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A note on meromorphic functions with finite
order and of bounded /-index
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Abstract. We present a generalization of concept of bounded I-index
for meromorphic functions of finite order. Using known results for entire
functions of bounded [-index we obtain similar propositions for mero-
morphic functions. There are presented analogs of Hayman’s Theorem
and logarithmic criterion for this class. The propositions are widely
used to investigate [-index boundedness of entire solutions of differential
equations. Taking this into account we raise a general problem of gen-
eralization of some results from theory of entire functions of bounded
[-index by meromorphic functions of finite order and their applications
to meromorphic solutions of differential equations. There are deduced
sufficient conditions providing /-index boundedness of meromoprhic solu-
tions of finite order for the Riccati differential equation. Also we proved
that the Weierstrass p-function has bounded I-index with I(z) = |z|.
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1. Introduction

Let f : C — C be a meromorphic function. The goal of the paper is to
introduce a concept of bounded index for meromorphic functions of finite
order and to study properties of functions from this class. There are con-
sidered some applications of theory of bounded index to study properties
of analytic solutions of differential equations and of some infinite prod-
ucts. In particularly, we find conditions providing /-index boundedness of
all meromorphic solutions of Riccati’s differential equation. Moreover, we
prove that the Weierstrass p-function has bounded l-index with [(z) = |z|.
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2 MEROMORPHIC FUNCTIONS OF BOUNDED [-INDEX

We remind some classic notations from the theory of meromorphic
functions of one variable (see also [12,14,17,18]). The number of poles
of f(z) in the disc {|z| < r} will be denoted by n(r, f). The order p of
meromorphic function f is defined as

— InTT(r, f)

p= Tlggo Inr

where a™ = max{a, 0}, T(r, f) = m(r, f) + N(r, f),
2T )
mirf) = 3= [ W 1pre)lag,

N(r, f) = /07" n(t, /) ; n(©, f)dt+ n(0, f)Inr.

The meromorphic function f admits a representation as quotient
f(z) = ! 153, where f1(z) and f2(z) are entire functions without common
zeros. Let u(z) = max{|f1(z)|,|f2(2)|}. Despite the non-uniqueness of
representation the function f as quotient of entire functions we have [12,

2 .
p. 17 T(r, f) = &= [ " Inu(re®)de.
A number p € NU {0} is called a genus of the sequence (ap)nen if
1
D onet fa,p =00 and 300 - |p+1 < 0.

For the meromorphic functions of finite order it is known a convenient

representation.

Theorem 1.1 (Hadamard, [12, p. 57]). Let f(z) be a meromorphic fun-
ction of finite order p, and let (ap)nen and (bm)men be the sequences
of zeros and poles of the function f(z), which are different from z = 0.
Let p1 be the genus of (ay) and py be the genus of (by,). Suppose that
in the neighborhood of z = 0 the function f(z) has a representation
f(2) = cs2® + csp12°T + ... with cs # 0. Then

e p(z)H E(z/an,p1)
I1y, E(2/bp.p2)’

where P(z) is a polynomial, whose degree q does not exceed [p] and

E( )_ 1_27 pr:()a
p= (1 —2)exp{z +22/2+...+2P/p}, ifp>1.

fz) =

(1.1)

Taking into account of Theorem 1.1, we suppose that

fi(z) = HE (z/an,p1), fa(z HE (2/bn, p2).
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There are known many differential equations which have only mero-
morphic solutions. For example, Riccati’s equation, Painlevé’s equa-
tions, Briot-Bouquet’s equation and etc. Despite the second century of
their exploration these equations are still interesting for many mathe-
maticians [8,13,16]. At the same time, for differential equations with
entire solutions there is well-developed theory of functions of bounded
index. The concept has few advantages in the comparison with the tra-
ditional approaches to study the properties of entire solutions of differ-
ential equations. In particular, if an entire solution has a bounded index
then it immediately yields its growth estimates, a uniform in a some
sense distribution of its zeros, a certain regular behavior of the solution,
etc [4,20,24,25]. The concept of bounded index allows to describe a local
behavior of analytic functions. Another approach to study local behavior
is developed by Donetsk school of mathematicians. Between them are
papers of E.A. Sevost‘yanov [30,31], R.R. Salimov [28,29|, where they
consider quasiconformal mappings.

