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Abstract. For positive continuous functions α and β increasing to +∞

on [x0,+∞) and Laplace–Stieltjes integral I(σ) =
∞∫
0

f(x)exσdF (x), σ ∈

R, a generalized convergence αβ-class is defined by the condition
∞∫

σ0

α(ln I(σ))

β(σ)
dσ < +∞.

Under certain conditions on the functions α, β, f and F , it is proved
that the integral I belongs to the generalized convergence αβ-class if

and only if
∞∫
x0

α′(x)β1

(
1

x
ln

1

f(x)

)
< +∞, β1(x) =

+∞∫
x

dσ

β(σ)
. For a

positive convex on (−∞, +∞) function Φ and integral I, a convergence

Φ-class is defined by the condition
∞∫
σ0

Φ′(σ) ln I(σ)

Φ2(σ)
dσ < +∞ and it

is proved that under certain conditions on Φ, f and F the integral I

belongs the convergence Φ-class if and only if
∞∫
x0

dx

Φ′ ((1/x) ln (1/f(x)))
<

+∞. Conditions are also found in the fulfilment of which the integral

type of Laplace–Stieltjes
∞∫
0

f(x)g(xσ)dF (x) belongs to the generalized

convergence αβ-class if and only if the function g belongs to this class.
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1. Introduction

For an entire transcendental function

f(z) =

∞∑
n=0

anz
n, z = reiθ, (1)

Received 02.03.2021

ISSN 1810 – 3200. c⃝ Iнститут прикладної математики i механiки НАН України



256 Belonging of Laplace–Stieltjes integrals...

let Mf (r) = max{|f(z)| : |z| = r}. If f has an order ϱ ∈ (0, +∞) and
minimal type then for the growth characteristic it is used [1, p. 62] a
concept of the convergence class (Valiron’s convergence class) defined by

the condition
∞∫
1

ln Mf (r)

rϱ+1
dr < +∞. G. Valiron [2, p. 18] proved that

if function (1) belongs to the convergence class then
∞∑
n=1

|an|ϱ/n < +∞.

Direct generalizations of power developments of entire functions are entire
(absolutely convergent in C) Dirichlet series

D(s) = a0 +

∞∑
n=1

an exp (sλn), s = σ + it, (2)

where (λn) is an increasing to +∞ sequence of positive number. We put
M(σ,D) = sup{|F (σ + it)| : t ∈ R}, suppose that the R-order ϱR of
the function D is equal ϱ ∈ (0,+∞) and define a convergence class by
condition ∫ ∞

0
e−ϱσ ln M(σ,D)dσ < +∞. (3)

Generalizing Valiron’s theorem P. Kamthan [3] showed that if the
sequence (λn) has a positive finite step (i. e. 0 < h ≤ λn+1 − λn ≤ H <

+∞ for n ≥ 0) and κn(F ) :=
ln |an| − ln |an+1|

λn+1 − λn
↑ +∞ as n→ ∞, then in

order that condition (3) was executed, it is necessary and sufficient that
∞∑
n=1

|an|ϱ/λn < +∞.

O. M. Mulyava [4] removed the condition for the step of the sequence
of exponents and proved that if ln n = O(λn) as n → ∞ then in order
for the relation (3) to be fulfilled, it is necessary and in the case, when

κn(F ) ↗ +∞ as n → ∞, it is sufficient that
∞∑
n=1

(λn − λn−1)|an|ϱ/λn <

+∞. Moreover, she [4–5] investigated the belonging of entire Dirichlet
series to a generalized convergence αβ-class defined by condition

∞∫
σ0

α(ln M(σ,D))

β(σ)
dσ < +∞, (4)

where α and β are positive continuous functions increasing to +∞ on
[x0,+∞). By L0 we denote a class of positive continuously differentiable
functions α increasing to +∞ on [x0,+∞) and such that α((1+o(1))x) =
(1 + o(1))α(x) as x → +∞. The following theorem is true (see [4] and
[6, p. 13]).
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Theorem A. Let α be a concave on [x0,+∞) function and α(ex) ∈ L0,

β ∈ L0, x
β′(x)

β(x)
≥ c > 0 for all x ∈ [x0,+∞) and

∞∫
x0

α(x)

β(x)
dx < +∞.

Suppose that ln n = o(λnβ
−1(cα(λn))) as n → ∞ for each c ∈ (0,+∞).

Then in order that an entire Dirichlet series belongs to the generalized
convergence αβ-class, it is necessary and in case, when κn(F ) ↗ +∞ as
n→ ∞, it is sufficient that

∞∑
n=1

(α(λn)− α(λn−1))β1

(
1

λn
ln

1

|an|

)
< +∞, β1(x) =

+∞∫
x

dσ

β(σ)
. (5)

Another generalization of Valiron convergence class is the convergence
Φ-class studied for Dirichlet series in the articles [7–9].

As in [10], let Ω be a class of positive unbounded functions Φ on
(−∞, +∞) such that the derivative Φ′ is positive continuously differen-
tiable and increasing to +∞ on (−∞, +∞). For Φ ∈ Ω let φ be the

inverse function to Φ′ and Ψ(σ) = σ − Φ(σ)

Φ′(σ)
be the function associated

with Φ in the sense of Newton. Then [10] the function Ψ is continuously
differentiable and increasing to +∞ on (−∞, +∞) and the function φ
is continuously differentiable and increasing to +∞ on (x0, +∞). For
entire Dirichlet series Φ-class is defined in [7] by the condition

∞∫
σ0

Φ′(σ) ln M(σ,D)

Φ2(σ)
dσ < +∞. (6)

Combining Theorem 1 from [7] and Theorem 1 from [9], we get the fol-
lowing theorem.

