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Boundary triples for integral systems
on finite intervals

DMYTRO STRELNIKOV
(Presented by M.M. Malamud)

Abstract. Let P, Q and W be real functions of bounded variation
on [0,!] and let W be nondecreasing. The following integral system

T

Jf(@-ﬁ:/(”wo‘ dQ d%) ), J= ((1) ‘01> (0.1)
0

on a finite compact interval [0, ] has been studied in [6]. A maximal and
a minimal linear relation A,,q; and A, associated with the integral
system (9) are studied in the Hilbert space L*(W). It is shown that the
linear relation Amin is symmetric with deficiency indices n+(Amin) = 2
and Apmar = Ajin. Boundary triples for A,,q. are constructed and the
corresponding Weyl functions are calculated.
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1. Introduction

This paper focuses on the following integral system

x

Jﬂxy-ﬂﬁ:/da@.ﬂw (1.1)

0

where J and dS are 2 x 2 matrices of the form:

(0 —1 (AW —dQ 0
po (0, ase (Mo DY
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A € C, all functions P, @ and W are real of bounded variation on [0, ] and
W is nondecreasing on [0, {]. Such systems were studied in [2,3,6]. System
(1.1) contains Sturm-Liouville systems, Stieltjes string and Krein-Feller
string [13, 18] as special cases.

We associate with system (1.1) minimal A,,;, and maximal A,y
linear relations. In contrast to the Sturm-Liouville case A,,;n and A az
may be multivalued, therefore we use for them a term linear relation
(see [1]). It turns out that the linear relation A,,;, is symmetric with
deficiency indices (2, 2).

The notions of the boundary triple and Weyl function introduced
in [7,8,19] and [10], respectively, were proved to be useful in the study of
spectral problems and extension theory problems for symmetric opera-
tors, see [11,12,14]. Boundary triples for various differential and difference
operators were constructed in [4,10,11,14,19,21,22].

A boundary triple for the linear relation A, is constructed in the
paper and the corresponding matrix Weyl function is calculated. In a
similar way some intermediate extensions of the linear relation A,,;, with
deficiency indices (1, 1) are considered and their scalar Weyl functions are
found.

2. Preliminaries

2.1. Linear relations

Let $ be a Hilbert space. Any linear supspace of £ x §) is called a
linear relation in $, [1].

The domain, the range, the kernel, and the multivalued part of a linear
relation 7" are defined by the following equalities (see [1,5]):

ot {1 (er), mre o (Ner). ey
wr{r (erh mare () er). oo

The adjoint linear relation 7™ is defined by

T . {(Z) €ENXH: (v, f)g = (u,g)g for some (g) € T}. (2.3)

A linear relation T in $) is called closed if T is closed as a subspace of
$ x 9. The set of all closed linear operators (relations) is denoted by
C(%) (5 ($)). Identifying a linear operator T € C($) with its graph one
can consider C($)) as a part of C(5).
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Definition 2.1. Suppose T is a linear relation, A € C then

(A A N

A point A € C such that ker (T'— A\I) = {0} and ran (T — A\I) = § is
called a regular point of the linear relation 7" and is written A € p(T).

The point spectrum and the continuous spectrum of the linear relation
T are defined by

op(T) :={A € C: ker(T' — XI) # {0}}, (2.5)

0(T) ={Ae€C: A¢ 0,(T), ran(T — M) #ran(T — XI) = H}. (2.6)
For A € Cy let us set My (T') := ker(T™* — A\I) and

MA(T) = {(}\f}) e ‘ﬁ,\}. (2.7)

A linear relation A is called symmetric if A C A*. The deficiency
indices of a symmetric linear relation A are defined by

n4(A) := dimker(A* FiI). (2.8)

2.2. Boundary triples

In the case of densely defined operators a boundary triple notion was
introduced in [7,8,14,19] (in different forms). Following the paper [21] we
shall give a general definition of a boundary triple for the linear relation 7.

