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Pointwise estimates of solutions to weighted
porous medium and fast diffusion equations
via weighted Riesz potentials
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Abstract. For the weighted parabolic equation
v (x) ue — div(w(@)u™ 'Vu) = flz,t), u>0, m#1

we prove the local boundedness for weak solutions in terms of the
weighted Riesz potential of the right-hand side of equation.
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1. Introduction

The purpose of this paper is to study the local properties of solutions
to weighted parabolic equations whose simplest example is

v (z) up — div(w(z)u™ V) = f(z,t), u>0, m#1 (1.1)

in Qp = Qx(0,T), where v(z), w(z) belong to the corresponding Muck-
enhoupt classes, ) is a bounded domain in R", n > 2,
0<T <+, and f € LY (Qr).

In the non weighted case, i. e. v(x) = w(x) = const, this class of
equations has numerous applicantions and has been attracting attention
for several decades (see, e. g. the monographs [4, 28,49, 50, 68] and
references therein).

More generally we deal with the parabolic equations of the type

v(z)us — divA(x,t,u, Vu) = f(z,t) in Qr, (1.2)
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where the vector-field A = (ay,as,...,a,) : Q7 x R' x R* — R" is
Lebesgue measurable with respect to (x,t) € Qp for all (u, &) € R x R",
and continuous with respect to (u,&) for a. a. (z,t) € Qp. We also
assume that the following structure conditions are satisfied with some
positive constants K7, Ko

Az, t,u, )6 > Kyw(z)u™ e[, u>0

A, t,u,€)] < Kyw(@)u™e], m# 1 (13)

For the function f(z,t) we assume that f € L'(Qr) and v(z), w(z) > 0,
v(z) € Ass , w(z) € Ay where A4,, 1 < p < oo denotes the Muckenhoupt
class. This means that

B) /1 1 p-1

where the supremum is taken over all balls B C R™. And we say that
v(x) € Ax if there exists pg > 1 such that v(z) € Ap,.
As an immediate consequence of the definition of A, class one has

s = (1)

for any ball B, (y) C B,(y).
Moreover (see [43| for the details), there exist constants Kz > 0,
0<& <1, 0<& <pdepending only on n,p, K, ., such that

() << (0

for any ball B,(y) and E C B,(y)
Further we will assume that

GIORE RO M

with some positive Ky, v1, pu1, v, p and for balls B,.(y) C B,(y). Our next
assumption is a relation between v and w. Fix y € € and R such that
Bsgr(y) C Q and set ¢y, (r) = r? g((g:(é)))), 0<r<R.

We suppose that 1, (r) is strictly increasing for r € (0, R] and there

exist two positive constants «, K5 such that

(i)
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One can easily check that by (1.4) the condition (1.6) implies

2

r\ (o(Br() 7 w(By(y)) o
<p> (v(B,,(y))) w(B.(y)) <Kg, 0<r<R, qg= " (1.7)

Q

2
with K¢ = KiiaKm and vice versa, inequality (1.7) with some ¢ > 2
implies (1.6) with o = nv(1 — %)
We note that condition (1.7) is essentially necessary and sufficient
to have the Sobolev—Poincaré inequality (for details we refer the reader
to [16]).

Remark 1.1. It seems that conditions on v, (r) are rather natural.
Particularly in the case v = w they are obvious. In the case v = 1 , follow-
ing [23] we introduce the function v, (r) : (fB P 2d:1:> = hy(r),

where the symbol < means that there exists ¢ > 0 such that ¢!, (r) <
Py (r) < cby(r). And the previous assumptions will be fulfilled for the
function ¢, (r). We also note that condition (1. 6) is evident consequence
of (1.4), (1.5) if p < w1+ 2, then a = 2+ n(vy — p) > 0.

To formulate our results we also need the definition of the weighted
parabolic Riesz potential. Let (xg,t9) € Qp for any p,0 > 0 we define

Qpﬁ(xo,to) = Bp(.%'o) X (to — Q,to) . We set

Ty (20, t0, R, 0) /R ! // \Fa, 8)|dadt P
v,w, fAL0, L0, L1, = D () T, rar—-
f 0 /U(Bp(xo)) Qp,ewm(p)(m()»tO) p

(1.8)
In the case v = w = 1 and 6§ = 1 the potential I ; ¢(xo,to, R, 1)
reduces to the standard truncated parabolic Riesz potential

I anth / // 33' t)|d.1‘dt7
2 (@0, to)

In the case when f depends on the spatial variable only and 8 = 1 the
potential I, ,, ¢(z0, R, 1) reduces to the elliptic weighted Riesz potential

B R p2 @
Iw,f(xoaR) _/0 ’UJ(BP(.TQ)) /Bp(m0)|f(x)|dx p

which coincides with the weighted Wolf potential Wf (o, R), where

1
Wf,p (w0, R fg (W J5 o (20) ’f\d )p " for the details we refer
the reader to [43].
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We briefly recall the definition of weighted Sobolev space for v € A
and w € Ay. By LP(Q,v) we denote the set of measurable functions

u: ) — R such that (fﬂv|u|pdas)% < oo. By Wh2(Q,v,w) we denote
the space  {u € L*(Q,v) nWHH(Q) : | v u| € L*(Q,w)} endowed with
the norm |[u|72(q v +[|Vul|2(0w)- The space Wol’z(ﬂ, v, w) is the closure
of C§°(Q) in Wh2(Q, v, w).

Before formulating the main results, let us recall the definition of a
weak solution to equation (1.2). Set m~ = min(1,m), we say that u is a
nonnegative weak solution to equation (1.2) if u € Cjoe(0, T; L™ (0, v))

loc
and u™ 2" “1Vu| € L2 (0,T;W*(Q,v,w)) and for every compact set

loc loc

E C Q and for every subinterval (t1,t2) C (0,T) the following identity

/ vupdr
E

t2 to
+/ / (—vupr + Az, t,u, Vu) V) dedt
t1 t1 E

_ /: /E Foodzdt (1.9)

holds true for any testing function ¢ € L?(0,T; Wol’Q(E,v,w)),
o, pr € L®(E x (0,T)).

The constants m,n, K2 4, Kpy v, K1, ..., Kg are further reffered to as
the data. In what follows ~ stands for a constant depending only on the
data which may vary from line to line.

