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Hadamard compositions of Gelfond—Leont’ev
derivatives of analytic functions

MYROSLAV M. SHEREMETA, OKSANA M. MULYAVA

Abstract. For analytic functions f and g, the growth of the Hadamard
composition of their Gelfond—Leont’ev derivatives is investigated in terms
of generalized orders. A relation between the behaviors of the maximal
terms of the Hadamard composition of Gelfond—Leont’ev derivatives and
those of the Gelfond—Leont’ev derivative of a Hadamard composition is
established.
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1. Introduction

For the power series

f2) = i (1.1)
k=0

and g(z) = > gpz" with convergence radii R[f] and Rlg], the series
k=0

(f *9)(2) = 3 frgr?” is called the Hadamard composition. It is well
k=0

known [1-2| that R[f *g] > R[f]R[g]. The properties of this composition
found the applications [2-3| in the theory of the analytic continuation
of functions represented by power series. It is worth to note that the
singular points of a Hadamard composition were investigated in work [4].

For 0 < r < R[f], let M(r,f) = max{|f(2)| : |z| = 7}, p(r,f) =
max{|fx|r* : k > 0} be the maximal term, and let v(r, f) = max{k :
| fe|r® = u(r, £)} be the central index of the power expansion of f. Study-
ing [5-6] a connection between the growth of the maximal terms of a
derivative of the Hadamard composition of two entire functions f and g

Received 27.04.2020

ISSN 1810 — 3200. © IacruryTt npukiazsol maremaruku i mexaniku HAH Vkpainun



M. M. SHEREMETA, O. M. MULYAVA 235

and the Hadamard composition of their derivatives M. Sen [6] proved in
particular that if the function (f % ¢g) has the order ¢ and the lower order
A, then, for every € > 0 and all r > ry(e),

r(n-i-?))\—l—a < N(T) f(n+1) * g(n—i-l)) < r(n+2)g—l+€.
o (frgt) T

For the power series (1.1) with the convergence radius R[f] € [0, +o0]

o

and the power series I(z) = Y 2" with the convergence radius R[l] €
k=0

[0, +00] and coefficients I > 0, k > 0, the power series

[e.9]

Df() =3 et (1.2)

l
5—0 k+n

is called [7] the Gelfond—Leont’ev derivative of the n-th order of f with
respect to . If [(z) = e?, then Dl(n)f(z) = f("(2) is the usual derivative
of the n-th order. Naturally, the radius of convergence of the Gelfond-
Leont’ev derivative of series (1.1) coincides not always with the radius
of convergence of the latter. However, using the Cauchy-Hadamard for-
mula, it is not difficult to verify the validity of such statement. The
following lemmas were proved in [8].

Lemma 1. In order that, for an arbitrary series (1.1), the equalities

R[f] = +00 and R[Dl(n)f] = 400 be equivalent, it is necessary and suffi-
cient that

0<g= lim l/lps1 < k@o Vik/lg1 = Q < +00. (1.3)

k—o0

Lemma 2. In order that, for an arbitrary series (1.1), the equalities
R[f] =1 and R[Dl(n)f] = 1 be equivalent, it is necessary and sufficient

that
lim \k/ lk/lk+1 =1. (1.4)
k—o0

For the functions of finite order, the following analogs of the result by
M. Sen were proved in [§].

Proposition 1. If R[f] = R[g] = +o0 and (1.3) with ¢ > 1 holds, then

— 1 p(r, DIV s D g
lim i In o
roteon T u(r, Dy (f = g))

= (n+2)olf xg] 1
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and

n+1 n+1
- G DV £« D" g)

E = (n+2)A[f *g] - 1,
—— u(r, D (f % g))

where o[f] is the order, and N[ f] is the lower order of the entire function
7.
Proposition 2. If R[f] = Rlg] = 1, and if (1.4) holds, then

(n+1) (n+1)
(TL + Q)Q(l) [f * g] < lim Int :LL(T’ Dl (n]; * Dl g)
M1 —1In(1—r) 1(r, D7(f # 9))

< (n+2) (W[ xg]+ 1)

and

D(n+1) D(n+1)
(n 4+ DA [fag) <lm— L 0D (nf* L 9)
i1 —In(l—7) u(r, DIV(f * )
< (n+2)AD[f x g] + 1),

where oM[f] is the order and NV[f] is the lower order of the analytic
function f in a unit disk.

In [8], the behavior of pu(r, Dl(n)f * Dl(n)g) was studied as well. The
following statements were proved.

Proposition 3. Letn € Z, m € N, m > n, and R[f] = Rlg] = +o0. If
(1.3) holds with g > 1, then

p(r, D™+ D™ g)

lim Llnln

" o =olf x4
kel (e, DY f « DY)
and (m) . pm)
1 D" fx« D™
lim —lnln'u(r l( )f* l()g):/\[f*g].
rofoo I T u(r, D™ f « D" g)
If
0< lim —+— < lim ——— < 400, 1.5
Tt Dt~ e b+ Dl (15)
then (m) ()
L m—n D m D m
lim In ! pr Dy 7S+ Dy g) = o[f * g

ot DY f o+ DY)
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and (m) (m)
lim In TminN(TaDl f*Dl g)

rooo I T u(r, D} f + DM g)

= Alf = g].