Definition 2.2. The tuple Il = {H, Ty, '; }where H is a Hilbert space,
'y and I'y are linear mappings from 7" to H is called a boundary triple
for linear relation T, if the following conditions hold:

(i) generalized Green’s identity

R G AR I CICA R @)2-%

(2.9)
holds for all (f ) , <“) eT;
g v

(ii) the mapping I' = <£0> : T — H x H is surjective.
1
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If the linear relation T is adjoint to some symmetric linear relation
A then there exists a boundary triple for 7' if and only if the deficiency
indices of A coincide (n4(A) = n_(A)), see [11,19,21].

An extension A of a symmetric linear relation A is called proper if
A C A C A*. The class of all proper extensions of the linear relation A
completed with relations A and A* is denoted by Ext(A). Denote also

s {()er (Do) e

Proposition 2.3. [11] Let A be a symmetric linear relation,
I = {H,T9,I'1} be a boundary triple for the adjoint linear relation A*.
Then the mapping I' : A = Ag — © = T'A is a one-to-one mapping

from Ext(A) to C($)). Notice also that Ag is selfadjoint if and only if
the linear relation © is selfadjoint.

In particular, linear relations
A[) = kerFo, Al = kerF1 (211)

are disjoint, i.e. AgN Ay = A, and they are selfadjoint extensions of the
symmetric linear relation A (see [11]).

Suppose A is adjoint for the linear relation T from Definition 2.2 The
conditions ensuring the symmetry of A are provided by the next theorem.
In the case of single-valued linear operator T' the corresponding theorem
was proved in [12].

Theorem 2.4. [12] Let T' be a linear relation in the Hilbert space $),
IT = {#H,Ty,T'1}be its boundary triple such that n := dimH < oo and
A =kerI'. If the following conditions hold:

(i) ranT = $;
(i) dimker T = n and ker A = {0},
then linear relations A, T are closed, T = A* and ny(A) =n_(A) =n.

Definition 2.5. [10,11] Let II = {#,T'0,I"1} be a boundary triple for
linear relation A*. Operator valued functions M(-), v(-) defined by

M\Tofx=T1fr, YWofr=fr, HEM, Aep(dy) (2.12)

are called the Weyl function and the ~-field of the symmetric linear re-
lation A with respect to the boundary triple II.

Definition 2.6. An operator valued function F': Cy UC_ — B(H) is
said to belong to the class R[H] if the following conditions hold:
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(i) F' is holomorphic in C; UC_;
(ii)) ImF(\) > 0 as A € Cy;

(i) F(\) =F*(\), AeCyuUC_.
If H = C then R[H] is denoted by R.

It is known that the Weyl function M () of a linear relation A from
Definition 2.5 belongs to the class R[#H]. The next proposition gives a
description of the spectrum of a linear A € Ext(A).

Proposition 2.7. [11] Let A be a symmetric linear relation in $, II =
{H,To,T'1} be a boundary triple for A*, M (X) be the corresponding Weyl

function of A, © € C(H), and X\ € p(Ap). Then:
(i) A€ p(Ae) <=0 € p(© — M(\));
(ii) X € 0,(Ag) <= 0 € 0,(0 — M(N)).

2.3. Integral systems

Let us consider on a compact interval [0,!] an integral system

T

Jf(z) — Ja(z) = / ds(t) - f(t) (2.13)

0

where f is a n x 1 complex vector, @ is a fixed complex vector valued
function of bounded variation, d.S is a finite n X n measure, and J is a
constant n X n matrix such that J* = —J.

Definition 2.8. We say that a vector valued function f is a solution of
integral system (2.13) if (each component of) f is of bounded variation
and the equality (2.13) holds for every point of [0, 1].

It is easy to see that if for some vector valued function f the right-
hand part of equality (2.13) exists for all x € [0,{] then it is of bounded
variation on [0,1] and therefore inclusion f € BV][0,1] is necessery for
(2.13). The same condition is also sufficient for existence of the integral
in the right-hand part of (2.13) (as a Lebesgue-Stietjes integral).

In general case measure dS' is not supposed to be absolutely continu-
ous and may have mass points on [0,!]. Therefore in equality (2.13) and
in the following we should understand fab fdu as the Lebesgue—Stieltjes
integral [ f Xa,b) @k, Where (45 1s the characteristic function of the half-
open interval. Under this conventions integrals as functions of its limits
of integration are left-continuous.

