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A truncated indefinite Stieltjes moment problem
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(Presented by M. M. Malamud)

Abstract. A truncated indefinite Stieltjes moment problem in the
class N¥ of generalized Stieltjes functions is studied. The set of solu-
tions of Stieltjes moment problem is described by Schur step-by-step
algorithm, which is based on the expansion of the solutions in a general-
ized Stieltjes continued fraction. The resolvent matrix is represented in
terms of generali-zed Stieltjes polynomials. A factorization formula for
the resolvent matrix is found.
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1. Introduction

The classical Stieltjes moment problem was studied in [23|. It consists
in the following:

Given a sequence of real numbers {s;}9°,, find a positive measure o
with a support on R, such that

s; = / t'do(t), i € Zy =NU{0}. (1.1)
R4

The problem (1.1) with a finite data set {s;}2%, is called the truncated
Stieltjes moment problem. The following inequalities

Snt1 = (si45)1 2 2 0, S = (sivj1)f 20 = 0 (1.2)

are necessary for solvability of the truncated Stieltjes moment problem.
If, additionally, the matrices S, 41 and S, are nondegenerate, then the
inequalities

Sn+1 >0 and S:_ >0
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are also sufficient for solvability of the truncated moment problem (1.1)
with the data set {s;}?7, (see [16]). The degenerate case of the truncated
Stieltjes moment problem was studied in [3].

Recall that a function f holomorphic on C\R is said to belong to
the class N (see [1, Section 3.1]) |22, Appendix]), if Imf(z) > 0 and
f(Z) = f(z) for all z € Cy. Clearly, the Stieltjes transform of o

() = /R o) co\R, (1.3)

+t—z

belongs to N. Moreover, f belongs to the Stieltjes class S consisting of
functions f € N which admit holomorphic and nonnegative continuations
to R_. By M.G. Krein’s criterion [15]

feES< feN and zfeN. (1.4)

By the Hamburger-Nevanlinna Theorem (see [1]) the truncated Stielt-
jes moment problem can be reformulated in terms of the Stieltjes trans-
form (1.3) of o as the following interpolation problem at co: Find f € S
such that

S0 S1 Son 1 -
flza)=—2—-Z — o — i +0<22n+1> , Z—00. (1.5)

The notation z—oo means that z — oo nontangentially, that is inside
the sector € < argz < 7 — ¢ for some € > 0.

A function f meromorphic on C\R with the set of holomorphy b is
said to be in the generalized Nevanlinna class N, (k € N), if for every
set z; € CoNhy (j =1,...,n) the form

y MG

t,j=1

has at most x and for some choice of z; (i = 1,...,n) it has exactly
negative squares. For f € Ny let us write k_(f) = k. In particular,
if Kk = 0 then the class Ny coincides with the class N of Nevanlinna
functions.

A function f € N is said to belong to the class N (see [17,18]) if
zf € N and to the class N¥ (k € N) if zf € N* (see [5,6]). In particular,
if kK = 0, then N0 = N+, and if Kk =0, k # 0 N(]f coincides with the
generalized Stieltjes class S introduced in [12,13].

In the present paper the following indefinite moment problem in the
classes N¥ is studied.
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Problem MP¥(s, (). Given /, k, k € Z,, and a sequence s = {si}fzo of
real numbers, describe the set M¥(s) of functions f € N¥ which have
the following asymptotic expansion

flz)=-2_2L ... _ T 4o <Z£+1> ,  Zoo. (1.6)

Indefinite moment problems in the classes N, were studied in [4,5, 14,
19]. Indefinite moment problems in the classes N and N¥ were studied
in [19,20] and [7,10], respectively.

This paper is a continuation of [10], where a Schur type algorithm for
the moment problem MP¥ (s, #) was elaborated. We restrict ourselves to
the case of a nondegenerate problem. Namely, if { = 2n — 1 the even
moment problem M P¥(s,2n — 1) is called nondegenerate if det S,, # 0.

Recall ([9]), that a number n; € N is called a normal index of the
sequence s, if det Sy, # 0. The ordered set of all normal indices

n<ng <---<ny

of the sequence s is denoted by N (s). With this notation the even moment
problem M P¥(s, 2n—1) is nondegenerate if n € A'(s). Let us set n := ny
and ¢ = 2ny — 1. In Theorem 4.2 we show that the nondegenerate even
moment problem M P¥(s,2ny — 1) is solvable if and only if

ki =v_(Spy) <k and ki = V,(S;'N) <k,

where v_(Sy, ) denotes the number of negative eigenvalues of S, with
account of multiplicities. Every solution f of the even moment problem
M PF(s,2nx — 1) admits the following representation

1
z) = , 1.7
)= — (17)

hiz)+---+ T
—zmpy(z) + NG +702)

where m;(z) and [;(z) are some polynomials determined by the data
_it

s= {5} and T € N]Z i’i and 7(2)~! = o(1), as z=5o0.
N

Furthermore, the continued fraction (1.7) is associated with the fol-
lowing system of difference equations

{ Y2it1 — Y2i—1 = —2miy1(2)y2, (1.8)
Y2i+2 — Y2i = liv1(2)y2it1-
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see [24, Section 1]. The polynomials P;"(z) and Q; (z), which satisfy the
system (1.8) and the following initial conditions

Pfl(z) =1, P0+(z) =0; Qfl(z) =0, Qar(z) =1

are called generalized Stieltjes polynomials.
In Theorem 5.5 it is shown that the formula (1.7) can be rewritten in
terms of the polynomials Q;N_l, Q;N, P2+N—1 and Q;N as follows

_ Qan_1(2)7(2) + Q3n(2)
Py 1(2)7(2) + Py (2)

f(2) (1.9)

The resolvent matrix of the even moment problem M P¥(s 2ny — 1)

Wan(2) = (Q;N—l(z) QJN(Z)) (1.10)

Pyy_1(2) Pyy(2)
admits the following factorization
Wan(z) = Mi(2)L1(z) ... Mn(2) LN (2), (1.11)

where the matrices M;(z) and L;(2) are defined by (4.12).

