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Keller—Osserman a priori estimates and
removability result for the anisotropic porous
medium equation with absorption term
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(Presented by A. E. Shishkov)

Abstract. In this article we obtained the removability result for quasi-
linear equations model of which is

n

up — Z (umi_luxi)xi + f(u) =0, u>0.

i=1

and prove a priori estimates of Keller-Osserman type.
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1. Introduction and main results

In this paper we study solutions to quasilinear parabolic equation in
the divergent form

up — divA(z,t,u, Vu) + ap(u) =0, (z,t) € Qr =Q x (0,7), (1.1)
satisfying a initial condition
u(z,0) =0, =z € Q\ {0}, (1.2)

where € is a bounded domain in R",n > 2,0 < T < oo.
We suppose that the functions A = (ai,...,ay,) and ag satisfy the
Caratheodory conditions and the following structure conditions hold

A(SI),t, ’U/,f)f > Z |u’mi71’£i‘27

i=1
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NI

n
jai(@, t,u, &) < voul™ V3 [ S g2 | L i=Tm,  (13)
j=1

ao(u) > vif(u),

with positive constants vy, 5 and continuous, positive function f(u) and

. 2
min m; > 1— —, max m; < m+ —, (1.4)
1<i<n n’ 1<i<n n

n

where m = % >~ m;. Without loss of generality we will assume later that
i=1

mi <mo < ... < my.

Many authors studied problems of singularities of solutions of second
order quasilinear elliptic and parabolic equations. Review of these results
can be found in the monograph of Veron [19]. Brezis and Veron [2] proved
that for ¢ > %5 the isolated singularities of solutions to the elliptic
equation

—Au+u? =0,

are removable. In [3| Brézis and Friedman proved that for ¢ > ”T‘*'z the
isolated singularities of solutions for the following parabolic equation

ou 1
i Au+ |ulT u =0, (z,t) € Qr\{(0,0)}
are removable. The removability of isolated singularity for solutions of
the nonanisotropic porous medium equation (m =mj; = ... =my, )

ug — A (Ju™ M) + Jult e =0,

has been proved under the assumption g > m+% by Kamin and Peletier
[5].

Development of the qualitative theory of second order quasilinear el-
liptic and parabolic equations with nonstandart growth conditions has
been observed in recent decades. Some results of [4,6,7,9,10,12,15-18§]
we mention here. One of the example of such equations is

Ou §~ 0 (1 1) pi-2)
ot _Zaxz(ml( P
=1

The removability result of isolated singularity and a priori estimates of
Keller-Osserman type for this equation was obtained in [9,12].

ou
8.1‘Z'

pi—2 P
“) —0,p; >2,m; > 1,i=1,n.
81’1'
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We now define a weak solution of the problem (1.1), (1.2) with sin-

gularity at the point (0,0). We will write V2 ,,(Qr) for the class of func-
n

tions ¢ € Cloe(0, T, L™ (Q)) with 32 [[ |e|™F™ =2 |y, [* dodt < oo,
i=1Q

where m~™ = min(my,,1). By a weak solution of the problem (1.1),

(1.2) we mean a function wu(z,t) > 0 satisfying the inclusion uwy €

Va,m(Qr) N L2 (0,T; W2(Q)) and the integral identity

loc loc

/u(az,T)v,Z)gpd:E

Q

+//{ u(pp)r + Az, t,u, Vu)V () + ag(u)ppt dedt =0 (1.5)
0 Q

o
loc(Q)) ﬂleoc(O, T Wloc (Q)v
any ¢ € C*(Qr) vanishing in the neighborhood of {(0,0)} and for all
T€(0,7).

The result of this paper is the removability of isolated singularities
for solutions of the anisotropic porous medium equation with absorption
term. The proof of this result is based on a priori estimates of Keller—
Osserman type of the solution to the equation (1.1). The main difficulty
lies in the fact that part of m; < 1 (singular case), and another part of
m; > 1 (degenerate case).