Proposition 4. Letn € Z, m € N, m > n, and R[f] = Rlg] =
R[f xg] = 1. If (1.5) holds, then

_ D D
2(m—n)g(1)[f*g] < lim 1 In™ p(r, l( )f* l( )g)
M1 —In(l—r) wu(r, Dl” % Dl” 9)

< 2(m —n)(o"[f % g] + 1)

and

(m) (m)
1 —In(l—r) u(r, Dl(n)f % Dl(")g)

< 2(m—n)AD[f x g] + 1).

Here, in terms of generalized orders, we investigate the behavior of
oo
p(r, Dl(")f * Dg\m) ), where m # n, \(z) = 3. A\p2F, and A\, > 0 for all
k=0
k > 0.

2. Entire transcendental functions

Suppose that the functions f and g are transcendental, and the se-
quences (I) and (M) satisfy condition (1.3). Since R[f] = R[g] = 400,
R[Dl(n)f] = R[Dl(m)g] = 400 by Lemma 1, and, thus, R[Dl(n)f*Dl(m)g] =
+-00.

As in [9], let L be a class of continuous functions « nonnegative on
(—o0, +00) and such that a(z) = a(zg) > 0 for x < xp and a(z) T +oo
as 9 < x — +oo. We say that a € L?, if a € L and a((1 + o(1))x) =
(14 o0(1))a(x) as © — +oo. Finally, o € Ly, if @ € L and a(cz) =
(1+0(1))a(z) as x — +oo for every fixed ¢ € (0, +00), i.e., « is a slowly
increasing function. Clearly, Ly; C LP.

For « € L, f € L, and the entire transcendental function (1.1), the
quantities

— afln r
0a5lf] = oaplln M, f] = Tm_ W
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. (10 M(r, )
a(ln M(r
A = Aoglln M, f]= lim ———— 12
a,ﬁ [f] a,ﬁ[ f] r—ﬁoo /B(h’l 7")
are called the generalized order and the lower generalized order, respec-
tively. If we substitute In u(r, f) or v(r, f) instead of In M (r, f), then
we obtain the definitions of the quantities gq g[ln u, f], Aq g[ln p, f] and

008V f], Aa,glvs f], respectively.

dB*(co(z))

Lemma 3. Let a € Ly, 8 € L° and =0(1) as ¢ — 400

dln x
for every ¢ € (0, +00). Then
— alk
oslf] = T — O (26)
k=00 3 <1ln 1>
ko |l
If, moreover, |fi/ fis1| / +00 as kg < k — oo, then
Noplf] = tim — ) (2.7)

Formula (2.6) was proved in [9], and formula (2.7) follows from the
corresponding formula for entire Dirichlet series proved in [10].

Lemma 4. Ifa € Ly and B € LY, then 00 5(f] = 0apln u, f] and

Aaglf] = Aaglln p, f]. If, moreover, a(e®) € Ly and ox) = o(B(x)) as

xr — 400, then pqpln p, f] = 00V, f] and Ao glln p, f] = Ao v, £
Proof. In view of the conditions o € Ly and B € L°, the equali-

ties 00 glf] = 0aplln p, f] and Ao glf] = Aaplln p, f] follow from the
estimates

plr, f) < M(r, £) <D 1flr® =7 | fl(2r) 27 < 2u(2r, £).

k=0 k=0
It is well known [11, p. 13] that

r

i e )=t o, £) = [ XEDar0 <o <)
From whence for rg = 1, we get
v(r/2,f)In 2 < / V(tt’f)dt <ln p(r, f) —In p(1.f) <v(r, f)Inr.
r/2

(2.8)
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Therefore, in view of the conditions a(e?) € Ly, B € L% and a(x) =
o(B(x)) as x — +o0, we have

a(v(r, f)) a(ln p(r, f))

1+ o) S < (1 o) S
a(exp{In v(r, f) +In In r}) < a(exp{2max{ln v(r, f), In In r}})
- B(ln r) - B(ln r)
B o a(exp{max{Iln v(r, f), In In r}})
B . max{a(v(r, f)), a(ln )} o a(v(r,f))+ a(ln r)
_ a(v(r, f))
=(1+ 0(1))W +o(1), r— +oo.
Thus, 040 p, f] = 04,8V, f] and A g[In 1, f] = A glv, f]. The proof
of Lemma 4 is completed. a

Using Lemmas 3 and 4, we prove the following statements.

Proposition 5. If a € Ly and B € L° then gap[f x 9] <
min{oq g[f]; 0a,plg]} and Ao glf * g| < min{Aa s[f], Aa,plg]}-

Proof. Since |g| < 1 for k > kg and 7% = o(u(r, f) as r — +oo, we
have

u(r, f g) = max{max{| fegr|™* : 0 <k < ko}, max{|frgr|r®: k> ko}}

< max{O(r*), max{|fe|r* : k >no}} < (A1 +o0())u(r, f), 7 — +oc.