The following theorem was proved in [6].
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Theorem 2.9. [6] For any left-continuous vector-function d(x) € BV[0, ]
there exists a unique solution of (2.13).

Further in this paper the integration by parts formula will be used in
the following form (see [15]). If u is a left-continuous function of bounded
variation then we denote by uy the right-continuous function that coin-
cides with w in every continuity point. If v is another left-continuous
function of bounded variation then the following equality holds

x T

/Udu = v(z)u(z) —v(y)uly) — /u+dv. (2.14)
Y y

Now suppose that n = 2, matrices J and dS have the following form

(0 -1 (AW —dQ 0
s (O ). ase (M DY

where A is a complex parameter, P, ) and W are of bounded variation
and left-continuous on [0, ] functions that satisfy the condition

P(0) = Q(0) = W(0) =0 (2.16)

and W is nondecreasing. We assume that functions P, @ and W are
defined on the whole real line and their values on the intervals (—oo, 0]
and [I,400) are constant.
In the remaining part of this paper attention will be restricted to
considering (2.13) when the matrices J and dS have the form (2.15).
Everywhere in the following we use

Assumption 2.10. Functions QQ and W have no common discontinuities
with P.

3. Green’s identity and linear relation A,,,,

3.1. Green’s identity

Let £2(W) be an inner product space, which consists of complex
valued functions f such that

!
/0 FORAW(#) < oo. (3.1)

The inner product in £2(W) is defined by

[
(f.0)w = /0 (g (2). (3.2)
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Denote by L?(W) the corresponding quotient space, which consists of

equivalence classes with respect to the measure dW. To avoid confusion

we will denote elements of the space L?(W) by gothic letters f, g etc.
Let us consider the inhomogeneous system

(=8 o) () + [ (50 D 6)

(3.3)
Definition 3.1. A pair {f, g} that consists of a vector-function f=

< f{1]> and a scalar function g is said to satisfy system (3.3) (or that fis
a solution of this system with fixed g), if the following conditions hold:
(i) g€ L2(W);
(ii) fe BV,
(iii) the equality (3.3) holds for each z € [0,1].

Remark. 1t is clear that condition f € BV[0,1] is automatically satisfied
as equality (3.3) holds. In this case it follows from f € BV[0,!] that
feLw).

The componentwise rewriting of system (3.3) gives
(3.4)

Theorem 3.2 (The first Green’s identity). Suppose that Assumption 2.10
holds and pairs {f, g}, {@,v} satisfy system (3.3) (see Definition 3.1).
Then for any «, € [0,1] the next equality holds

s B B P
/ gu dW :/ fu dQ—i—/ M gp — plily| (3.5)

Proof. From (3.4) we have:
du =udp, dftY = fdQ — gdw. (3.6)

It follows from Assumtion 2.10 that functions u and f[! have no common
discontinuities. Consider the measure d ( f mu). Then

d (f[1]u> = dfWu + fWdu = fu dQ + fAull dP — gu dW,  (3.7)
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hence
gu dW = fu dQ + ¥ ap — g ( f[”u) : (3.8)

To conclude the proof it remains to note that function fMu is left-
continuous and to integrate equality (3.8) over [a, (). O

For a pair of vector valued functions f = < fJ[Cu) and @ = (UT[L”) we
define the generalized Wronskian by

{f, z_[] = (fu[l] — ﬂ”u) . (3.9)

Theorem 3.3. Suppose Assumption 2.10 holds and pairs {f, g}, {u,v}
satisfy system (3.3). Then for any «, B € [0,1] the next equality holds

g = 118
/a (gu — fv) dW = [f,ﬁ} ‘a. (3.10)
Proof. Application of Theorem 3.2 gives
gu dW = fu dQ + U ap — g (f[”u) , (3.11)
FodW = fu dQ + fUulY ap — 4 (fu[”) . (3.12)
Subtraction of (3.12) from (3.11) proves the statement. O

Corollary 3.4 (The second Green'’s identity). For any two pairs { f. g}
and {u,v} satisfying (3.3) the generalized Green’s identity holds