Analogous results for odd moment problem M P¥(s,2ny — 2) are
presented in Theorem 4.1 and Theorem 5.2. Sequences s = {Si}fzo which
satisfy the condition

det Sy #0 j=1,...,N, (1.12)

are called regular, [10]. The moment problem M P¥(s,¢) in the class
of regular sequences s = {s;}¢_, was studied in [10]. As was shown
in [10] the polynomials [;(z) in this case are reducing to constants and
the resolvent matrices L;(z) are changing accordingly.

2. Preliminaries

2.1. Generalized Nevanlinna and Stieltjes classes

Every real polynomial P(t) = p,t" +p,_1t* 1 +. ..+ pit+po of degree
v belongs to a class N, where the index k = k_(P) can be evaluated by
(see [17, Lemma 3.5])

H_(P):{ [ ], if p, < 0; and v is odd ; (2.1)

2
[%] , otherwise .

Proposition 2.1. ([17]) Let f € Ny, fi1 € Ny,, fo € Ni,. Then
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(1) _f_l € NH;
(2) fl + f2 € NH’; where k' < K1+ Ka;

(8) If, in addition, fi(iy) = o(y) as y — oo and fa is a polynomial,
then
fl + f2 € an_i,_HQ. (22)

(4) If a function f € N, has an asymptotic expansion (1.6), then there
exists k' < Kk, such that {Sj}?zo € Hu s

Proposition 2.2. ([10]) The following equivalences hold:
(1) feN} <= —; e N.&;
(2) f € NF«= 2f € N.", in particular, f € N} < zf € S,;;
(8) If a function f € N* has an asymptotic expansion (1.6) then

{sj}fzo € Hﬁive with k' <k, K <k. (2.3)

2.2. Normal indices

Recall that the set N (s) = {n; }é\le of normal indices of the sequence
s = {Sj}gzo is defined by
. —1
N(s)={nj: Dp; #0,j=1,2,...,N}, Dy, :=det(sisp); 4o (2.4)
Let us set D := det(8i+j+1)?;:10. By the Sylvester identity (see |9,

Proposition 3.1] or |7, Lemma 5.1] for detail), the set N (s) is the union
of two not necessarily disjoint subsets

N(s) = {Vj}jy:11 U {Mj}j'vzzp (2.5)
which are selected by
D, #0 and D;Lj_l #£0, forall j=1,N; (2.6)
and
Dy, #0 and Dy #0, forallj=1,No. (2.7)

Moreover, the normal indices v; and p; satisfy the following inequalities

0<1/1§u1<1/2§u2<... (2.8)
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For every n; € N(s) polynomials of the first and the second kind
Py, (z) and Qy,(2) can be defined by standard formulas

SO 81 .. S'ﬂ,]
P (z) = 5—det ,
g Snj—l STLJ' e 827’Lj—1 (29)
1 z e 2"

Qny () = &, 0,

where G, is the linear functional on the set of polynomial of formal degree
£, defined by

Gt =s;, i=0,1,...,1L

Definition 2.3. The sequences = {s;}¢_, is called regular (s € Hﬁ’;eg) if
and only if one of the following equivalent conditions holds
( [9, Lemma 3.1])

(1) Pn;(0) # 0 for every j < N;
(2) D;;—l £ 0 for every j < N;
(3) Dy # 0 for every j < N;

(4) vj = pj for all j, such that v;, uj € N(s).

2.3. Class U, (J) and linear fractional transformations

Let k1 € N and let J be the 2 x 2 signature matrix

0 —i
-3
A 2 x 2 matrix valued function W (z) = (w; (2))12,3‘:1 that is meromorphic

in C; is said to belong to the class U, (J) of generalized J-inner matrix
valued functions if (see [2], [8]):

(i) the kernel
J—W(z)JW(w)*

—i(z —w)

KV (z) = (2.10)

has k negative squares in ﬁ;rv X ﬁIJ/“V and

(ii) J = W(p)JW(u)* =0 for a.e. u€R,
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where YJ?/{/ denotes the domain of holomorphy of W in C;..
Consider the linear fractional transformation

Tw[T] = (qu(z) + wi2) (wa17(z) + wgg)fl (2.11)

associated with the matrix valued function W (z). The linear fractional
transformation associated with the product W;Ws of two matrix valued
function Wi (z) and Wa(z), coincides with the composition Ty, o Tyy,.
As is known, if W € U, (J) and 7 € Ny, then Ty [r] € N/, where
k' < K1+ ke, cf. [17, Satz 4.1]
In the present paper two partial cases, in which the preceding inequal-
ity becomes equality, will be needed.