Theorem B. Let Φ ∈ Ω, the function Φ′(σ)/Φ(σ) is nondecreasing
on [σ0, +∞) and

0 < h ≤ Φ′′(σ)Φ(σ)

(Φ′(σ))2
≤ H < +∞, σ ≥ σ0. (7)

Suppose that

∞∫
t0

ln n(t)

tΦ(Ψ(φ(t)))
dt < +∞, n(t) =

∑
λn≤t

1.
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In order that (6) holds, it is necessary and in the case, when κn(F ) ↗ +∞
as n→ ∞, it is sufficient that

∞∑
n=n0

λn − λn−1

Φ′
(

1

λn
ln

1

|an|

) < +∞. (8)

Here we will obtain analogues of Theorems A and B for Laplace–
Stieltjes integrals.

2. Belonging of Laplace-Stieltjes integrals to a generalized
convergence αβ-class

Let V be a class of nonnegative nondecreasing unbounded continuous
on the right functions F on [0,+∞). For a nonnegative function f on
[0,+∞) the integral

I(σ) =

∞∫
0

f(x)exσdF (x), σ ∈ R, (9)

is called of Laplace–Stieltjes [11, p. 7]. Integral (9) is a direct gen-
eralization of the ordinary Laplace integral I(σ) =

∫∞
0 f(x)exσdx and

of Dirichlet series (2) with nonnegative coefficients an end exponents
λn, 0 ≤ λn ↑ +∞ (n → ∞), if we choose F (x) = n(x) =

∑
λn≤x

1 and

f(λn) = an ≥ 0 for all n ≥ 0.
Let µ(σ) = µ(σ, I) = max{f(x)exσ : x ≥ 0} (σ ∈ R) be the maximum

of the integrand, σc be the abscissa of convergence of the integral (9) and
σµ be the abscissa of maximum of the integrand. Then [11, p. 8] σµ =

lim
x→+∞

1

x
ln

1

f(x)
and if either ln F (x) = o(x) or ln F (x) = o(ln f(x))

as x → +∞ then [11, p. 13] σc ≥ σµ. From whence it follows that if
ln F (x) = o(x) as x→ +∞ and

r(x) :=
1

x
ln

1

f(x)
→ +∞, x→ +∞, (10)

then integral (9) converges for all σ ∈ R. Further we assume that (10)
holds.

By a definition [11, p. 21] a positive function f has regular variation in

regard to F if there exist a ≥ 0, b ≥ 0 and h > 0 such that
x+b∫
x−a

f(t)dF (t) ≥

hf(x) for all x ≥ a.
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Let, as above, α and β be positive continuous functions increasing to
+∞ on [x0,+∞). We will say that integral (9) belongs to the generalized
convergence αβ-class if

∞∫
σ0

α(ln I(σ))

β(σ)
dσ < +∞, (11)

and will find conditions on f under which (11) holds.
Before to pass to the analog of Theorem A we will specify on some

property of functions from the class L0.

Lemma 1. If β ∈ L0 then for each λ ∈ [1, +∞) and all x ≥ x0(λ) the
inequalities 1 ≤ β(λx)/β(x) ≤M(λ) < +∞ hold.

Indeed, if β ∈ L0 then [12] β is RO-varying and, thus, [13, p. 86]
1 ≤ β(λx)/β(x) ≤M(λ) < +∞ for each λ ∈ [1, +∞) and all x ≥ x0(λ).

The following analog of Theorem A is true.

Theorem 1. Let the functions α and β satisfy the conditions of Theorem
A. Suppose that F ∈ V , ln F (x) = o(xβ−1(cα(x)) as x → ∞ for each
c ∈ (0,+∞) and the function f has regular variation in regard to F . If
the function v(x) := −(ln f(x))′ is continuous and increasing to +∞ on
[x0, +∞) then condition

∞∫
x0

α′(x)β1

(
1

x
ln

1

f(x)

)
< +∞, β1(x) =

∫ +∞

x

dσ

β(σ)
, (12)

is necessary and sufficient in order that integral (9) belongs to the gener-
alized convergence αβ-class.

Proof. We begin from the sufficiency. At first we show that conditions
(11) and

∞∫
σ0

α(ln µ(σ, I))

β(σ)
dσ < +∞ (13)

are equivalent. Indeed, since f has regular variation in regard to F then
[11, p. 75]

ln µ(σ, I) ≤ (1 + o(1)) ln I(σ), σ → +∞. (14)

Therefore, (11) implies (13).
On the other hand, from (13) it follows that for all σ ≥ σ0

1 ≥
∞∫
σ

α(ln µ(σ, I))

β(σ)
dσ ≥ α(ln µ(σ, I))

∞∫
σ

1

β(σ)
dσ = α(ln µ(σ, I))β1(σ).
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Therefore, in view of the condition β ∈ L0 for the generalized order
ϱαβ(ln µ) we have

ϱαβ(ln µ) := lim
σ→+∞

α(ln µ(σ, I))

β(σ)
≤ lim

σ→+∞

1

β1(σ)β(σ)

≤ lim
σ→+∞

1

β(σ)
∫ σ+1
σ dx/β(x)

≤ lim
σ→+∞

β(σ + 1)

β(σ)
< +∞.

Since [11, p. 77-78]

kαβ(f) := lim
x→+∞

α(x)

β

(
1

x
ln

1

f(x)

) ≤ ϱαβ(ln µ),

we have kαβ(f) < +∞ and, thus, ln f(x) ≤ −xβ−1(α(x)/k)) for some
k < +∞ and all x ≥ x0(k). Therefore, in view of the condition ln F (x) =
o(xβ−1(cα(x)) as x→ ∞ for each c ∈ (0,+∞) we obtain

lim
x→+∞

ln F (x)

ln (1/f(x))
= 0

and, thus [11, p. 61],

I(σ) ≤ K(ε)µ

(
σ

1− ε

)1−ε

≤ K(ε)µ

(
σ

1− ε

)
for every ε ∈ (0, 1) and all σ ≥ σ0(ε). Since β ∈ L0 by Lemma 1 (13)
implies (11).