From whence, we get 04 g[ln 1, f * g] < 0apIn @, f], Aaplln p, f+g] <

AaplIn p, f], and, by Lemma 4, 0, g[f * g] < 0a,5[f] and Ao glf * g] <

Aa,plf]. Similarly, oqslf * g] < 0a,5lg] and Ay 5[f * g] < Xaslgl- D
(ca

Proposition 6. Let o € Ly, 8 € Ly, and dl()> = 0(1) as

r — 400 for every ¢ € (0, +00). Suppose that |fr/fe+1]|  +oo and
|9k/gr+1| /* +00 as ko < k — oo. Then

0a,plf * 9] = max{min{ea,s[f], Aa,5l9]}, min{ea,slg]: Aa[f1}}, (2.9)

and if, moreover, lklk+2/lz+1 1 as kg < k — oo, then

Aagf * g] =2 min{Aa g[f], Aa,slg]}- (2.10)
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Pmof We can consider that g, g[f] > 0 and Ay glg] > 0. Then
1 k;
| f < <pt < alk;) ) for every o € (0, 0o,5[f]) and some sequence
k; o

(k)

1 1
i) 1 oo, and — ln — < pt ar) for every A € (0, Aq.5lg]) and all
k; ’ ‘ b\ B
Ik

k > ko(N). Therefore by Lemma 3 in view of the condition § € Lg;, we
have

— a(k) — (k)
A N Uy & I S T
(i) o ST |g|>
- T a(k;)
~ goe BB Ha(ky) /o) + B~ Halks) /N)
> lim o (k) = min{p, A\}. (2.11)

~ j—oo B(287 (a(k;)/ min{o, A}))
In view of the arbitrariness of ¢ and A, inequality (2.11) implies the

inequality 04 g[f * g] > min{oqg[f], Aaslg]} follows. Similarly, oo g[f *
g] > min{ o, glg], Aa,g[f]}- Thus, estimate (2.9) is proved

1 k
Now, we suppose that A\, g[f] > 0. Then —ln ol < gt ( )(\*)>
9k
for every A € (0, lg]) and all k& > Ekg(A). Therefore by Lemma 3 as

above, we obtain

*k 11m a(k)
Raglf * 0l = I G ) 1+ RN

From whence, Ay g[f * g] > min{\*, A}. In view of the arbitrariness of A\*
and A, we get (2.10). The proof of Proposition 6 is completed. ]

A next statement establishes a connection between the growth of an
entire function and its Gelfond—Leont’ev derivative.

Proposition 7. Let a € L° and g € LY. If condition (1.4) holds, and
if [ is an entire function, then )\aﬁ[Dl(n)f] = Aaglf] and Qavﬁ[Dl(n)f] =
Qa8 [f] :

Proof. Tt is sufficient to consider the case where n = 1. Condition
(1.4) yields the existence of numbers 0 < ¢ < @1 < +oo such that
qF < lx/lps1 < QF for all k > 0. Therefore,
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l
ru(r, D} f) = max {kfk+1|rk+1 k> 0}

Ukt
M(erv f)

< 5 maxc{|fis [(@Qur)*1 - k> 0} <
1 1

and, by analogy,
m(qir, f)
q1
for all r sufficiently large. Since In 7 = o(In pu(r, f)) as r — +oo for every
entire transcendental function, we get the asymptotic inequalities

ru(r,D} f) >

(L+o(1))In p(qrr, f) < In p(r, D f) < (1+o0(1) In p(Qur, f), 7 — +oo.

From whence, we have \,g[ln u,Dl(n)f] = Apllnp, f] and

Oa,plIn 1, Dl(n)f} = 0a,8[In 1, f]. Therefore, in view of Lemma 4, Propo-
sition 7 is proved. O

Let us go to the main result.
d —1
Theorem 1. Let a(e”) € Ly, B € Lg;, and M = O(1) as

n x
x — 4oo for every ¢ € (0, +00). Suppose that |fx/fri1| / +oo and
lgk/gr+1| / +o0 as kg < k — oo. Then:
1) if the sequences (l) and (\g) satisfy (1.3) with ¢ > 1, then

max{min{oa,s[f], Aa,slg]}, min{Aa s(f], 0a5l9]}}
< Im il D g« D)
r—+oo B(In r) M(Ta Dl(n)f % Dg\m)g)
< min{oa6(f]; 0a,89]} (2.12)

and if, moreover, lklk+2/lz+1 1 and )\k)\k+2/)\%+1 N1 as
ko < k — oo, then

lim

L, Pt D" f < DY)
r—+o0o ,3(111 T)

u(r, DI f + D™ g)
= min{Aq5[f]; Aa,slgl}: (2.13)

2) if
I/l <k, A/ Mg < k (2.14)

as k — oo, then

max{min{0a,s[f]; Aa,sl9]}; min{Aa,s(f1; 0a,plg]}} <
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1 T‘j,LL(T‘ D(”+J)f D(m+j)g)
< lim leY

r—+oo f(In r) pu(r, D f « D (m) 9)
< min{oa s[f]; Qa,ﬁ[g]} (2.15)

and if, moreover, lklk+2/l%+1 21 and )\k)\k+2/)\%+1 21 as
ko < k — oo, then

1 e Dl(n+j)f * Df\mﬂ)g)
lim «
ro+o0 B(ln ) wu(r, Dl(")f * Dg\m)g)