Theorem 1.1. Let u be a nonnegative weak solution to the equation
(1.2), let the conditions (1.3)—(1.6) be fulfilled and let also m > 1. Then
there exist positive constants Ao € (0,1), ¢1 depending only on the data
such that for all X € (0, \g), for almost all (xg,tg) € Qp and any cylinder
Qro(x0,to) C Qr following inequalities holds

, fEs)
w(zo,to) < ¢ // vu™ M dxdt
(o, to ! (’U(BR(Q?O))wmo(R) Qr,0(@o,t0)

1 =Sy
+ // wu™ A dzdt
(w(BR(xU))wwo (R) QRr,0(z0;t0)

1
me(R) m—1 0
I —_— . 1.1
+c1 < 0 +c1 vw,f x07t07clR7 wa(R) ( 0)

Theorem 1.2. Let u be a nonnegative weak solution to the equation
(1.2), let the conditions (1.3)—(1.6) be fulfilled and let also

11
0<1— Zmin <> <m< 1. (1.11)
n v



120 POINTWISE ESTIMATES OF SOLUTIONS TO WEIGHTED...

Then there exist positive constants Ay € (0,1), ¢1 depending only on the
data such that for all X € (0,\g), for almost all (xg,ty) € Qr and any
cylinder Qro(xo,to) C Qr following inequalities holds

me(R) m 1
u(l‘o,to)§01< 0 > <U(BR(!L“0))9

a nu
T m—DmrTax R)\ ¥t Dratar
X // vu1+’\d:ndt> +c1 <¢x0()> :
QRr,o(xo,t0) 0
ST DnaTax
X <1 // wuH)‘dxdt) ’ "
w(Bpg(zo))0 QRr,6(z0,t0)

o (sm)

- R a+('rr7LLZ1)nu 9 a+(ma—1)nl/
+c <w 00( )> qu}’f <£Co,t0,ClR, f (R)) (112)
Zo

Before describing the method of proof, few words concerning the his-
tory of the problem. The basic qualitative properties such as local bound-
edness, Holder continuity and Harnack’s inequality to homogeneous linear
divergence type second-order elliptic equations with measurable coeffi-
cients wthout lower order terms are known since the famous results by
De Giorgi [27], Nash [57] and Moser [54,55]. These results were extended,
by Serrin [61], Ladyzhenskaya and Uraltseva [49, 50|, Aronson and Ser-
rin [3|, and Trudinger [66] to a wide class of elliptic and parabolic equa-
tions (m = 1) with lower order terms from the corresponding L?-classes.
Analogous results for the porous medium or p -Laplace evolution equa-
tions appeared much later. For the continuity of solutions to the porous
medium equations we refer the reader to the famous papers by Caffarelli,
Friedman [14], Caffarelli, Evans [13] and Di Benedetto, Friedman [29]. Di
Benedetto developed an innovative intrinsic scaling method (see [28] and
references to the original papers there) and proved the Holder continuity
of weak solutions to the evolution p -Laplace equations with lower order
terms from L4-classes.

As for elliptic and parabolic equations with singular lower order terms
we refer the reader to the pioneering paper by Aizenman and Simon [2],
where the Harnack’s inequality and continuity of weak solutions to the
equation —Au + V(z)u = 0 were proved under the local Kato class
condition on the potential V. Moreover, they showed that the Kato-
type condition on the potential V is necessary for the validity of the
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Harnack’s inequality. This result was extended to linear elliptic and
parabolic equations with lower order terms by Chiarenza, Fabes and
Garofalo [20], Kurata [47] and Zhang [70,71]. First substantial moves
to the p-Laplacian equation with measure were achieved by Kilpeldinen
and Maly [46], where pointwise estimates were established for such type
equations in terms of the nonlinear Wolf potential W{f »(@,7) of the mea-

1
. M . w(Bp(x)) \ P—1 dp
sure p : W = fo =P o These results were subse-

quently extended to fully nonhnear and subelliptic quasilinear equations
by Trudinger and Wang [67] and Labutin [48]. For the parabolic equations
the corresponding results were recently given in [51,52] for the p-Laplace
evolution equation and in [5-7, 12,52, 63| for the porous medium equa-
tion. The nonuniformly elliptic and the nonuniformly parabolic equations
without/or with singular lower order terms have been studied for a long
time. The first results in this direction were obtained by Fabes, Kenig
and Separioni [31] and Gutierrez [38] for weighted linear elliptic equation
with weight from the correspondent As Muckenhoupt class. We refer the
reader to [1,8-11,15-26,30-45,53,56,58-60,64,65, 70| for an account of the
results.

We note that in the proof of Theorem 1.1 we do not distinguish the
case m > 1 or m < 1, the difference will be only in the choice of ¢ in the
first step of the iteration ( see Section 3 ). We also note that the weighted
Riesz potential I, ,, r plays the same role as the linear Riesz potential I
in the linear and quasilinear setting, we refer the reader to [43].

The difficulties arising here are related not only to the presence of
the function f € Li (Qr) but also to the presence of weights v and
w. Our strategy of the proof is similar to that of [28]. However, due
to the different structure conditions the De Giorgi-type iteration cannot
be used. Instead, we adapt the Kilpeldinen—Maly iteration [46], which
was developed in [51,52] and [5-7,12,52, 63] for the porous medium and
evolution p -Laplace equations.

Finally, we test our result against the fundamental solution to the
equation

|2|* g — div (|2 *2u™ " V) = 9(0,0) (1.16)

where a; > —n, —n < as < n, as < 2+ a1 and 5(0 0) is the delta-
function at the origin. In this setting vy =v =1+ L, uy = p =1+ 2,
a =2+ a1 —ag > 0. Consider a point (0, tg) with ug = u(0, tg) > 0 and
let 0 = uy ™R®. In order for the cylinder Q,)/L%pa(O7 to) to contain the
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1
«

origin, we need to have p > (touomfl) . Then we get

% 6(Q, o ,a(0,t0)
I’U,w,(s <O,t0,R,9> </ < P ga P )@
(

Ra tou'gli 1 ) é pn+a1 p

=(+a)! (toug”‘*l)_ntva1

Now, if we limit ourselves to consider only the bound from above that
comes from the Riesz potential, namely

0
uo < Cllv,w,(s <07t07R7 RO‘> ) me > 17

n+aq a
R%\ at(m=D(n+ay) 0 at+(m=T)(n+ay)
] < C1 7 Iv,w,d O) th Ra ﬁ )

« 1 1
o Qe (L 1
if nmm<1+o;;,1+%2

which implies in both cases m > 1 and m < 1 an estimate

><m<1,

7n+a1
ug = u(O,to) S C4t0 s y

where 8 =2+ a1 —ag + (m — 1)(n + 1), and constant ¢4 > 0 depends
only on the data. This corresponds exactly to the time decay of the
fundamental solutions and shows that (1.11)and (1.12) are optimal under
this point of view (see [11]).

The rest of the paper contains the proof of the above theorems.