As in [11, p. 24], let ν(σ) be central point of the maximum of inte-
grand. Then [11, p. 26] ν(σ) ↗ +∞ as σ → +∞ and

lnµ(σ) = lnµ(σ0) +

∫ σ

σ0

ν(t)dt, (15)

from whence we get

lnµ(σ) ≥ lnµ(σ0) +

∫ σ

σ/2
ν(t)dt ≥ lnµ(σ0) +

σ

2
ν(σ/2) ≥ ν(σ/2)

and
lnµ(σ) ≤ lnµ(σ0) + (σ − σ0)ν(σ) ≤ 2σν(σ)

for all σ enough large. Thus,
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α(ν(σ/2)) ≤ α(lnµ(σ)) ≤ α(exp{ln 2σ + ln ν(σ)})

≤ α(exp{2max{ln 2σ, ln ν(σ)}})

≤ c1α(exp{max{ln 2σ, ln ν(σ)}}) = c1max{α(2σ), α(ln ν(σ))}

= c1(α(2σ) + α(ln ν(σ))), c1 = const > 1,

i. e. by the conditions
+∞∫
x0

α(x)

β(x)
dx < +∞ and β ∈ L0 it follows that (13)

and, thus, (11) holds if and only if∫ +∞

σ0

α(ν(σ))

β(σ)
dσ < +∞. (16)

If the function v(x) := −(ln f(x))′ is continuous and increasing to
+∞ on [x0, +∞) then ν(σ) is unique point of the maximum of the
function ln f(x) + σx. Moreover, this function ν(σ) is continuous and
increasing to +∞ on [σ0, +∞).

Clearly, ∫ +∞

σ0

α(ν(σ))

β(σ)
dσ = −

∫ +∞

σ0

α(ν(σ))dβ1(σ)

= −α(ν(σ))β1(σ)
∣∣∞
σ0
+

∫ +∞

σ0

β1(σ)α
′(ν(σ))dν(σ).

Since α(ν(σ))β1(σ) > 0, from whence it follows that (16) holds if and
only if ∫ +∞

σ0

β1(σ)α
′(ν(σ))dν(σ) < +∞. (17)

On the other hand, 0 ≤ ln µ(σ) = ln f(ν(σ)) + σν(σ), i. e.

σ =
1

ν(σ)
ln

1

f(ν(σ))
+

ln µ(σ)

ν(σ)
≥ 1

ν(σ)
ln

1

f(ν(σ))
,

and since the function β1 is non-increasing, we have

β1(σ) ≤ β1

(
1

ν(σ)
ln

1

f(ν(σ))

)
.

Therefore, if (12) holds then in view of the continuity of ν(σ) we get
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∫ +∞

σ0

β1(σ)α
′(ν(σ))dν(σ)

≤
∫ +∞

σ0

α′(ν(σ))β1

(
1

ν(σ)
ln

1

f(ν(σ))

)
dν(σ) < +∞.

The sufficiency of condition (12) is proved.
Now we prove its necessity. Since x = ν(σ) is a solution of the

equation −v′(x) + σ = 0 then σ = v′(ν(σ)) and from (12) we get
∞∫
σ0

α′(ν(σ))β1(v
′(ν(σ)))dν(σ) < +∞, i. e.

∞∫
σ0

α′(x)β1(v
′(x))dx < +∞. (18)

From a theorem proved in [14] it follows that if a(x) and b(x) are
continuous functions on (0, +∞), −∞ ≤ A < a(x) < B ≤ +∞, b(x) ↘
b ≥ 0 as x→ +∞, and for a positive function f on (A, B) the function
f1/p is convex on (A, B) then

y∫
0

b(x)f

1

x

x∫
0

a(t)dt

 dx ≤
(

p

p− 1

)p
y∫

0

b(x)f(a(x))dx, 0 ≤ y ≤ +∞.

(19)
We choose b(x) = α′(x), a(x) = v′(x), f(x) = β1(x) and show that

the function β1/p1 is convex for some p > 1. Indeed,

(β
1/p
1 (x))′′ =

1

p
β
1/p−2
1 (x)

(
β1(x)β

′′
1 (x)−

p− 1

p
(β′1(x))

2

)
,

β1(x)β
′′
1 (x)−

p− 1

p
(β′1(x))

2 =
1

β(x)2

β′(x) ∞∫
x

dr

β(r)
− p− 1

p


and in view of the condition xβ′(x)/β(x) ≥ h > 0 for x ≥ x0

β′(x)

∞∫
x

dr

β(r)
≥ β′(x)

2x∫
x

dr

β(r)
≥ xβ′(x)

β(x)
≥ h > 0.

Therefore, choosing p > 1 such that h− p− 1

p
≥ 0, we get the inequality

(β
1/p
1 (x))′′ ≥ 0 for x ≥ x0, i. e. the function β

1/p
1 (x) is convex and in
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view of (19) and (18)

∞∫
x0

α′(x)β1

1

x

x∫
x0

v′(t)dt

 dx ≤
(

p

p− 1

)p
∞∫

x0

α′(x)β1(v
′(x))dx < +∞.

(20)
Since
x∫

x0

v′(t)dt = ln
1

f(x))
− ln

1

f(x0)
= (1 + o(1)) ln

1

f(x)
, x→ +∞,

and from the condition β ∈ L0 it follows that β1(x(1 + o(1))) = (1 +
o(1))β1(x) as x → +∞, (20) implies (12). The proof of Theorem 1 is
complete. 2

We remark that the condition of the increase of the function −(ln f(x))′

in Theorem 1 is an analogue of the condition of the increase of the se-
quence (κn(F )) in Theorem A. This condition was used in the proof of
both the sufficiency and necessity of the condition (12) in Theorem 1.
At the same time, the nondecreasing of the sequence (κn(F )) was used
only to prove the sufficiency of the condition (5) in Theorem A. However,
by reducing Laplace-Stiltjes integral to Dirichlet series and using Theo-
rem A, we can prove the necessity of condition (12) without using the
condition of the increase of the function −(ln f(x))′.