) — min{Aas[f Aesld]}.
(2.16)

Proof. 1t is clear that

o0
D™ f D™ g)( Gt fran"
( A kz k+n )\k‘ m +mJk+n
and
oo
(D nﬂ)f D(mﬂ Z /\ Iktmti frnti?"
e k+n+j k+m-+j

At first, we prove that

V(nDl( )f*D§ Jg)—j

l

V(T’Dl(n)f*Dg\m)g)*j < Tj,u(r, Dl(n+])f % Dg\m+])g)
v 12D g) oD fDMg) u(r, D f  D{g)

l A

V(T,Dl(n+j) f*DE\m+j)g)

(n+37) (m+j3)

D D

<- T L S (2.17)
V(T,Dl(n+'7>f*Dg\m+j)g)+j V(T,Dl(n+j)f*l)§\m+j)g)+]

Indeed, ‘ '
wu(r, D) 5 D" g)

l A

V(T,Dl(n_‘_j)f*Dg\m_‘_j)f) V(r,Dl(n+j)f*Dg\m+j)g)

Ly, DD DD g) g M, DI DI g) bt

|f ||f ‘ V(TD(”+J)f*D(m+J) )
v(r, D("+])f*D<m+J)g)+7rL+J v(r, D("+])f*D(m+])g)+n+]

A

ll/(nDl(nJrj)f*Dg\erj)g) V(T7Dl(n+j)f*DE\m+j)g)

v(r, D" p DD gy j P (e, DD £D (T )4

u(r,Dl( -H)f*DE\ +])g)+J V(Tle( +J)f*Dg\ +J)g)+j

X
l n+j m+7J . A n+j m-+j .
V(T,Dl< JrJ>f>s<D§\ JrJ>g)—i—]—|—n u(r,Dl( Jr])f*Dg\ JrJ)g)—‘r]-l—m
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. . . . v(r, D" DD g) 4
X |fu(7',Dl("+'7)f*D;m+'7)g)+j+n|‘fl/(7-,Dl("+'7)f*Dg\m"'])g)—‘rj-i-nL|T

lv(r,D{"”)f*D&’””g) Au(an”*”f*D&””j\q)

r_ju(r, Dl(n)f * D/(\m) ).

<
lu(r,Dl("+j)f*D§\m+j)g)+j )\V(T,Dl("+j)f*D§\m+j)g)+j
(2.18)

On the other hand,
u(r, D" £+ D™ g)

l n m A n m
v(r, D™ «D{™g) v, D™ fxD(™g)

ll/(r,Dl(n)f*Dg\m)g)+n Azx(r,Dl(n)f*Df\m)g)er

(n) (m)
v(r,D;" fxDy™ g)
X |fu(r,Dl(">f*D§\m)g)+m| |fl/(7",Dl(")f*D§\m>g)+n |7’ : *

lv(r,Df”)f*Dg%) Au(r,Dl(")f*D&"”g)

v(r,D™ fxD{™ g)—j “u(r, D™ fxD{™ g)——jj

l n m . A n m .

" v(r,D{™ fD{™ g)—; v(r,D{™ fxD{™ g)—;
l

V(Tle(n)f*Dg\m)g)*j+ﬂ+j )‘u(r,Df")f*ng)g)meH

(n) (m) .
X V(erl f*D,\ 9)—J .3
1 v(r,D™ fxD{™ g)—j+m+j I v(r, D™ fx D™ g)— j4n+tj Ir "

v(r,D{" D™ g)—j “w(r,D{™ f+D{™ g)—j iy

<5 (r, Dl(n+j)f * Df\mﬂ)g).

v(r, D™ fxD{™ g) )‘u(r,Dfn)f*Diwg)
(2.19)

Inequalities (2.18) and (2.19) yield (2.17).
Condition (1.3) with ¢ > 1 implies that there exist numbers 1 < ¢; <
g2 < +oo such that ¢f" < I /lin < @& and ¢F™ < A/ Apym < g5™ for

all k > ko. Therefore, from (2.17), we get

LD Mg T, DD 4 Pt gy
1 - S
u(r, DI f 5 DM g)

2(v(r,D{™ f+D{™ g)—4)j
< q2 l A .

From whence, we get

ru(r, D" f « DY)
u(r, D" £ D{"g)

In = v(r, Dl(n)f * Df\m)g), r — +o00. (2.20)
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Condition (2.14) yields the existence of numbers 0 < h; < hg < 400
such that hik? < lp/lptj < hok? and hik? < A/Ap+; < hok?. Therefore,
from (2.17), we get

riu(r, D" £« D™ g)
u(r, D f D(m) 9)

h%(u(r, Dl(n)f * Dg\m)g) — j)2j <

< h3u(r, D f« D{™Mg)¥,
ie.,

ru(r, DI f « DY)

(. DM £ DI ) =v(r, D" fxD{Mg)? . 1 — +oo. (2.21)
lu’ T? l * by g

We note that 1f o(x)) = O(1) as ¢ — +oo for every ¢ €

e
dl
(0, +00), then a(z) = o((z

) x — +o00. Since a(e”) € Lg;, we have
a(v(r. D} f = D{Mg)¥) = alexp{2jIn v(r, D" f + D" g)})

