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Stochastic impulsive processes on superposition
of two renewal processes
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Abstract. Stochastic impulsive processes given by a sum of random
variables on superposition of two renewal processes are considered on
increasing time intervals.

Algorithms of average, diffusion approximation and large deviation
generators are realized in the series scheme with a small series parameter
under suitable scalings.
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1. Introduction

The Stochastic Impulsive Process (SIP) given by a sum of random
variables on the Markov chains is described by the superposition on two
Renewal Processes (RP)

n
Sn:u—i—Zozk(xk), n>0, So=uecR? (1.1)
k=1

The Markov chain xy, k > 0 is defined by the Markov Renewal Process
(MRP) |1, ch. 1] on the space E = {£+x; = > 0} with the sojourn times
0F(z) := 0 Az, x € Ry = (0, +00). Each of the two RP is defined by a
sum of positive i.i.d. random variables [2, S. 8.3|:

n
Ta =) O n>0, 15 =0, P(t)=P{ <t}, t>0. (12)
k=1
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The random variables (impulsive) ozf(x), x € Ry are given by the

distribution functions
Gi(A) =Pl{af(z) € A}, AeR%

The SIP is a particular case of the Random Ewvolution Process (REP)
[2]-

In our previous work [3] the SIP was considered on the MRP with the
merging phase space E = {+, —}.

The increments of the SIP (1.1)

AS,=8,-S, 1=af, n>0, zeR,

may be interpreted as a success ', or as a failure ;. This is the natural
interpretation of the SIP in the risk theory [5].

The asymptotical behaviour of the SIP in the series scheme (average
and diffusion approximation [2]|) and the scheme of asymptotically small
diffusion [4, 6] is considered.

The peculiarity of the MRP on the phase space £ = {+z; = > 0}
is that the stationary distribution of the Markov chain x,, n > 0 is
given in the explicit form (see Section 2). So, the algorithms of averaging
(Proposition 4.1) and diffusion approximation (Proposition 5.1) may be
realized effectively. Hence, the simplified models of the SIP may be used
in applications to the risk problems [5, S.6.5].

2. Superposition of two renewal processes

The renewal processes are defined by sum of positive valued random
variables, independent in common and identically distributed [1] (see also
2, S. 8.3]):

n
7’,2: :ZGIT, n >0, TOi:O, (2.1)
k=1

Pi(t)=P{O;F <t}, t>0, PL(0)=0.
The renewal processes can be given by the counting processes:
vi(t) :=max{n>0: 75 <t}, t>0.

The superposition of two renewal processes (2.1) is defined by the count-
ing process

v(t)=vy(t)+v_(t), t>0. (2.2)
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The superposition of two renewal processes (2.2) can be characterized
by the Markov Renewal Process (MRP) (1, ch. 1]

ZTp, On, m >0,
given on the phase space
E ={xz; = > 0}, (2.3)
with the sojourn times
05 (x) =0 ANz, xRy = (0,+00).

The symbols + or — in (2.3) are fixed the renewal moment of one or
another renewal processes (2.1). The continuous component z is fixed
the remainder time up to the renewal moment other renewal process in
(2.2).

The embedded Markov chain x,, n > 0, is given by the matrix of the
transition probabilities

rean =[O e

The specific property of the embedded Markov chain with the transi-
tion probabilities (2.4) is existence of the stationary distribution with the
densities

pi(x) = pPs(x), Pr(x):=1- Py(a),

p=(p+ +p_)71, Pt = /Pi(a;) dx. (25)
0

The stationary distribution on merged phase space E= {+, -1}, is given
by
P+ =ppr =A:/A, Ax=1/ps, A=A+ A_.

3. Storage Impulsive Process

The SIP on superposition of two renewal processes (2.2) is defined by
the sum of random variables take values in Euclidean space R%, d > 1

Sn:u—l—Zak(xk), n>0, So=ueR% (3.1)
k=1

The random variables a,f(:c), k > 1,z € Ry, are given by the distribution
functions on (R, R?)

Gi(A) =P{a;(v) € A}, AeR™
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Example 3.1. The risk process (3.1) constructed by the (positive) input
random variables az > 0, in the renewal moments of the renewal process
v4(t),t > 0, and by (negative) output random variables —c, > 0, in the
renewal moments of the renewal process v_(t),t > 0 that is

v (1) v—(t)
S(t)=u+ Z of — Z oy
k=1 k=1

The SIP (3.1) can be characterized by the generator of the two compo-
nents Markov chain
Sny Tp, n>0. (3.2)

Lemma 3.1. The two component Markov chain (3.2) is characterized
by the generator given on the vector test function ¢(u,x) = (p4(u,x),

o—(u,x)):
Lo(u,z) = PGo(u,z) — p(u, x), (3.3)

where the operator P is given by the matriz (2.4) and
_ |G+ 0] fer(w) _
Gow = |5 ¢ | (510) = (©ips. G ),

