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1. Introduction

In this paper we consider a class of parabolic equations with nonstan-
dard growth condition and singular lower order term. Let €2 be a domain
in R, T > 0, set Qp = Q x (0,7). We study solution to the equation

up — divA(z,t,u, Vu) = f(z,t), (z,t) € Q. (1.1)

Throughout the paper we suppose that the functions A(-, -, u,&) are Le-
besgue measurable for all u € R', ¢ € R" A(x,t,-,-) are continuous
for almost all (z,t) € Qr. We also assume that the following structure
conditions are satisfied

Az, t,u,§)€ = er([§P + alz, 1)[€]7),
Az, t,u, )] < oI +alz, €7, (1.2)
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o

where ¢q, ¢y are positive constants, a(z,t) > 0,a(x,t) € C*2(Qp) with
some positive a € (0,1], f € LY(Qr), and

nz—fl<p§q<p+a. (1.3)
The main goal of this paper is to establish local boundedness of solu-
tions to equation (1.1) in terms of parabolic potential of the right-hand
side. This fact is basically characterized by the different types of degener-
ate behavior according to the size of a coefficient a(x,t) that determines
the “phase”. Indeed, on the set a(z,t) = 0 equation (1.1) has growth of or-
der p with respect to the gradient (this is the “p-phase”), and at the same
time this growth is of order ¢ when a(z,t) > 0 (this is the “(p, ¢)-phase”).
Before formulating the main results, let us say a few words concerning
the history of the problem. In the standard case p = ¢, the class of equa-
tions (1.1) has numerous application for several decades (see e.g. [5-7]
and references therein). Starting from the seminal papers by P. Mar-
cellini [18,19], V. V. Zhikov [23] and G. Lieberman [14] during the last
decade there has been growing interest and substantial development in
the quasilinear elliptic and parabolic equations. The interest grows not
only from the calculus of variations but also from a number of recent ap-
plications in modeling electrorheological fluids, image processing, theory
of elasticity (see e.g. [20]). The basic prototypes of elliptic equations with
nonstandard growth conditions are

—div (g(|Vu\>‘§—Z|> " (f)pl < % < <§>“ >0,

—div(|VulP2Vu + a(x)|Vul|? *Vu) = f, a(z) > 0. (1.5)

The qualitative theory of parabolic equations with nonstandard growth
conditions has not been developed yet to the same extend. Local bound-
edness of the gradient of solutions to quasilinear parabolic equations of
the type

ue — div <g<| Vu |>%) e 1

ug — div(|VulP"2Vu + a(z, t)|[Vul|*2Vu) = f,a(z,t) >0 (1.7)
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were obtained in [1,22], Holder continuity of solutions to equation (1.6)
was proved in [8-10].

To describe our results let us remind the reader the definition of a weak
solution to equation (1.1). For & € R™ set g,(|¢]) := |€[P~! + a(x,t)[£]97L
and Gy (|€]) = |€]94(1€]). We will write W1Ga(Qr) for a class of functions
which are weakly differentiable with [[ Go(|Vu|)dzdt < co. We say that

Qp
u is a weak solution to (1.1) if u € V/(Q7) := C(0,T; L?(Q)) NW L% (Qr)
and for any interval (¢1,t2) C (0,7) the integral identity

updx —upy+ Az, t,u, Vu) )dxdt = xdt
/g@d\ // o+ Az, t,u, Vu)Ve)dxd //gofdd (1.8)

1,Gq
holds true for any testing function ¢ € T/(I)/ (Q7) with ¢, pr € L=(Q7).
Note that the assumptions that the testing function ¢ and its deriva-
tive ¢y must be bounded guarantee the time derivative and the right-hand
side of (1.8) are well defined. To formulate our first main result, we define
the local parabolic potential.
Let (zo,t0) € Qr for p,0 > 0 and let Q,g(xo,t0) = Q;G(:z:o,to) U

Q;()(antO) @0 (930,750) := By(x0) x (to — 0, t0), ng(fﬂo,to) := By(wo) x
(to + 0, to). For m > = p > 0 define

Do(pi 20, to) = inf A | TS SR

Qp,mem—Q (:BO,tO)

TmfZ

Note that the above infimum is attained at some 7 € (0, 4+00] since the
function under the infimum is continuous for 7. Moreover Ds(p; g, to)