Lemma 2.4. ([10]) Let m(z) be a real polynomial k1 = Kk_(zm), k1 =
k_(m), let M be a 2 x 2 matriz valued function

M(z):< ! 0) (2.12)

—zm(z) 1

and let T be a meromorphic function, such that 7(z)~! = o(2) as z7=oc.
Then M € Uy, (J) and the following equivalences hold:

T € Ny, <= Ti[7] € Nk, 410, (2.13)
7€ NR2 = Ty [r] e N1 TR (2.14)

Lemma 2.5. ([10]) Let l(z) be a real polynomial and indices k1 = k—_(1),
k1 = k_(zl(z)), let L be a 2 x 2 matriz valued function

L(z) = ((1) l(f)> (2.15)

and let T be a meromorphic function, such that 7(z)~' = o(1) as z—5oo.
Then L € Uy, (J) and the following equivalences hold:

TE ng — TL[T] € NH1+I€27

Te NP2 = Ty [r] € N1 T2

K1+rK2"

3. Basic moment problem in N¥

In this section we expose some material from [10] concerning the basic
odd and even moment problems in generalized Stieltjes class N¥ and
describe their solutions.
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3.1. Basic odd moment problem M P%(s 2, — 2)

An odd moment problem M P*(s,2n — 2) is called nondegenerate if
D,#0 and D}  #0. (3.1)

If, in addition, n = 14, € N (s), then the nondegenerate moment problem
MPF(s, 20y — 2) is called basic. In this case

N(s)={n} and sp=...=5,,2=0, s,,-1#0. (3.2)

The basic moment problem M P¥(s, 211 — 2) can be reformulated as
follows:
Given a sequence s = {si}?il(fQ, such that (3.2) holds, or equivalently
N(s) = {v1}. Find all functions f € N¥ which admit the asymptotic
expansion

Sui—1 52012 1 —~
f(z) = —j ----- 22;_1 +o (2,2:/1—1) ,  Z—00. (3.3)
Let s = {si}?ﬁ)—Q be a sequence of real numbers from H and let (3.2)
hold. Then s € .’J'CI];ZVFQ, where k1 and k; are defined by
[”1—“] if 11 is odd and s < 0;
_ _ 2 ) v1—1 )
F1=v-(5n) = { (4],  otherwise. (3.4)
[%], if 11 is even and s, 1 < 0;
by =v-(5,1) = { [”12_1], otherwise. " (3:5)

Let us define the polynomial mj, associated with the sequence
o 2v1—2
S= {Si}izo , by

0 oo 00 sy Suy
(=1t :

mi(z) = | : (D, :=detS,,).

141 Spyp—1 - o e S211—2

1 z ... g2 gl
(3.6)

Obviously, the leading coefficient of m; is
Df 1

—pt el o 3.7
(1) Dy s (3.7)

and by Proposition 2.1, m; € NZ;, i.e. the indices x; and ki are con-
nected with mq by

k1= k_(2m1), ki =r_(my). (3.8)
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Lemma 3.1. (¢f [4, 10]) Let a function f € NF admit the asymp-
totic expansion (3.3) and let vy be the first normal index of the sequence
s= {81772, let polynomial my, indices k1 and ky be defined by (3.6)
and (3.8), respectively. Then f admits the following representation

1) = Tanlr) = 0 (3.9
where
T € N’Z:ﬁll and 7' =o0(z), Z=500. (3.10)

Furthermore, the matriz valued function

Mi(z) = < L ?) (3.11)

—zmy(z)

belongs to the class Uy, (J).
Conversely, if T satisfies (3.10) and f is defined by (3.9), then f €
Nk:

K*

Proof. Assume that f € Nﬁ and f admits the asymptotic expansion
(3.3). Then by [10, Lemma 3.1]

1

US O ET IO}

(3.12)
where the polynomial m; is defined by (3.6), g € N,_,, and g(z) = o(2)
as z—00. On the other hand, we can rewrite (3.12) as follows

—1/f(z) = zm1(2) + g(2). (3.13)

Replacing ¢ by —7~! in (3.13), we obtain 7 € N,_,,. Due to the as-
sumption zf € N one gets —% € N and hence the equality

—1/2f(z) =mi(z) — 1/z7(2), (3.14)

Proposition 2.1 and (3.8) imply —(27(2))~! € Ng_j,. Therefore, 7 €

Nﬁ:ill and 77! = o(z) as z=oc. Replacing g by —7~! in (3.12) one

obtains (3.9). Furthermore, by Lemma 2.4 M; € Uy, (J). This completes
the proof. O

A sequence (cg, ..., c,) of real numbers determines an upper triangu-
lar Toeplitz matrix T'(co, ..., ¢,) of order (n + 1) x (n 4 1) with entries
tiJ' = Cj—; for 7 <jJ and tz‘,j =0 for i > VR

co ... Cnp
T(co,...,cn) = U . (3.15)
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Theorem 3.2. ([10]) Let vy be the first normal index of the sequence
s= {si}filoﬁ, let m1, k1 and ki be defined by (3.6), (3.4) and by (3.5),
respectively, and let £ > 2v1 — 2. Then:

(1) The problem MP¥ (s () is solvable if and only if

k1 <k and k3 <k. (3.16)
(2) f e ME(s,2v) —2) if and only if f admits the representation
f = TM1 [T]a (3'17)
where T satisfies the following conditions

1
k—k —~
Te N and % =o0(z), z=00. (3.18)

(8) If £ > 21y — 2, then f € ME(s,0) if and only if f admits the
representation f = Ty [T], where T € NE:E and T admits the
following asymptotic expansion

(1) (1)
1,0 () Sp Sp—ov 1 —

-7 (2) = =81 — T Z[—leJlrl © <Z£2u1+1 B0,

(3.19)
( ) 872111 . . .
where the sequence {52- } . is determined by the matrix equa-
P
tion
1 1 1 1

T o, s, o0 VT (sprtses50) = s

(3.20)

Remark 3.3. On the other hand, the sequence {51(»1)}?:__2?1 can be found
by the following equivalent formulas (see [4, Proposition 2.1])

L, DDy

= , (3.21)
Sp1—1 D1/1
Suy Sy—1 0 ... 0
1+
1 (=1 . . I Ty
S, = e : .. 0 1=0,n—2v;.
Sulfl
Sp1—1
S2u1+i S

(3.22)
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3.2. Basic even moment problem M P*(s,2u; — 1)

An even moment problem M P¥(s,2n — 1) is called nondegenerate, if
the following conditions hold

D,#0 and D, #0. (3.23)

The nondegenerate even moment problem M PF(s,2n — 1) is called basic,
if n is the smallest normal index of the sequence {s;};”; 211 such that (3.23)
holds. In view of the classification of normal indices in (2 6) and (2.7), the
basic even moment problem coincides with the problem M P (s, 2p1 —1).
In this case

either N'(s) = {v1} or N(s) = {v1,u1},
regarding to the conditions
Vi =1 or v < .