= (14 o(1))a(exp{ln v(r, Dl(n)f * D(m) 9)})
= (14 o(1))a(v(r, D™ f + D\™g))

as r — +o0o and, by Lemma 4,

(n) (m) \2;
— a((r, D" f=D\"g)¥) (n) (m)
T

= 0ag[D™ £+ D™

and

L alw(r DM f + DY) )
11m

(“) (“L)
r——+oo ,8(111 [ ) )\avﬁ [1/7 l f * )]

= Ao gD f 5 D).
Therefore, from (2.20), we get

— 1 < rp(r, DI £ D{ )

lim « = Qa, D(n)f « D™ ,
r—+oco B(In 1) u(r, Dl(n)f N Dg\m)g) ) alD; r

(2.22)
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. 1 ripu(r, DY) f 5 DY) g)
lim alln

_ ™,
lim = Aas[D™ 5 D™,
rooe Bl ) u(r, D™ £ D™ g) ) alD » )

(2.23)
and (2.21) yields

— 1 (v, D" f DY g S
b Bl )™ ( NOPRNO ) = 051D} f + D),
r—+co f(In 1) p(r, D™ f « D™ g)
(2.24)
. 1 ru(r, D" [« DY) " m
lim 1 : ) (,i\l) = /\a,ﬁ[Dl( )f*DE\ )]~
r—+oo B(In 7) p(r, D f + DYV g)
(2.25)

We note that the conditions |fi/frxr1| 7 +00, |9k/gk+1| / 400,
lklk+2/l]%+1 1, and )\k)\k:-s—z/)\erl 1 as kg < k — oo were not used in
the proof of equalities (2.22)—(2.25).

Let now [fi/fe+1] /* 400 and |gi/gks1| 7 +o0 as ko < k — oo.
Then, in view of Propositions 5, 6, and 7, we have

Qa,ﬁ[Dl(n)f * Df\m)g] < min{gaﬁ [Dl(n)f]’ Qa,B[Dg\m)g]}

= min{Qaﬂ[f]v Qa,ﬁ[g]}

and
08D f 5 D™ g]

> max{min{ g, 5[D{™ f], Ao s[DV™ g1}, min{As s[D™ f1, 008D g]}}
= max{min{on 5[], Aaslg]}, min{Aas[f], 0a,sl9]}}-

Therefore, relations (2.22) and (2.24) yield (2.12) and (2.15).
If, moreover, lklk+2/l%+1 1 and )\k)\k+2/)\i+1 N 1as kg <k — oo,
then )
elkn1 K lk+2jlk+j+2 3t
lk:JrllkJrn j=0 k+j+1

n—1
Ak Akt H Akt Aktj+2 ke <k — 00
2 ’ = )
)\k+1)\k+n j=0 )‘k+j+1

as kg < k — oo and, thus,,

<lk|fk+n‘>/<lk+1fk+n+1’> /‘—I—OO

lktn lktnt1

<>\k|gk+n|> / ()\k+1|9k+n+1|) oo

Aktn Aktnt1
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as kg < k — oco. Therefore, by Propositions 5, 6, and 7, we get

Aas[D f % D{™g) = min{ A, 5[D™ £,

Aas (DM g} = min{ A, 5[f], Aaslo]}-

Moreover, from (2.23) and (2.25), we obtain (2.13) and (2.16). The proof
of Theorem 1 is completed. O

Remark 1. Choosing a(x) = In* x and B(x) = xT from the defi-
nitions of o g[f] and A g[f], we get the definitions of the order o[f] =
lim In In M(r, f)) and the lower order \[f] = lim InIn M(r, f)) for
r—+o00 Inr o to0 Inr
entire function (1.1). The condition a(e”) € Lg; is used only in Lemma 4
for the proof of the equalities gq g[In i, f] = 0a,8[v, f] and A g[In p, f] =
Aag[v, f]. The function a(x) = InT 2 does not satisfy this condition,
but it is easy to obtain the equalities o[In p, f] = o[y, f] and A[ln pu, f] =
Alv, f] from estimations (2.8). The condition 8 € Lg; is used only in
Proposition 6 for the proof of the inequalities (2.9) and (2.10). The func-
tion B(x) = T does not satisfy this condition, and, in this case, we obtain
slightly different estimates than (2.9) and (2.10). It is known (see, e.g.,

— k
[12-13]) that, for the entire function (1.1), g[f] = lim ——————. More-
- k

over, if |fi|/|fr+1] /* R[f] as ko < k — oo, then A[f] = lim W
k—oo k
Therefore, if A[f] > 0 and A[g] > 0, then —1In |fx| < (kln k)/A1 and

—1In |gk| < (kln k)/Ag for every Ay € (0, A[f]), A2 € (0, A[g]) and all
k > k¢. From whence,

kEln k
Alf *g] = lim
Pl = i e T )
2 lim kln k /\1)\2

oo (K1 K) /A + (kIn k) /A2~ A1+ A2

Thus, in view of Proposition 5 and the arbitrariness of A\; and A9, we have

ALfINGl/ (ALf] + Algl) < ALf +g] < min{A[f], Ng]}. If o[f] > 0 and A[g] >
0, then —In | f,;| < (k;jIn k;)/o for every o € (0, o[f]) and some sequence