= JJ |fldedt

Q,,p2(z0to)
Now for j = 0,1,2,... set p; := 277p. Following [16] we define the
parabolic potential

P (p; o, to) - ZD (pj; o, to)- (1.10)

Particularly, there exists v > 1 such that

1 (p; o, to) </ // \f\dﬂ?dt— <’YP (p; 0, to)-

p.p2(@0t0)
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So that for m = 2 the introduced potential is equivalent to the truncated
Riesz potential used in [2,4,12]. Note also that for m > 2 and for a
time-independent f the minimum in the the definition of D,,(p; xo,to) is
attained at

= (m—2) w | / flde |
Bp(ifO)

SO

1 n
Don(p: 20, t0) = (m — 1)(m — 277 [ pm / \flde
BP(IO)

and Pl (p;xo,t0) = leim(p;xo), where Wlf,m(p;xo) is Wolff potential
defined by the formula

m—1
o0
_ P .
j=0

BP]' (1170)

Remark 1.1. We can estimate Pnf; by the Lebesgue norm as follows.

Let f € L"(0,T; L*()) for 2 + -2 < 1. Then

1 1 n
p " / |fldz < 47200 == £ 5.

Q,, ym,m—2(T0,t0)

and )

D (p; @0, to) < 7(p =77 m3) || f]] ) 20D
Hence if % + 7= < 1, then

1 1

P (p; 20, t0) < A(p™ 77w || f]],) DO

and lim, ,o  sup P,fl(p;xo,to) =0.
(:Bo,to)GQT
The main result of the paper is the local boundedness of the solutions.
As it has already mentioned before the behavior of the solution in a neigh-
borhood of a point (xzg, ty) depends on the value of the function a(zg, to).

In what follows we will distinguish two cases:  sup  a(z,t) > 2[a]op®
Q,, ,2(@o,to)
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(so called (p, q)-phase) and  sup  a(z,t) < 2[a]op®(so called p-phase),
Q,,02(w0,t0)

.— \a(a:,t)—a(y,r)\
here [(Z]a = sup W.
(z,t),(y,7)EQT
(z,6)#(y,7)

Theorem 1.1. (Local boundedness of solution in the (p,q)-phase). Let
u be a solution of equation (1.1) and assumptions (1.2), (1.3) be fulfilled,
q # 2. Fiz a point (xg,to) € Qr such that ay = a(xg,tg) > 0. Let

1
R = (giz)e and Qpe(wo,to) C Qp r2(w0,t0) C Qsr sr)2 (2o, t0) C Q.
Then for any 0 < A < n% the following estimate

1

q q—2
lu (ffo,to)|<7<p )
aOH

™D
S - / / |~ A=Y gt
pra Qp,0(0,t0)
1 1+ A(g—1) D
+ / / ulPT NI dadt
prp Qp,0(z0,t0) |

__1_
+y(1 +ay ") Pf (2p; w0; to) (1.11)

holds true with a constant v > 0 depending only on n, p, q, c1, c2, [a]a
and \.

Theorem 1.2. (Local boundedness of solution in the p-phase). Let u
be a solution of equation (1.1) and assumptions (1.2), (1.3) be fulfilled,
and assume also that q < p”Jrl Fiz a point (xg,ty) € Qr such that

ap = a(xg,to) = 0. Then for any 0 < X < %Z_p) the following estimate

. T
P’ ﬁ p—1+A(g—1)
|u(zo,t0)] < (? P [ul )dxdt
Qp 9(x07t0
p
p—n(g—p)+Ap(g—1)
A
pp // (DN dadt ""VPJ(?PS 0, o)
Qp.0(z0,t0)
(1.12)

hold true with a constant v depending only on n,p,q,ci,ca,|ale and A.

The proof of Theorems 1.1, 1.2 is based on the adaption of the
Kilpeldinen-Maly technique [11] to the parabolic equations using ideas
from [16].
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2. Local boundedness of solutions. Proof of
Theorems 1.1, 1.2

2.1. Integral estimates of the solutions

For 0 < A < min(l,m —1),m > 1, set Wi, (s) := [ (1 %dz:
m m—l—/\_l
(1 45) ) for any € € (0,1) ev1dent1y we have
Win(s) € ——s" s <ety(@QWniss(s)  (21)
m—1—A

with a constant (e) depending only on €, m, \. In what follows we shall
also need the following simple inequality.

s<e+(e) /08(1 — (14 2)Mdz, &, A€ (0,1) (2.2)

with a constant v(¢) depending only on g, .
The next two lemmas are Cacciopolli type estimates adapted to the
Kilpeldainen—Maly technique.