(g whw = (. 0)w = (Ml = fMal,) = (fallo - fully) . (3.13)
3.2. Linear relation A,

Definition 3.5. We shall say that a pair of classes (;) € L2(W) x
LQ(W) belongs to the linear relation A, if there exist functions f, f (1]
and ¢ such that

(i) the pair {f,g}, where f: < !

f[1]>7 satisfies (3.3) (in the sense of
Definition 3.1);

(i) f€f, geu



426 BOUNDARY TRIPLES FOR INTEGRAL SYSTEMS...

In the succeeding we require the following

Assumption 3.6. For any a,b,a1,b;1 € C there exists a pair {f, g}
satisfying (3.3) such that

fO)=a, fUO)=a, fO)=b 1) =0b. (3.14)

In particular, if dQQ = 0 then a sufficient condition for Assumption 3.6 to
hold is the next

Proposition 3.7. Suppose dQ = 0. If there exist closed on the left and
disjoint intervals i1 and iz on [0,1] such that

dim L?(i;, W) > 0 (5 € {1,2}), (3.15)
1 1
dW(iz)/iQ P(t)dW (t) > dVV(il)/il P(t)dW (t), (3.16)

then Assumption 3.6 holds.

Proof. Let (a b aj b1)T be an arbitrary vector from C*. It follows from
condition (3.15) that there exist functions u; that equal to one on interval
i; and equal zero on its complement, and |juj|lw = dW(i;) # 0 (j €
f1,2)).

Put g = cyuq + coug, where ¢ and ¢y are some constants from C. We
shall define vector-function f by the next system

f@ﬁ=a+ffm@MP@%

(3.17)
f(z) =a; — fg

It is clear that for any c,co € C we have g € L2(W). Further, it
follows from system (3.17) that vector-function f is of bounded variation
on [0,1] and f(0) = (a a1)7, i.e. the pair {f, g} satisfies system (3.3)
with the initial conditions given in advance.

Let us show now that constants c¢; and co may be chosen so that
equality f(I) = (b b1)T holds. It is true if and only if there exists a
solution of the next system (with respect to ¢, c2)

CldW(il) —|— CQdW(iQ) = a1 — by,
l t
1 fdP ful W(s) + czofdP(t)Ofm(s)dW(s) = (3.18)
a—b+ alP(l).



D. STRELNIKOV 427

By Assumption 2.10 functions P and W have no common disconti-
nuities, so using integration by parts formula (2.14) we get:

l t l
/ dP(t) / uj(s)dW (s) = P(1)dW (i;) — / P(tyu;(t)dW(t)  (3.19)
0 0

where j € {1,2}. Multiplying the first equation of system (3.18) by
P(l) and subtracting it from the second one and combining the obtained
equation with (3.19) we will have a system (with respect to ¢i, c2), whose
determinant

(3.20)

dW (i1) dW (iz) |
fi, P@AW (t) [, P(t)dW (t)

is strictly positive due to (3.16). This ensures the solvability of sys-
tem (3.18). O

Theorem 3.8. Let Assumption 2.10 and Assumption 3.6 be satisfied
and let the mappings To,T'1 : Apmaz — C? be defined by

o) (8) @)= () o

where the pair {f, g} satisfies system (3.3), f €f, g € g. Then:
(i) the mappings I'o, I'1 are well-defined;

(ii) the tuple {C% Tg,I'1} is a boundary triple for the linear relation
Amaa:'

Proof. (i) Let us show first that the mappings T'g,I'1 from (3.21) are
independent of the choice of f, g from classes f, g respectively. It is clear

that if a pair {f, gl} satisfies system (3.3) then a pair {f, 92} also
satisfies (3.3) if g1 and go are equivalet with respect to the measure dW.

