c2c3]

+
(\alpha  - 1)2

9
[c2c4  - c23] +

(\alpha  - 1)2c2
72

[c4  - 3(\alpha  - 1)c1c3]

\biggr] 
. (2.4)

Taking modulus on both sides of the expression (2.4), we have

\bigm| \bigm| H3,1,\alpha (f)
\bigm| \bigm| \leq \biggl[ | c1| 3\bigm| \bigm| \bigm| \bigm|  - (\alpha  - 1)6c31

144
 - (\alpha  - 1)5c1c2

48
+

(\alpha  - 1)4c3
18

\bigm| \bigm| \bigm| \bigm| 
+

(\alpha  - 1)3| c2| 2

16
| c2  - (\alpha  - 1)c21| +

(\alpha  - 1)3| c1| 
8

| c1c4  - c2c3| 

+
(\alpha  - 1)2

9
| c2c4  - c23| +

(\alpha  - 1)2| c2| 
72

| c4  - 3(\alpha  - 1)c1c3| 
\biggr] 
. (2.5)

Applying Lemmas 1.1, 1.2, 1.3, and 1.5 in (2.5), it simplifies to

\bigm| \bigm| H3,1,\alpha (f)
\bigm| \bigm| \leq 1

18

\bigl[ 
4\alpha 6  - 24\alpha 5 + 76\alpha 4  - 117\alpha 3 + 84\alpha 2  - 25\alpha + 2

\bigr] 
. (2.6)

Theorem 2.1 is proved.

Theorem 2.2. If f \in \scrM (3/2), then

\bigm| \bigm| H3,1, 3
2
(f)
\bigm| \bigm| \leq 3

16

and the inequality is sharp for p0(z) = (1 + z2)/(1 - z2).

Proof. For f \in \scrM (3/2), choosing \alpha = 3/2 in (2.3), we get

H3,1, 3
2
(f) =

1

9216

\bigl[ 
 - c61  - 6c41c2 + 32c31c3  - 36c21c

2
2 + 72c32

 - 192c1c2c3 + 144c21c4  - 256c23 + 288c2c4
\bigr] 
. (2.7)

In view of (2.7), using the values of c2, c3 and c4 from Lemma 1.4, gives
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6c41c2 = 3
\bigl[ 
c61 + c41t\mu 

\bigr] 
,

32c31c3 = 8
\bigl[ 
c61 + 2c41t\mu  - c41t\mu 

2 + 2c31t(1 - | \mu | 2)\rho 
\bigr] 
,

72c32 = 9
\bigl[ 
c61 + 3c41t\mu + 3c21t

2\mu 2 + t3\mu 3
\bigr] 
,

36c21c
2
2 = 9

\bigl[ 
c61 + 2c41t\mu + c21t

2\mu 2
\bigr] 
,

192c1c2c3 = 24
\bigl[ 
c61 + 3c41t\mu + 2c21t

2\mu 2  - c41t\mu 
2  - c21t

2\mu 3

+ 2t
\bigl( 
c31 + c1t\mu 

\bigr) \bigl( 
1 - | \mu | 2

\bigr) 
\rho 
\bigr] 
,

256c23 = 16
\bigl[ 
c6 + 4c4t\mu + 4c2t2\mu 2  - 2c4t\mu 2  - 4c2t2\mu 3 + c2t2\mu 4

+ 4t(c3 + 2ct\mu  - ct\mu 2)(1 - | \mu | 2)\rho + 4t2(1 - | \mu | 2)2\rho 2
\bigr] 
,

288c2c4 + 144c21c4 = 18
\bigl[ 
2c61 + 6c41t\mu + 2c21

\bigl( 
4 - 3c21

\bigr) 
t\mu 2 + 2c41t\mu 

3

+ 8c31t\mu (1 - \mu )
\bigl( 
1 - | \mu | 2

\bigr) 
\rho  - 8c21t

\bigl( 
1 - | \mu | 2

\bigr) 
\=\mu \rho 2

+ 8c21t
\bigl( 
1 - | \mu | 2

\bigr) \bigl( 
1 - | \rho | 2

\bigr) 
\xi + c41t\mu + 3c21t

2\mu 2

+
\bigl( 
4 - 3c21

\bigr) 
t2\mu 3 + c21t

2\mu 4 + 4t2c1\mu (1 - \mu )
\bigl( 
1 - | \mu | 2

\bigr) 
\rho 

 - 4t2
\bigl( 
1 - | \mu | 2

\bigr) 
| \mu | 2\rho 2 + 4t2

\bigl( 
1 - | \mu | 2

\bigr) \bigl( 
1 - | \rho | 2

\bigr) 
\mu \psi 
\bigr] 
.