1,2
holds for any testing function <pEVVll 2(0 T; L?

Theorem 1.1. Let the conditions (1.3), (1.4) be fulfilled and u be a
nonnegative weak solution to the problem (1.1), (1.2). Assume also that

f(u) =u? and
2
n

then the singularity at the point {(0,0)} is removable.

Mt@@j@)eﬂpﬁnmwTeh@r.G >09—(&w”ﬁﬁwe
define Qg , (2, t©)) := {(x,t) : [t — tO| < 7, |2; — xl | < 91, i=1,n}
and set M (0,7):= sup wu, F(0,7):=  supF(u), fsm -1

Qo+ (2010 Qo+ (2(010)
f(s)ds, m*= max(my,,1).

Theorem 1.2. Let the conditions (1.3), (1.4) be fulfilled and u be a non-
negative weak solution to equation (1.1), assume also that f € C*(RL)
and f'(u) > 0. Let (z(9,¢0) € Qp, fix o € (0,1), let Qgp g, (x0, ) C
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On, if my > 1,
Qr. Set p = 1 f " , then there exist positive number cy,cy
T2, 1f my, < 1,
depending only on n, vy, v, mq, ..., my, such that either
1 2
92\ mn-1 1 ¥
(0) +(0) Zn r ¢
u(z\,t < 1.7
@0y < ()T ()T
=1
or

n(m—m~)
2

(M(UG,JT))I_m_+ F(M(o0,01))

< a1 — o) Tp A (M, )y (1.8)
holds true.
We also have, in particular, if
F(eu) < 5m++m7+5F(u), B8 >0, (1.9)
then
F(M0,71)) < co(l — J)—me++m_(9’ m)p 2, (1.10)

An example of the function f, which satisfies the conditions (1.9) is
f(u) =u?,q > m+2. Assuming for simplicity that dist(z(©),00Q) = |20,
and choosing 7, 6;, from the conditions

02 1 __ 2 2(g—1)
o My > 1: (7”) mnt = Hn qun’ ie. 7= Qﬁrmn )
2 2 q—m;
(%)™ ™ =0 e 6 =017,

2(g—1)

1
02\ mp—1 1 —
e m, < 1: (f‘) " =1 e =00,

2
1\ T o q—m;
s =7 a1, le. 6; = 72061,
1

from (1.7), (1.10) we obtain an estimate

-1
w(z®, 40 <C<Z|w [ 4 (t0) 7T ) . (1.11)

2. Keller-Osserman a priori estimates

2.1. Auxiliary propositions

Let E(2p) = {(z,t) € Qp : u(z,t) > M(2p)}, ulP) (2,t) = min (M (
M(2p), u(x,t) — M(2p)).

o

)_
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Lemma 2.1. [11] Under the assumptions of Theorem 1.1 following in-

equality holds
// uPydypldedt < ~ (M (g) - M(Qp))

E(2p)
1
X {Fg(T‘, A) + (Fi(r, \) + Fa(r, )\))% Fp2(r, )\)} (2.1)
where
([ RMr), A\>0,
=21
Ine—1 — A=0, qg> 2,
r
Fl T;)‘ = 1
(. A) Inln—, A=0, ¢=2,
T
_2=q 1
In -1 - A=0, ¢ <2
( r
( RMr), A >0,
q—2mq
Ine—m1 — A=0, g>2mg,
T
Fr(r,\) =
(r.A) lnlnl, A=0, q¢g=2mq,
T
_2mj—gq
In 1-m - A=0, ¢<?2my
RMNr), A >0, RMr), A>0
Fs(r,\) = A 1
= e oo, A= o,
r (r)
where A =n — —2—,0 < r < Ry.

qg—m’