It means that the values of I'g, I'; are independent of the choice of g € g.
Further let us prove that the values of the mappings I'y,I"; are in-

dependent of choosing an instance f from the class f. Let pairs { ﬁ, g}

and { fé, g} satisfy system (3.3) such that fi, fo € §. The application of

Green’s identity in the form (3.10) for both of the pairs on [0, ] gives us
two equalities. Subtracting one from the other gives

!
/ fo— f1)TAW = [ﬁ —f;,ﬁ} ‘; (3.22)
0
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By Assumption 3.6 a pair of functions {u, v} satisfying system (3.3) can
be chosen such that «(0),u(l),u(0) and ul'(l) may be arbitrary from
C. This means that we have

J1(0) = f2(0), f1(l) = f2(1), (3.23)
) = o), Wy = il (3.24)

which proofs that the mappings I'g,['; are single-valued.
(ii) It follows directly from Corollary 3.4 and Assumption 3.6 that
the requirements of Definition 2.2 are satisfied. O

Remark 3.9. Evidently, if Assumption 3.6 does not hold then the objects
Iy and I'q, defined by (3.21), in general are not operators but linear
relations in L?(W)? x C2. Such boundary triples were considered in [9].

It is also possible that if Assumption 3.6 does not hold then the
mapping I' = (T'y Fl)T is not surjective. This happens, for example, if
d@Q =0, dP = dz, and W is piecewise with a single jump.

In the case of d@ = 0 system (3.4) can be rewritten as follows

T t
f@) = 10+ fIOPE) - [ [g@aw) pare.  625)
o (o
Function G(t fo is of bounded variation on [0,[] and the

set of its Jumpb is a subset of Jumps of function W. Hence, functions G
and P have no common discontinuities. The application of integration by
parts formula (2.14) to equality (3.25) gives us (cf. [17, p. 650, equality

(1L.D)])

F(@) = £(0) + £1(0 / (P(x) - P(0)} g()dW (1).  (3.26)

This leads to the following

Proposition 3.10. Suppose Assumption 2.10 holds and dQQ = 0. Then
the kernel of the linear relation Apyae C L*(W)? is two-dimensional if
and only if function P is not equivalent to a constant in L*>(W) and
one-dimensional otherwise.

Proof. Let g be zero element of L?(W). Then equality (3.26) takes the
form

f(x) = f(0) + f1(0)P(x), (3.27)
which is equivalent to f € span{l, P}. O
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Remark. Further, in the proof of Theorem 3.12 it will be shown that the
kernel of linear relation A, is always two-dimensional if in addition
Assumption 3.6 holds.

Definition 3.11. We shall say that an element (;) of the linear relation

Apqe belongs to the linear relation Ay, if

£0) = fM0) = ) = M) =o0. (3.28)

It follows from equality (3.13) that the linear relation A, is sym-
metric.

Theorem 3.12. Linear relations Apn and Amaz are closed, A* . =

min
Amaz, and deficiency indices of Apin are (2,2).

Proof. We shall check that for linear relations A,;, and A,,q, condi-
tions of Theorem 2.4 are satisfied. It follows directly from Theorem 2.9
that ran A, = L2(W). Let g be an arbitrary class from L?(W), g be
some instance of g. Then (for any fixed initial value) by Theorem 2.9

fﬁ}) such that pair { f, g} satisfies

system (3.3) and, as a consequence, <;> € Anaz-

there exists a vector-function f = <

Further, let us show that dimker A,,,; = 2. By Theorem 2.9 if g =0
then for any complex numbers a, a; there exists a unique vector-function
f such that f(0) = a, f(0) = a; and § € ker Apnqe, where f is the class
from L2(W) generated by f. If Assumption 3.6 holds then similarly to
the proof of Theorem 3.8 we get that dim ker A,,4, is isomorphic to C?.
By the same argument, we get ker A,,;, = {0}. Now the statement of
this theorem follows from Theorem 2.4. ]

Theorem 3.13. [25] The set of all self-adjoint extensions of the linear
relation Amin is described by the boundary conditions

A= { <;> € Apan : CTo <;> + DT, <;> _ o} (3.29)

where C, D are complex valued 2 X 2 matrices such that
det(CC* 4+ DD*) #0, CD*= DC*. (3.30)

In particular, linear relations Ay and A; defined by equalities (2.11)
are self-adjoint extensions of the linear relation A,,;,. Extensions Ay and
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A; corresponding to boundary triple (3.21) coincide with the Dirichlet
extension and the Neumann extension

Ap = { (;) € A+ 1(0) = £(1) = 0} , (3.31)
Ay = { (;) € Apaw + f1(0) = FII(1) = 0} EE)

respectively.