(2.8)

Imputting the values from (2.8) in the expression (2.7), putting u := c1 and taking t = (4  - u2),

after simplifying, we have

H3,1, 3
2
(f) =

4 - u2

9216

\bigl[ 
u2\mu 

\bigl( 
u2(12 - 20\mu ) - 8\mu (2 + \mu  - \mu 2) + u2\mu 2(11 - 2\mu )

\bigr) 
+ 8u

\bigl( 
6u2  - 4\mu (13 + \mu ) - u2\mu (5 - \mu )

\bigr) 
(1 - | \mu | 2)\rho 

+ 432\mu 3  - 8
\bigl( 
18u2\=\mu + (4 - u2)(8 + | \mu | 2)

\bigr) 
(1 - | \mu | 2)\rho 2

+ 72(2u2 + (4 - u2)\mu )
\bigl( 
1 - | \mu | 2

\bigr) \bigl( 
1 - | \rho | 2

\bigr) 
\psi 
\bigr] 
. (2.9)

Taking modulus on both sides of (2.9), using | \mu | = v \in [0, 1], | \rho | = w \in [0, 1], c1 = u \in [0, 2] and
| \psi | \leq 1, we obtain

\bigm| \bigm| H3,1, 3
2
(f)
\bigm| \bigm| \leq \vargamma 1(u, v, w)

9216
, (2.10)

where \vargamma 1 : \BbbR 3 \rightarrow \BbbR is defined as

\vargamma 1(u, v, w) = (4 - u2)
\bigl[ 
12u4v + (16u2 + 20u4)v2

+ (432 - 8u2 + 11u4)v3 + (8u2  - 2u4)v4

+
\bigl( 
48u3 + 144u3v + 104u(4 - u2)v + 8u(4 - u2)v2

\bigr) 
(1 - v2)w

+
\bigl( 
64(4 - u2) + 144u2v + 8(4 - u2)v2

\bigr) 
(1 - v2)w2
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+ (144u2 + 72(4 - u2)v)
\bigl( 
1 - v2

\bigr) \bigl( 
1 - w2

\bigr) \bigr] 
. (2.11)

It remains to maximize \vargamma 1 on \Omega 1 : [0, 2]\times [0, 1]\times [0, 1].

A. On the vertices of \Omega 1, from (2.11), we get

\vargamma 1(0, 0, 0) = \vargamma 1(2, 0, 0) = \vargamma 1(2, 1, 0) = \vargamma 1(2, 1, 1) = \vargamma 1(2, 0, 1) = 0,

\vargamma 1(0, 0, 1) = 1024, \vargamma 1(0, 1, 0) = \vargamma 1(0, 1, 1) = 1728.

B. On the edges of \Omega 1, from (2.11), we obtain:
(i) u = 0, v = 0, 0 < w < 1, then

\vargamma 1(0, 0, w) = 1024w2 < 1024;

(ii) u = 0, v = 1, 0 < w < 1, then

\vargamma 1(0, 1, w) = 1728;

(iii) u = 0, w = 0, 0 < v < 1, then

\vargamma 1(0, v, 0) = 1152v + 576v3 < 1728;

(iv) u = 0, w = 1, 0 < v < 1, then

\vargamma 1(0, v, 1) = 1024 - 896v2 + 1728v3  - 128v4

= 1024 - 896v2 + 1024v3 + 704v3  - 128v4

< 1728 - 896v2 + 1024v3  - 128v4

= 1728 - 128(7 - v)(1 - v)v2 < 1728;

(v) v = 0, w = 0, 0 < u < 2, then

\vargamma 1(u, 0, 0) = 576u2  - 144u4 \leq 576 for u =
\surd 
2;

(vi) v = 0, w = 1, 0 < u < 2, then

\vargamma 1(u, 0, 1) = 1024 - 512u2 + 192u3 + 64u4  - 48u5

= 1024 - 256(2 - u)u2  - 32(2 - u)u3 + 32u4  - 48u5

< 1024 + 32u4 < 1536;

(vii) v = 1, w = 0, 0 < u < 2 or v = 1, w = 1, 0 < u < 2, then

\vargamma 1(u, 1, 0) = \vargamma 1(u, 1, 1) = 1728 - 368u2 + 148u4  - 41u6

= 1728 - 2u2(46 - 7u2)(4 - u2) - 27u6 < 1728;

(viii) u = 2, v = 0, 0 < w < 1, or u = 2, v = 1, 0 < w < 1, or u = 2, w = 0, 0 < v < 1, or
u = 2, w = 1, 0 < v < 1, then

\vargamma 1(2, v, w) = 0.
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C. On the faces of \Omega 1, from (2.11), we have:
(i) u = 2, v \in (0, 1) and w \in (0, 1), then