Lemma 2.2. [1] Let Q C R", n > 2 be a bounded domain, v € I/?/I’I(Q)
and

Z/w%uwm<mago@>1 (2.2)
1= 1Q
If1 <p<mn, thenve LI(Q),q= £ p(1+ Za’> %—%2}% and
1=
the following inequality holds
1
n np; 1+% i %1
lWllzae <7 ]] /Iv!“"lvxilpid:v ( =t ) : (2.3)
i=1 \{

where the positive constant v depends only on n,p;, a1 = 1,n.
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Lemma 2.3. [8, chap. 2| Let {y;}jen be a sequence of nonnegative num-
bers such that for any j = 0,1,2,... the inequality

y]+1 < ijy1+€

holds with positive €,C > 0,b > 1. Then the following estimate is true

(1+E)J 1 (1+s)7 L_J (1ag)d
i < C b Ey(() +e)

Particulary, if yo < C™ h= , then lim y; = 0.

]—)OO

2.2. Integral estimates of solutions

Consider a cylinder Qg - (2(®,t(?)) and let (#,%) be an arbitrary point
1 n—1 2
i Quaar (aOt0). 1 u(a®,0) = ()77 45 (ﬂ.) T then

M(0,7)=max(M®0,7),60,7))>(7"16, )mn—l —1—2(9 p)’"Jr mi and hence
Qn.s(7, f)CQgT(x(O (), where s = (1 — J)Ml m 0,72, m = (1 —
J)Mml = (0, T)p,Z—l n. For fixed k >0 and [,7 =0,1,2... set oy =
&4—2 4270, set kj = k(1 - *1), m’]zl = (Ozl+42 ji— Y, i =
1 n, 77.]1 (771.] by 777”).] l) S.]) = (al + 12_‘7_ B )S’ ijl = an7l75j,l(j7f>7
A kgl — {CC € Q]l(.’L‘ E) F( ) > k]} Let gj € Cgo(Qj,l(i‘vﬂ)v 0< gj <
L& = Lin Qua(a,D), ] <7271, |52 < y2i+in i = T

In what follows 7 stands for a constant depending only n, v, vo,
mi,..., my, which may vary from line to line.

Lemma 2.4. Let u be a nonnegative weak solution to equation (1.1)
and let conditions (1.3), (1.4) hold. Then for any j > 0 the following
inequality holds true

B (P~ kyRdn+ 300 [ [190F @)~ k) e
i=1 v

Ak ,5,(t)

+/ / (F(u) — kj)s fA(u)E2dzdt<yM™ ~™ (9, 7) / / 2 dadt
kj,g,l
(2.4)
where l; = F_l(k:j),j =0,1,2,...
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Proof. Testing identity (1.5) by ¢ = (F(u)—k;)+f(u) ]2, using conditions

(1.3) we obtain
J[ wet @@ ). Gawde
Ak il

+Z// matms =2y, 22 (w) 5dedt+// FA ()€ dadt

S/

=Ly,

0§
8951-

dzdt.

(Zuml e 1\2) (F'(u) = kj) 4 f(w)§;

From this, using the Young inequality and the evident inequality
lj <u(z,t) < M(0,7) on Ay, ;; we arrive at the required (2.4). O

2.3. Proof of Theorem 1.2

By Lemma 2.2 and the Holder inequality we obtain

y+1l // ]+1) dxdt

Akjq.5+1.
=
2(n+2)
‘AkJ+17]+1l‘n+2 —kj+1)+&5) dxdt
kjp1,0+1,1
2
n+2
_2
< | Ak g1 72 esssup / (F(u) = kjp1) 1 & d
0<t<T
Ay q,5+1,0(8)
1\ wiz
T n
2
I [ P - kg |
0o =t Akjyqgt+1,(8)
2
n+2
2
< Ak, 1] 72 esssup / (F(u) = kj1)3€ da
0<t<T

Ak yp,5+1,1(E)
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TTL
JI| [ e -kaoarge
0

i=1
Ak q.5+1.1(1)

n
1 n+2
n

Ak yqg+10(t)
Denote Q; = Qayn,a;s: M; = supu, using (2.4), it follows from Lem-
Qi
ma 2.3 that y;; — 0 as j — oo, provided k is chosen to satisfy

- n(m~ —m) (n+2)(m+—m7)
N e 2 0.7 "2 [ | F2(u)dxdt.