2. Auxilary material and integral estimates of solutions

2.1 Auxilary propositions
The next lemmas will be used in the sequel. The first one is the
weighted Sobolev and Poincaré inequalities (see [16]).

Lemma 2.1. Let p > 1, wy € Ay, we € Ax and let

P D
p) \w2(Bp(y))) wi(Br(y))
for every ball B.(y) C By(y), some ¢ > 0 and some q > p. Then there
exists v > 0 depending only on the data, q and c such that

1 q % 1 P %
(wz(BR(a:)) /BR(:U) walel d:v) <R (wl(BR(w)) /BR(x) ulVeld )
(2.2)
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for every ball Br(T) and every ¢ € C3°(Br()),

oy [ wnle— el %
— wa|p — x )| <
ws(Br(@) Jppm R

RS

1
<R / w1 |VlPdx 2.3
v (m(BR(x)) gy P ) (23)
for every ball Br(Z) and every ¢ € C*°(Bgr(T)). Here

1
/ wopdx or Yr = ——— pdx.
Br ()

1
PR = —
|Br(T)| /@)

~ wy(Bg(T))

The next lemma is the parabolic version of the Sobolev imbedding
theorem (see [22,25]).

Lemma 2.2. Let w € Az, v € Ay and let inequality (2.1) holds true
with wg = v, wy = w, p = 2 and some q > 2. Then there exist h, v > 0
depending only on the data such that

h
1
w|p|* P drdt <y | —=—— sup / vlolPtdw
//QR,T(M) V(BR(T)) t—r<t<t /Br(@)
x R? // w|V|*dzdt, (2.4)
QR,T(E7E)
1 // 2+p1h
e — v|p| TP dxdt
v(Br(T)) JJQn. @0
1 h
<y | 5= sup / vl dz
(U(BR(UU)) t—r<t<tJ Br(T)

vl 2
X w|V|“dzdt, 2.5
wBa@) Mgnen 17 (25)

for every cylinder Qg .(T,t) and every

pE C (% - Taf; Lpl(BR(f)av)) N ‘[’2(f - 7-7%; W0172(BR(T)7an))'

The following lemma is the weighted analogue of the well-known De
Giorgi—Poincaré lemma.
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Lemma 2.3.Letp > 1, w € A,, v € Ay and let inequality (2.1) holds
true with wy = v, let k and l be real numbers such that | > k. Then there
exists a positive constant v depending only on the data such that

(I = k)Pv(Ag,r) (v(BR(T)) — v(ALR))

v*(Bg(T))
gfpr/ w|VelPdz, 2.6
w(BR®) Jann T 2O
for every ball Bgr(T) and every u € C*°(Bg(T)). Here

Ak,R:{{L'GBR(f) ( )<k‘} ’U AkR fA vdx.

Proof. We use inequality (2.3) for the functlon o = (1l —mazx(u,k))+
. v(A
and pp = m fBR(E) vpdzx. Since pr < (l—k)v(%};’(%) < l—k, by the

. . . . v(A v(A
Holder  inequality ~we  obtain (I — k)P U(%éég) <1 — %) <

ya
SBa@) J a5 V19 — PR)d < < B JBn@) V1Y — @R’qdﬂ?)q <
O

7% fAl,R\Ak,R w|VulPdz, which proves the lemma.

IN A

2.2 Local energy estimates

Lemma 2.4. Let u be a bounded nonnegative weak solution to (1.2)
in Q. Then there exist v > 0 depending only on the data such that for
every cylinder Q,+(T,t) C Qr any | > 0,k > 2 and any smooth ((x,t)
which is zero for (z,t) € OB,(T) x (t — 7,t) one has

sup / v/ (s™ —lm)dsckda:+// wu™ ™ Y Vul2 R dedt
t—r<t<t J B,(T) l L

/B " /l —1"™)dsCF(x, T — 7)dx

+7//Lvum_(u—l)]Q|Ckldmdt
4 /L W (W — 292 2t

+ / g |fl(u™ — 1™ ) ¢rdadt, (2.7)
mv / l(zm’ — ™ )dsCFdx + / /L wu™™ 2 Vul2CFdrdt

l
< / v/ (1™ — ™ YdsCF(x,t — 7)dx
B, () u

sup /
t—r<t<tJ B

P
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+AI™ // (I —w)|¢|¢F tdadt

—-m~ m~ __ k—2
+7//Zwu (i ™2 V¢ 22 dadt

+7y / : LF1(1™ —u™ )¢ dadt, (2.8)

where L= Q,(T,0)N{u>1}, L=Q,, (7,7 N{u<l}.

Proof. Test (1.9) by ¢ = (u™ — 1™ )+C*, use conditions (1.3) and
the Young inequality.

Lemma 2.5. Let u be a nonnegative weak solution to (1.2) in Qp.
Then there exists v > 0 depending only on the data such that for every
cylinder Q- (T,t) C Qp, any X € (0,1),a,1,0 > 0, k > 2 and any smooth
((z,t) which is zero on the parabolic boundary of Q,-(T,t) one has

_ N\ A
1 u m~ _m
— sup / v/ 1-— 1+a877 ds¢Fdx
0 fret<i B,(x) JI om
wumm|Vu |ded<
5m +1 _lm 1+A Tt < 7y

14+

m~ —1 m- _ ym~
—1—76 // wu™™ <au_l> V¢ 2dadt
a L om
i
+ - // | f|dxdt, (2.9)
5 o
P,T(mat)

-
m
- sup / / 1-(1+a——7-—— ds¢Fdx
5 T<t<tJ By(T om
wu™™ |Vu T|2¢k
5m 11 - 1+>\ dzdt < vy

B 5m*—1 B mT _m 1+
+Aymm - //ﬂ wu™™ a5m77 \VC2CF2dxdt

+7// | f|dadt, (2.10)
0 )G, @0)

\Ct\Ck 'dzdt
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Proof. First note that
1—(1+u)*)‘xliu:1—(l+u)*1, u> 0. (2.11)

-
Testing (1.9) by p = | 1 — (1 + aW) ) ¢*, using condi-

(1.
tions (1.3), (2.11) and the Young inequality we arrive at (2.9).