Proposition 1. Let the functions α and β satisfy the conditions of
Theorem A and F ∈ V . Suppose that there exists a sequence (λn) such
that 0 = λ0 < λn ↑ +∞, λn+1 − λn ≤ H < +∞ for all n and

λn+1∫
λn

f(t)dF (t) ≥ h∗f(x), h∗ > 0, (21)

for all x ∈ [λn, λn+1]. If ln n = o(λnβ
−1(cα(λn))) as n → ∞ for each

c ∈ (0,+∞) then (11) implies (12).

Proof. If we write

I(σ) =
∞∑
n=0

λn+1∫
λn

f(x)exσdF (x), (22)

then for σ ≥ 0
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eλnσ

λn+1∫
λn

f(x)dF (x) ≤
λn+1∫
λn

f(x)exσdF (x) ≤ eλn+1σ

λn+1∫
λn

f(x)dF (x)

≤ eHσeλnσ

λn+1∫
λn

f(x)dF (x).

Therefore, if we put An =
∫ λn+1

λn
f(t)dF (t) and consider Dirichlet series

D(σ) =

∞∑
n=0

An exp{σλn}, (23)

then we obtain the estimates D(σ) ≤ I(σ) ≤ eHσD(σ), i. e. ln D(σ) ≤
ln I(σ) ≤ ln D(σ) +Hσ for all σ ≥ 0. Since α ∈ L0, by Lemma 1

α(ln D(σ) +Hσ) ≤ α(2max{ln D(σ), Hσ} ≤ Kα(max{ln D(σ),Hσ}

≤Kmax{α(ln D(σ)), α(Hσ)}≤K(α(ln D(σ))+α(Hσ)), K=const > 0,

and in view of the conditions β ∈ L0 and
∞∫
x0

α(x)

β(x)
dx < +∞ the correlation

(11) holds if and only if

∞∫
σ0

α(ln D(σ))

β(σ)
dσ < +∞. (24)

But from Theorem A it follows that if condition (24) holds then

∞∑
n=1

(α(λn)− α(λn−1))β1

(
1

λn
ln

1

An

)
< +∞, β1(x) =

+∞∫
x

dσ

β(σ)
,

i. e.

∞∑
n=1

(α(λn)− α(λn−1))β1

(
1

λn
ln

1∫ λn+1

λn
f(t)dF (t)

)
< +∞. (25)

On the other hand,
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∞∫
λn0

α′(x)β1

(
1

x
ln

1

f(x)

)
dx =

∞∑
n=n0

λn+1∫
λn

α′(x)β1

(
1

x
ln

1

f(x)

)
dx

≤
∞∑

n=n0

(α(λn+1)− α(λn)) max
λn≤x≤λn+1

β1

(
1

x
ln

1

f(x)

)
.

Since the function α is continuously differentiable and α(ex) ∈ L0, this

function is slowly increasing and, thus,
xα′(x)

α(x)
→ 0 as x → +∞. From

whence it follows that α′(x) → 0 as x → +∞ and from the concavity of
α it follows that α′(x) ↘ 0 as x → +∞. Therefore, α(λn+1) − α(λn) ≤
α(λn)− α(λn−1) and, thus,

∞∫
x0

α′(x)β1

(
1

x
ln

1

f(x)

)
dx

≤
∞∑

n=n0

(α(λn)− α(λn−1)) max
λn≤x≤λn+1

β1

(
1

x
ln

1

f(x)

)
. (26)

Therefore, in view of (25) we need the estimate

max
λn≤x≤λn+1

β1

(
1

x
ln

1

f(x)

)
≤ K1β1

(
1

λn
ln

1∫ λn+1

λn
f(t)dF (t)

)
, (27)

because (26), (27) and (25) imply (12).
The conditions λn+1 − λn ≤ H < +∞ and (21) imply

1

λn
ln

1∫ λn+1

λn
f(t)dF (t)

≤ 1

λn
ln

1

h∗f(x)
=

1 + o(1))

x
ln

1

f(x)
, x→ +∞

and, since β1 is decreasing function, from whence (27) follows. Proposi-
tion 1 is proved. 2

3. Belonging of Laplace–Stieltjes integrals to a conver-
gence Φ-class

Let Φ ∈ Ω. We will say that integral (9) belongs to the convergence
Φ-class if

∞∫
σ0

Φ′(σ) ln I(σ)

Φ2(σ)
dσ < +∞. (28)
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To obtain an analogue of Theorem B, we need the following statement.

Lemma 2. Let F ∈ V , Φ ∈ Ω and the function Φ′(σ)/Φ(σ) is nonde-
creasing on [σ0, +∞). If ln µ(σ, I) ≤ Φ(σ) for σ ≥ σ0 and ln F (x) =
o(x) as x→ +∞ then

ln I(σ) ≤ ln µ(σ, I) + ln F (g(σ)) + o(1), σ → +∞, (29)

where g(σ) = Φ′(Ψ(σ + β∗(σ))) and β∗(σ) = Φ(σ)/Φ′(Ψ−1(σ)).

Inequality (29) was obtained in the proof of Theorem 5.1.3 in [11, p.
103–106] (see also [15]).

The following analog of Theorem B is true.

Theorem 2. Let the function Φ satisfies the conditions of Theorem B.
Suppose that F ∈ V , f has regular variation in regard to F and

∞∫
x0

ln F (x)

xΦ(Ψ(φ(x))
dx < +∞. (30)

In order that integral (9) belongs to convergence Φ-class, it is necessary
and in the case, when the function v(x) := −(ln f(x))′ is continuous and
increasing to +∞ on [x0, +∞), it is sufficient that

∞∫
x0

dx

Φ′
(
1

x
ln

1

f(x)

) < +∞. (31)

Proof. At first we show that the conditions (29) and

∞∫
σ0

Φ′(σ) ln µ(σ, I)

Φ2(σ)
dσ < +∞ (32)

are equivalent.
Indeed, in view of (14) from (28) we get (32).