I+1
Qi1

From this we obtain

n(m—m~—)

M, T T P ()

(n+2)(m —-m_) 9 2
<A1l —o) 72 "M, p " //F )dxdt.

Qi1

n(m—m~)

1—-m— a
Denoting M, * M F(M;) = M? F(M;) = V;, we have

p 2 / / u)dzdt

Qi+1

(n+2)(m -m_)
2

U7 <y(1—0) 270 M,

w\@

o A ! ~(1- o)‘W?”(M(H,r))(””)(m*‘m*)—a

2(n+2) / / u)dzdt

Qi+1
From this by iteration
-1

1 .
V(u(,D) < U <+ 91— 0) 77 Y (27
=0

X (M (9, 7))+ m*=mT)=a ,=2(n+2) / / w)ddt
Qi+1
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We choose € = 277~ and passing to the limit as [ — oo, we obtain
—  n(m—m")
(w(@, )™+ F(u(a,1)))

<AL= o) TR (M (0, r)) // flup™ dadt. (2.5)
Qn s (Z,%)

2'2
To estimate the integral on the right-hand side of (2.5) we test integral
identity by ¢ = u™ (?, using conditions (1.4) and the Hélder inequality,
we obtain

[ [t casdess [ fur i cdedt + 7Y [ pasar

Qy.s @D Qg5 @D *]Qnsxa

El
’2

< M (0,7)]Qy 4 (7D < 3" MP I G ). (2.6
Since (Z,1) is an arbitrary point in Qug o (@, t®) from (2.5), (2.6)
we arrive at

n(m—m~—)

(M (o0, O'T))lim_+fF(M(O'(9, oT))

< (1= o) p A (M(9, 7)) (2.7)
For j = 0,1,2... define the sequences {o;},{0;},{7;},{M;} by
_og—j—1
oj = }73_;_27 i = (elj,egj,...,gnj), aij = 0, (1+%+...+%),
i = 1ln 1 = 7-(14_%4_...4_%)7 M; = sup

’
Qﬂj,Tj (x(o))

1

F(M]) _ |: F(MJ) :|m++l+n(mm) )

mmEmT
J
We write (2.7) for the pair of boxes Q, T( ),t0))  and
Q0,1 1,751 (2(9), (), This gives

—2
n(m—m=—)

MT(Mj) < (1 =) 727 pmait Mj 1.

Using the following inequality which is an immediate consequence of
our choice of T’

D(u)v < e 'T(u)u +T(ev)v, & u,v >0, (2.8)

indeed if v < e7tu, then T'(u)v < e 'T'(u)u, and if v > e~ lu, then
I'(u)v <T'(ev)v, and in both cases (2.8) holds.
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Ifee (0,1),p=——2 — then

—2

<T(eMysq) + e 2y(1 — o) 720 pmt 1+

—2
n(m—m—)

S 5”F(Ml+1) + 5_17(1 — o-)_’72l'7pm++1+
From this by iteration

l —2
F(M()) < €l‘uF(MZ‘+1) + 871"}/(1 _ O_)f'y Z(Ei,uQi’y) m++1+w .
=0

We choose e# = 2771 and passing to the limit as [ — oo, we obtain

—2
n(m—m—)

D(u(@® ) < A(1 - g)pmt it
Return to the previous notation
Fu(@ ) <41 = 0) (M0, 7)™ T p2. (2.9)

Thus Theorem 1.2 is proved. ]

3. Proof of Theorem 1.1

3.1. Pointwise estimates of solutions

Let

(A

K1 (A)
Qr = (z,1) € Qr: (tm” +Zlfv “M) <r o,

Where KZ()\) = W K]z()\) = m 1= 1,7’L7 A=n—

ForO<r<p<5 o (Ry: Qr, C Qr) weset M(r) = sup u(z,t)
QRO\Q’I‘

and ug, = u(x,t) — M(2p) < M(ﬁ) M(2p) for (z,t) € Qr, \Qg.