\vargamma 1(2, v, w) = 0;

(ii) u = 0, v \in (0, 1) and w \in (0, 1), then

\vargamma 1(0, v, w) = 1152v + 576v3 + (1024 - 1152v  - 896v2 + 1152v3  - 128v4)w2

= 1152v + 576v3 + 128(8 - v)( - 1 + v)2(1 + v)w2

< 1152v + 576v3 + 128(8 - v)( - 1 + v)2(1 + v)

= 1024 - 896v2 + 1728v3  - 128v4 < 1728 (\because B(iv));

(iii) v = 0, u \in (0, 2) and w \in (0, 1), then

\vargamma 1(u, 0, w) = (4 - u2)(48u3w + 64(4 - u2)w2 + 144u2(1 - w2))

= (4 - u2)(144u2 + 48u3w + 16(16 - 13u2)w2)

< (4 - u2)(144u2 + 48u3w + 16(16 - 4u2)w2)

< (4 - u2)(144u2 + 48u3 + 16(16 - 4u2)))

= 1024 + 64u2 + 192u3  - 80u4  - 48u5

< 1024 + 64u2 + 192u3  - 80u4 < 1536;

(iv) v = 1, u \in (0, 2), w \in (0, 1), then, we observe that the function \vargamma 1(u, 1, w) is independent
of w, from B(vii), we get

\vargamma 1(u, 1, w) < 1728;

(v) w = 0, (u, v) \in (0, 2)\times (0, 1), then

\vargamma 1(u, v, 0) = (4 - u2)
\bigl[ 
(12u4v + (16u2 + 20u4)v2 + (432 - 8u2 + 11u4)v3

+(8u2  - 2u4)v4 + (144u2 + 72(4 - u2)v)(1 - v2))
\bigr] 

= (4 - u2)
\bigl[ 
144u2 + (288 - 72u2 + 12u4)v + ( - 128u2 + 20u4)v2

+ (144 + 64u2 + 11u4)v3 + (8u2  - 2u4)v4
\bigr] 

< (4 - u2)
\bigl[ 
144u2 + (288 - 72u2 + 12u4)v + ( - 128u2 + 20u4)v2

+ (144 + 64u2 + 11u4)v2 + (8u2  - 2u4)v2
\bigr] 

= (4 - u2)
\bigl[ 
144u2 + (288 - 72u2 + 12u4)v + (144 - 56u2 + 29u4)v2

\bigr] 
< (4 - u2)

\bigl[ 
144u2 + (288 - 72u2 + 12u4) + (144 - 56u2 + 29u4)

\bigr] 
= (4 - u2)(432 + 16u2 + 41u4) < 1728 (\because B(vii));
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(vi) w = 1, u \in (0, 2), v \in (0, 1), then

\vargamma 1(u, v, 1) = (4 - u2)
\Bigl( 
12u4x+ (16u2 + 20u4)v2

+ (432 - 8u2 + 11u4)v3 + (8u2  - 2u4)v4

+ (1 - v2)(144u2v + 8(4 - u2)(8 + v2))

+ (1 - v2)
\bigl( 
48u3 + 144u3v + 8uv(4 - u2)(13 + v)

\bigr) \Bigr) 
:= g1(u, v) with u \in (0, 2) and v \in (0, 1).

Note that all the real solution (u, v) \in (0, 2)\times (0, 1) of the system of equation

\partial g1
\partial u

=  - 1024u+ 576u2 + 256u3  - 240u4 + 1664v + 1152uv  - 768u2v

 - 384u3v  - 200u4v  - 72u5v + 128v2 + 1024uv2  - 768u2v2 + 32u3v2

+ 280u4v2  - 120u5v2  - 1664v3  - 2080uv3 + 768u2v3

+ 784u3v3 + 200u4v3  - 66u5v3  - 128v4 + 192uv4

+ 192u2v4  - 96u3v4  - 40u4v4 + 12u5v4 = 0

and

\partial g1
\partial v

= 1664u+ 576u2  - 256u3  - 96u4  - 40u5  - 12u6  - 1792v

+ 256uv + 1024u2v  - 512u3v + 16u4v + 112u5v  - 40u6v + 5184v2

 - 4992uv2  - 3120u2v2 + 768u3v2 + 588u4v2 + 120u5v2  - 33u6v2

 - 512v3  - 512uv3 + 384u2v3 + 256u3v3  - 96u4v3  - 32u5v3 + 8u6v3 = 0

by a numerical computation are the following:

(u0, v0) \approx (0.782015, 0.889028) and (u1, v1) \approx (1.09323, 0.750188).

But \vargamma 1(u0, v0, 1) \approx 1565.83 and \vargamma 1(u1, v1, 1) \approx 1590.42.