Gipt(u) = /Gi(dv)SOﬂ:(u+ v)
Rd

(3.4)

Remark 3.1. The generator (3.3) can be represented in scalar form:

Lip(u,z) = | GL(dv) | PL(dt)psL(u+ v,z —1t)
o]

o0

+/G;(dv)/Pi(dt)gng(u—i—v,t—m) — pi(u,x). (3.5)
R x

Proof of Lemma 3.1. The conditional expectation
LSO(U, :E) = E[@(Sn+1v anrl) - SD(U7 a:)\S’n = U, Tn = :EQS‘]

is calculated directly:

Lig(u,x) = Elp(u + ang1, Tnt1) — @(u, )]
= GiPiSDi(U, .%') + G:F?:I:(P:F(ua .T}),
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where by definition

Po(x) ::/Pﬁ:<dt)90($_t)7 Py(z) ¢=/Pi(dt)w(t—x)-
0 x

Remark 3.2. The generator (3.3) can be transformed as follows:

Lo(u, z) = Qp(-, ) + P[G — I]p(u, z),
where by definition
Q=P—-1,

is the generator of the embedded Markov chain x,, n > 0, given by the
transition probabilities (2.4).

The two component Markov chain, given by the generator (3.3), is
characterized by the martingale with respect to the standard o-algebras

fn = U{(Sk,.%‘k), 0 S k S n}
Hn+1 = (P(Sn-‘rla xn-‘rl) - (P(u7 {L') - Z L@(Skﬂ xk) (36)
k=1

The martingale characterization (3.6) of the SIP (3.1) will be used in
asymptotical analysis on increasing time intervals in the series scheme
with the small parameter series ¢ — 0 (¢ > 0).

4. SIP in the average scheme

The SIP in the series scheme with the small parameter series ¢ —
0 (¢ > 0), is considered in the following scaling:

[t/e]
Se(t) :u—I—z—:Z@k(xk), t>0, >0, ueR: (4.1)
k=1

The averaging behavior of the SIP is analyzed by using a martingale
characterization (3.6).

Lemma 4.1. The normalized SIP (4.1) can be characterized by the mar-
tingale

elt/e]
pE(t) = @(S5°(t), 2°(t)) — (5°(0),2°(0)) — / Lo (5°(h), 2°(h)) dh.
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The compensating generator is such that

Lép(u,z) = e 1Qup(-, z) + P(z)Gp(u, x), (4.2)
where
o [Pr@) Pr@)] 5oy poa
Pe) = 570 B Pew -1 »
G — [G(')i— C?E_] , GSp(u) /G,jE (dv)[e(u + ev) — @(u)]. .

Lemma 4.2. The generator (4.2)—(4.3) admits the following asymptotic
representation

Lip(u,z) = c7'Qp(-, ) + P(2)Gep(u, ) + 0f (x)p(u, z) (4.4)
with the negligible term
165 (2)p(u)] = 0, € = 0, p(u) € C3(RY).
The operator is defined as follows:
G = [CE)+ GO_] Gp(u) = gy (u), gs :—/vGi(dv). (4.5)
Rd

Proof of Lemma 4.2 follows from the Taylor expansion applied to the
formula (4.3).

Proposition 4.1. The finite-dimensional distributions of the SIP (4.1)
i the average scheme converges to

Se(t) = S°(t) =u+gt, t>0, e—0, (4.6)
where the velocity
9=p+9+ +p-g— = (Arg+ +A-g-)/A.

Proof. The generator of the normalized SIP (4.4)—(4.5) has the singular
perturbation form. The singular perturbed operator ) = P — I is re-
ducible invertible [2, ch. 5] with the projector on the null-space given by
the stationary distribution (2.5):

7 z)dz + 7OP+(x)<p_(a:) dm] .

0 0
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To get the limit operator the algorithm of solving of perturbation problem
2, ch. 5] can be used.
The generator (4.4)—(4.5) is considered on the perturbed test function

¢ (u, ) = p(u) +epi(u,x),  @(u) = (p(u), p(u)).
Let’s calculate:
Lfgf(u,x) = £ Qup(u) + [Qp1 + P(2)Go(u)] + &7 (z)p(u),  (4.7)
with the negligible term
167 (x)p(u)| = 0, =0, p(u) € C*RY).