The basic even moment problem M P¥(s, 211 —1) can be reformulated
as follows:

Given a sequence s = {si}?i%fl € H, where gy is the smallest index
n such that (3.23) holds, find all functions f € N¥, such that

. . 1 _
f(z):_%l_..._%lH( > oo,

2V 22p1 22

Solution of the basic even moment problem will be splitted into two
steps On the ﬁrst step one applies Lemma 3.1 to construct a sequence
{s 1)}2(”71 “0~1 from the asymptotic expansion of the function —7~1. If
f € ME(s, 241 —1) then by Theorem 3.2 f admits the representation (3.9)
which can be rewritten as

1 1
—_— = Zml(Z) - gl(z)

f(z)

where we use g1 instead of 7 and —g]l has the following asymptotic ex-
pansion

: (3.24)

(1) (1)

L _% S2(m—v1)—1 1 ~
_91 (2) =T . T 22(p1—v1) 22(p1—v1) ZT;)X;’E))
with 551) defined by (3.20). By Lemma 2.5

K— K_ ( 1) = (zgl) ,(zll) + Kk_(27).
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Therefore, f € N¥ if and only if g; € NZ:Z:EZ@;@)Q and ¢ is represented
as
g1(z) =Tp,[7] :=l(2) + 7(2), (3.27)
where 7 € Nf:::((:;if_fgffllll)) and [1(z) is calculated as follows:

(1) if v1 = pq, then

L= 5(11} = ()" (3.28)
(2) if v1 < pq, then
s s s
1 :5211)_ oy det( Silllul) 5211)#}171 55%_12/,1,1_12 5%);112_1/;11 ;

(3.29)

o o)
where the matrix S# —v

 is defined as in (1.2), i.e.

1 1 —v1—1
S, = (sl Tt

Theorem 3.4. ([10]) Let s = {si}?gé_l be a sequence from HE, such
that N(s) = {v1, p1} (v1 < 1), and let my, 1y be defined by (3.6), (3.28)
and (3.29), respectively. Then:

(1) The problem M P¥(s,2u1 — 1) is solvable if and only if

ki =v_(S,) <Kk and ki = I/_(S;_l) < k. (3.30)

(2) f € ME(s,2u1 — 1) if and only if f admits the following represen-

tation 1
f = T, ] = (33
—zmq(z) + MOree)
where
TE Ni:g and 7(2)=0(1) as z=o0. (3.32)

The indices /@]L and k‘f can be expressed in terms of my and ly by

ki =k_(zm1) +k_(l1), ki =k_(m1)+r_(2l1). (3.33)
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(8) If £ > 2uy — 1, then f € MPE(s,0), if and only if f admits the
representation (3.31), where

+

1

re MM (W g —opy), (3.34)

K—K1

ki and ki are determined by (3.30) and the sequence {sgl)}f:z’{l
1s determi-ned by the matriz equation

1 1 1 1
T, =58, =50, VTN, sy ) = Tpoayio. (3.35)
if p1 =11, and if v1 < py by the following equation
(1) (1) (1) (1) 1 (1)
T(lm—up N Pt 7 —SZ_QM) T(sururl’ . ’56—21/1)
= IE—,LL1—I/1+2'
(3.36)

Proof. (1)—(3) are implied by the above considerations, in particular,
(3.30) follows from (3.26) and (3.33) follows from (3.27) and Proposition
2.1. 0

Remark 3.5. The sequence {sl(.l)}f;g“ ! can also be found by the follow-

ing formula (see [4, Proposition 2.1], [10, (3.38)])

(1) (1)
Sun—vi Sp—-1 0 - 0
1 -1 i+p1—v1
R B e I L0
(S, —11—1) : e
M (.
YIRS T R

(3.37)
where ¢ = 0,£ — 2.

Remark 3.6. The resolvent matrix of the basic even moment problem
MPE(s, 211 — 1) takes the form

_ 1 h(z)
Wa(z) = (—zml(z) —2my(2)l1(2) + 1> ' (3.38)

Furthermore, Ws(z) admits the following factorization
WQ(Z) = Ml(z)Ll(z), (3.39)

where the matrices M1(z) and Lq(z) are defined by (2.12), (2.15) and
the corresponding linear fractional transform is defined by

fi(z) + 1 (2)

Twslh) = e R E) — e G+ 1

(3.40)
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Remark 3.7. If the sequence s = {52}122 (1)_1 belongs to ’Higfﬁl _1, then
l1(z) is a constant,

1 1 U
1 = and L1 = < ) )
0 0

In this case, the resolvent matrix Ws(z) of the basic even moment
prob-lem M¥(s; 241 — 1) admits the factorization

WQ(Z) = Ml(z)Ll.
and (3.38) takes the form

(1 L
Wa(z) = (—zml(z) —zmq(2)l; + 1) ' (3-41)

4. The Schur algorithm

In this section we study a step-by-step algorithm, which describes all
solutions of the general nondegenerate indefinite moment problem in the
class N¥. This algorithm is based on the elementary steps introduced in
the previous section.

4.1. 0Odd moment problem

Let M P*(s,2vy — 2) be a nondegenerate odd moment problem, i.e.