3.3. Functions ¢(z,\) and s(z,\). Weyl function of linear
relation A,,..

Let Assumption 2.10 and Assumption 3.6 hold. It follows from The-
orem 2.9 that for each fixed A € C there exist unique vector-functions
c(x, ) and §(z, A) satisfying the initial conditions

C(Oa )‘) =1, 6[11(07 )‘) =0,

3.33
s(0,A) =0, s\ =1, (3.33)

such that the pairs {¢ Ac} and {3, As} satisfy system (3.3). Here we
have inclusions ¢, s € L2(W). Let ¢()\) and s(\) be classes from L?(W)
generated by ¢(z, A) and s(z, \), respectively. Then

<;£(AA))> ’ <;5<()\>?)> € Amaz. (3.34)

It is known (see [6]) that functions c(x, A) and s(x, \) are entire in A
of order not greater that 1/2.

By conditions (3.33) functions ¢ and s are linearly independent, and
it follows from Assumption 3.6 that classes ¢(\) and s(\) are linearly
independent too. Any element fy from the defect subspace 91\ can be
represented as

f)\ = CL1C()\) + CLQE()\), ai,as € C. (335)

Theorem 3.14. The generalized Wronskian of the functions ¢(z, ) and
S(x, \) is a constant:

@ 5] = c(x, \)sH (@, \) — (@, N)s(z,\) =1, xe0,1]. (3.36)

Proof. Note that both pairs ( ;5) and <;) belong or do not belong

to the linear relation A,,q, simultaneously. The application of Green’s

identity in the form (3.10) to pairs ( )\cc> and (;) gives

[t \), 5(t, V]JE = 0. (3.37)
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O

Theorem 3.15. The Weyl function and the y-field of the linear relation
Apaz corresponding to boundary triple {C2,Tg, 1} from (3.21) have the

forms
=1 (el N) -1
M) = W < 1 5[1](1,)\)> ) (3.38)

1(A) = SO )( c(M)s(lA) —e(l,A)s(A) (). (3.39)

Proof. Let fy = a1c(\) + a2s(A). Then

f(35) = (e sam) () =% (1)
h (;ﬁ) <—c[”<z,A> —smla,m) <Z§> - @) |

It follows from Definition 2.5 of the Weyl function and equality (3.36)
that

(3.40)

MO = 7Y, ! -1 c(l,\) -1 )

~s(ILN) <cm(l,)\)s(l,)\) —e(l, s, n) s, N)

=1 (el N) -1
s(l,)\)( -1 s[”(l,)\)>'

(3.41)
Finally, by definition of the y-field we have
YA = (e(A) s(V) Y5
4
_ s(zTA) (c(N)s(,A) — e, )s(A) s(A)) . (3.42)
O

4. Weyl functions of intermediate extensions of linear
relation A,,;,

In this section the boundary triples and the corresponding Weyl func-
tions for intermediate extensions of the linear relation A,,;, are con-
structed.

Definition 4.1. Let us set

ADO3:{<;)€AD:f[1](0):O}7 ADl::{(;>€AD ) = 0}
NI N S
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It follows from Definition 4.1, (3.31), and (3.32) that

o= {(1) €10 = 0= 0 =0, o
i { () e 0= 50 = =0},
o= {(1) € e 101 0= 0 =0}, (1
o

(1) € A s 10 = M0 = ) =0} (1)

Theorem 4.2. Linear relation Apg is symmetric in L2(W) with defi-
ciency indices (1,1) and the following conditions hold:

(i) The adjoint linear relation A}, has the form

A= { (1) € e 100 = 0}, (45)
(i) The tuple {C,TF, TP}, where
e () =mo. w0 (l)=—r00 ao

is a boundary triple for A},
(iii) The corresponding Weyl function and the ~y-field have the form

s(l,A)
c(l,\)’

s(l,A)

MDO()‘) = C(l )\)

p0(A) = 5(A) —

c(N). (4.7)

Proof. (i) Suppose <;> € Apo. By definition (E) € A} holds if and

only if
(g, Wr2ew) = (F,9) 2w (4.8)