On the other hand, since Ψ′(σ) =
Φ′′(σ)Φ(σ)

(Φ′(σ))2
and the function

Φ′(σ)

Φ(σ)

is non-decreasing, we have
Φ(Ψ(φ(x)))

Φ′(Ψ(φ(x)))
≥ Φ(φ(x))

Φ′(φ(x))
and by L’Hopital’s

rule
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lim
x→+∞

Φ(Ψ(φ(x)))

∞∫
x

dt

tΦ(Ψ(φ(t)))
= lim

x→+∞

∞∫
x

dt

tΦ(Ψ(φ(t)))
1

Φ(Ψ(φ(x)))

≥ lim
x→+∞

Φ(Ψ(φ(x)))2

xΦ(Ψ(φ(x)))Φ′(Ψ(φ(x)))Ψ′(φ(x))φ′(x)

= lim
x→+∞

Φ(Ψ(φ(x)))

Φ′(Ψ(φ(x)))

(Φ′(φ(x))2

Φ′′(φ(x))Φ(φ(x))xφ′(x)

≥ lim
x→+∞

Φ(φ(x))

Φ′(φ(x))

(Φ′(φ(x))2

Φ′′(φ(x))Φ(φ(x))xφ′(x)

= lim
x→+∞

Φ′(φ(x))

Φ′′(φ(x))xφ′(x)
= 1.

Therefore, for every ε > 0 and all x ≥ x0(ε) from (30) we get

ε >

∞∫
x

ln F (t)

tΦ(Ψ(φ(t)))
dt ≥ ln F (x)

∞∫
x

dt

tΦ(Ψ(φ(t)))

≥ (1 + o(1)) ln F (x)

Φ(Ψ(φ(x)))
, x→ +∞,

whence it follows that ln F (x) = o(Φ(Ψ(φ(x)))) as x → +∞. But
Φ(Ψ(φ(x))) ≤ Φ(φ(x)) = O(Φ′(φ(x))) = O(x) as x → +∞. Therefore,
ln F (x) = o(x) as x→ +∞.

From (32) it follows that

1 >

∞∫
σ

Φ′(σ) ln µ(σ)

Φ2(σ)
dσ ≥ ln µ(σ)

Φ(σ)
,

for all σ ≥ σ0, i. e. ln µ(σ) ≤ Φ(σ) for all σ ≥ σ0. Therefore, by Lemma
2 estimate (29) is correct, and it remains for us to prove that

J :=

∞∫
σ0

Φ′(σ) ln F (g(σ))

Φ2(σ)
dσ < +∞, (33)

where g(σ) = Φ′(Ψ−1(σ + β∗(σ))) and β∗(σ) = Φ(σ)/Φ′(Ψ−1(σ)).
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Since

σ + β∗(σ) = σ +
Φ(σ)

Φ′(Ψ−1(σ))
≤ σ +

Φ(Ψ−1(σ))

Φ′(Ψ−1(σ))

= σ +Ψ−1(σ)−Ψ(Ψ−1(σ)) = Ψ−1(σ)

and the function Φ′(σ)/Φ(σ) is non-decreasing, we have for some ξ =
ξ(σ) ∈ (Ψ(σ), σ)

ln Φ(σ)− ln Φ(Ψ(σ)) =
Φ′(ξ)

Φ(ξ)
(σ −Ψ(σ)) =

Φ′(ξ)

Φ(ξ)

Φ(σ)

Φ′(σ)
≤ 1,

i. e. Φ(σ) ≤ eΦ(Ψ(σ)), and

J ≤
∞∫

σ0

Φ′(σ)

Φ(σ)

ln F (Φ′(Ψ−1(Ψ−1(σ)))

Φ(σ)
dσ

≤ e

∞∫
σ0

Φ′(Ψ−1(σ))

Φ(Ψ−1(σ))

ln F (Φ′(Ψ−1(Ψ−1(σ))

Φ(Ψ−1(σ))
dσ

= e

∞∫
σ0

Φ′(Ψ−1(σ))

Φ(Ψ−1(σ))

ln F (Φ′(Ψ−1(Ψ−1(σ))

Φ(Ψ−1(σ)))

dΨ−1(σ)

(Ψ−1(σ))′

= e

∞∫
Ψ−1(σ0)

Φ′(σ)

Φ(σ)

ln F (Φ′(Ψ−1(σ))

Φ(σ)
Ψ′(σ)dσ

= e

∞∫
Ψ−1(σ0)

Φ′(σ)

Φ(σ)

ln F (Φ′(Ψ−1(σ))

Φ(σ)

Φ′′(σ)Φ(σ)

(Φ′(σ))2
dσ

≤ eH

∞∫
Ψ−1(σ0)

Φ′(σ)

Φ(σ)

ln F (Φ′(Ψ−1(σ))

Φ(σ)
dσ.