D. Now we consider the interior of \Omega 1.

We can rewrite \vargamma 1(u, v, w) as

\vargamma 1(u, v, w) = (4 - u2)
\bigl[ 
12u4v + (16u2 + 20u4)v2

+ (432 - 8u2 + 11u4)v3 + (8u2  - 2u4)v4

+
\bigl( 
48u3 + 144u3v + 104u(4 - u2)v + 8u(4 - u2)v2

\bigr) 
(1 - v2)w

+
\bigl[ 
64(4 - u2) + 144u2v + 8(4 - u2)v2

 - (144u2 + 72(4 - u2)v)
\bigr] 
(1 - v2)w2

+ (144u2 + 72(4 - u2)v)
\bigl( 
1 - v2

\bigr) \bigr] 
.
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Case 1. If 64(4 - u2) + 144u2v + 8(4 - u2)v2  - (144u2 + 72(4 - u2)v) > 0, then \vargamma 1(u, v, w)
is an increase function of w. Hence, \vargamma 1(u, v, w) < \vargamma 1(u, v, 1).

Case 2. If 64(4 - u2) + 144u2v + 8(4 - u2)v2  - (144u2 + 72(4 - u2)v) \leq 0, then

\vargamma 1(u, v, w) \leq (4 - u2)
\bigl[ 
12u4v + (16u2 + 20u4)v2

+ (432 - 8u2 + 11u4)v3 + (8u2  - 2u4)v4

+
\bigl( 
48u3 + 144u3v + 104u(4 - u2)v + 8u(4 - u2)v2

\bigr) 
(1 - v2)w

+ (144u2 + 72(4 - u2)v)
\bigl( 
1 - v2

\bigr) \bigr] 
\leq (4 - u2)

\bigl[ 
12u4v + (16u2 + 20u4)v2

+ (432 - 8u2 + 11u4)v3 + (8u2  - 2u4)v4

+
\bigl( 
48u3 + 144u3v + 104u(4 - u2)v + 8u(4 - u2)v2

\bigr) 
(1 - v2)

+ (144u2 + 72(4 - u2)v)
\bigl( 
1 - v2

\bigr) \bigr] 
:= h1(u, v) with u \in (0, 2) and v \in (0, 1).

Note that all the real solution (u, v) \in (0, 2)\times (0, 1) of the system of equation

\partial h1
\partial u

= 1152u+ 576u2  - 576u3  - 240u4 + 1664v  - 1152uv

 - 768u2v + 480u3v  - 200u4v  - 72u5v + 128v2

 - 1024uv2  - 768u2v2 + 832u3v2 + 280u4v2  - 120u5v2

 - 1664v3 + 224uv3 + 768u2v3  - 80u3v3 + 200u4v3

 - 66u5v3  - 128v4 + 64uv4 + 192u2v4  - 64u3v4

 - 40u4v4 + 12u5v4 = 0

and

\partial h1
\partial v

= 1152 + 1664u - 576u2  - 256u3 + 120u4  - 40u5  - 12u6

+ 256uv  - 1024u2v  - 512u3v + 416u4v + 112u5v

 - 40u6v + 1728v2  - 4992uv2 + 336u2v2 + 768u3v2

 - 60u4v2 + 120u5v2  - 33u6v2  - 512uv3 + 128u2v3

+ 256u3v3  - 64u4v3  - 32u5v3 + 8u6v3 = 0

by a numerical computation are the following:

(u2, v2) \approx (1.20468, 0.70818) and (u3, v3) \approx (0.822847, 0.893599).
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But h1(u2, v2) \approx 1602.12 and h1(u3, v3) \approx 1558.5.

Therefore, from cases 1 and 2, we have \vargamma 1(u, v, w) < 1728.

In review of cases A, B, C and D, we obtained

\mathrm{m}\mathrm{a}\mathrm{x}
\bigl\{ 
\vargamma 1(u, v, w) : u \in [0, 2], v \in [0, 1] and w \in [0, 1]

\bigr\} 
= 1728. (2.12)

From expression (2.10) and (2.12), we get\bigm| \bigm| H3,1,, 3
2
(f)
\bigm| \bigm| \leq 3

16
.

For p0 \in \scrP , we obtain a2 = a4 = 0, a3 =  - 1/2 and a5 =  - 1/8, which follows the result.
Theorem 2.2 is proved.
3. Bounds for \bfscrN (\bfitalpha ).

Theorem 3.1. If f \in \scrN (\alpha ), 1 < \alpha \leq 4

3
, then

\bigm| \bigm| H3,1,\alpha (f)
\bigm| \bigm| \leq (\alpha  - 1)2

540

\Bigl( 
2(\alpha  - 1)4 + 12(\alpha  - 1)2 + 37(\alpha  - 1) + 18

\Bigr) 
.