The last equality is equivalent to

o), EOaE),
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Since fl(1) is arbitrary, the last equality holds if and only if u(l) = 0.
(ii) Let us show that Green’s identity (in the sense of Definition 2.2)

holds for the mappings FOD 0 T'P% which are defined on A Tt is clear

that A}y C Apmae. Hence, for any (;) , (E) € A}, the equality (3.13)

holds and taking into account (4.5) we have
(8:w) 22wy = (1. 0) 22wy = F1(0)u(0) — £(0)ul(0). (4.10)

. . 2o .
It remains to check that the mapping I'pg = (F%()) : Ay - CoCis
1

surjective, which follows directly from the subjectivity of the mapping I'
on Amaz.
(iii) The defect subspace of linear relation A}, has the form

M (Apg) = span{c(\) + ks(\)} (4.11)

where the coefficient k is chosen to satisfy fy(I) = 0. Further

TP0f =k = —zgii rPOf, =1, (4.12)
and finally
Mpoy) = SNy = sy — Ny @)
PO =y TP = E FUNE '
Il

Similar theorems for extensions Ap;, Ang, and Apy; are given below
without proofs.

Theorem 4.3. Linear relation Ap; is symmetric in L*(W) with defi-
ciency indices (1,1), and the following conditions hold:

(i) The adjoint linear relation A}, has the form

DL = {<;> € Apaz @ f(0) = 0} : (4.14)
(ii) The tuple {C,T'P!, TP} where
Iy (;) = W@, P @) = f), (4.15)

is a boundary triple for Ay,.
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(iii) The corresponding Weyl function and the ~y-field have the form

s(1,\)
SN

Mpi(A) = Ypi(A) = (4.16)

Theorem 4.4. Linear relation Ang is symmetric in L*>(W) with defi-
ciency indices (1,1) and the following conditions hold:

(i) The adjoint linear relation Ay, has the form
No = {@ € Amas : fI(1) = 0} : (4.17)
(ii) The tuple {C,T'H! TP} where

e () = o, o (=m0 iy

is a boundary triple for A%y.
(iii) The corresponding Weyl function and ~y-field have the form

Sl S0
Mol2) = Sy )=o) = e

c(-,A).  (4.19)

Theorem 4.5. Linear relation Ay is symmetric in L*(W) with defi-
ciency indices (1,1) and the following conditions hold:

(i) The adjoint linear relation Ay, has the form

N1 = {(;) € Apmaz + fH(0) = 0} : (4.20)
(i) The tuple {C, T, TN where
TN (;) _ fllgy, ™™ (;) — (), (4.21)

is a boundary triple for AYy,.

(iii) The corresponding Weyl function and ~-field have the form

Mpni(A) = cﬁ(]l(’l,)\))\)’ YNI(A) =

(4.22)

Remark 4.6. The Weyl functions Mpg, Mg in the case d@Q) = 0 coincide
with the functions Qg, €1, see [18, p. 666, (2.40-41)].
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5. Special cases

5.1. Absolutely continuous case. Sturm-Liouville operator

Let functions P, @) and W be absolutely continuous on [0, ], i.e. there
exist functions p, ¢ and w from L'[0,1] such that

P(x) = /Oxp(t)dt, Qx) = /Ox q(t)ydt, W(t) = /Oxw(t)dt, (5.1)

p(t) # 0 and w(t) > 0 almost everywhere with respect to Lebesgue mea-
sure on [0,1]. In addition, we require that the space L?(W) be nontrivial.
The last requirement is equivalent to W (l) > W(0).