Since (Ψ(φ(x)))′ =
Φ(φ(x))

x2
, from whence and (30) we get
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J ≤ eH

∞∫
x0)

Φ′(Ψ(φ(x))

Φ(Ψ(φ(x)))

ln F (x)

Φ(Ψ(φ(x)))

Φ(φ(x))

x2
dx

≤ eH

∞∫
x0)

Φ′(φ(x))

Φ(φ(x))

ln F (x)

Φ(Ψ(φ(x)))

Φ(φ(x))

x2
dx

= eH

∞∫
x0)

ln F (x)

xΦ(Ψ(φ(x)))
dx < +∞.

i. e. (33) holds and (32) and (28) are equivalent.
Now, suppose that (32) holds. Since the function Φ′(σ)/Φ(σ) is non-

decreasing on [σ0, +∞), the function λ(σ) :=
Φ′(σ) ln µ(σ)

Φ(σ)
is continuous

and increasing to +∞ on [σ0, +∞). Therefore, there exits a continuous
and increasing to +∞ on [x0, +∞) function σ(x) such that

Φ′(σ(x)) ln µ(σ(x))

Φ(σ(x))
= x,

and, since in view of (32)
∞∫
σ0

λ(σ)

Φ(σ)
dσ < +∞, we have

∞∫
σ0

x

Φ(σ(x))
dσ(x) =

∞∫
σ0

λ(σ(x))

Φ(σ(x))
dσ(x) < +∞.

Let B(σ) =
∞∫
σ

dx

Φ(x)
. Using L’Hopital’s rule we obtain

lim
σ→+∞

B(σ)Φ(σ) = lim
σ→+∞

∞∫
σ
dx/Φ(x)

1/Φ(σ)
= lim

σ→+∞

Φ(σ)

Φ′(σ)
< +∞.

Therefore,

xB(σ(x)) =
Φ′(σ(x)) ln µ(σ(x))

Φ(σ(x))
B(σ(x))

= Φ(σ(x))B(σ(x))
Φ′(σ(x)) ln µ(σ(x))

Φ2(σ(x))
= O(1)

as x→ +∞ and
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∞∫
σ0

B(σ(x))dx = xB(σ(x))
∣∣+∞
σ0

−
∞∫

σ0

xdB(σ(x))

= const +
∞∫

σ0

x

Φ(σ(x))
dσ(x) < +∞.

From (7) it follows that

B(σ) =

∞∫
σ

dx

Φ(x)
≥ 1

H

∞∫
σ

Φ′′(x)

(Φ′(x))2
dx =

1

HΦ′(σ)

and, therefore,
∞∫

x0

dx

Φ′(σ(x))
< +∞. (34)

Since ln µ(σ(x)) ≥ ln f(x) + xσ(x), we have

σ(x) ≤ ln µ(σ(x))

x
+

1

x
ln

1

f(x)
=

Φ(σ(x))

Φ′(σ(x))
+

1

x
ln

1

f(x)
,

from whence we get

Ψ(σ(x)) ≤ 1

x
ln

1

f(x)
.

For some ξ = ξ(σ) ∈ [Ψ(σ), σ] we have

0 ≤ ln Φ′(σ)− ln Φ′(Ψ(σ)) =
Φ′′(ξ)

Φ′(ξ)
(σ −Ψ(σ))

=
Φ′′(ξ)

Φ′(ξ)

Φ(σ)

Φ′(σ
≤ Φ′′(ξ)Φ(ξ)

(Φ′(ξ))2
≤ H

i. e. Φ′(σ) = O(Φ′(Ψ(σ))) as σ → +∞ and, thus,

Φ′(σ(x)) ≤ KΦ′(Ψ(σ(x))) ≤ KΦ′
(
1

x
ln

1

f(x)

)
,

where K = const > 0. From whence and (34) we get (31). The necessity
of (31) is proved.

Now we prove its sufficiency. At first we remark that the condition
v(x) ↑ +∞ as x→ +∞ implies (10), and (7) implies

∞∫
r0

dσ

Φ(σ)
≤ 1

h

∞∫
σ0

Φ′′(σ)dσ

(Φ′(σ))2
=

1

hΦ′(σ0)
< +∞.
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Therefore, B(x) =
∞∫
x

dσ

Φ(σ)
↓ 0 as x → +∞, B(x) ≤ 1

hΦ′(x)
and in view

of (32)
∞∫

x0

B

(
1

x
ln

1

f(x)

)
dx < +∞. (35)

As above, let ν(σ) be central point of the maximum of integrand. Since
v(x) := −(ln f(x))′ is continuous and increasing to +∞ on [x0, +∞),

as in the proof Theorem 1 we obtain σ ≥ 1

ν(σ)
ln

1

f(ν(σ))
, and in view

of (35)

∞∫
σ0

B(σ)dν(σ) ≤
∞∫

σ0

B

(
1

ν(σ)
ln

1

f(ν(σ))

)
dν(σ) < +∞. (36)

But

+∞ >

∞∫
σ0

B(σ)dν(σ) = B(σ)ν(σ)
∣∣∞
r0
−

∞∫
σ0

ν(σ)B′(σ)dσ

≥ const +
∞∫

σ0

ν(σ)

Φ(σ)
dσ.

Therefore,
∞∫

σ0

Φ′(σ) ln µ(σ)

Φ2(σ)
dσ =

∞∫
σ0

ln µ(σ)d

(
− 1

Φ(σ)

)

= const +
∞∫

σ0

 σ∫
σ0

ν(x)dx

 d

(
− 1

Φ(σ)

)

= const +
∞∫

σ0

ν(σ)

Φ(σ)
dσ < +∞,

i. e. (32) holds. The proof of Theorem 2 is complete. 2

Choosing Φ(σ) = eϱσ
p (ϱ > 0, p ≥ 1) for σ ≥ 0, from Theorem 2 we

obtain the following statement.

Corollary 1. Let F ∈ V ,
∞∫
x0

ln(p−1)/p x

x2
ln F (x)dx < +∞ and f has reg-

ular variation in regard to F . In order that
∞∫
x0

σp−1e−ϱσ ln I(σ)dσ < +∞,
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it is necessary and in the case, when the function v(x) := −(ln f(x))′

is continuous and increasing to +∞ on [x0, +∞), it is sufficient that
∞∫
x0

dx

r(x)p−1 exp{ϱr(x)p}
< +∞, where r(x) is defined by equality (10).