2. Main definition and base propositions

Let [ : C — R4 be a fixed positive continuous function, where Ry =
(0,400). An entire function f is said to be of bounded /—index [19] if
there exists an integer m, independent of z, such that for all p and all
zeC l{;?ig;? < max{'{s(zgz?‘ : 0 < s < m}. The least such integer m is
called the l-index of f and is denoted by N(f;l). If () = 1 then the
function f is of bounded index [21].

In this paper, we propose the following generalization of the concept
of bounded l-index. We say that a meromorphic function f of finite order
1s of bounded l-index if the entire functions fi; and fo are of bounded I-
index where the functions fi, fo are defined above. And the l-index of
the function f is defined as N(f,1) = max{N(f1;1), N(f;l2)}.

The definition is correct [25] because if an entire function f is of
bounded [-index then f is of bounded [*-index for any I* > [. If fa(2) is
a polynomial and [ = 1 then the definition matches with the definition of
index boundedness for meromorphic function with finite number of poles
proposed by R. Roy and S. Shah [23].

Obviously, the positivity and continuity are weak restrictions by the
function [. Therefore, we will assume some additional conditions. Let @
be a class of positive continuous functions [ : C — R, such that

A(r) = sup {l(tl):|t1t2|< z }

ttzec 1(t2) min{l(ty), 1(t2)}

is finite for all » > 0.
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If I = I(]z]) then the condition ’A(r) is finite’ means that I(r +
O(ﬁ)) = O(l(r)) as r — +o0o. Therefore, this class @ is very wide.
All elementary functions and their compositions belong to this class. For
example, the iterated exponent also is from ). And if an entire function
f has bounded [-index with [ € @ then the function f is of bounded
[*-index for any {* > [. And in the worst case we can choose the function
[* as the iterated exponent.

Using the supposed definition and some properties of entire functions
of bounded l-index we immediately obtain the following theorems for
meromorphic functions of bounded I-index.

Proposition 2.1. Letl € Q, f = % be a meromorphic function of finite
order, f1, fo are defined above. If there exists r > 0 ng € Z4 and Py > 1
such that for every zy € C and some kj = kj(z0) € Z4 with 0 < k; < ny,
je{L,2}

r

max{| /" (2)] : |z — z| Sm}SPo\f;kj)(zo)\, je{1,2y  (21)

then f has bounded [-index.

Proposition 2.2. Letl € Q, f = % be a meromorphic function of finite
order, f1, fo are defined above. If f has bounded l-index then for every
r > 0 there exists ng € Z4 and Py > 1 such that for every zg € C and
some k; = kj(20) € Z4 with 0 < kj < ng, j € {1,2} inequality (2.1)
holds.

Proposition 2.3. Letl € Q, f = % be a meromorphic function of finite
order, f1, fo are defined above. If there exists rij, roj with 0 < rij < raj
and Py > 1 such that for every zy € C

max {Ifj(Z)l e = 20| = zgé) } =

<p max{\fj(zﬂ |z — 20| = sz))} jed{1,2}

then f has bounded l-index.

Proposition 2.4. Letl € Q, f = % be a meromorphic function of finite
order, f1, fo are defined above. If f has bounded l-index then for every
r1, ro with 0 < ry < ro there exists Py > 1 such that for every zg € C

max {52 512 - ol = 35} <

<P max{lfj(Z)l = 20l =
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Proposition 2.5. Let | € Q, f = % be a meromorphic function of
finite order, f1, fo are defined above. If there exist R > 0, P, > 1 and
n € (0, R) such that for every zy € C and some rj =rj(z) € [n, R]

max{\fj(Z)l Hz =zl = l(z))} =

rs

J
I(20)

< P min{|fj(z)| )z — 20| = }, jed{1,2} (2.2)

then f has bounded l-indez.

Proposition 2.6. Letl € Q, f = % be a meromorphic function of finite
order, f1, fo are defined above. If the function f has bounded l-index
then for every R > 0 there exists P, > 1 and n € (0, R) such that for
every 2o € C and some r; = r;j(20) € [n, R] inequality (2.2) is fulfilled.