Dyy #0 and D} | #0. (4.1)
Theorem 4.1. Let s = {si}?ig’_z € 9—(,’:?21,1\]72, let N(s) = {l/j}é-v:l U

{,uj};\;l, and let mj(2) and l;(2) be defined by (4.10) and (4.11), respec-
tively. Then:

(1) A nondegenerate odd moment problem M PF(s,2uy —2) is solvable
if and only if

Ky i=v_(Syy) <Kk and ky:= V_(SjN_1

y<k  (4.2)

(2) f € MFE(s,2un —2) if and only if f admits the following represen-
tation
f=Tw,y_,[7], (4.3)
where
Wan_1(z) := Mi(2)L1(z) ... Ln—1(2)Mn(2) (4.4)
and 7(z) satisfies the conditions

k—k 1 —~
Te NN and e =o0(z), z—o0. (4.5)
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(3) The representation (4.3) can be rewritten as a continued fraction
expansion

S0 S1 S9N —2 1 Y
fR)=——7 =5~ s Fo| |, zo00.
z z Z“VN— ZeVN T

Then by Theorem 3.4, the function f can be represented as follows

f(z) = .

—zmy(2) + MOFYAe]

where the polynomials m; and I are defined by (3.6) and (3.29), respecti-
vely, and

ki =k_(zm1)+k_(l1) <k and ki =k_(m1) +r_(zl1) < k. (4.7)

_ .t
In this case f1 € Ni iﬂ and f1 has the following asymptotic expansion
M

® s
_ S S5 . T2un—wn)—2 1 P
fk) ="~ "7 SSon—e) =1 T © <z2(uw—u1)—1> . 2500,
where the sequence s(!) = {sgl)}?gN 072 i5 found recursively by (3.20),

(3.35) and (3.36). Moreover, by [10, Lemma 2.5] the set of normal indices
of the sequence s(!) is

N(sW) = {n; — v},
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Continuing this process and applying Theorem 3.4 N — 1 times, one
const-ructs sequences of polynomials m;, [; and functions f;, g;, such

that
1 1

7fj71(z) = ij(Z) — m
gi(2) =1i(2) + fi(2), 1<j<N-1

The indices K,;_ and k;r are defined by

; 1<j<N,

n J J
K zzn (zm;) + 2 _(l;) <
= jal (4.8)
=2 o (m) + 3 R-GL) <
Hence
k—k; k—k}f .
g; € NH_N]], and f; € NH_KQ, 1<j<N-1.

j

Moreover, g; and f; have the following induced asymptotic expan-
sions

G .0 5

(o) ) S0 ST T2(un—vy)—2 1 -
9j(2) = =823 L 2 2lon—v;)—1 +o <Z2(VN—Vj)—1> , 200,
G) ) s9)
_So s voy) =2 1
1i () = z 22 22(vn—pj)—1 to <Z2(VNM) 1> Z300,
where the sequences {52(-j )}fil’ivl_yi) and {S(J }2(VN #)=2 are found from

the equalities

T( le .. .,m(J) E(Ji, .. (j')—2y] )T(ngjll, ey 82)) :Igj,l,1+2, éj :€—2,uj,1,
(ll(tjj)—v, et l(()J)7 _S(()])’ . SE])QHJ) T( /(J,Jj)fujfh t ggj)—ZV]) Ie*l‘j*”.ﬂLQ’

Therefore, f;j_1 takes the following representation in terms of f;:

fia(z) = S =1 ,N-1),  (49)

—m ) O R
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Here the sequence s\) = {sl(j )}?SE)N ~1)=2 is determined recursively by

3.20) and (3.36) and polynomials m; and [/; are defined by the formulas
( ) poly 5 j Yy

0 ... 0 s(uj__ll) s,(,j_l)
( 1)1/+1 :
m;(z) = 4 AN (4.10)
det 85 |51 U
1 z v=2 vl
() .
5% = ( 1)V+151(/J—)1§?>+a if vj = py;
) G0
S5 R S T 7
lj(z>: " M £ 3
_— | . . . , 1 vy < .
s, det(S5) 5521 . 5%3_2 5%3_1 7=
1 oo okl zH
(4.11)

where v =v; —p; 1 and p=pj; —v; foral j=1,...,N — 1.
Let the matrix functions M;(z) and L;(z) be defined by

M) = (oo 1) 2= (o 1), T

Then it follows from (4.9) that

fj*l(z) = TMj(z)L]-(z) [f](z)] (] =1,...,N— 1) (413)

On the last step we get the function fy_1(z), which is a solution of the
basic moment problem M PF(sN=1 2(vy—pun_1)—2). By Theorem 3.2,
the function fy_1(z) can be represented as

fro(z) = STl (419)

_ZmN(Z) + fN(Z)

where the polynomial my(z) is defined by (4.10) and fx(2) is a function

from Ni:ﬁ]]\f], such that fy(z)("1) = o(2) as 2S00 and

kN =kKh 1 +h_(zmy) <k and ky =ki_ |+ r_(my) < k. (4.15)

Now (4.2) is implied by (4.8) and (4.15).

The converse statements of Theorem 4.1 are also implied by Theorem
3.2 and Theorem 3.4. Replacing fy(z) by 7(z), we get (2) and (3).
Combining (4.9), (4.13) and Lemmas 2.4-2.5, we obtain the statement
(4). O
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4.2. Even moment problem

Let s = {si}?’:%v_l € Hﬁ,Quth let the set of normal indices N (s) =

{1/]-};-\[:1 U {1 é\le and let M PF(s,2unx — 1) be a nondegenerate even

moment problem, i.e.