Lemma 2.1. (p,q-phase). Let the conditions of Theorem 1.1 be ful-

filled. Then there exists v > 0 depending only on the data such that

for any X € (0,1),k > ¢,1,0 > 0, any cylinder Q@ = Q 15, C
o

Qp0(z0,t0) C Qr p2(w0,t0) and any ¢ € C’SO(Q,@), such that 0 < ( <
L|V¢] < vrh |G < yagr™90972 one has

u o -
sup 61 // 1-— 1—|—Z ! dz=CFda
0<t<T ! 1)
L(t)
NP
4—&4//hm(%#>
L
I\ |2
-+M2wzﬂvm<%¥)
q—2 q—1+X(g—-1)
va 05— / / ( > CFadzdt

p—1+A(¢—1)
+ / / ( > Ck=9dzdt
+ 7511(/i | f|dzdt, (2.3)
QY

where L= QY M {u>1},L(t) := LN {r =t}.

CFdadt

¢Fdadt

IN
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Proof. First note that by our choice of R we have % = ag — [a]o R* <

a(z,t) < ap+[aloaR™ = 3ag for any (z,t) € QY ¢ Qr g2 (x0,10). Testing
identify (1.8) by ¢ = (1 — (1 + (%%)4)~*)¢*, using conditions (1.2) we

obtain

r -1\

sup // 1- <1+ ) dzCFdx
0<t<T 1)
L) 1

ot // <1+ “

L
1\ q—1
5 ag // (1 + uTl> \Vu|qud:L‘dt < ’yao(s—

L

y
// UTCk_ldxdt—l—W_l/ VP~ ¢cE L dadt

+yaor™ //|vu\q Lek= 1da:dt+’y/ | f|dxdt.

(5)

5 > |VulP¢Fdadt

From this using the Young inequality and by our choice of I/Vp(Tf)7
Wy (%= 51) we arrive at the required (2.3). O

Lemma 2.2. (p-phase). Let the conditions of Theorem 1.2 be fulfilled.
Then there exists v > 0 depending only on the data such that for any A €

(0,1),k = ¢, > 0,8 =17 any eylinder Q) == Q p-2  (w0,t0) C
p

7 2—
Qpolwoto) and any ¢ € CF(QY), such that 0 < ¢ < 1, [V(| <
yr= L |G| < yr7PSP2 one has

u o —A
sup // (1— <1+Z l> )dzckdx
0<t<T I 1)
L(t)
_ u—1\[?
+0P 2//'va< 5 >
L
p—1+A(g—1)
< AOPT2pP / / < > CFadzdt
q—1+X(g—-1)
+~69” 2y p//( >

CFdaedt

ckadzdt + 0! / / | f|dadt.
o
(2.4)
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Proof. Note that by our choice of § we have an inclusion Q@ C Q. r2(wo, o).
Therefore for any (z,t) € Q@ we have a(z,t) < [a]or® < [a]or?P (we
have p, ¢ > 2).

Testing (1.8) by ¢ = (1 — (1 + (uT’l)_F)’)‘)Ck, using condition (1.2) we

obtain
u o -
sup // 1—<1+z l> dzCFdx
0<t<T ! 0
L(t)
—1-X
4671 // a(z,t) (“Tl> \Vu|q§kda:dt<7— // 5 gk Ydadt
L
//\vuv’ Lek=Ydndt 4+ ~vr— // a(z,t)|Vu|i= L¢P tdadt
+7//|f|d1‘dt

(5)

Using the Young inequality we arrive at the required (2.4). O

2.2. Proof of Theorem 1.1

Fix a number & € (0,1) depending only on the data and A, which
will be specified later. For j = 0,1,2,... positive numbers [; and J; are
defined inductively as follows.

