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On geodesic bifurcations of product spaces
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Abstract.  The bifurcation is described as a situation where there
exist at least two different geodesics going through the given point in
the given direction. In the previous works the examples of a local bi-
furcation and closed bifurcation are constructed. This paper is devoted
to further study of these bifurcations. We construct an example of an
n-dimensional (pseudo-) Riemannian and Ké&hlerian spaces which are
product that admit local bifurcation of geodesics and that also admit
closed geodesics.
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1. Introduction

It is well know that on a surface there exists one and the only one
geodesic going through given point in given direction. The proof of this
statement follows from the analysis of system of a ordinary differential
equations (ODE), and the statement is valid for surfaces for which the
Christoffel symbols are differentiable functions. Kuiper [2] and Borisov [1]
presented isometric imbending of class C!.

On the other hand, if the Christoffel symbols are continuous and are
not differentiable functions then the solution of above mentioned system
of ODE is not unique. Therefore, there exist more than one solution
of ODE and more geodesics going through given point which, at this
point, have the same tangent vector. This situation is called a geodesic
bifurcation.

In [4] we obtained a surface of revolution where geodesic bifurcation
exists. The construction of closed geodesic bifurcation on a surface is
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published in [5]. Here, we include the previously obtained results [4,5] in a
short form. Furthermore, we state new results about geodesic bifurcation
on product spaces. Latest results prove that there exist Kéhler and also
hyperbolical Kéhler spaces which admit these geodesic bifurcations.

Let us note, that geodesic bifurcations were also studied in paper [6],
but in this case the term geodesic bifurcation does not have the same
meaning as we use in the presented work.

2. Geodesic bifurcation

Let M be a manifold with an affine connection V. In local chart the
components F;‘j of the connection V are given. A curve 7 on the manifold
M is called geodesic if its tangent vector is recurrent along it.

Locally, on the geodesic 7y there exists a canonical parameter (arc
length) s for which the geodesic satisfy the equation: Vg = 0. In this
case, vector field + is parallel along curve . Here “-” denotes derivative
with respect to arc length.

In chart (U, z) above mentioned equation has the following form
jv'h(s) + FZ(HE(S)) i'(s) i (s) = 0, (2.1)

where v: 2 = z"(s) are equation of geodesic v on chart (U,x), and F?j
are components of V. Also, geodesics are often defined as curves that
satisfy the equations (2.1), see [3].

We can rewrite the equations (2.1) in the form of a system of ordinary
differential equations of the first order with respect to unknown functions

2" (s) and M (s) like follows
i'(s) = N'(s),  A'(s) = T (a(s)) @'(s) &7 (), (2.2)

v

where A"(s) is a tangent vector of the curve y(s) at the point 2(s). For
the initial conditions

ah(s)=ah,  A(s)=\b (2.3)

the solution of the system (2.2) is a geodesic going through the point xg
in the direction A} (# 0). If the function FZ(&;) are continuous functions,
then from the general theory of differential equations follows that the
equations (2.2) with initial conditions (2.3) have solution. Furthermore,
if the functions F?j (7) belong to differentiability class C* then the solution
of such system is unique. It is worth to note that the last condition of
differentiability of the functions Ff](x) can be replaced with the Lipschitz
condition.
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In [3] there is given an example of the space with affine connection
where the components are only continuous functions. In this case, there
exist one and only one geodesic passing through given point a:'g in given
direction )\6’.

Example 2.1. Let us consider a space A, with affine connection V
defined in a certain coordinate neighbourhood (U, x) by its continuous

components
Iy = fiah(s)), h=1,...,n,

the other components are vanishing. The solution of the Cauchy problem
(2.2) and (2.3) was obtained in the following explicit form

z(s) w
/ exp / fi(r)dr | dw = s,

0

This solution is unique and exists in the whole neighbourhood U, that is
the geodesic passing through the point :cg in direction )\g is also unique.
Let us remind that in this example the components of the connection
were continuous but not differentiable functions.

It was shown [4], that there exist a surface of revolution which admits
geodesic bifurcation.

Example 2.2. Let us consider a surface of revolution S given by the
equations
x=r(u)cosv, y=r(u)sinv, z=z(u),
where
1

r(u) = —————, z(u) = / V1 —a2tha=2 . (1 — ¢20)=3 d,
1 — w2 0

u € (—1,1), v € (—m,m) are parameters.

For this surface the Christoffel symbols are continuous functions which
are evidently not differentiable and also do not satisfy Lipschitz condi-
tion. Then on the surface of revolution S there exist geodesic bifurcations
for a € (0,1).

The proof of this statement follows from the existence of two different
geodesics going through the point (0,0) in the direction (0,1). These
geodesics are given by the equations

1. u=0, v=s; Ita

I1. u:((l—a)s)ﬁ, v=s5—
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The first one we shall call a trivial geodesic - also called gorge circle -
and the second one nontrivial geodesic passing through the point (0,0)
in the direction (0, 1).

We note a remarkable fact that the consequence of this statement is
that geodesic bifurcation exists in each point of the gorge circle since the
given surface of revolution is symmetric. Furthermore, there exists an
infinite number of geodesics going through the point (0,0) in direction
(0,1). Moreover, the surface S has the metric ds* = du® + r2(u) dv?
and because any surface with this metric admits a nontrivial geodesic
mapping, then projective corresponding spaces preserve above mentioned
geodesic bifurcations.

Detailed description of this problem can be found in [4].