Duy #0 and  Df #0. (4.16)

N

Theorem 4.2. Lets = {si}?ié\’_l € 7-[,’272#]\,_1 and let N'(s) = {Vj}é-v:l U
{Nj};vzl-

(1) A nondegenerate odd moment problem M P*(s,2un —1) is solvable,
if and only if

ki =v_(Suy) <k and ki = V,(S:N) < k; (4.17)
(2) f e ME(s,2un — 1) if and only if f admits the representation

[ =Tw,y[1], (4.18)

where

Wan(z) := Wan_1(2)Ln(z) = M1(2)Li(2) ... Mn(2)Ln(2)

(4.19)
and 7(z) satisfies the following conditions
N gnd LIS o(1), z=o0; (4.20)
r—rj 7(2) ’ ’

(3) The representation (4.18) can be rewritten as the continued fraction
expansion

—zmy(z) + 1
—zmpy(z) +

In(2) + 7(2)
(4.21)
where mj(z) and j(z) are defined by (3.6) and (4.11), respectively;

(4) The indices Kk and ki can be found by

N N

N N
Ky = Zn_(zmj) + ZF&_(Z]’), kY = Zk_(mj) + > k_(zl).
j=1

Jj=1 J=1 J=1



I. KovALYov 491

Proof. Applying Theorem 3.4 N — 1 times in the same way as in the odd

k—k} .
case one obtains the sequence of f; € Nﬁ_é and polynomials m; and [;

defined by (4.10) and (4.11), respectively, such that (4.8) and (4.9) hold.
On the last step we obtain the function fy_1(z), which is a solution of

k—k}f

the basic even moment problem MP_ Hf’l sV 2(un — pn—_1) — 1).
TIN-1

By Theorem 3.4, the function fy_1 can be represented as follows:

fn-1(z) = ! i , (4.22)

—#mN () S TG

the inequalities

KZJ(, = /{E_l + k_(zmpy) + c-1(ln) < K,
kb =kl | +r_(my)+r_(zly) <k

_ .t
hold and fy(z) is a function from N" kﬁ, such that fy(z) = o(1) as
H—HN

2=500.

Replacing fy by 7 and combining the statements (4.9) and (4.22)
one obtains (2)—(4).

By (4.9) and (4.22) the inequality (4.17) is implied by (4.8), (4.23).
Conversely, if (4.17) holds, one can apply Theorem 3.2 N — 1 times and
then Theorem 3.4. By these theorems the function f determined by
(4.18) belongs to M P¥(s, 2y — 1). This completes the proof. O

5. Resolvent matrices in odd and even cases

5.1. Odd moment problem

In the present section resolvent matrices Won_1 and Wayn for odd
and even moment problem will be studied.
Recall some facts concerning continued fractions

Proposition 5.1. (/24, Chapter I]) Let ai,as,...,an,w € C and let

1
fn = T : (5.1)
ay + 1
an +w
Then f, can be represented as follows
Ap_1w+ A,

2
B, 1w+ an (5 )
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where the quantities A;, B; (i € N) are solutions of the following recur-
rence system

Yitl — Yi = QGip1Yi—1, t=0,n—-1, (5.3)
subject to the initial conditions
A=1 Ay=0, B_1=0, By=1. (5.4)

Continued fractions (4.6) and (4.21) have partial denominators of two

types
agi—1 = —zmy;(z) and a9 =1i(2), i=1,N. (5.5)

Therefore, it is reasonable to write (5.3) separately for odd and even
indices. The numerator and denominator of the n—th convergent of (5.1)
will be denoted by

Qf(2)=A4; and P (z)=B,. (5.6)
Then the equality (5.3) takes the form

Y2i+1 — Y2i—-1 = _Zmi+1(z)y2i7 (5 7)
Y2i+2 — Y2i = lit1(2)y2it1-

By Proposition 5.1 P;"(z) and Q; (z) are solutions of the system(5.7)
subject to the initial conditions

le(z) = 0? P(;‘—(Z) = 17 Qi—l(z) = 17 QE)F(Z) = 0.

(5.8)

Polynomials P;"(z) and Q; (z) will be called generalized Stieltjes

polyno-mials of the first and the second kind, respectively. In the case

of a regular sequence {s;}f_, € Flored explicit formulas for P;F(z) and

Q7 (2) were found in [10]. In the definite case (i.e. s € HY) see [22, v.4.2]
and [11], [12, (10.29)].

The results of Theorems 4.1 and 4.2 can be reformulated in terms of

generalized Stieltjes polynomials.

Theorem 5.2. Let s € HQQVN_Q, let (4.2) hold and let polynomials
mj(z) (1 <5< N)andlj(z) (1 <j<N—1) be defined by (4.10) and
(4.11), respectively. Let P;t(z) and Q; (2) be generalized Stieltjes polyno-
mials of the first and the second kind, respectively. Then any solution of

the moment problem MP,ff(s, 2un —2) admits the following representation

_ Q;NA(Z)T(Z) + Q;N,Q(z)

J(z) = P (2)7(2) + Py _o(2)’

(5.9)
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where T satisfies the conditions

7(2) € Nﬁ:?]‘\’, and 7_(12) =o0(2), (2=00). (5.10)

Furthermore, the resolvent matrix of the odd moment problem
MPY(s, vy — 2

W2N71(Z) — <Q;N—1 Q;N—2> (511)

Ply_1 Pay_s
belongs to the Uy, (J) and admits the following factorization
WQNfl(Z) - Ml(Z)Ll(Z)...LNfl(Z)MN(Z), (512)
where the matrices M;(z) and L;(z) are defined by (4.12).

Proof. Assume f belongs to the Nevanlinna class N* and f has the
asymptotic expansion

Un— 1 —
fy=-2—... 82N2+0< ), Z7S00.

z ZQVN—l Z2VN—1

Then, by Proposition 4.1, the function f takes the following form

f(2) = S . (5.19)

1
lN_l(Z) + 1

—zmpy(z) + %

where (5.10) holds and by Proposition 5.1, we can rewrite f as follows

_ Q3n_1(2)7(2) + Q3 _5(2)
Py _1(2)7(2) + Poly_,(2)

f(2)

: (5.14)

where the polynomials Q;N—zv Q;N_l and P2+N—2’ P2+N—1 are defined by
the recurrence relations (5.7)-(5.8).