In this special case system (1.1) can be written in the form

— — —

Jf(x) = A () f(x) + V() f(z),  f(0) = a(0), (5:2)

or, equivalently,
{—UMY@%=MM@f@%—ﬂ@f@% 53)
f'(@) = pla) (@),

System (5.3) is equivalent to the Sturm-Liouville equation (see [26])

d 1 d
‘m(M@mf@O+ﬂ@ﬂm=AMMﬂw. (5.4)

with the initial conditions

More general canonical systems (5.2) were studied in [16, 20, 24],
where, in particular, it was shown that the maximal and the minimal
operators associated with such canonical systems can be linear relations
with nontrivial multivalued part. In the 2-dimensional case the multi-
valued part of the maximal operator was calculated explicitly in terms
of the so called H-indivisible intervals, [16]. Actually in the absolutely
continuous case the results of the paper can be easily derived from the
results of [4] and [23].
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5.2. Discrete case. Stieltjes string

Let us consider system (3.4) in the case dQ = 0, dP = dx, and W be a
left-continuous monotonically nondecreasing piecewise constant function
on [0,!] that has at least two growth points. Let {wj}?:_ol be the growth
points of W such that

O=zp <21 <...<Tpe1 < Ty :=1. (5.5)
By w; denote
wj=W(z; +0)-W(z;) (je{l,2,...,n—1}). (5.6)
The distance between neighboring growth points is denoted by
lii=x;—z;—1 (j€{1,2,...,n}). (5.7)

Finally for convenience denote

fi=fxy), g =glay), hy= ). (5.8)
With generating function W the space L?(W) is isomorphic to C", and
each of its element is a vector [fo, f1,..., fn_1].

It is easy to check that by the above assumptions one can choose
closed on the left intervals 41,75 such that they satisfy Proposition 3.7.
For instance, it is sufficient to choose intervals i; with the only growth
point x;_1 (j € {1,2}). Theh the spaces L?(i;, W) obviously are non-
trivial and inequality (3.16) takes the following form

wily

w2

> 0. (5.9)

Combining (5.6), (5.7), and (5.8) we can rewrite system (3.4) as

{J}+1—-fj==hj+1b+1, (5.10)

hjt1 = hj = —w;g;
where j € {0,1,...,n —1}.

Proposition 5.1. In the assumptions of case 5.2 the multivalued part
of the linear relation Apq: has the form

{(¢1,0,0,...,0,c2)T : 1,0 € C} (5.11)

and the linear relation A, is the graph of a single-valued linear opera-
tor.
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Proof. Let § be the zero element of L?(W). Thus, in (5.10) we have
fi=0asje{0,1,...,n—1}, hence h; =0as j € {1,2,...,n— 1} and
gi =0as je€{l1,2,...,n—2}. The converse is also true: since we can
choose hg = wpgo then for each vector g € L?(W) of the form (5.11) the

pair (g) belongs to the linear relation A;,q;.-

If, in addition, f,, = hg = h, = 0 then it follows from (5.10) that
gi=0asje{0,1,...n—1}. O
5.3. Mixed case. Krein—Feller string

A more general case can be obtained if we suppose dQQ =0, dP = dx
and W is an arbitrary mototonically nondecreasing function.

In this Proposition 3.7 holds if and only if W has at least two distinct
growth points on [0, []:

0 < W(wo) < W(zy) < W(0). (5.12)

Now system (3.4) has the following form:

flz) - :ff“ (t)dt,
0 (5.13)
(0) =

X
(@) = f(0) = — [ g(t
0
In particular we have the next
Proposition 5.2. Suppose the assumptions of case 5.3 are satisfied. If a

pair (;) € LQ(T/V)2 belongs to linear relation Ay then there exists f € §

such that f is absolutely continuous with respect to Lebesgue measure and
its derivative coincides with f1Y almost everywhere.

Let us rewrite system (5.13) as

x t

F(@) = £(0) + 2 £1(0) — / / o(s)dW(s) | dt.  (5.14)

0 0

The function [ g(s)dW (s) is left-continuous and of bounded variation on

0
[0,]. Tt follows from (2.14) that equality (5.14) can be rewritten as

T

f(x) = f(0) +af(0) - /(fc — 5)g(s)dW (s). (5.15)

0
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Definition 5.3. [17] A function f is said to belong to the Stieltjes class
St if f €R and f admits a holomorphic non-negative continuation to
(—00,0).

In the paper [18] the differential operation defined by (5.15) was in-
vestigated. I.S. Kats and M. G. Krein showed that under assumptions
of the case 5.2 the Weyl functions Mpgy, Mg and Mpy; constructed in
section 4, belong to the Stieltjes class ST, see [18, p. 666, Lemma 2.3].
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