Proof. For f \in \scrN (\alpha ), there exists a analytic function p \in \scrP such that

(\alpha  - 1)f \prime (z) - zf \prime \prime (z) = (\alpha  - 1)p(z)f \prime (z). (3.1)

Using the series representation for f and p in (3.1), a simple calculation gives

a2 =  - (\alpha  - 1)c1
2

, a3 =
\alpha  - 1

6

\bigl( 
(\alpha  - 1)c21  - c2

\bigr) 
,

a4 =  - \alpha  - 1

12

\biggl[ 
(\alpha  - 1)2c31

2
 - 3(\alpha  - 1)c1c2

2
+ c3

\biggr] (3.2)

and

a5 =
\alpha  - 1

20

\biggl[ 
(\alpha  - 1)3c41

6
 - (\alpha  - 1)2c21c2 +

4(\alpha  - 1)c1c3
3

+
(\alpha  - 1)c22

2
 - c4

\biggr] 
.

Substituting the values of a2, a3, a4 and a5 from (3.2) in (1.3), we have

H3,1,\alpha (f) =

\Biggl( 
 - (\alpha  - 1)6c61

8640
 - (\alpha  - 1)5c41c2

1440
 - 7(\alpha  - 1)4c21c

2
2

2880

+
(\alpha  - 1)4c31c3

720
+

(\alpha  - 1)3c32
2160

 - (\alpha  - 1)3c1c2c3
240

+
(\alpha  - 1)3c21c4

240
 - (\alpha  - 1)2c23

144
+

(\alpha  - 1)2c2c4
120

\Biggr) 
. (3.3)

Grouping the terms in (3.3) in order to apply the lemmas specified in this paper, we obtain

H3,1,\alpha (f) =

\Biggl( 
c31

\biggl( 
 - (\alpha  - 1)6c31

8640
 - (\alpha  - 1)5c1c2

1400
+

(\alpha  - 1)4c3
720

\biggr) 
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+
(\alpha  - 1)3c22

2160
[c2  - (\alpha  - 1)c21] - 

17(\alpha  - 1)3c21
4320

\biggl( 
c4  - 

\alpha  - 1

2
c22

\biggr) 

 - c1(\alpha  - 1)3

240

\biggl( 
c2c3  - 

1

18
c1c4

\biggr) 
+

(\alpha  - 1)2

120

\biggl( 
c2c4  - 

120

144
c23

\biggr) \Biggr) 
. (3.4)

Taking modulus on both sides of the expression (3.4), we get

\bigm| \bigm| H3,1,\alpha (f)
\bigm| \bigm| \leq \Biggl( | c1| 3\bigm| \bigm| \bigm| \bigm|  - (\alpha  - 1)6c31

8640
 - (\alpha  - 1)5c1c2

1400
+

(\alpha  - 1)4c3
720

\bigm| \bigm| \bigm| \bigm| 
+

(\alpha  - 1)3| c2| 2

2160
| c2  - (\alpha  - 1)c21| +

(\alpha  - 1)3| c1| 
240

\bigm| \bigm| \bigm| \bigm| c2c3  - 1

18
c1c4

\bigm| \bigm| \bigm| \bigm| 
+

(\alpha  - 1)2

120

\bigm| \bigm| \bigm| \bigm| c2c4  - 120

144
c23

\bigm| \bigm| \bigm| \bigm| + 17(\alpha  - 1)3| c1| 2

4320

\bigm| \bigm| \bigm| \bigm| c4  - \alpha  - 1

2
c22

\bigm| \bigm| \bigm| \bigm| 
\Biggr) 
. (3.5)

Applying Lemmas 1.1, 1.2, 1.3, and 1.5 in (3.5), upon simplification we have

\bigm| \bigm| H3,1,\alpha (f)
\bigm| \bigm| \leq (\alpha  - 1)2

540

\Bigl( 
2(\alpha  - 1)4 + 12(\alpha  - 1)2 + 37(\alpha  - 1) + 18

\Bigr) 
.

Theorem 3.1 is proved.
Theorem 3.2. If f \in \scrN (3/2), then\bigm| \bigm| H3,1, 3

2
(f)
\bigm| \bigm| \leq 19

2160

and the inequality is sharp for p1(z) = (1 + z2)/(1 - z2).