(1.9) by ¢ = (1 — (1 + a%m’) _/\> ¢*, using condi-
tions (1.3), (2.11) and the Young inequality we arrive at (2.10). O

Testing

3. Boundedness of solutions. Proof of Theorems 1.1, 1.2

Let 1! (r) be an inverse function to the function ¢, (r), where 4, (1)
was defined in (1.6). The inverse function 1! (r) exist by our assump-
tions on the function )y, (r). Moreover by (1.4)—(1.6) we have

1
24-nv
K61<T> _%0()<K5(T> L 0<r<p<R (3.1)
P Yz (p) P
We set m™ = max(1,m) and let 79 := ¢, (R) if m > 1 and 1o := 0
1
if m < 1. Fix o € (0,1) so that K5o?1 = 1 and for j = 0,1,2,... we

. e e 1] . [ T
define the sequences r; := o/rg, p; 1= zZ)mO (r] j ), Tj = mieT

l
Bj = Bpj(xo), Q; = Bj x (to — Tj,to) L; =@Q;nN {’U, > [ } And let
¢; € C*(Q;) be such that ¢; = 1 in B%pj( 0) X (to — Tj,to) G =
for t <ty—75, G =0for |z —xo| > p;, 0< ¢ <1, and |V(| < pl

9¢; 2
PS5

The sequences of positive numbers [, j = 0,1,2,... and
0j, 3 = —1,0,1,2,... are defined inductively as follows. Fix a posi-

tive number k € (0,1) depending only on the data and A, which will be
spesified later. Set [_1 = 0 and

<¢xo(R)>au<ﬁ>+w ( -
l() - (5_1 = _— o
7o v(Br(z0))r0
X / / uum”Adg;dt)W“‘* (%( )) Brumb)Tax
QR,0(70:t0) o
1

N N L)
v(Br(20))r0 JJ Qg 4 (x0,t0) "0

(3.2)
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where 8,(m*) = a+ (m—mT)nv >0, B,(m") =a+ (m—mT)np > 0.
Assume that [y, ...[; have been already chosen. For [ > [; and §;(1) = I—;

set 1+A
1 + u—1;
Ai(l) = // ou™ 1( J) 2 dndt
i) v(Bj)r; J L, d;(1) I

o ~\ 1A

1 // mt—1 < lj >1_m u™ I k=2
+— wu —_— CF*dxdt.
w(Bj)rj J )L, 9;(1) 8 (1) J

(3.3)
If A, (l + 15] 1) < Kk we set lj = lj + %(5]'_1 where 5j_1 = (5]'_1(1]‘) =
l; — l] 1. Note that A;(I) \, 0 as I — o0, so if A;(l; + $5,-1) > &, there
exists [ > 1; + $0;_1 such that A; (1) = k. In this case we set lj41 =1
and in both cases we set §; = §; (lj+1) = lj4+1— ;. By our choices we have
an inclusion Q41 C B%pj(:po) (to— T],to) - Qj, j € N, and moreover

Aj(lj-l-l) <k, j€eN. (3.4)

np

1
Claim. Set c5 = <K4K5071777%21+m%>mf(lﬂ), then for any
jeEN
lj+1 S C5lj. (35)
We establish the claim by induction. By our choice of Iy, (1.4), (1.5),
(3.1) and by the inequalities
1

) Br(zo)

70

-1
U(BO) > KG <’¢R($O)l6n+m

nv

> Ky Kg ! <”_> " o(Ba(zo)),

Yr(o)ly "

g

w(By) > K; 'Kt (M) a w(Br(o)),

) 0

and since ™" (um -5 ) < (u—1lp)+, we have for j =0

ly 1A +
A c=l 21+)\ 71 A // ( ) m +)\d$dt
(eslo) < Qo Bo (Bo)

+
nw Bu(m™) 5

< 9K Kges <¢R(:co)> o 1y // o™ A gt
T V(Br(20))r0 JJ Qg o (x0,t0)
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Bu (m*) A\

ﬂ
+21+/\K5K605—1—)\ <¢R($O)> a lo // u™ +)‘dxdt
To w(Bg(xo))ro QRr,o( 5007750)

S 21+)\K5K665I€ S K.

Now if [y = lp + %5,1 = %lo , then l; < ¢5lp and if Ao(lo) =K >
Ap(eslp) and since Ag(l) is decreasing, then I < ¢5lp and in both cases
we obtain 1 < c¢5lp. Assume that (3.5) holds for i = 1,...,j5 — 1, then by

(1.4), (1.5)
// um e 1( zj] 1>1HC’“ 2 daedt

e\
wu™ T fj_l Ck dedt}
L; e

—m~ (14X
_ K5K621+)‘C5m ( ) |: 1
=~ 0_1+7“+§Tj_1 U(ijl)

' 1+
X // pu™ L <UZJ_1> Ck 2da:dt
Lj—y 6j
_ 1+A
1 T TR R T i ’ k—2
// wu™ < _— Goidxdl
w(Bj_l) L1 (5]'_1 om

J

Aj(C5lj) < 21+)\ gl A —1|:

ny

< KsKgo Ve~ Y 4 (1) < A4 (1) < k.
Now again if 111 =1;+ 361 < 31, and if A;(lj11) = k > Aj(csl;),
then since A;(l) is decreasing then /11 < ¢5lj. This proves the claim.
The following lemma is a key in the Kilpeldinen—-Maly technique.
Lemma 3.1. For every j > 1 the following inequality holds

1
5j<

\ fldadt (3.6)

Qj—

Proof. Without loss of generality we assume that
1
6j > §5j—1a (37)

since otherwise (3.6) is evident. This inequality quarantees that
Aj(lj41) = k. First note the inequality

1//L (st * iy ) v e <o 35
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Indeed by our choices and by the inequality

1-m~—

_ b _ I _ _
lj =l <17™ / s s = L — (T — 1)
J J J L m— 7 Jj—1
e
J m- m~
< m— (uj _l_]—l)

on L;, we have

L G+ )
— + U dxdt
ri JJo; \v(B;)  w(B))
—_ —+ U _— g-_ dxdt
ri JJo, \v(Bj)  w(B)) 0; 7
14+
2 // mt—1 (u - lj1> k—2
< VU _— CFrdxdt
v(Bj)rj J i, 0j-1 7

1+A ,,m™ m~ 1+A
v mt—1 [ li—1 > u™ =l k2
+ wWU — T Cdxdt
w(Bj)r; //L <<5j—1 07" ) G-

J J

<~A;j_1(l;) < vk,

which proves (3.8).
Let us estimate the terms on the right-hand side of (3.3) for I = [j41.
By the inequality

1 _ _ _

U — lj um_ _ l;n_ m= (um _ l;n )+ (lj>1—m
< _— +va,——m———,a; = | =
( 5 >+—7< 5m- ) T e 77\

+ J

(see for example [6], Lemma 2.5) we obtain

g o (u—1; A k—2
K = vu™ T —— Cidxdt
v(Bj)r; //L] ( 0; > !