The previously obtained results are further developed in [5]. In this
paper there is constructed a surface on which bifurcation of closed geo-
desics exists.

Example 2.3. Let us consider a certain neighbourhood of the gorge
circle of the surface § mentioned in the previous example, where the
geodesic bifurcations exists. Let us suppose that the geodesic curve
starts at the point (0,0) and has a tangent vector (0, 1), the “end” lies
also on the gorge circle, and is part of another nontrivial geodesic.

To construct a surface where bifurcation of closed geodesic exists,
the goal is to connect the ends of the geodesic v with the smooth curve
which would form the surface. In this construction is used a fact that
the surface of revolution is symmetric and also results obtained in [4].

For further information and more detailed description of the above
mentioned construction of this example see [5].

3. Product manifolds

A Riemannian manifold V,, is called a product manifold of Rieman-

1 2 m
nian manifolds V,,,, Voo, .., Vo (g +n2+ -+ + 0y, =n)
1 2 m
Vo=Vp, @V, ®--- @V, (3.1)

if the metrics are related by
I=01 Qg & gn.

Locally this means that there exists a coordinate system (z?) such that
the metric forms of these Riemannian manifolds satisfy

ds® = ds? +dsi + ... +ds?,,
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where
ds? = Gij (a:k) dz*dz?  and dsg = ging (mk") dzie dade,
.4, k=({Ln) o, Jo ko = (Po,70);
l=p1<r<p2<reg<- <pm<rm=n.
It is know [3, pp. 192] that a product manifold V,, with metric

g=(191) ® (292) @ - @ (mGm), where constants «, # 0
admit affine mappings f : V,,(M, g) — V,, (M, ).

By analysing equations (2.1) we can verify that the geodesic ~ in
product manifold V,, = (M, g) can be generated by geodesic ’ly C {’n for
1=1,2,...m like follows

1 2 m
T=YRY® - ®7,

while among these geodesics fly there can exist “trivial geodesics" which
are points in the space, i.e. they are defined by the equations z* k

i — phi =
0
const.

Ké&hler manifold K, is a Riemannian space with a metric g and a
structure F' that satisfies following conditions

F’=_1d, ¢g(X,FX)=0, VF=0,

for any vector X, where V is Levi-Civita connection of the space.
It can be easily verified that the product space of the Kéhlerian spaces

1 2 m
K,=KK®---K

is also Kéhlerian space with structure which have analogical construction

1 2 m . h g,
F=FQF® ---QF, Le. F7=1F07,
for 0 = 1,...,m, and the other components of the structure F' are van-
ishing.
From the other side, two dimensional Riemannian manifold is always
Kaéhler, see (3, pp. 130], where the following holds

; 0 1
Fl=ejg,  ej= \/ 911922 — 935 - < 1 0 > .
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4. Geodesic bifurcation of product spaces

The above mentioned construction of the product spaces can be now
used for a similar construction of geodesic bifurcation in n-dimensional
Riemannian spaces and also in Kéhler spaces.

i

Evidently, it is sufficient to take take one from the components V
of the above described product space (3.1) as the space with metric de-

1
scribed in examples 2.2 and 2.3. For example, if V is the space with the
metric described in examples 2.2 and 2.3 and this space has a geodesic

bifurcation at the point fly(O) then it is obvious that geodesic
1 2 m

has a geodesic bifurcation at the point 7(0).

From the above mentioned follows that in this manner it is possible to
construct an n-dimensional Riemannian spaces where the geodesic bifur-
cations exist. Analogically, we can contruct an n-dimensional Kéhlerian
spaces which also admit geodesic bifurcations.

Let us note that the geodesic bifurcations do not have to exist in
2 m
other spaces V,...,V. In case there exists a geodesic bifurcation at the

point 'Zy(O) of the space <f then the image of the geodesic in the product
space V,, would be much more complicated.

Using global results about geodesic bifurcations obtained and de-
scribed in previous paper [5] where the bifurcations of closed geodesic are
constructed, it is also possible to construct bifurcation of closed geodesics
in n-dimensional Riemannian and Kéahler manifolds.

In addition, the construction of the product spaces makes it possible
to construct also pseudo-Riemannian spaces where there exist geodesic
bifurcations of isotropic geodesics, i.e. geodesic which have vanishing
length.

Example 4.1. Let V = \1/ ® %2/ be product space of the spaces \17 and
WQI and let g;,j,, i1,J1 = 1,25 Ginjn, 12,72 = 1,2 be positive and negative
metric forms of spaces \1/, %2/' respectively.

In Riemannian space Xl’ the geodesic 'ly has a bifurcation at point

1
’1y(0) (space V can be the space from the examples 2.2 and 2.3). Then
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the length of the vector is \’y( )] = 1. Let us suppose that in Rieman-

nian space V there exists a geodesic 'y for which |fy( )] = 1. Then the
geodesic v for which

has tangent vectors A\’ for which
N = d%il /At and A2 = ng;i2/dt.

Since g;,j, is a positive form and g;,;, is a negative form, it is evident
that |A| = 0 because

Al = 1/ gi AN = \/gi iy AEATL 4 g3y iy N2 A2 = T — 1 = 0.
J 1J1 272

Conclusion

The work develops the results and ideas from the previously published
papers [4,5]. In presented work we have constructed an n-dimensional
Riemannian product spaces and also Kéhlerian product spaces which
admit local geodesic bifurcations and also bifurcations of closed geodesic.
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