Proposition 2.7. Let | € Q, f = % be a meromorphic function of
finite order, f1, fo are defined above. The meromorphic function f is of
bounded l-index if and only if there exist numbers p; € Z, and C > 0
such that

(pj+1) (k)

Let us denote n(r,z,1/f) = 32|, _.<, 1 be a counting zero function,
n(r,z, f) = E\bk—z|<r 1 be a counting pole function, where z is a fixed
point, (ar)rken is a zero sequence of the function f, (bg)ren is a pole
sequence of the function f. Let us write G, (f1) = U, {7 : [z —an| < @}

and Gr(f2) = U, {7 1|z — bl < @}'

Proposition 2.8. Suppose l € Q, f = % be a meromorphic function of
finite order, f1, fo are defined above. If the meromorphic function f has
bounded l-index then

1) for any r > 0 there exists P = P(r) > 0 such that |f;(2)/f;(2)] <
Pl(z) for each z € C\ G(fj), j € {1,2};

2) for anyr > 0 there exists n = n(r) € Zy such that n(r/l(z),z,1/f)
<n and n(r/l(z),z, f) <n for each z € C.

Denote n(r, f) = supn(r,z, f), n(r,1/f) = supn(r,z,1/f), n(r) =
zeC zeC
sup{n(r, f),n(r,1/f)}.

Proposition 2.9. Supposel € Q, f = % be a meromorphic function of
finite order, f1, fo are defined above. If
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1) n(r) =0 or there exists r1 >0 n(r1) € [1;00)

2) there exist ro € (0 Tl/’\(”)) (forn(r)=0 ro=0) and P > 0 such

> 2n(ry)
that for each z € C\G,,(f;j), j € {1,2}, the inequality :28} <

Pl(z) holds, where 11 is chosen from 1),

then the function f has bounded l-index.

Proposition 2.1 follows from sufficiency of Theorem 4 in [25], Propo-
sition 2.2 follows from necessity of Theorem 2 in [25], Proposition 2.4
follows from necessity of Theorem 5 in [25], Proposition 2.6 follows from
necessity of Theorem 6 in [25], Proposition 2.7 follows from Theorem 1
in |26, and Proposition 2.8 follows from necessity of Theorem 1 in [25].
However, Proposition 2.3 follows from Theorem 4 in [5]|, Proposition 2.5
follows from Theorem 6 in [5], Proposition 2.9 follows from Theorem 8
in [5].

For entire functions of bounded index, Propositions 2.1-2.6, 2.8-2.9
were deduced by G. H. Fricke [10,11], and Proposition 2.7 was obtained by
W. Hayman [15]. Later M. M. Sheremeta and A. D. Kuzyk [25,26| gener-
alized them for entire functions of bounded /-index. Recently, A. I. Ban-
dura and O. B. Skaskiv [1,5] weakened sufficient conditions in these theo-
rems. Here we formulate the sufficient conditions and the necessary con-
ditions as different propositions, but not as criteria. Propositions 2.1-2.9
describe the local behavior of meromorhic functions of bounded [-index.
Moreover, the analogs of Propositions 2.7, 2.8, 2.9 for the various classes
of holomorphic functions are very often used to examine properties of en-
tire and analytic solutions of differential equations and systems of partial
differential equations [3,4,22]. They help to prove [-index boundedness
of these solutions. Thus, it leads to the following question:

Problem 1. Letl € (). What are conditions by the meromorphic coeffi-
cients of the higher order linear differential equation

po(2)w™ +pr(2)w" Y + ..+ pu(2)w = h(z)

providing l-index boundedness of every meromorphic solutions of finite
order?

If h is a meromorphic function with a finite number of poles and
of bounded index (I = 1) and p; are polynomials then the equation is
studied by S. Shah and R. Roy [23]. Particularly, they proved that if
degPy > maxi<i<pn F; then every meromorphic solution of the equation
is of bounded index.

Of course, Propositions 2.1-2.9 generate a more general problem
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Problem 2. Is it possible to deduce analogs of all results from the theory
of entire functions of bounded l-index for the meromorphic functions of
finite order?

3. Riccati’s differential equation

It is known [13] that all solutions of the Riccati differential equation
with entire coefficients

f'(2) = ao(2) + a1(2) f(2) + az(2) (=), aa(2) £0, (3.1)

are meromorphic. Moreover, every pair of entire functions (P, T") satisfy-
ing the system of differential equations

{P’ = ap(2)T + a1(2) P,

T = —as(2)P, (3:2)

is a meromorphic solution of (3.1). Therefore, the following statement is
valid.