um_ lm_ 1+A
g // mt—1 Y k—2
+ wu aj———— (i dxdt
w(Bj)rj JJ1, ( Togm ) J

1 - mt

7 v (u= G\ e (0 BN s

J

IN
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m+—1

Y // mt—1 u™ - l;n_ " mt—1
+— w | 9] — + 1
w(Bj)rj JJr; | ( o g

m- lm* 1+
u — [
X <ajf> F 2 dadt

&m
5m —1 _lm_ m;jk
k—2
/ / ( ) ¢ dwdt
mt - —\ A
o B N R T ~
// ( ) (o)
J
i

mt = — lm -
7 / / ( ) F 2 dadt
)T
lm —1 l 1+>\
// ) (aj m_ J ) C]I?_Qd:vdt

m+Im—

T mT

5m - // ( -7 > " (F 2 dadt

’yl"ﬁ_l u™ =" 2 6
+ j// w|aj——2— P 2dpdt = I;, 3.9
w(Bj)r; J )1, < ’ ! 2 (39)

o
5]’ i=1

here we also used the evident equalities m*™ — 1 +m~ = m and

(1-m7)(m*t—1)=0.
Now we estimate the terms on the right hand side of (3.9), for this

we set

G(u) ::/ (1—1—8)_#(18, H(u) ::/ s (1+s)” #ds, ,u >0
0 0

_ _ -\
1 u m= _ m
F(u,a)::(s/l (1—(1—1—@85m_>> ds, a,l,0 >0, u > 1.

Claim. For any u,l,§ > 0, ¢ € (0,1) there exists v > 0 depending
only on the data, A and e such that

u < e +7(e)GTA (u), (3.10)
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w < e+ (&) Hmoam= (u), (3.11)

1-m~ m~— _gm~ e 1-m~—
(é) udml <e+ ’YES)F (u <é) ) , (3.12)
(“m 5;lm )W ot 725)1? (u,1) (3.13)

PTOOf Ifu>5thenG >f0( ) 7d$2<1i)7u%’

14X

U —m— — g 2m~ 2 m=Am_
H(u) 2/ s 2m- (g + 5) * ds > _m < < ) w T ,
0 e

m-4+m \1+¢

from which (3.10), (3.11) follow. To prove (3.12) we note that

1—(1+s) Nds=A[ ds | — 2 [ =2 4
/o< (1+8))ds / / T+ 2 / T+ s

\u [z dz AU /§ dz A2 1ey,
> 7 > > ,
=2 Jo T+ T 2 Jo (1+42)1T2 = (2 4¢)tHA

if u>e. From this F (“ (%)Hni)

ll—m* u I 1-m~™ §mT _m” —A
> _ _ - v m~—1
A /l 1 (1 + (5> e ) s ds

Som AR e (N N
T (24 \S om- 5 om- =7

which proves (3.12). Similarly

P P
Flu, T oome +1/ ds/ fzm )1“
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A /umgmlm (u™ =™ — 5m72)m%dz
N 1) 0 (]. + Z)l+)\

_ — % um7 7lm7
ym =M m sm™— dz
>AN| —mmMM— _—
= ( o85m™ ) /0 1+ 2)lFA

1
S A2 1e ™ = m\ " £ u™ = S
T (24t om” ! Cogm & ©
which proves the claim.

To estimate the right hand side of (3.9) we rewrite inequality (2.9)
for a = 1 and a = a; in terms of G, H and F. For simplicity let us set

G =G (lm ) , Gjla;) =G <aj“m o > ,
oF o
um™ = um™ =
Hj:=H <5§”J > 7 Hj(aj) == H (ajém“ > :

J

Fj := F(u,1), Fj(a;) := F(u,a;). By Lemma 2.5 we obtain

sup /BvFjCJ’-“dx—F sup /BvFj(aj)(]kdx
: .

to—7;<t<to to—7; <t<to
st / / w|VG;*¢fdudt + 17" / / w|VGj(a;)* ¢ dudt
L; L;
+5T—1//ij|VHj|2gj’?dxdt + a;%@m—l //L_w|VHj(aj)\2@’?dxdt
/ / Jg’f Ydxdt

m- lm* 1+
_ u™ ="
wu™ ™ (aj 5m]> C]’Af*Qda:dt

7 // \f|dadt, (3.14)

here we also used the evident inequality

_ N DY . - _ DY
un - : O N AT
5]’ 5j 5]’

_ —\ 1+A
_ (T
< W’l;‘ﬂ ! (aj(sm_j> .
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By (3.5), (3.8), (3.10), (3.11) we obtain for every € € (0,1)

(5m+_1 m++)\ 'm+
L+L+1I5<~v J (5 m— +€m) // UCJI.C72d.Tdt
v(Bj)r; L
e / / w2 dadt
L
2+2m 7m+)\
/ / moAmT Gj(aj)%g;?*?dxdt

6m+ 1
+ v / / wH;j(a;)* m- T g’“ 2dxdt

m*l

+767

5m+ 1

mt (5m+ 1 2m Fomia 2)
<~vem~ K + // H m-Am™ Gj(aj)ﬁcj]-“”dxdt
5m+ 1 ot
+7(5)w// wHj(aj) T (k 2dzdt = yem= k + I + I.
(3.15)
Similarly

7]. 2(m+7m+)\(1+m7))

~(e)IT 2+ &

I+ Iy + I < yel e 4 (( // mAEY R ddt
v

mt—1
il Y w 242 g o
o (a2 T T ok
! rj //Lj <U(Bj) * w(Bj)> Gjlay) F 2 dwdt

= ’}/61+)\I€ + 19 + IlO- (316)

Further we will assume that M\ satisfies the condition

0 <A< min (%, %) , where h > 0 was defined in Lemma 2.2.

By the Holder inequality, Lemma 2.1 with p =2, w; =w, w2 =,
= 2w " Temma 2.2, (3.12), (3.13) and the evident inequalities

m—Am_

su 2 H(u) < %u 2m— , wu > 0, we obtain for any

mt—m4+\
V() cmt—1 v(e1) / k
I 4+ Ig < —=6 €1+ su v
7 8= ( ! 5]U(B]) t()—T]'<pt<tO B ]CJ

By (mT)—v

nv

v(e1) / k
X | e1 + su vF;(a;) (Pt dx
( ! 5jU(Bj) tO—Tj<11<tO B; ]( ])CJ

J
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w|V(H; ¢ dzdt
Lj

h
—i—@éﬁ‘l <E1 + &Y sup /B vFj(aj)Cfldac>

V(Bj) to—r;<t<to

w\V j(a;)¢ )| dxdt,

—1
where k1 = (k — 2)min {m;u_/ ( + %) } '

Note that by onr choices 87"~ < 77114 ~a, % and

2 —mt+
pj ™™

w(B;) ~ o(B;)

(3.17)

Hence from the previous and (3.14) we obtain

o +_
I; + Ig SE{W’Y(€)III + 7(5>51)111f_m mA

1+ﬁu(m+—)\n7/) e

1+
+ (e, 1)1 v + (e, en)liy ™, (3.18)

// ]Ck Qd dt
_ —\ 1+
zm -1 um — ™
// U)Um m- ( ‘76771]> g;-caliZdl'dt
J

m—Am_

5"‘* 1 o owm T\
ot [, (o)
J

m—Am_

5m+ 1 m —lm_ —
// wu™m™ <5m_] ) Cfo‘l_zdxdt
/ / || dacdl.