) TR
P ‘72
o01:=— // wd= 1A g gy

aopf 3ep”+q

Qp 9(x07t0

XD
1
// wP~ A gy (2.5)
eeanrp
Qp,6(w0t0)

and lp = 0. For j =0,1,2,..., given d;_1 and [; we define ¢; and [;; as
follows. We denote r; := p277 and 7j := sup{r : %—H“{" I | fldxdt =
er’r;;Tq_Q(:vo,to)
Dq(rj; 0, t0)}, where Dq(rj; o, to) is as in (1.9). For § > 15;_1 we define
Bj = B, (o), Q(é) =Q o (x0,t0). Let (5 € C{)’O(Qg-é)) be such that
2—q
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0<¢ <1 ¢G=1in}Q)" and [VG| < yry', %] < yaor; 78772 Set

542 g—14+A(g—1)
A;(d) :=ag n+q //( ) ngmdt

1

5p 2 p—14+A(¢—1)
n+p //< ) dexdt, (2.6)

L

here L;é) = Qg-a) N{u > 1;}.

If Aj(%éj_l) S X, we set 5j = %(5]'_1 and (Sj = lj+1 — lj. Since AJ((S) is
continuous and decreasing as a function of §, then if A;(3;_1) > e there
exists § > $0;_1 such that Aj(S) = @. In this case we set §; = § and
lj41 = lj+0;. Further we set Q; = Qg-&j), L; = Lg-aj). By our choice of §_1
and d0;,j = 0,1,2,... we have an inclusion Q; C Q-1 C Qo C Qp (0, t0)
for j = 1,2, ... and in particular (;_1 = 1 on Q;,j = 1,2, ..., and moreover

Aj(0j) <ee,j=1,2,.. (2.7)
Claim. Set B = 2""4_ then for any j =0,1,2, ...
0; < Bdj_q. (2.8)
We establish the claim by induction. By our choice of §_; we have for

J=0
1-X(g—-1)

(10(57
Ao(Bé_1) = % / / ud™ A dpdt

—1 Ag—1)
p—1+X(g—1) ~q
+n+p31+xq1 //u Dl dadt

1>\q1

S B—l—)\(q—l) ao n+q // q 1+>\q 1 dl‘dt
Qp 9(x07t0
(5 p 1-X(¢g—1)
LT / / uP MY g
Qp,6(z0,t0)

< B le < .
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If 6 = %(5,1 < B(Ll, and if Ao((;o) =& > AO(B(Ll), and since Ayd
is decreasing, then dy < Bd_1, and in both cases we obtain §y < Bd_j.
Assume that (2.8) holds for i = 1,2,...,5 — 1, then

9 \"ta (5q 2 q—1+X(g—1)
. . — q
A](B(ijl) = qag <’I”j1> B1+)\ P 1 // < ] . ) C dxdt
2 n+p (51’ 2 p—14+X(g—1)
q

+ <’I”j_1> Bl+)\(¢1 1) //( J 1 ) C drdt
w— 1\ 4 1A=

< 2"HIB | ag n+q //( : > 9 dxdt

510 2 .y p—14+X(g—1)

YT

< 2n+qB71Aj_1((5j_1) < e2ntep—t < &.
If (Sj = %5j—1 S B(Sj_l, Aj((Sj) = & Z Aj_l(B(Sj_l), and since Aj(d) is
decreasing, then §; < Bdj_1, and in both cases we obtain §; < Bd;_1,

which proves the claim.
The following lemma is a key in the Kilpeldinen—Maly technique.

Lemma 2.3. Let the conditions of Theorem 1.1 be fulfilled. Then for
any j > 1 there exists v > 0 depending only on the data and A, such that

1 1
(5]' < 553;1 + ’Y(l + ag q_Q)Dq(T‘j; l‘o,to). (29)
Proof. We shall assume later that
1
8 > 5J 1, 0; > ag° 2;, (2.10)
J

since otherwise (2.9) is evident. The first inequality in (2.10) guarantees
that A;(d;) = e. First note the inequality

q— 2 D— 2
rn+q|L|+ n+p\L\<'yaej—12 (2.11)
J Tj-1

Indeed, by (2.7) and (2.8) we have

q—2 p—2
J Jj—1
ag Tn+q ‘LJ‘ + ’rn-|—p |LJ|

J Jj—1
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l .y 1 q—14+X(g—1)
- n+q //< - ) J‘.]_lda:dt
51” 2 j— 1y \P~ e
n+p //( J > ?_ldazdt

w— g\ 9D ,
<% ao n+q //< ) j_lda:dt
5? 2 _ 1 p—1+A(g—1)
n+p // <u L ) ;'1_1 dxdt

S ’V(B)Aj—l(5j—1) < (B
By (2.1) and (2.11) we have for any ¢ € (0,1)