Proof. For f \in \scrN (3/2), choosing \alpha =
3

2
in (3.3), we obtain

H3,1, 3
2
(f) =

1

552960

\bigl( 
 - c61  - 12c41c2 + 48c31c3  - 84c21c

2
2 + 32c32

 - 288c1c2c3 + 288c21c4  - 960c23 + 1152c2c4
\bigr) 
. (3.6)

In view of Lemma 1.4, adopting the similar procedure as Theorem 2.2 and putting u := c1 and using
t = (4 - u2) in (3.6), we get

H3,1, 3
2
(f) =

4 - u2

552960

\Bigl( 
36u4\mu + 12u2\mu 2 + 108u4\mu 3  - 75u4\mu 2

+ (4 - u2)
\Bigl( 
56u2\mu 3 + 12u2\mu 4 + 304\mu 3

\Bigr) 
+
\Bigl( 
144u3(1 - 3\mu ) - 24(4 - u2)\mu (11 + 2\mu )

\Bigr) 
(1 - | \mu | 2)\rho 

 - 48
\bigl( 
9u2\=\mu + (4 - u2)(5 + | \mu | 2)

\bigr) 
1 - | \mu | 2)\rho 2

+ 144(3u2 + 2(4 - u2)\mu )
\bigl( 
1 - | \mu | 2

\bigr) \bigl( 
1 - | \rho | 2

\bigr) 
\psi 
\Bigr) 
. (3.7)
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Taking modulus on both sides of (3.7), using | \mu | = v \in [0, 1], | \rho | = w \in [0, 1], c1 = u \in [0, 2] and
| \psi | \leq 1, we have

\bigm| \bigm| H3,1, 3
2
(f)
\bigm| \bigm| \leq \vargamma 2(u, v, w)

552960
, (3.8)

where \vargamma 2 : \BbbR 3 \rightarrow \BbbR is defined as

\vargamma 2(u, v, w) = (4 - u2)
\bigl( 
36u4v + 12u2v2 + 108u4v3 + 75u4v2

+ (4 - u2)
\bigl( 
56u2v3 + 12u2v4 + 304v3

\bigr) 
+
\Bigl( 
144u3(1 + 3v) + 24uv(4 - u2)(11 + 2v)

\Bigr) 
(1 - v2)w

+ 48
\Bigl( 
9u2v + (4 - u2)(5 + v2)

\Bigr) 
(1 - v2)w2

+ 144(3u2 + 2(4 - u2)v)
\bigl( 
1 - v2

\bigr) \bigl( 
1 - w2

\bigr) \bigr) 
. (3.9)

It remains to maximize \vargamma 1 on \Omega 2 : [0, 2]\times [0, 1]\times [0, 1].

A. On the vertices of \Omega 2, from (3.9), we obtain

\vargamma 2(0, 0, 0) = \vargamma 2(2, 0, 0) = \vargamma 2(2, 1, 0) = \vargamma 2(2, 1, 1) = \vargamma 2(2, 0, 0) = 0,

\vargamma 2(0, 0, 1) = 3840, \vargamma 2(0, 1, 0) = \vargamma 2(0, 1, 1) = 4864.

B. On the edges of \Omega 2, in view of (3.9) as follows:
(i) u = 0, v = 0, 0 < w < 1, then

\vargamma 2(0, 0, w) = 3840w2 < 3840;

(ii) u = 0, v = 1, 0 < w < 1, then

\vargamma 2(0, 1, w) = 4864;

(iii) u = 0, w = 0, 0 < v < 1, then

\vargamma 2(0, v, 0) = 4608v + 256v3 < 4864;

(iv) u = 0, w = 1, 0 < v < 1, then

\vargamma 2(0, v, 1) = 3840 - 3072v2 + 4864v3  - 768v4

= 3840 - 3072v2 + 1024v3 + 3840v3  - 768v4

< 4864 - 3072v2 + 3840v3  - 768v4

< 4864 - 768(4 - v)(1 - v)v2 < 4864;

(v) v = 0, w = 0, 0 < u < 2, then

\vargamma 2(u, 0, 0) = 432u2(4 - u2) \leq 1728 for u =
\surd 
2;
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(vi) v = 0, w = 1, 0 < u < 2, then

\vargamma 2(u, 0, 1) = 3840 - 1920u2 + 576u3 + 240u4  - 144u5

= 3840 - 960(2 - u)u2  - 192(2 - u)u3 + 48u4  - 144u5

< 3840 + 48u4 < 4608;

(vii) v = 1, w = 0, 0 < u < 2 and v = 1, w = 1, 0 < u < 2, then

\vargamma 2(u, 1, w) = 4864 - 1296u2 + 624u4  - 151u6

= 4864 - 3(4 - u2)(108 - 25u2)u2  - 76u6 < 4860;

(viii) u = 2, v = 0, 0 < w < 1, or u = 2, v = 1, 0 < w < 1, or u = 2, w = 0, 0 < v < 1, or
u = 2, w = 1, 0 < v < 1, then

\vargamma 2(2, v, w) = 0.