(k;) T +00. Moreover, —In |gi| < (kln k)/X for every A € (0, A[g]) and
all k > kg. From whence, we have

kiln k;
olf xg] > lim I
o)z B e g
2 lim kjlnkj Q)\

oo (jIn kj)Jo+ (ki In k) /A~ o+ A
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With regard for the arbitrariness of ¢ and Ay, we get o[f * g] >
olfIAlgl/(elf] + Algl). Similarly, we have o[f = g] = o[g]A[f]/(elg] +
Alf]). Thus, in view of Proposition 5, we get max{o[g]\[f]/(olg] +

AL, elgIA[f1/(elgl + AlfD} < olf * g] < min{o[f], 0]}, and the fol-
lowing statement is proved. a

Proposition 8. Let |fi/fx+1] / +oo and |gx/gr+1] / +oo as ko <
k — oco. Then:
1) if the sequences (I) and (\) satisfy (1.3) with ¢ > 1, then

max{ ol fIMlg]  olfI\[g] }
olf1+ Algl” olf] + Mgl

L J D(n+j) D(m+j)
< lim 1 lnlnru(r’ d I A 9)

< min{o[f], olg]},
ot lny u(r, D" [+ D™ g)

and if, moreover, lklk+2/l,%+1 M1 and >‘k>‘k+2/)‘z+1 AN 1asky <k — oo,
then

m < lim 1 In In TjM(T, _Dl(n+J)f * Dg\erJ)g)
A[f] + )‘[g}  rStoo Inr ,U(’I”, Dl(n)f B D/(\m)g)

< min{A[f], A[g]};

2) if (2.14) holds, then

max{ olfIMlg]  olfI\[g] }
olf1+ Algl” olf] + Mgl

j (n+3) (m+7)
< Tim 1 lnrﬂ(raDl()f*D()\) 9)
r—+oo In r e Dl” fx D)\m 9)

< min{o[f], o[g]},

and if, moreover, lklk+2/l,%+1 A1 and /\Mk+2/)\i+1 N 1asky <k — oo,
then

AN L e D f D)
)\[f] + )\[g] T ot nr /1*(7'7 Dl(n)f N Dg\m)g)

< min{A[f], A[g]}.
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3. Analytic functions in a unit disk

For o € L, 8 € L, and the analytic transcendental function (1.1) with
R[f] = 1, the quantities

o o) in _ ol M(r, f))

and

(1) (1) _oa(ln M(r, f))
R gl 3= Ao gl M. f) =l S5m0,

are called the generalized order and the lower generalized order, respec-
tively.

Lemma 5. Let « € Lg;, 8 € Lg;, and let, for every ¢ € (0, +00),

e dln 57 (ca(x)) a@/B7 cal@)) _ (3.9

z-+o0 dln z <L zglj[#loo a(z)
Then )
W1f] = Tm - 3.27
2sll1 = I e 1D (3:27)
If, moreover, |fi/ fr+1| /1 as ko < k — oo, then
k)
AD ) = fim ) 3.28
=N YT (529

Formula (3.27) was proved in [14], and formula (3.28) follows from
the corresponding formula for the Dirichlet series proved in [15-16].
The condition |fx/frx+1] 1 as kg < k — oo implies that

k
|fe+1l = 1I ¢; for k > ko, where g; N\, 1. Therefore, |fi11| > 1 for
Jj=ko

all k > ko. We assume that |fx| > 1 and |gx| > 1 for all & > k. Then
R[f x g] <1 and, thus, R[f xg] = 1.

Unlike the entire functions, the maximal term for functions (1.1) with
R[f] = 1 can be a bounded function. In order that pu(r, f) T +oo as
r 1 1, it is necessary and sufficient that kli)irn |fx] = 4oo. Indeed, if

Ife] < K < 400 for all k, then u(r, f) < max{Kr* : k > 0} = K
On the other hand, if u(r, f) < K, then |fi|r* < K for all k > 0 and
r € [0, 1). Directing r — 1, we get |fx| < K for all & > 0.

Lemma 6. Ifa € Lg;, § € Ly, and a(ln x) = o(B(x)) as x — +o0, then
Qs)ﬁ[f] = ‘QS)B[IH w, f] and )\S)ﬁ[ﬂ = )\S’)ﬁ[ln w, f1. If, moreover, a(e*) €
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Ly and oz) = ()5( z)) as @ — +oo, then o\l 1, f| = o\ %lv, f] and
v,

AU, £ = A, ).