Indeed, since Φ′(σ) = eϱσ
p
pϱσp−1, the function Φ′(σ)/Φ(σ) = pϱσp−1

is non-decreasing on [σ0, +∞) and
Φ′′(σ)Φ(σ)

(Φ′(σ))2
= 1 +

p− 1

ϱpσp
, i. e. (7)

holds and Φ satisfies the condition of Theorem 2. Clearly,
eϱφ(x)

p
pϱφ(x)p−1 ≡ x, i. e. eϱφ(x)p =

x

pϱφ(x)p−1
. Therefore, Φ(φ(x)) =

eϱφ(x)
p
=

x

pϱφ(x)p−1
and

Φ(Ψ(φ(x))) = Φ

(
φ(x)− Φ(φ(x))

x

)
= Φ

(
φ(x)− 1

pϱφ(x)p−1

)

= exp

{
ϱ

(
φ(x)− 1

pϱφ(x)p−1

)p}
= exp

{
ϱφ(x)p

(
1− 1

pϱφ(x)p

)p}
= exp

{
ϱφ(x)p

(
1− p

pϱφ(x)p
+O(φ(x)−2p)

)}
= exp {ϱφ(x)p − (1 + o(1))}

=
1 + o(1)

e
exp {ϱφ(x)p} =

1 + o(1)

e

x

pϱφ(x)p−1
, x→ +∞.

But φ(x) = (1 + o(1))

(
ln x

ϱ

)1/p

. Therefore,

Φ(Ψ(φ(x))) =
(1 + o(1))x

epϱ1/p ln(p−1)/p x

as x → +∞ and the condition
∞∫
x0

ln(p−1)/p x

x2
ln F (x)dx < +∞ implies

(30). Since now the conditions

∞∫
x0

σp−1e−ϱσ ln I(σ)dσ < +∞

and
∞∫
x0

dx

r(x)p−1 exp{ϱr(x)p}
< +∞ are equivalent to conditions (28) and

(31) respectively, Corollary 1 is proved. 2

Choosing p = 1, from Corollary 1 we obtain the following statement.
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Corollary 2. Let F ∈ V ,
∞∫
x0

ln F (x)

x2
dx < +∞ and f has regular varia-

tion in regard to F . In order that
∞∫
x0

e−ϱσ ln I(σ)dσ < +∞, it is necessary

and in the case, when the function v(x) := −(ln f(x))′ is continuous and

increasing to +∞ on [x0, +∞), it is sufficient that
∞∫
x0

f(x)ϱ/xdx < +∞.

4. Belonging of Laplace-Stieltjes-type integrals to
a generalized convergence αβ-class

As above, let F ∈ V , the function g is positive, increasing and con-
tinuous on [0,+∞), and positive on [0,+∞) function f is such that the
Laplace–Stietjes-type integral

I(r) =

∞∫
0

f(x)g(rx)dF (x) (37)

exists for every r ∈ [0,+∞). If g(x) = ex then I(r) = I(r). The growth
of function I with respect to g investigated in [16].

We assume that g(z) =
∞∑
k=0

gkz
k is an entire transcendental func-

tion and gk ≥ 0 for all k ≥ 0 and suppose that x0 > 1 is such that
x0∫
1

f(x)dF (x) ≥ c > 0. Then

I(r) ≥
x0∫
1

f(x)g(rx)dF (x) ≥ g(r)c. (38)

On the other hand, since function g is transcendental and gk ≥ 0 for
all k ≥ 0 then the function ln Mg(r) = ln g(r) is logarithmically convex
and, thus,

Γg(r) :=
d ln g(r)

d ln r
↗ +∞, r → +∞.

Therefore, for τ > 0 and r ≥ 1 we have

ln g((1 + τ)xr)− ln g(rx) =

(1+τ)rx∫
rx

Γg(t)d ln t

≥ Γg(rx) ln (1 + τ) ≥ Γg(x) ln (1 + τ)
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and, thus, if µI(r) = max{f(x)g(rx) : x ≥ 0} is the maximum of inte-
grand, ln F (x) ≤ qΓg(x) and ln (1 + τ) > q then

I(r) =

∞∫
0

f(x)g((1 + τ)rx)
g(rx)

g((1 + τ)rx)
dF (x)

≤ µI((1+τ)r)

∞∫
0

g(rx)

g((r + τ)x)
dF (x) ≤ µI((1+τ)r)

∞∫
0

e−Γf (x) ln (1+τ)dF (x)

= µI((1 + τ)r)

T1 + ln (1 + τ)

∞∫
0

F (x)e−Γg(x) ln (1+τ)dΓg(x)


≤ µI((1 + τ)r)

T1 + ln (1 + τ)

∞∫
0

e−Γg(x)((ln (1+τ)−q)dΓg(x)


≤ T2µI((1 + τ)r), (39)

where Tj = const > 0. Also we have

µI(r) = max

{
f(x)

∞∑
k=0

gk(xr)
k : x ≥ 0

}

≤
∞∑
k=0

max{f(x)xk : x ≥ 0}gkrk = G(r) :=
∞∑
k=0

µJ(k)gkr
k, (40)

where µJ(σ) = max{f(x)eσ ln x : x ≥ 0} is maximum of integrand of

J(σ) =
∞∫
0

f(x)eσ ln xdF (x).

Now we can prove the following theorem.

Theorem 3. Let α be a concave function on [x0, +∞) and α(ex) ∈ L0,
β be positive continuously differentiable increasing to +∞ on [x0,+∞)
function such that

0 < h ≤
(
xβ′(x)

β(x)
− 1

)
ln x ≤ H < +∞, x ≥ x0, (41)

and
∞∫
x0

α(ln x)

β(x)
dx < +∞. Suppose that ln F (x) = O(Γg(x) as x → +∞,

µJ(k)gk
µJ(k + 1)gk+1

↗ +∞ as k → ∞ and

∞∑
k=1

(α(k)− α(k − 1))β1

(
(gkµJ(k))

−1/k
)
< +∞, β1(x) =

+∞∫
x

dσ

β(σ)
.