§4* g—1+A(g-1) or
% = ag n+q//< ) qumdt—i- o

]—1

u—lj Pt q —14X(g—1) s¢—2,—n—q
[1(5") Chdadt < ae DG

p—2

ro T4
+7€p—1+>\(q—1)5j] |Lj| +7(e)Jy < eyae +7(e)J1,  (2.12)
5972 w—1;\ (u—1;\M
_ J J J q
Jl_aor’“q/ Wj( dj )( dj > ¢ dedt
J Lj
st o (u=1Y (u—1\M
+r’?+q/ Wp( Ly >< Ly > ¢ et
J Lj

Further we shall assume that A satisfies the condition 0 < A\ < n%. By
the Sobolev embedding theorem and our choice of A we obtain

where

5‘1*2 " —
Ji < agy-2 sl s / chdaz / / ‘ < < )g) dxdt
g Lj(t)
52 u—1; ’ u—1; p
+7ri+q JSup / 5; L¢ldr / / 'v (Wp< 5 J) gj> dxdt. (2.13)
J
(1) L;
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By (2.2) and Lemma 2.1 we obtain for every 1 € (0,1)

u—1;
sup / chgda: < e1]Bj]
o<t<T i

L;(t)

Y
+ ' sup / / <1 = (1 + lj) ) dz(fdx
0<t<T 0

q—14+X(g—1)
< [Bjl | &1 +(er)ao n+q//< ) dzdt
p—14+X(¢g—1)
A [
+ 7(61)5j1rj"/ | f|dxdt. (2.14)

Further by (2.7), (2.8), (2.10), (2.11) and our choice of (; we obtain

=l (2

>p 1+)\(q 1)

dxdt

) q—1+XA(¢—-1)

dxdt < ’YAjfl((ijl) < Y. (215)

=0

Therefore, inequalities (2.13)—(2.15) and Lemma 2.1 imply

e < eyee + v(e) 3e+(5j_1'rj_” //|f|da:dt
Q.

Sl

X 51+7(61)ae+5j_1rj_”/ | f|dxdt
Q@

y
n

+ | e1 + (1) ae—|—5 / | f|dxdt . (2.16)

Now choose e = ﬁ, 167(5) and g such that y(e, e1 )aen +7(e, &1 )an =

75- From (2.16) it follows that there exists v > 0 such that &, ! ri" fo]- | f|dxdt >

g1 =
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e, hence §; < yr;" [[|f|dzdt. By the second inequality in (2.10) we
J

have an inclusion Q; C Q. i 2(20,t0), 8
J

6 <ar;" // \f\da:dt < yDg(rj; 0, to).

Such a way inequality (2.9) is proved, which completes the proof of
Lemma 2.3. O

Summing up inequality (2.9) for j = 1,2,...,J — 1 by (2.8) we obtain

o
1y < 8 + ( 1+a0 ?)> " Dy(rj; 20, to)
] 1

<61+ (1 +ay Q)Pq (2p; 2o, to). (2.17)

Hence we can pass to the limit J — oo in (2.17). Let [ = lim; 0 [, from

(2.6), (2.7) we conclude that r; "™ [ [ (u—1) MY dpdt < (51+)‘(q b,

Qj
0, j — oo. Choosing (zg,ty) as a Lebesgue point of the function (u —

Da=1+Ma=1) we conclude that u(zg,to) < [ and hence u(zg,tg) is esti-
mated from above by the righthand side of (2.17). This completes the
proof of Theorem 1.1.

2.3. Proof of Theorem 1.2

The proof of Theorem 1.2 is similar to that of Theorem 1.1. We note
only the differences arising here.

Fix a number & € (0,1) depending only on the data and A, which
will be specified later. For j = 0,1,2,... positive numbers /; and J; are
defined inductively as follows.