Proof. In view of the conditions o € Ly and 8 € Lg;, the equal-
ities QS’/)B[f] = Q(()i)ﬁ[ln w, f] and A&{%[f] = )\S)ﬁ[ln w, f] follow from the
estimates

<< () (55) <o (55):
k=0

Indeed, in view of the condition « € Lg;, we have

a(ln pu(r, f)) < a(ln M(r, f)) < (ln H (1 it > . )

<Oz<2max{lnu<1+r > })
:(1+0(1))max{ (In u 1” ) a<1n )}
—(1+0(1)){a(1n <1+T ) In - 2 >} r,

and, thus,
oln u(r.f)) _ afln M(r. /)
B/ —r) = BI-n)
(el (/2. 0) B/ 1) | a(n(2/( - 1))
<@+ “”( B/ — L+ r/2) BAA—r) T B 7)) )

as r T 1. Since 8 € Ly and a(ln x) o(f(x) as  — 400, we have
@S,) [f]= Q((X}g[ln u, f] and )\87) [f] = [ln 1, f].

rv(t f)
t

Using the equality In u(r, f) —In u(ro, N=/

To

dt, ro <r <1,

we get
o p(r, f) = I p(ro, f) < w(r, f)In(r/ro) <w(r, f)In(1/ro).  (3.29)
On the other hand, for r > rg,
r4+(1—r)/2

In (T + 1;r,f> —1In p(ro, f) > / V(tlg f)dt

T

>v(r, f)ln(1+ (1 —7r)/2r)= 1+ o(1)v(r, f)(L—=7)/2, 711,
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ie.,

4 1-
)< gt (e i) ez B30

Since a(e”) € Ly and a(x) = o(f(x) as x — 400, relations (3.29) and
(3.30) yield

B/ =) B/(1—r)
max{a(In p(r+ (1 —7r)/2, f)), +a(4/(1 — 7))}
B/ —r)

a(ln p(r+ (1 —r)/2,f)) B(2/(1 —7)

B/l —r—(1-1r)/2) B(1/(R—T)

a(ln M(T‘+(1_T)/2vf)) TT]-

B/ —r—(1-=1r)/2)’ '
(

This implies that QS/)B[ID w, f] = QS/)B[V, f] and )\al)ﬁ[ln w, f] = )\S)ﬁ[lj, fl.
Lemma 6 is proved. O

(1+0(1)) < (1+0(1))

< (1+o0(1))

= (1+0(1))

= (1+0(1))

Using Lemmas 5 and 6, we prove the following statements.

Proposition 9. Ifa € Ly;, 8 € Ly and a(ln x) = o(B(x)) as z — +o0,
then

o4 1f * 9] > max{o( 5[ £]. o{l5g]}

and ) 1 1
AU+ g] > maxf AU, AL ]}

Proof. Since |gy| > 1 for k > ko, we have u(r, f * g) > max{| fegr|r" :

k> kot} > max{|fulr* : k > ko}} = u(r,f) + O(1) as r T 1. From

whence, we get @S,)B[ln s f gl > Qs,}g[ln 1, f1 and A%[ln s f* g

A g1, £] and, by Lemma 6, ol'}[f * g] > gaslf] and ASL[f * g]

Ni1f]- Similarly, ol 4[f 6] > ol slg] and AL[F « ] > A4l
Proposition 10. If the functions o and B satisfy the conditions of
Lemma 5, then

>
>

g

o\ 41f * g] < max{o(5[f]. o\4lg]}- (3.31)

If, moreover, |fi/frr1l /1, lge/gk1l A2 1, lligo/li, /1 and
>‘k>‘k+2/)‘i+1 N1 as kg <k — oo, then

AL * g] < min{max{ALL[/], o\ 4lol}, max{A(lgl, ol 5113} (3.32)
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Proof. We can consider that QS%[ f] < 400 and QS%[Q] < +400. Then,
k

and In |g| < —+——F~— for

k
B Ha(k)/o1) B a(k)/02)

every o1 > Qfx)ﬁ[f]’ 02 > Qal%[g] and all k > kg. Therefore,

by Lemma 5, In |f| <

)

In | frgr| < 5= i + — i <2— b :
B~Ha(k)/o1) B~ Halk)/o2) = B (alk)/max{oe1, 02})

This implies that g&l)ﬂ[f % g] < max{p1, 02}, i.e., in view of the arbitrari-
ness of o1 and g2, we get (3.31).

We have In | fi,| < M for every \ € ()\S)ﬁ[f], +00) and
kj

some sequence (k;) T +00. Therefore, as above,

a(k))
(Llf #g] < S/ | fie; 9|

< max{\, g2}.

Q

In view of the arbitrariness of A and g2, we get )\(1) [f * g] <
}

Inax{)\s”)@[ fl, g&l)ﬂ[g]}. Similarly, )\S’)ﬁ[f x g] < max{)\(l)[ ], Qaﬂ[ ]
Thus, (3.32) is true. O

We prove also the following statement.

Proposition 11. Let o« € Ly, B € Lgi, and a(ln z) = o(B(x)) a
r — +oo. If condition (2.14) holds, then )\S%[Dl”f] = (1)5[]"] and
A LDy ) = o411

Proof. 1t is sufficient to consider the case where n = 1. Con-

dition (2.14) yields the existence of numbers 0 < h; < hy < 400
such that hi.(k + 1) < lp/lgt1 < hao(k + 1) for all & > 0. There-
fore, pu(r, D} f) > max {hi(k+ 1)|fug1|r* 1k >0} = hyp(r, f/), and

p(r, D} f) < hop(r, f'). Therefore, in view of Lemma 6, )\S’E[Dllf] =

Mo DT = A f] = ML) and o(3IDL] =
= Q&%[ln w, D} f] = Qg)ﬁ[ln w, 'l = Q((le)é,[f’]. On the other hand (see [8],

2 1-
Lemma 6), M(r.f) < 1M (1570 ) and 20 ) < MO f) +
—r
| £(0)]. From whence as in the proof of Lemma 6, we get )\( ) slf1= )‘S)ﬁ[f]
and Qaﬂ[f] = Qs)ﬁ[f]. Proposition 11 is proved. O

The following analog of Theorem 1 is true.
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Theorem 2. Let a(e®) € Ly, B € Lg, and let (3.26) hold. If (2.14)
holds, then

1 w(r, Dl(n+j)f * ngﬂ)g) (1) (1)

1 = Inax .