Similarly, for any ¢; € (0, 1) we obtain

Ig + IlO S L(E) l;-n-’__l €1 + 7(51) sup /
rj 0;0(Bj) to—r;<t<to B

where

(&)

nv

vFjgj’?ldx>
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k1
w|V(G;¢? )P dadt
L;

@

7(e) m+1[ v(e1) / ! "
+ —=1" g1+ su vFi(a;)Chdx
Tj / ! 6]U(B]) to—‘rj<pt<t0 B; ]( ])CJ
+ 7(51) sup /
5 U( ) to—T; <t<to B;

p’ // w|V( ]c )|?dzdt.

From this using (3 14), (3.17) and the evident inequality
l;’ﬁ_l < 75;”7_1%” ™ we arrive at

h
UFj(aj)(fldx> }

Iy + I < (617”7(8) + 6?7(6)) Ly +7(e,e0) 1}y +(e,e) 115", (3.19)

vl (’fl 2dadt

_ —\ 1+
zm - w1
// wu™™ ji_j C’?“_Qd:cdt
g J
m+ 1 —lm 1-X
ol (5 )
lm+ 1 —lm 1-X
/ / ( ) ¢ 2dxdt+ / / | fldadt.

Collecting estimates (3.9), (3.16), (3.18), (3.19) we arrive at

m+ o
k< <€m_ + 51+)‘> vk + (Ef" + E}f) v(e)(I11 + I12)
+ (e, e1) (L1 + 112) [(111 + Inp)w + (I + L) (I + 112)m+_m+)‘

+ (I11 + L12) nw

m+— nv
Pl ] (3.20)

Let us estimate I1; and Ij2. Since u(;;]l_l = gflj > 1 on Lj, by (3.17),
I

choosing k1 = 2 we obtain
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// Jda;dt
_ 1A
zm - um =
// wu™™m 77] dxdt
BJ 5;”
L\ A
// m+ 1 <U Jj— 1) Qf:fdxdt
j 1
1 T 1A
_— wu™m a-fj Qk dedt
o) //Lj ()

<Ay (ly) < k. (3.21)

Since (1 —=m™)(m —m~) =0 and m* —1 = m —m~, by (3.5) we
obtain

m—Am_

W : o /] v ( —””) " o

6m+ ! // ( = )dedt
L 1-A
: TijBj) //L _

Y // m—m um7 — l77 k—2
< wu aj—1 e dadt
rjw(BJ) Lj ( ! 5;21
<yAja(ly) <k (3:22)

Similarly,

l”ﬁ ! // ( l;‘n_>1_/\dasdt
(e
SrijBj) //L

J

<A1 (l;) < k. (3.23)
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Combining estimates (3.21)-(3.23) we obtain
1
I+ s < vk + 5 // | f|dxdt.
J j
Thus inequality (3.20) implies that

mt o
Kk < <5m— + 51+)‘> VE + (61"” + z-:’f) v(e)k

a +_ By(m+)7/\nu
+ (e 1)k (HW F R R T )

+7551 // |fdxdt[1+( // |f|dmdt> v
: (MB) i)+ (ot . o)

( ,BV(77L+) Anv

|f|dwdt> ] . (3.24)
7n+
First choose ¢ from the condition <5m + €1+’\> v = é, then choose

g1 from the condition (efj + z—:?) v(e) = %, and next fix x by the condi-
tion

9

o +_ Bu(m+)*>\"l’ 1
v(e,€1) <mw + R R T >

therefore inequality (3.24) implies that

7(67517/€) < 5]1)(13])//] |f‘dl‘dt,

which proves Lemma 3.1.
To complete the proof of Theorem 1.1 we sum inequality (3.6) with
respect to j from 0 to J — 1, as {lj}je N 18 increasing sequense, and

. .- ~ ~ 0
by the inequalities % <1,p; <pj, 75 < wwo(pj)m,

z() j
1

> Kt ro ¢ s
/l’z)-'EO <lm+ m) — 6 <w$0(R)l;n+—m> p]7
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nv

o(B)) > KiK' (m)“vwﬁj(xo)), 5 = vs) (s (R)9)

¢IO(R)Z;VL+ m
7 =0,1,2,... we obtain

nv

<Aoo+ ST (wmo(R)> )

To

<3 / / \f|dadt,
U PJ (o)) (IOJO)

Jj= pj g (P5)

where §_; has been defined in (3.2). Next we estimate the last term in
the previous inequality. By (1.4), (3.1) we obtain

J
> o / / \f|dadt
o( B, (z0)) (Io,to)

Jj=0 pj Vo (P

< KsKgo % Z/p] 1 // \f|dzdt

Pﬂ/)a:() (p) P G(R) (mo,to)

< /1/11_01 (’L/)zo (R)o™ // ‘f|d "
=7 X
0 B (z0)) 0 (wo,to)

P ’l/JzO (p) wz Pz (R)

Keo &R

60

< 7/ // |f|dxdt
0 wo,to)

P ’ll’zo (p) ’Ll’zo ®)

0
=~ xo,to, YR, —— | .
! “’“*f< e %(R))
This implies that

R BVE;Z+) #
lJ S 76—1 + v (d}z;(() )> Ivﬁilr;ier) (fL’O»thWRa

0
() (R)> . (3.25)

Hence the sequence {l;},y is convergent and J; — 0 (j — 00) and
we can pass to the limit J — oo in (3.25), let [, = lim [;, from (3.3) we
j—o0

conclude that

# o™ L — LA 1
o(Bj, (w0)) /. (1= loo) " drdt

nv

—(m*—m)"¥ ro REESED -
<Al « 0,7 =0 — 00).
=7 <¢1R($0)) U )
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Choosing (xg,ty) as a Lebesgue point we obtain that u(xg,ty) < o, and
hence u(zo,to) is estimated from above by the right hand side of (3.25).

This completes the proof of Theorem 1.1. O
References
[1] Abdellaoui, B., Peral Alonso, I. (2004). Holder reqularity and Harnack inequality

[9]

[10]

[11]

[12]

[13]

for degenerate parabolic equations related to Caffarelli-Kohn-Nirenberg inequal-
ities. Nonl. Anal., 57(7-8), 971-1003.