1
ﬁ
0_q1:= <%> aep”ﬂ’ // wuP 1AM gt

Qp,0(05t0)

1 A1) p—n(q—p)-&-Ap(q—l)
+ —// wd™ T dxdt , (2.18)
apntp Qp,0(z0,t0)

I S
1+X(g—1)
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and lop = 0. We denote 7; := p277 and

1
Tjr=supq T = 4" // |fldxdt 3 = Dp(rj; xo,t0), (2.19)
T

r r P p— 2(930 to

where Dy (r;; 20, 10) is defined by (1.9). For § > 34;_1 we define B; :=
B, (o), Q;é) = Qrﬂﬁ(ngp(:z:o,to) and let (j € C(‘)X’(Q(é)) be such that
0< G <1.¢=1in4Qf and VG| < i, |52 < 977672 Set

o 2 p—14+X(¢—1) .
- / / < ) CIdudt
L(6>
5q 2 q—1+X(g—-1) .
n+p //( > (jdzdt, (2.20)

where L;‘S) = Q;‘;) N{u > [}

If Aj(36;-1) < &, we set §; = $0;1 and &; = L1 — ;. Since A;(6)
is continuous and decreasing as a function of 0, then A ( dj—1) > &
and there exists 6 > $0;_1 such that AJ((S) = @. In this case we set
0; = 5. Further we set Q; = Qg-éj ) and L; = Lg-éj ), By our choice of
95,7 =0,1,2,... we have an inclusion Q; C Q-1 C Qo C Q,.¢(w0,t0) for
J=1,2,..., in particular, (j_1 =0 on @;,7 =1,2,... and

A;(0) <mj=1,2,.. (2.21)
Similarly to (2.8) we prove
§; < Bb;_1,j=0,1,2,.. (2.22)

where B = 273 03 = pg:g)_z).
The next Lemma is a key in the Kilpeldinen—Maly technique in the

p-phase.

Lemma 2.4. Let the conditions of Theorem 1.2 be fulfilled. Then for
any j > 1 there exists v > 0 depending only on the data and A such that

1
0; < 5(5]'—1 + ')’Dp(rj?wOatO)- (2.23)
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Proof. We will assume that

1 1
53' > 5(5]',1, 53' > T—j,

since otherwise inequality (2.23) is evident. First, similarly to (2.11) we
obtain

(&7 4 67 )" PIL | <y, j = 1,2, 224

By (2.1) and (2.24) we have for any ¢ € (0,1)

p—1+A(g-1)
x = n+p //( ) ngmdt
5q 2 q— 1+>\(<1 1)
n+p // < ) (fdzdt < ez +7(e)J2, (2.25)
where

2: n+p / W 5 ))‘ngdxdt

5‘1 2 y

n-l—p/ WP 5 )q p+Aqud$dt

Assuming that X satisfies the condition 0 < A < 1%3717) and using
the Sobolev embedding theorem we obtain

Jo < v <5§2 + 55_2+;(q_p)> r. P

) 71 (58
oiltlfT/ oy G [/'V W oy G

L;(t

_ <5p 2+5q 2+2(q p)>

Sk S

X

dxdt

ri P (2.26)
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By (2.2) and Lemma 2.2 we obtain for every ¢,e1 € (0,1)

7(5)5‘?_2—’— P (q_p) Tj—n—p J3

SIS

_p=n(g—p)
< @ |aeaeers [ ifidede

p— n(q p)
x |e+s; / |f|dadt | . (2.27)

Similarly, by (2.2) and Lemma 2.2 we have for any ¢,¢1 € (0,1)

_p—n(g—p)
v(e)d; * r;nprg
p
p—n(q—p) P)
< (e | e +7(€1)ae+(5 P / | f|dxdt
Qj
p— n(q p)
X 3e+(5j / |f|dxdt | . (2.28)
Choose ¢ = ﬁ,sl = Wl(s) and @ such that (c,e)en = . From
(2.25)—(2.28) it follows
v
p—n(q—p)

d; <y ?”j_n//|f|d1‘dt + Tj_n//\f\dxdt
Qj Qj

1

Since 0; > — we have an inclusion Q; C Q. » »- 2(x0,t0). From the
J

Tg, 7T,
V)

previous we obtain

;< rm // \f|dzdt < ~D;(rj; zo, to),
Q T T —2(z0,t0)
i

which proves the lemma. O

Summing inequalities (2.23) for j = 1,2,...,J — 1, using (2.22) and
passing to the limit J — oo, we arrive at (1.12). Here (xg,tg) is a

Lebesgue point of the function (u — [)P~1+A4=D  where [ = lim I;. This
j—o0

completes the proof of Theorem 1.2.
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