Hence, the solution matrix Wan_1(z) is well defined by (5.11). Apply-
ing the induction, we show that Wan_1(2) admits the factorization (5.12),
ie.

(¢) if i = 1, then Wi(z) = Mi(z) and

+(y +
o= (30 H0) 519

N
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(79) if i = N — 1, then (4.12) and (5.12) hold (assumption of induc-
tion);
(#i7) if i = N , then

Wan—1(2) =M1(2)L1(2) ... LN-1(2)MN(2) =Wan—3(2) LN—1MN(2)

<Q2N 5(2) QzN 4 Z><1 In- 1 >< 1 0>
P2+N 3 2N 4 0 —zmpy(z) 1

<Q§r 3(2) lN 1(z )szv EZ§+Q2N 4(= ))( 1 0)

Py_ 5(2)  In- 1(2) Poy 3(2) + Py _4(2) J\—2mn(2) 1
Q3n_3(2) Q3y_o(2) 1 0
= (F 7)o 1)
(QZN (Z) mN() 2N 2() Q;N2(2)>
Pyy_5(z) — sz(z) o —2(2) P2+N—2(Z)
QQN 1Z Q2N 2(2)
< 2N 2(Z>> (5.16)
So, (5.12) is proved.

By Lemmas 2.4 and 2.5 the matrices valued function M;(z) and L;(2)
belong to the classes

MZ(Z) S L{L(zm,)(J) and Li(z) S Z/[,L(l.)(J), 1, N.

As is known the product of mvf’s from the classes U, (J) and Uy, (J)
belongs to the class U,/ (J), where k' < K1 + Ko.
Therefore

WQN_1(2> = M1<Z)L1(Z) A LN_l(Z)MN(Z) € URI(J),

where

|M2

N-1
—(zmy) + Z k—(l;) = kN. (5.17)
j=1
By [8, Lemma 3.4] the function f = Tw,,_,[1], corresponding to the
parameter 7(z) = 1, belongs to the class N,», with
K" <K (5.18)
On the other hand, by Theorem 4.1 f =Ty, ,[1] € Ny, i.e.
K = kn. (5.19)
Comparing (5.17), (5.18) and (5.19) yields
K = g = KN

and thus Waon_1 € U, (J). This completes the proof. O
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Remark 5.3. In the case, where s € H;[, deg(m;) < 1 and l; = const > 0
n (4.6), the moment problem M P (s,2vy — 2) was studied in [21] and
these results are the special case of Theorem 5.2.

Remark 5.4. In the case. where f € N©" the odd moment problem
M PF(s,2nx —2) was studied in [10]. These results are contained in pre-
vious Theorem. Moreover, the polynomials [;(z) are non-zero constants
in (5.13), such that

1
1i(2) = —. (5.20)

)

1

5.2. Even moment problem

Now we study the even moment problem M P¥(s,2ux — 1). In this
case we also find all solutions of M P¥(s,2uyx — 1) by the following state-
ment
Theorem 5.5. Let s € Hf’:,ZuN— 1, let (4.17) hold and let polynomials
mj(z) andlj(z) (1 < j < N) be defined by (4.10) and (4.11), respectively.
Let Pt (2) and Q7 (2) be generalized Stieltjes polynomials of the first and
the second kind, respectively. Then any solution of the moment problem
MPF¥(s,2un — 1) admits the following representation

Qv 1 (2)7(2) + Q3n(2)

f(2) = , (5.21)
Py _1(2)7(2) + Qay(2)
where T satisfies the following conditions
k—k} —~
7(z) e N "V and 7(2) =o0(l), z=oc0. (5.22)
:‘i*K/N
Furthermore, the resolvent matriz of the even moment problem
MP,];(S’ 2uN — 1)
Qan—1(2) QJN(2)>
Waon(z) = 5.23
= (B0 B 52
belongs to the UHX(J) and admits the following factorization
Wan(z) = My(2)L1(z) ... Mn(2)Ly(2), (5.24)

where the matrices M;(z) and L;(z) are defined by (4.12).
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Proof. Suppose f belongs to the Nevanlinna class N¥ and f has the
asymptotic expansion

_ 1 —
f(z):_so_..._‘”/wl+0( >, oo,

z 228N 22BN

By Proposition 4.2, the function f takes the form (4.21), where (5.22)
holds. By [24, chapter I], the function f can be rewritten in the form
(5.21), where the polynomials P;"(z) and Q] (z) can be found as the
solutions of the recurrence relations (5.7)—(5.8).

Hence, the resolvent matrix of the even moment problem
MPF(s,2un — 1) takes the form (5.23). By Theorem 5.2 (see (5.11)
and (5.12)), we obtain

+ z
My(2)L1(2) ... Ly_1(2) M (2) Ly (2) = ( P! %ﬁ j) <(1) lNl( >>

:<Q§LN—1(Z) ZNQ;N—IEZ +Q2N o(2 ))

)
P;N—l(z) ZNP2+N—1 z)+P. 2N 2(?)

S() Qb (e)
= (s P =wance
)

By Lemmas 2.4 and 2.5 the mvf’s M;
M;(2) € Uy_(zmy(J) and  Li(z) € Uy_qy(J), i=1,N.