B/ =) ( u(r, D" f + D™ g) Prleapll] easia)
(3.33)

If, moreover, |fx/fe+1l 7~ 1, lox/gk+1l 7 1, lklkJrg/l,%_s_1 A1, and
AeAk2/Aesy /1 as kg < k — oo, then

(n+y5) (m+j)
max{\ ") [f] )\(1 Lo} < Tim 1 o [#r D D D" g)
o, 1 B(1/(1—1)) u(r, Dl(n)f . D&’”)g)

< min{max{\} 5[], o 5lg} max{(\0}lgl. oHIAY) (3:39)

Proof. As above, we have (2.21), and condition (3.26) implies that
a(ln ) < a(x) = o(f(x) as © — +oo. In view of Lemma 6 and the
relation a(e®) € Lg;, we have

EO‘< v(r, D )f*D 9)*) :ﬁa(u(r, Dl(n)f*ng)g))
ril (1/(1 —r)) ril pA/(1—=r))
= o\ b, D f 5 DI g)] = o, (D™ f % D{™)]
and ), plm)
i SO DS DTN ) e g,

lim =\ %[v,D * D)
=) sl D+ P79)
=AD" £+ DY)

Therefore, using Propositions 10 and 11 from (2.21), we obtain (3.33)
and (3.34). O

Remark 2. Choosing a(z) = B(z) = InT x from the definitions of
Qs)ﬁ[f] and /\S)B[f], we get the definitions of the order oV[f] =

+ +
lim W™ In M(r, /)) and the lower order N[ f] = lim In™ In M(r, /))
1 In(1/(1—7)) 1 In(1/(1—=7))
function (1.1) with R[f] = 1. The functions a(z) = 3(x) = In™T x do not
satisfy the conditions a(e”) € Lg; and (3.26). The condition a(e”) € Lg;

is used only in Lemma 6 for the proof of the equalities QS};[% f} = QS};[ f]

and )\ [V fl1= /\ [f] Now, we have ( see [18]) AD[f] < AD[y, f] <
A )[f] —|— 1 and o1 )[f] < Q(l)[l/, f] < Q(l)[f] + 1. We note (see [18-19])

for
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* +
that o(M[f] = %, o*[f] == k@o W It [ £l /| fosa| 7 1 as
fo < = o, then AV[f] = 12 ] = fim I |y
eie k—so0 n

Since |fx| > 1 and |gx| > 1, we have o*[f*g] > max{a*[f], a*[g]} and
a[f * g] > max{au[f], ax[g]}. From whence, we get

oD[f max{a[f], a*[g]}
[f*g] > 1 — max{a*[f], a*[g]}

_ max{oW[f]/(1 - o[f]), o™ [ /(1= oWg)}
1 —max{oW[f]/(1 = eW[f]), oW g]/(1 = oW g])}

= max{o"[f], oM [g])}.

On the other hand, In |fix] < k% and In |gx| < k%2 for every ay €
(a*[f], 1), aa € (a*[g], 1) and all & > ko. Therefore, a*[f * g] <
N G )
k—ro0 In k
and as, we get o [f * g] < max{a*[f],a*[g]} and, as above, o(V[f  g] <
max{oM[f], o™V[g]}.

I | fx/ fes1l 7 400, 9K/ 9k+1] +oo as kg < k — oo, then we obtain
AD [ gl = max{ AD[f], AD[g])} ad AD[frg] < minfmax{AD[f], 8 Dlg]},
max{A\M[g], oV[f]}}. Finally, (2.21) implies that

< max{aq,a2}. In view of the arbitrariness of ay

u(r, D" f 5 DY)

In
u(r, D £+ D™ g)

=2j1n v(r, Dl(n)f * D(m) g), T — to0.

Therefore, the following statement is true.

Proposition 12. If (2.14) holds, then

(n+7) (m+7)
| 1 pu(r, D" f + Dy
2j max{o™[f], o[g]} <Tim n 10D () (m> .
rt1In (1/(1 — 7)) w(r, D" f+ D™ g)

< 2jmax{oW[f] + 1, oW[g] + 1}.

If, moreover, |fx/fis1|l /1, lge/gkal 2 L, liligo/lEyy /1 and
)‘k)‘k+2/)‘i+1 A1 as kg < k — oo, then

(n+7) (m-+7)
D, * Dy

25 max{AM[f], AP [g]} < Tim L n plr S+ 9)
Pt In (1/(1 =) u(r,D( 'y *D(”” 9)

< 2j min{max{ AV [f], oM[g]} + 1, max{AV[g], oM [f]} + 1}.
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