Aizerman, M., Simon, B. (1982). Brownian motion and Harnack inequality for
Schrédinger operators. Comm. Pure Appl. Math., 85, 209-273.

Aronson, D.G., Serrin, J. (1967). Local behavior of solutions of quasilinear
parabolic equations. Arch. Rational Mech. Anal., 25, 81-122.

Aronson, D.G. (1986). The porous medium equations. In Nonl. Diffusion Problems,
Lecture Notes in Math., Springer, Verlag, New York 1224, 1-46.

Bogelein, V., Duzaar, F., Gianazza, U. (2014). Continuity estimates for porous
medium type equations with measure data. J. Funct. Anal., 267, 3351-3396.

Bogelein, V., Duzaar, F., Gianazza, U. (2013). Porous medium type equations
with measure data and potential estimates. SIAM J. Math. Anal., 45(6), 3283-
3330.

Bogelein, V., Duzaar, F., Gianazza, U. (2016). Sharp boundedness and continuity
results for the singular porous medium equation. Israel J. Math., 214, 259-314.

Bonafede, S., Skrypnik, L.I. (1999). On Holder continuity of solutions of doubly
nonlinear parabolic equations with weight. Ukr. Math. Zh., 51(7), 890-903; transl.
in (2000). Ukr. Math. J., 51(7), 996-1012.

Bonforte, M., Dolbeanlt, J., Muratori, M., Nazaret, B. (2017). Weighted fast
diffusion equations (Part I): Sharp asymptotic rates without symmetry breaking
in Caffarelli-Kohn—Nirenberg inequalities. Kin. Rel. Mod., 10, 33-59.

Bonforte, M., Dolbeanlt, J., Muratori, M., Nazaret, B. (2017). Weighted fast
diffusion equations (Part II): Sharp asymptotic rates of convergence in relative
error by entropy metods. Kin. Rel. Mod., 10, 61-91.

Bonforte, M., Simonov, N. Quantitative a priori estimates for fast diffusion equa-
tions with Cafferelli-Kohn—Nirenberg weights. Harnack inequalities and Holder
continuity. arXiv: 1804.03537.2018.

Buryachenko, K.O., Skrypnik, I.I. (2019). Riesz potentials and pointwaise esti-
mates of solutions to anisotropic porous medium equation. Nonl. Analysis, 178,
56-85.

Cafarelli, L.A., Evans, C.L. (1983). Continuity of the temperature in the two
phase Stefan problem. ARMA, 81, 199-220.



140 POINTWISE ESTIMATES OF SOLUTIONS TO WEIGHTED...

[14] Caffarelli, L.A., Friedman, A. (1980). Regularity of the free boundary of a fas
flow in an n-dimensional porous medium. Indiana Univ. J., 29, 361-391.

[15] Chanillo, S., Wheeden, R.L. (1986). Harnack’s inequality and mean-value in-
equalities for solution of degenerate elliptic equations. Comm. Partial Differential
Equations, 11(10), 1111-1134.

[16] Chanillo, S., Wheeden, R.L. (1985). Weighted Poincaré and Sobolev enequalities
and estimates for weighted Peano maximal functions. Amer. J. Math., 107(5),
1191-1226.

[17] Chiado Piat, V., Serra Cassano, F. (1994). Relaxation of degenerate variational
integrals. Nonl. Analysis, 22(4), 409-424.

[18] Chiado Piat, V., Serra Cassano, F. (1994). Some remarks about the density of
smooth function in weighted Sobolev spase. J. Convexr Anal., 2, 135-142.

[19] Chiarenza, F.M., Frasca, M. (1985). A note on a weighted Sobolev inequality.
Proc Amer. Soc., 93(4), 703-704.

[20] Chiarenza, F., Fabes, E., Garofalo, N. (1986). Harnack’s inequality for
Schrodinger operators and the continuity of solutions. Proc. Amer. Math. Soc.,
98, 415-425.

[21] Chiarenza, F.M., Frasca, M. (1984). Boundedness for the solutions of a degenerate
parabolic equations. Appl. Anal., 17, 243-261.

[22] Chiarenza, F.M., Separioni, R.P. (1984). A Harnack inequality for degenerate
parabolic equations. Comm. PDE, 9(8), 719-749.

[23] Chiarenza, F.M., Separioni, R.P. (1985). A Harnack inequality for degenerate
parabolic equations. Rend. Sem. Math. Univ. Padova, 73, 179-190.

[24] Chiarenza, F.M., Separioni, R.P. (1984). Degenerate parabolic equations and Har-
nack inecuality. Ann. Mat. Pura Appl., 187 (IV), 139-162.

[25] Chiarenza, F.M., Separioni, R.P. (1987). Pointvise estimates for degenerate
parabolic equations. Appl. Anal., 23(4), 287-299.

[26] Dall’Aglio, A., Giachetti, D., Peral, I. (2004/2005). Results on parabolic equations
related to some Caffarelli-Kohn—Nirenberg inequalities. SIAM J. Math. Anal.,
96(3), 691-716.

[27] De Giorgi, E. (1957). Sulla differenziabilita e I’analiticita delle estremali degli
integrali multipli regolary. Mem. Accad. Sci. Torino Cl. Sci. Fis. Mat. Natur., 3,
25-43.

[28] Di Benedetto, E. (1993). Degenerate Parabolic Equations. Springer-Verlag, New
York, 288.

[29] Di Benedetto, E., Friedman, A. (1985). Holder estimates for nonlinear degenerate
parabolic systems. J. Reine Angew. Math., 857, 1-22.



Y. ZozuLiA 141

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

Di Fazio, G., Stella Fanciullo, M., Zamboni, P. (2010). Harnack inequality and
regularity for degenerate quasilinear elliptic equations. Math. Zeitschrist, 264 (3),
679-695.

Fabes, E.B., Kening, C.E., Serapioni, R.P. (1982). The local regularity of solutions
of degenerate elliptic equations. Comm. PDE, 7(1), 77-116.

Fernandes, J.C., Franchi, B. (1996). Existence and properties of the Green func-
tion for a class of degenerate parabolic equations. Revista Mat. Iberoamecanica,
12(2), 491-524.

Fernandes, J.C. (1991). Mean value and Harnack inequalities for a certain class
of degenerate parabolic equations. Rev. Mat. Iberoamecanica, 7(3), 247-286.

Ferrari, F. (2006). Harnack inecuality for two-weight subelliptic p-Laplace oper-
ator. Math. Nachr. 279(8), 815-830.