For fixed K > 0 and j = 0,1,... set p; = g(l—l— 2J) kj = k(1 —277),

q m’

Aij = {(:L' t) S Qp]. T U2p > /{?} Let Cj e 0™ <ij+1+pj> , 0< Cj <1,
2

9¢;
8@-

S 72]7p_ m(lA)

)

¢; = 1 outside Q,;, ¢ = 0 in Qp, ,, and ’6@
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2

¥297p" " | i =1, n. Let ig be the number such that mZ <1,i=1,...79
andm; >1, i=19+1,. = 5 Z mi, m = % Z m;. Note that
i= i=ig+1

i0=0ifm; >1,i=1,n,andig=nifm; <1, i=1,n.
Testing identity (1.4) by ¢ = (ug, — k‘j)+C]2, using conditions (1.4) we
obtain

ess sup / (ugp — )+C]da:+ZMmFl / |, |2 CJ dxdt

Akj,j(t) =1 kj.j
+ Z kml_l/ |z, |2 Cj dxdt + //(uzp - kj)+qu]2dazdt
i=19+1

Akjj

_1 & __2_
T el P AP
=1
By Lemma 2.2, the Holder inequality and estimate (3.1), we obtain

Yin= [[ (uzp — kjs1)idadt

Akjp1.+1
==
2 4
< NArgaga |72 S ((uzp = kjgr)+G) > dwdt
kj1,d+1
2
n+2
2
< | Ak 1| 772 esssup [ (ugp—kj1)3Gda
0<t<T Akj+1,j+1(t)
1 =
t n 9 "
<|J Hl I W(uzp = kj)+G)a,|“dx | dr
0

Akj+17j+1(t)

/ " )
(1—m )ig A=m )(n—ig)

<M (B) kg

1 n
(M2 (g) s Zlei+1 (g) p ZM > |Ak3+1,1+1| "+2'
1=

k )
gj+1 o1l Akj+1,J’ we

From this by the evident inequality (ug, —k;j)+ > 5

obtain estimate
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1"
a=m)ig (1=m_)(n=ig)

1
Yipr S920M w2 (8) kyyy M (M2 (5)p =™
- P ——2 | =2
M (5) o )T 52
=1

It follows from Lemma 2.3 that
m” 1) (ni ) (1-m')i
(M(p) — M(2p)) 204 < o 52 (2)

X <M2 (g) R+ ZMmﬂrl 1(A)> // uzpd:rdt. (3.3)

By the Holder inequality and Lemma 2.1 we get

(m —1)(n—ig) )»L
(M(p) — M2p)) =401 < a3 (2)

n
(e @)z (5 )
i=1

F?(r, )\)} Qp 477 (3.4)

Similarly to [11], we obtain the following estimate

D=

x {Fg(r, A) + (Fi(r,\) + Fa(r,\)2

M(p) — M(2p) <0,
iterating last inequality we get for any p < %

this proves the boundedness of solutions.

3.2. End of the proof of Theorem 1.1

Let K be a compact subset in €2, and £ = 0 in 99 x (0,T"), such that
€ =1 for (z,t) € K x (0,T). Testing (1.5) by ¢ = u™ &%)y, Y = 1y,
using conditions (1.3), the Young inequality, the boundedness of u and
passing to the limit » — 0 we get

sup /um +1d:v—|—2// mitmT =21, )2 da:dt—l—//uq+m dxdt < 7.

0<t<T =
K 0K
(3:5)
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Testing (1.5) by ¢, using (1.3), the boundedness of solution, and
passing to the limit » — 0, we obtain the integral identity (1.5) with an
1,2

arbitrary ¢ € W;’Q(O,T; L2 ())nL? (0,T; V([)/IOC(Q)) and ¢ = 1. Thus

C loc loc

Theorem 1.1 is proved. O
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