Theorem 3.1. Letl € Q. Assume that ag, a1, as are entire functions of
bounded l-index and there exists M > 0 such that for all z € C |a;(2)| <

MI(z), j € {1,2,3}. Then every meromorphic solution f(z) = ;8 of

(3.1) is of bounded l-index, where P, T are entire solutions of system
(3.2) with finite order.

Proof. To prove the theorem we need some notations from [7]. There was
proposed a concept of analytic curve in disc having bounded [-index. We
only consider entire curves.

Let m € N and F = (f1, f2,..., fm) be an entire curve in Dg, i.e.
F: Dr — C™ is a vector-valued function, where each function f; is entire.
We put 0 = (£ ™ 0 and let [|F(2)]| s = max{|f;(z)|: 1 <
j < m} be the sup-norm.

An analytic curve F is said [7] to be of bounded I-index by sup-norm
if there exists N € Z, such that

IF™ (2)]ls IF® ()]s |
7”L!l”(z\)<max{k!lk(\z\)'0<k<N} (3.3)

for all n € Z4 and z € Dg. The least such integer N is called the [-index
by sup-norm and is denoted by Ng(I; F).

Bordulyak M. and Sheremeta M. obtained some proposition for an-
alytic curves in the disc of arbitrary radius R € (0, +oc]. Below we for-
mulate the corresponding consequence for entire curves.
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Remind that G,.(f) = U, {z : [z —an| < ﬁ} where (ap)nen is a
zero sequence of the function f.

Lemma 3.1 ([7, Theorem 4]). Let | € Q. Assume that an entire curve

F(z) = (;;Ei;) satisfies the differential equation

W'+ Q(2)W =0, (3.4)

(@2 ) o |
where Q(z) = <a3(z) ai(z)) Let aj, j = {1,2,3,4}, be meromorphic

functions of the form a; = %, where Aj;, Bj are entire functions of
bounded l-index. If for every r > 0 there exists M = M(r) > 0 such that

4
for each z € C\ |J Gy(Bj) and for every j € {1,2,3,4}
j=1

|aj(2)] < Ml(2) (3.5)
then f1, fa, and, therefore, F are of bounded l-index in Dpg.
_ (P(2) _ ([ @(z)  ao(z)
For system (3.2) we have W = <T(z)>’ Qz) = (—ag(z) L
all Bj(z) =1, aj(z) = Aj(z) and G,(B;) = 0.
Then by Lemma 3.1 the functions P(z) and Q(z) are of bounded
P

l-index. Therefore, the meromorphic function f(z) = Qgg is of bounded
l-index. O

4. Weierstrass p-function

In this section, we demostrate an application of the concept of boun-
ded index to study properties of some known meromorphic function.
Let us consider the Weierstrass gp-function [27, p.434]

1 1 1
o 27 (m,n)2¢2(0,0) { (z = 2muwr — 2nw)®  (2mwn + 2”“’2)}

where [ mZ—f > 0 and the summation extends over all integer values

(positive, negative and zero) of m and n, simultaneous zero values of m
and n are excepted.
For this function it is known [27, p.451] that for any z, y € C one has

0(2) — p(y) = —"(zgi(iijéfy) v,

(4.1)

where o(z) is the Weierstrass o-function.
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The function p has two zeros (modulo periods w; and wy). Also it has
second-order pole at each point 0 and 2mw, — 2nws. It is very difficult
to express the zeros of @ by closed formula, except for special values of
the modulus (e.g. when the period lattice is the Gaussian integers). An
expression was found, by Zagier and Eichler [9]. Let yo be zero of the
function . Then from (4.1) with y = yo we deduce that

_a(z+yo)a(z —wo)
o) = =02 )

The function o is entire function of bounded I-index with [(z) = |z
(see [6]). It is known [25, Corollary 1| that the product of entire func-
tions of bounded [-index is also a function of bounded I-index. Therefore,
we conclude that the functions o(z + yo)o(z — yo) and o2(2)o%(yo) have
bounded l-index. In view of definition of bounded I-index for meromor-
phic function the functionp is also of bounded I-index. Therefore, we
have proved the following proposition.

Proposition 4.1. The Weierstrass @-function has bounded l-index with
I(z) = |z].
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