Garcia Cuerva, J., Rubio de Francia, J.L. (1985). Weighted norm inequalities
and related topics. In: North-Holland Matematics Studies, 116, North-Holland
Publishing Co., Amsterdam.

Grillo, G., Muratori, M., Porzio, M.M. (2013). Porous media equations with
two weights: smoothing and decay properties of energy solutions via Pioncare
inequalities. Discrete Contin. Dyn. Syst., 33, 3599-3640.

Gutierrez, C.E. (1989). Harnack’s inequality for degenerate Schrodinger opera-
tors. Trans. Amer. Math. Soc., 312(1), 403-419.

Gutierrez, C., Nelson, F. (1988). Bounds for the fundamental solution of degen-
erate parabolic equations. Comm Partial Diff. Equations, 13(5), 635-649.

Gutierrez, C., Wheeden, L. (1992). Bounds for the fundamental solution of de-
generate parabolic equations. Comm Partial Diff. Equations, 17(7), 1287-1307.

Gutierrez, C.E., Wheeden, R.L. (1991). Harnack’s inequalities for degenerate
parabolic equations. Comm. PDE, 16(4-5), 745-770.

Gutierrez, C.E., Wheeden, R.L. (1990). Mean value and Harnack inequalities for
degenerate parabolic equations. Collog. Math., 60/61(1), 157-194.

Gutierrez, C.E., Wheeden, R.L. (1991). Sobolev interpolation inequalities with
weights. Trans. Amer. Math. Soc., 323, 263-281.

Heinonen, J., Kilpeldinen, T., Martio, O. (1993). Nonlinear Potential Theory of
Degenerate Elliptic Equations. In: Oxford Matematical Monographs, The Claren-
don Press, Oxford University Press, Nev York, Oxford Science Publications.

Kamin, S., Rosenau, P. (1982). Nonlinear diffusion in a finite mass medium.
Comm. Pure Appl. Math., 85(1), 113-127.

Kamin, S., Rosenau, P. (1981). Propagatio of termal waves in an inhomogeneous
medium. Comm. Pure Appl. Math., 34(6), 831-852.



142 POINTWISE ESTIMATES OF SOLUTIONS TO WEIGHTED...

[46] Kilpeldinen, T., Maly, J. (1992). The Wiener test and potential estimates for
quasilinear elliptic equations. Acta Math., 172, 137-161.

[47] Kurata, K. (1994). Continuity and Harnack’s inequality for solutions of elliptic
partial differential equations of second order. Indiana Univ. Math. Journal, 43,
411-440.

[48] Labutin, D., (2002). Potential estimates for a class of fully nonlinear elliptic
equations. Duke Math. J., 111(1), 1-49.

[49] Ladyzhenskaya, O.A., Uraltceva, N.N. (1968). Linear and quasilinear elliptic
equations. Academic Press, New York, London.

[50] Ladyzhenskaya, O.A., Solonnikov, V.A., Uraltceva, N.N. (1968). Linear and
quasilinear equations of parabolic type. Amer. Math. Soc.

[61] Liskevich, V., Skrypnik, I.I. (2009). Harnack’s inequality and continuity of solu-
tions to quasi-linear degenerate parabolic equations with coefficients fron Kato-
type classes. J. Differential Equations, 247(10), 2740-2777.

[62] Liskevich, V., Skrypnik, I.I. (2013). Pointwise estimates for solutions to the porous
medium equation with measure as a forsing term. Israel J. Math., 194, 259-275.

[63] Mohamed, A. (2002). Harnack’s inequalities for solutions of some degenerate el-
liptic equations. Rew. Mat. Iberoamecanica, 18, 325-354.

[54] Moser, J. (1964). A Harnack inequality for parabolic differential equations.
Comm. Pure Appl. Math., 17(1), 101-134.

[65] Moser, J. (1961). On Harnack’s theorem for elliptic differential equations. Comm.
Pure Appl Math., 14(3), 577-591.

[56] Muratori, M. (2015). Weighted functional inequalities and nonlinear diffusions of
porous medium type. Ph. D. thesis, Politec di Melano and Univ. Paris.

[57] Nash, J. (1958). Continuity of solutions of parabolic and elliptic equations. Amer.
J. Math., 80, 931-954.

[68] Paronetto, F. (2016). A Harnack’s inequalities for mixed type evolution equations.
J. Diff. Equat., 260(6), 5259-5355.

[59] Paronetto, F. (2011). A time regularity result for forward- backward parabolic
equations. Boll. Union Math. Ital., 4(9), 69-77.

[60] Paronetto, F. (2017). Local boundednss for forvard- backward parabolic De Giorgi
classes with coefficients depending on time. Nonl. Analysis, 158, 168-198.

[61] Serrin, J. (1964). Local behaviour of solutions of quasilinear equations. Acta
Math., 111, 302-347.

[62] Skrypnik, I.I. (2016). Continuity of solutions to singular parabolic equations with
coeflicients from Kato-type classes. Annali di Mat. Pura ed Appl., 195(4), 1158-
1176.



Y. ZozuLiA 143

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

Sturm, S. (2015). Pointwise estimates for porous medium type equations with low
order terms and measure data. Electron J. Differetial Equations, 215(101), 1-25.

Surnachev, M. (2010). A Harnack inequality for weighted degenerate parabolic
equations. J. Diff. Equat., 248(8), 2092-2129.

Surnachev, M. (2014). Regularity of solutions of parabolic equations with a double
nonlinearity and a weight. Trans. Moscou Math. Soc., 75, 259-280.

Trudinger, N. (1968). Pointwise estimates and quasilinear parabolic equations.
Comm. Pure Appl Math., 21(3), 205-226.

Trudinger, N., Wang, X.-J. (2002). On the weak continuity of elliptic operators
and applications to potential theory. Amer. J. Math., 124(2), 369-410.

Vazquez, J.L. (2007). The porous medium equation. Oxford Math. monogr., Ox-
ford Univ. Prees, Oxford.

Wang, Y., Nin, P., Cui, X. (2011). Harnack estimates for a quasi-linear parabolic
equations with a singular weight. Nonl. Anal., 74(17), 6265-6286.

Zhang, Q. (1996). A Harnak’s inequality for the equation V(aVu) + bVu = 0
when |b| € Kpn41. Manuscr. Math., 89(1), 61-77.

Zhang, Q. (1996). On a parabolic equation with a singular lower order term.
Trans. Amer. Math. Soc., 348, 2811-2844.

CONTACT INFORMATION

Yevhen Zozulia Institute of Applied Mathematics

and Mechanics of the NAS of Ukraine,
Slavyansk, Ukraine
E-Majil: albelgen27@gmail.com