(42)
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Then integral (37) belongs to the generalized convergence αβ-class if and
only if the function g belongs to the generalized convergence αβ-class.

Proof. From (38) it follows that if
∞∫
r0

α(ln I(r))

β(r)
dr < +∞ then

∞∫
r0

α(ln g(r))

β(r)
dr < +∞.

On the other hand, from (39) and (40) it follows that I(r) ≤ T2G((1+

τ)r) and, therefore,
∞∫
r0

α(ln I(r))

β(r)
dr < +∞, if

∞∫
r0

α(ln G(r))

β(r)
dr < +∞.

Putting r = eσ in the power series G(r) =
∞∑
k=0

Gkr
k, Gk = µJ(k)gk, we

obtain the Dirichlet series D(σ) = G(eσ) =
∞∑
k=0

Gke
kσ. Then

∞∫
r0

α(ln G(r))

β(r)
dr < +∞ if and only if

∞∫
σ0

α(ln D(σ))

β(σ)
dσ < +∞, where

β(σ) = e−σβ(eσ). Since
σβ

′
(σ)

β(σ)
= σ

(
eσβ′(eσ)

β(eσ)
− 1

)
, from (41) it fol-

lows that 0 < h ≤ σβ
′
(σ)

β(σ)
≤ H < +∞. Easy to show that if

xβ′x

β(x)
= O(1)

as x → +∞ then β ∈ L0. Thus, β ∈ L0.Finally, if
∞∫
x0

α(ln x)

β(x)
dx < +∞

then
∞∫
σ0

α(σ)

β(σ)
dσ < +∞. Thus, the functions of α and β (instead of β)

satisfy the conditions of the theorem A.

Since λk = k andGk/Gk+1 ↗ +∞, by Theorem A
∞∫
σ0

α(ln D(σ))

β(σ)
dσ <

+∞ if and only if

∞∑
k=1

(α(k)− α(k − 1))β1

(
1

k
ln

1

Gk

)
< +∞, β1(x) =

+∞∫
x

dσ

β(σ)
. (43)

Since

β1(x) =

+∞∫
x

dσ

e−σβ(eσ)
=

+∞∫
ex

dt

β(t)
= β1(e

x),

conditions (42) and (43) are equivalent. Theorem 3 is proved. 2

In conclusion, we show that if, for example,

ln f(x) ≤ −α−1

(
1

β1(x)

)
ln x, x ≥ x0, (44)
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then condition (42) can be replaced by the condition

∞∑
k=1

(α(k)− α(k − 1))β1

(
g
−1/k
k

)
< +∞, β1(x) =

+∞∫
x

dσ

β(σ)
. (45)

Indeed, if
∞∫
r0

α(ln g(r))

β(r)
dr < +∞ then

1 ≥
∞∫
r

α(ln g(t))

β(t)
dt ≥ α(ln g(r))β1(r)

for all sufficiently large values of r, from whence ln g(r) ≤ α−1(1/β1(r)).
Therefore, by Cauchy inequality for all k we have

ln gk ≤ ln g(r)− k ln r ≤ α−1

(
1

β1(r)

)
− k ln r, r ≥ r∗0.

Choosing r = β−1
1 (1/α(k)) we obtain ln gk ≤ k − kβ−1

1 (1/α(k)), i. e.

1

k
ln

1

gk
≥ β−1

1

(
1

α(k)

)
− 1, k ≥ k0. (46)

On the other hand, (44) implies

ln µJ(σ) = max{ln f(x) + σ ln x : x ≥ 0}

≤ max

{
max{ln f(x) + σ ln x : 0 ≤ x ≥ x0},max

{
−α−1

(
1

β1(x)

)
ln x+ σ ln x : x ≥ x0

}}

= max

{
max{O(σ),max

{(
σ − α−1

(
1

β1(x)

))
ln x : x ≥ x0

}}
, σ → +∞.

(47)

If νJ(σ) is central point of the maximum of integrand of J(σ) then,

since
ln µJ(σ)

σ
→ +∞ as σ → +∞, from (47) we get

σ − α−1

(
1

β1(νJ(σ))

)
≥ 0, i. e. νJ(σ) ≤ β

−1
1

(
1

α(σ)

)
for σ ≥ σ0,

because the function β1 is decreasing. Therefore, using (15), we obtain

lnµJ(σ) ≤ (1 + o(1))

∫ σ

σ0

β
−1

1

(
1

α(t)

)
dt ≤ (1 + o(1))σβ

−1

1

(
1

α(σ)

)
, σ → +∞.

(48)
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Since β1(x)=β1(ex), we have β−1
1 (t)=ln β−1

1 (t), i.e. β−1
1 (t)/β−1

1 (t)→
0 as t ↓ 0. Therefore, in view of (46) and (48)

ln µJ(k)

ln (1/gk)
≤ kβ

−1
1 (1/α(k))

kβ−1
1 (1/α(k))− k

→ 0, k → ∞

and, thus,

1

k
ln

1

gkµJ(k)
=

1

k
ln

1

gk

(
1− ln µJ(k)

ln (1/gk)

)
=

1 + o(1)

k
ln

1

gk
, k → ∞.

From hence it follows that

β1

(
(gkµJ(k))

−1/k
)
= β1

(
1

k
ln

1

gkµJ(k)

)
= β1

(
1 + o(1)

k
ln

1

gk

)

= (1 + o(1))β1

(
1

k
ln

1

gk

)
= (1 + o(1))β1

(
g
−1/k
k

)
, k → ∞,

because (as in the proof of Theorem 3) β ∈ L0 and, thus, β1((1+o(1))x) =
(1 + o(1))β1(x) as x → +∞. Therefore, conditions (42) and (45) are
equivalent provided (44) holds.
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