As is known the product of mvf’s from the classes U, (J) and Uy, (J)
belongs to the class U, (J), where k' < k1 + k9. Hence

z) and L;(z) belong to the classes

WQN(Z) = Ml(Z)Ll(Z) . LNfl(Z)MN(Z)LN(Z) € UK/(J),

where
N

—(zm;) Z/L(lj) =Ky (5.25)

|M2

By [8, Lemma 3.4] the function f = Tyw,, (2], corresponding to the
parameter 7(z) = z, belongs to the class N,», with

k' < K. (5.26)
On the other hand, by Theorem 4.2 f =Ty, [2] € N@;’ Le.
K = K}, (5.27)
Comparing (5.25), (5.26) and (5.27) yields
K =K"=k}

and thus Wy € Uﬁ; (J). This completes the proof. O
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Remark 5.6. The even moment problem M PF(s,2ny — 1) in the class
NE" was studied in [10] and the results in [10, Theorem 5.9] is the
special case of Theorem 5.5.

Acknowledgements

This work is supported by the grant of Volkswagen Foundation and by

Ministry of Education and Science of Ukraine (project number
0115U000556).

(1]
2]

9
[10]
1]
12

[13]

[14]

[15]

References

N. I. Akhiezer, The classical moment problem, Oliver and Boyd, Edinburgh, 1965.

D. Alpay and H. Dym, On applications of reproducing kernel spaces to the Schur
algorithm and rational J unitary factorization. Gohberg, I. (ed.) I. Schur Methods
in Operator and Signal Processing. Operator Theory: Advances and Applications,
18 (1986), 89-159.

R. E. Curto and L. A. Fialkow, Recursiveness, positivity, and truncated moment
problems, Houston J. Math., 17 (1991), 603-635.

M. Derevyagin, On the Schur algorithm for indefinite moment problem, Methods
Functional Anal. Topol., 9(2) (2003), 133-145.

V. Derkach, Generalized resolvents of a class of Hermitian operators in a Krein
space, Dokl. Akad. Nauk SSSR, 317(4) (1991), 807-812.

V. Derkach, On Weyl function and generalized resolvents of a Hermitian operator
in a Krein space, Integral Equations Operator Theory, 23 (1995), 387-415.

V. Derkach, On indefinite moment problem and resolvent matrices of Hermitian
operators in Krein spaces, Math.Nachr., 184 (1997), 135-166.

V. Derkach and H. Dym, On linear fractional transformations associated with
generalized J-inner matriz functions, Integral Equations and Operator Theory,
65 (2009), 1-50.

V. Derkach and I. Kovalyov, On a class of generalized Stieltjes continued fractions,
Methods of Funct. Anal. and Topology, 21(4) (2015), 315-335.

V. Derkach and I. Kovalyov, Schur algorithm for Stieltjes indefinite moment prob-
lem, Mathematische Nachrichten (to appear).

V. Derkach and M. Malamud, On Weyl function and Hermitian operators with
gaps, Doklady Akad. Nauk SSSR, 293(5) (1987), 1041-1046.

V.A. Derkach and M.M. Malamud, The extension theory of Hermitian operators
and the moment problem, J.of Math.Sci., 73 (1995), 141-242.

V. A. Derkach and M. M. Malamud, On some classes of holomorphic operator
functions with nonnegative imaginary part, 16th OT Conference Proceedings, Op-
erator theory, operator algebras and related topics, Timisoara (1997), 113-147.

H. Dym, On Hermitian block Hankel matrices, matrix polynomials, the Ham-
burger moment problem, interpolation and maximum entropy, Int. Equation
and Operator Theory, 112 (1989),

M. G. Krein, On resolvents of Hermitian operator with deficiency index (m,m),
Doklady Akad. Nauk SSSR (N.S.), 52 (1946), 657-660.



498 A TRUNCATED INDEFINITE STIELTJES MOMENT PROBLEM

[16] M. G. Krein, Description of solutions of the truncated moment problem, Mat.
Issledovanija, 2 (1967), 114-132.

[17] M. G. Krein and H. Langer, U ber einige Fortsetzungsprobleme, die eng mit der
Theorie Hermitscher Operatoren in Raume m, zusammenhangen, 1. Einige Fuk-
tionenklassen und ihre Dahrstellungen, Math. Nachr., 77 (1977), 187-236.

[18] M. G. Krein and H. Langer, Uber einige Fortsetzungsprobleme, die eng mit der
Theorie Hermitscher Operatoren in Raume 7, zusammenhangen, II. Verallge-
meinerte Resolventen u-Resolventen und ganze Operatoren, J.Funct.Anal., 30,
390-447 (1978).

[19] M. G. Krein and H. Langer, On some extension problems which are closely con-
nected with the theory of Hermitian operators in a space Il IIl. Indefinite ana-
logues of the Hamburger and Stieltjes moment problems, Part I, Beitrige zur
Anal., 14 (1979), 25-40.

[20] M. G. Krein and H. Langer, On some extension problems which are closely con-
nected with the theory of hermitian operators in a space Il III. Indefinite ana-
logues of the Hamburger and Stieltjes moment problems Part II, Beitrige zur
Anal., 15 (1981), 27-45.

[21] M. G. Krein and H. Langer, Some propositions of analytic matriz functions related
to the theory of operators in the space my, Acta Sci.Math.Szeged, 43 (1981), 181—
205.

[22] M. G. Krein and A. A. Nudelman, The Markov moment problem and extremal
problems, V. 50, Transl. Math. Monographs Amer. Math. Soc., Providence, 1977.

[23] T. J. Stieltjes, Recherches sur les fractions continues, Ann. Fac. Sci. de Toulouse,
8 (1894), 1-122.

[24] H. S. Wall, Analytic theory of continued fractions, Chelsey, New York, 1967.

CONTACT INFORMATION

Ivan Kovalyov Dragomanov National
Pedagogical University,
Kiev, Ukraine
E-Mail: i.m.kovalyov@gmail.com