C. On the faces \Omega 2, from (3.9), we have:
(i) u = 2, 0 < v < 1, 0 < w < 1, then

\vargamma 2(2, v, w) = 0;

(ii) u = 0, 0 < v < 1, 0 < w < 1, then

\vargamma 2(0, v, w) = 4608v + 256v3 + (3840 - 4608v  - 3072v2 + 4608v3  - 768v4)w2

= 4608v + 256v3 + 768(5 - v)( - 1 + v)2(1 + v)w2

< 4608v + 256v3 + 768(5 - v)( - 1 + v)2(1 + v)

= 3840 - 3072v2 + 4864v3  - 768v4 < 4860 (\because B(iv));

(iii) v = 0, 0 < u < 2, 0 < w < 1, then

\vargamma 1(u, 0, w) = 1728u2  - 432u4 + (576u3  - 144u5)w + (3840 - 3648u2 + 672u4)w2

= 1728u2  - 432u4 + (576u3  - 144u5)w + 96(4 - u2)(10 - 7u2)w2

< 1728u2  - 432u4 + (576u3  - 144u5)w + 96(4 - u2)(10 - 2u2)w2

< 1728u2  - 432u4 + (576u3  - 144u5) + 96(4 - u2)(10 - 2u2)

= 3840 - 500(2 - u)u2 + 76u3  - 240u4  - 144u5

< 3840 + 76u3 < 4448;

(iv) v = 1, u \in (0, 2), w \in (0, 1), then, we observe that the function \vargamma 2(u, 1, w) is independent
of w, from B(vii), we have

\vargamma 2(u, 1, w) < 4864;
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(v) w = 0 for (u, v) \in (0, 2)\times (0, 1), then

\vargamma 2(u, v, 0) = (4 - u2)
\bigl[ 
432u2 + (1152 - 288u2 + 36u4)v  - (420u2  - 75u4)v2

+ (64 + 208u2 + 52u4)v3 + (48u2  - 12u4)v4
\bigr] 

< (4 - u2)
\bigl[ 
432u2 + (1152 - 288u2 + 36u4)v  - (420u2  - 75u4)v2

+ (64 + 208u2 + 52u4)v2 + (48u2  - 12u4)v2
\bigr] 

= (4 - u2)
\bigl[ 
432u2 + (1152 - 288u2 + 36u4)v + (64 - 164u2 + 115u4)v2

\bigr] 
= (4 - u2)

\bigl[ 
432u2 + (1152 - 288u2 + 36u4) + (64 - 164u2 + 115u4)

\bigr] 
= 4864 - 1296u2 + 624u4  - 151u6 < 4864 (\because B(vii));

(vi) w = 1 for (u, v) \in (0, 2)\times (0, 1), then

\vargamma 2(u, v, 1) = (4 - u2)
\Bigl( 
36u4v + 12u2v2 + 108u4v3 + 75u4v2

+ (4 - u2)
\bigl( 
56u2v3 + 12u2v4 + 304v3

\bigr) 
+
\bigl( 
144u3(1 + 3v) + 24uv(4 - u2)(11 + 2v)

\bigr) 
(1 - v2)

+ 48
\bigl( 
9u2v + (4 - u2)(5 + v2)

\bigr) 
(1 - v2)

\Bigr) 
:= g2(u, v) with u \in (0, 2) and v \in (0, 1).

By a numerical computation, it observe that all the real solutions (u, v) \in (0, 2) \times (0, 1) of the
system of equation

\partial g2
\partial u

= 6
\Bigl( 
 - 64v( - 11 - 2v + 11v2 + 2v3) + u5v( - 36 - 75v  - 52v2 + 12v3)

 - 20u4(6 + 7v  - 8v2  - 7v3 + 2v4) + 96u2(3 - 2v  - 5v2 + 2v3 + 2v4)

 - 32u3( - 5 + 6v  - 2v2  - 15v3 + 3v4)

+ 16u( - 40 + 36v + 33v2  - 68v3 + 12v4)
\Bigr) 
= 0

and
\partial g2
\partial v

= 6( - 4 + u2)
\Bigl( 
32v(8 - 19v + 4v2) + u4( - 6 - 25v  - 26v2 + 8v3)

 - 4u3(7 - 16v  - 21v2 + 8v3) + 16u( - 11 - 4v + 33v2 + 8v3)

 - 4u2(18 + 17v  - 64v2 + 16v3)
\Bigr) 
= 0

are the following:

(u4, v4) \approx (1.06135, 0.690822), (u5, v5) \approx (0.539801, 0.888371)

and (u6, v6) \approx (0.0690861, 0.0570909).