The first term in (4.7) equals zero, because ¢(u) is a constant for the
generator (). The next term in (4.7) gives us a problem of singular per-
turbation

Qe1(u, z) + P(x)Ge(u) = L(u). (4.8)

The limit operator LY is determined by using solvability condition for
the equation (4.8) (see [2, ch. 5])

L' = TP (2) GIL. (4.9)

Let’s calculate (4.9) taking in mind (4.4)—(4.5):

= plGgip- + G_pi] = p+Gi 4+ p-G-
= ()\+G+ + )\_G_)/)\ = p+G+ -+ ,O_G_ = @

That is the limit generator

defines the deterministic drift in (4.6)

SOty =u+gt, t>0.
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5. SIP in the diffusion approximation scheme

The SIP in the series scheme with the small parameter series ¢ — 0
(¢ > 0), is considered in the following scaling:

[t/€]
Se(t)=u+e Z ap(zy), t>0, ueRY (5.1)
k=1

under the additional Balance Condition (BC):
g=p+9+ +p-g-=0. (5.2)
Proposition 5.1. The SIP (5.1) under BC' (5.2) converges weakly
SE(t) = we(t), €—0.

The limit Brownian motion ws(t), t > 0, is defined by the variance

o? =0} + 02, (5.3)

ol =p B +p_B., By= /U2Gi(dv), (5.4)
Ra

o = 2P (2)GRP(z)GIL (5.5)

The potential operator Rg is defined by a solution of the equation
QR =RyQ=11-1.

Remark 5.1. The component of variance (5.5) can be calculated by us-
ing the reducible inverse operator Ry to the generator @ of the embedded
Markov chain. That is an open problem (see [3]).

Proof of Proposition 5.1. As in previous section 3 the martingale charac-
terization of the SIP (5.1) is a starting point in asymptotic analysis. [

Lemma 5.1. The normalized SIP (5.1) can be characterized by the mar-
tingale

e2[t/e?]

pE(t) = @(5°(1), 2°(t) — p(u, x) — / Lop(5%(h), 2% (h)) dh. ~ (5.6)
0

The generator L of the two component Markov chain

Sp=5(m), x,=2%(7;), n=0,
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1s represented by
Lip(u,z) = [7%Q + P(2)G%p(u, z), (5.7)
e =[5 @] e - [t - sl 69
R

Lemma 5.2. The generator (5.7)—(5.8) admit the asymptotic represen-
tation on the smooth enough test function ¢(u) € C3(R9) :

Lep(u,x) = e 2Qp(, x) + £ 'P(2)Gep(u, x)
+ P(z)Bo(u, z) + 6 (x)p(u, x), (5.9)
with the negligible term
105(x)p(u, )| = 0, &—0, o(u,-) € C3RY).
Here
B - [BO* Boj . Big(u) = L Bao'(u)

Now a solution of singular perturbation problem [2, ch. 5, Proposi-
tion 5.2] is used on the perturbed test function

O (u, ) = p(u) + ep1(u, ) + 202 (u, z). (5.10)

Lemma 5.3. The generator (5.9) on the perturbed test function (5.10)
admit the asymptotic representation

L% (u, ) = Lo%(u) + & (2)p(u),
with the negligible term
105 (z)p(u)| = 0, € =0, p(u) € C3(RY).
The limit generator

1
Lop(u) = 50°9" (),

is the generator of the Brownian motion wy(t), t > 0, with the variance
(5.3)—(5.5).

Proof. Let’s calculate
Legf (u, x) = e 2Qep(u) + e~ [Qp1(u, ) + P(2)Gep(u)]

+[Qer + P@)Gr(u,2) + B@)o(w)] + 52 ()p(w),
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with the negligible term
|62 (2)p(u)] =0, € =0, p(u) € C3(RY).
The BC (5.2) can be represented as follows:
[P (z)GII = 0.
Hence there exists solution of the equation

Qp1(u, ) + P(2)Gep(u) = 0,
that is
¢1(u, 7) = RoG(z)p(u).

Now the next equation
1
Q¢2+ [P(2)GRP(@)G + 5B(x) | p(u) = L (u),
gives the limit generator

1
LOp(u) = 50%0" (u),
by using solvability condition:

Lo () = [IIP(2)G RoP () GII + %HB(JU)H o) = %a%p”(u).

6. Large deviation problem

The SIP in the scheme of asymptotically small diffusion is considered
in the following scaling:

[t/%]
SE(t)=u+e> D oplay), t>0, ueR? (6.1)
k=1
under additional BC (5.2).

Proposition 6.1. The large deviation problem for SIP (6.1) under the
BC (5.2) is realized by the exponential generator of asymptotically small
diffusion
1
Heplu) = o[ (w)]”. (6.2)
The variance is defined in (5.3)—(5.5).