But \vargamma 2(u4, v4, 1) \approx 4769.23, \vargamma 2(u5, v5, 1) \approx 4565.82, \vargamma 2(u6, v6, 1) \approx 3839.18.
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Therefore, \vargamma 2(u, v, 1) \leq 4769.23 on the face w = 1.

D. Now we consider the interior \Omega 2.

We can rewrite \vargamma 2(u, v, w) as

\vargamma 2(u, v, w) = (4 - u2)

\biggl( 
36u4v + 12u2v2 + 108u4v3 + 75u4v2

+ (4 - u2)
\bigl( 
56u2v3 + 12u2v4 + 304v3

\bigr) 
+
\Bigl( 
144u3(1 + 3v) + 24uv(4 - u2)(11 + 2v)

\Bigr) 
(1 - v2)w

+ 48
\Bigl[ 
9u2v + (4 - u2)(5 + v2)

 - 144(3u2 + 2(4 - u2)v)
\Bigr] 
(1 - v2)w2

+ 144(3u2 + 2(4 - u2)v)
\bigl( 
1 - v2

\bigr) \biggr) 
.

Case 1. If 9u2v+(4 - u2)(5+v2) - 144(3u2+2(4 - u2)v) > 0, then \vargamma 2(u, v, w) is an increase
function of w. Hence, \vargamma 2(u, v, w) < \vargamma 2(u, v, 1).

Case 2. If 9u2v + (4 - u2)(5 + v2) - 144(3u2 + 2(4 - u2)v) \leq 0, then

\vargamma 1(u, v, w) \leq (4 - u2)

\biggl( 
36u4v + 12u2v2 + 108u4v3 + 75u4v2

+ (4 - u2)
\bigl( 
56u2v3 + 12u2v4 + 304v3

\bigr) 
+
\Bigl( 
144u3(1 + 3v) + 24uv(4 - u2)(11 + 2v)

\Bigr) 
(1 - v2)w

+ 144(3u2 + 2(4 - u2)v)
\bigl( 
1 - v2

\bigr) \biggr) 

\leq (4 - u2)

\biggl( 
36u4v + 12u2v2 + 108u4v3 + 75u4v2

+ (4 - u2)
\bigl( 
56u2v3 + 12u2v4 + 304v3

\bigr) 
+
\Bigl( 
144u3(1 + 3v) + 24uv(4 - u2)(11 + 2v)

\Bigr) 
(1 - v2)

+ 144(3u2 + 2(4 - u2)v)
\bigl( 
1 - v2

\bigr) \biggr) 
:= h2(u, v) with u \in (0, 2) and v \in (0, 1).

Note that all the real solution (u, v) \in (0, 2)\times (0, 1) of the system of equation

\partial h2
\partial u

= 3456u+ 1728u2  - 1728u3  - 720u4 + 4224v  - 4608uv

 - 1152u2v + 1728u3v  - 840u4v  - 216u5v + 768v2
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 - 3360uv2  - 2880u2v2 + 2880u3v2 + 960u4v2

 - 450u5v2  - 4224v3 + 1536uv3 + 1152u2v3 + 840u4v3

 - 312u5v3  - 768v4 + 384uv4 + 1152u2v4  - 384u3v4

 - 240u4v4 + 72u5v4 = 0

and

\partial h2
\partial v

= 4608 + 4224u - 2304u2  - 384u3 + 432u4  - 168u5  - 36u6

+ 1536uv  - 3360u2v  - 1920u3v + 1440u4v + 384u5v

 - 150u6v + 768v2  - 12672uv2 + 2304u2v2 + 1152u3v2

+ 504u5v2  - 156u6v2  - 3072uv3 + 768u2v3

+ 1536u3v3  - 384u4v3  - 192u5v3 + 48u6v3 = 0

by a numerical computation are the following:

(u7, v7) \approx (1.21171, 0.674712) and (u8, v8) \approx (0.647547, 0.887607).

But h2(u7, v7) \approx 4772.04 and h1(u8, v8) \approx 4516.37. Therefore, from cases 1 and 2, we have
\vargamma 2(u, v, w) < 4864.

In review of cases A, B, C and D, we obtain

\mathrm{m}\mathrm{a}\mathrm{x}
\Bigl\{ 
\vargamma 2(u, v, w) \leq 4864 : u \in [0, 2], v \in [0, 1] and w \in [0, 1]

\Bigr\} 
. (3.10)

Symplifying the expressions (3.9) and (3.10), we get\bigm| \bigm| H3,1(f)
\bigm| \bigm| \leq 19

2160
. (3.11)

For p0 \in \scrP , we obtain a2 = a4 = 0, a3 =  - 1/6 and a5 =  - 1/40, which follows the equality
in (3.11).

Theorem 3.2 is proved.
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