Proof. The SIP (6.1) can be characterized by the exponential martingale
[4, Part TI]. O
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Lemma 6.1. The two component Markov process S¥(t), x°(t) := xy.3),
t > 0, is characterized by the exponential martingale

exp{p(5°(t),2°(t)) /e — »(5°(0),2°(0)) /¢

2t /<]
—et [ HESE(h), () R} = pE (1)
0
is Fi(S, x)-martingale.
The exponential generator
Hep(u, x) = e 2 In[e"?wo)/egepu)/e 1], (6.3)

The compensative generator

Lop(u,z) = [Q + P(2)G%lp(u, z),

_[Pr(x) Py(x) . [GE(x) 0
P(x) B |:P—i__($) Pj—(x)] ’ G = |: JE) GE_(.Z‘):| ) (6.4)
Lo = [ C@lotu+ <) — o]

R4
Note that the generators G& admit the asymptotic representation
Lo(u) = 292 (u) + 2050(u), (6.5)
with the negligible form |6z — 0, ¢ = 0, ¢ € C%(RY).

Note the exponential generator (6.3)—(6.5) is considered on the per-
turbing test function

o (u,x) = p(u) + eln[l 4+ epy (u, x) + ch(u, x)]. (6.6)

Lemma 6.2. The compensating operator (6.4) on the perturbing test
function (6.6) admits the asymptotic representation

H§ ¢ (u,2) = e ¥/ L5e? /% = £[Qypy + P(z)Gy]
+2[Qea — ©1Qp1 + Hy(x)p] + 55, (6.7)

with the negligible term |05p| — 0, € — 0, ¢ € C3(RY).
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Proof. The asymptotic representation (6.7) is the consequence of the
following asymptotic relations:

e ¢ EQe? e = e7P/E[1 + ep1 + 2o TIQ[L + 1 + 2 pa)e?/"
= Q1 +€°[Qp2 — p1Qep1] + %05,

e TP (2)Ge¥ /T = e /5 [1 41 4200 TP (2) G141 + 2 po)e?/*
= cP(2)Gy + £*[P(2) Gy + P(x) Hy(2)¢] + G50,

with the negligible terms d; ¢ and dg .
Now the singular perturbation problems are used for the equations

Qp1+P(2)Gp =0, Qp2—p1Qp1+ Hy(z)p = He. (6.8)
The first equation (6.8) under the BC (5.2) has the solution
1= RoP(z)Gyp, Qo1 =—-P(z)Ge.

Hence 1
—1Qp1 = Hy(z)p(u) := 503(96)[@’(@]2- (6.9)
The second equation (6.8) with (6.9) is transformed to
Qpa + [Hy(w) + Hy(x)]io(w) = Holw). (6.10)
The right part side in (6.10) is determined by the solvability condition:
H =11[Hy(x) + Hp(z)]1L (6.11)
O

Corollary 6.1. The exponential generator (6.3) admits the asymptotic
representation

HeG (u,) = Hop(uw) + 8i0(u), (6.12)
with the negligible term |05¢| — 0, € — 0, ¢ € C3(RY).
The proof of Proposition 6.1 is finished as follows. We consider (see
(6.7))
He @ (u,2) = e 2 In[1 + H5 ¢ (u,z))]
= e 2 [l + e?Hop(u) + 267 p(u)] = Hp(u) + 650,

with the negligible term 85, ¢ € C3 (R%). The limit exponential gener-
ator H is calculated in (6.11) using the representation (see (5.3)—(5.5))



378 STOCHASTIC IMPULSIVE PROCESSES...

7. Conclusion

This paper contains the three simplified approximation schemes for
the SIP given by a sum (1.1) of random variables defined on the Markov
renewal process: average (Section 4), diffusion approximation (Section 5)
and the scheme of asymptotically small diffusion (Section 6).

The considered simplification schemes may be effectively used in ap-
plications, partially in financial mathematics [7]. The initial SIP (1.1) or
(3.1), defined by two distribution functions G4 (A) of jumps and two dis-
tribution functions Py (t), given the renewal processes, may be simplified
in the average scheme by the deterministic drift process (4.6), given by
the four constants p+ and g+ which are the first moments of the renewal
times (p+) and the average jumps (g+).

The fluctuations of the SIP on increasing time intervals in diffusion
approximation scheme (Section 4) is described by the limit Brownian
motion (Proposition 5.1) given by the variance (5.3)—(5.5) defined by the
first two moments of jumps (g+ and By). The scheme of asymptotically
small diffusion (Section 6) represents the exponential generator of large
deviations used in the analysis of asymptotically small probabilities (see
4.

The initial definition of the SIP given in Section 2 may be easily
interpreted as the logistic problem. The positive jumps a;(:zr), k>0
are interpreted as a profits and the negative jumps o, (), k > 0 are the
losses.

The SIP on increasing time intervals may be approximated by the
well-known emery drift (Section 3) and in addition by the Brownian mo-
tion process of fluctuation.
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