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1. Introduction

Integrability of the Fourier transform is one of the important problems
of harmonic analysis; [26] or [30] are good sources to see how much de-
pends on whether the Fourier transform is integrable or not. Taking [28]
as a starting point, one can see that many of such results were and still are
certain analogs of the results on the absolute convergence of Fourier series.
Some time ago the results started to appear (see, e.g., [10, 12, 16]) that
have their source in a different topic of periodic harmonic analysis, the
so-called integrability of trigonometric series. The latter is a name, given
with a slight abuse of terminology, to the part of the problem whether the
given trigonometric series is the Fourier series of an integrable function in
the case where it is known that the series converges almost everywhere.
The strongest known conditions that ensures (along with certain other

Received 01.05.2021

ISSN 1810 – 3200. c⃝ Iнститут прикладної математики i механiки НАН України



180 Fourier transforms on weighted amalgam type spaces

natural assumptions) the integrability of trigonometric series with the
sequence of coefficients with bounded variation, can be found in [1, 27]
and [7]. In their analogs, certain subspaces of the space of functions of
bounded variation are involved. In the last years, most of such results are
overviewed in the survey paper [20] and in the monographs [14] and [19].

Returning to trigonometric series, we have to mention that the spaces
in [1] and [7] and the spaces in [27] (and certain related ones) are of
different nature. Moreover, they are incomparable in the sense that no
one of these spaces is embedded into the other. The construction in [1]
and [7] has been transferred to the nonperiodic setting in [17]. Similarly,
the space A1,2 considered there is incomparable with the real Hardy space
H1 and its versions. Generalizing [1,7], and [17], we introduce a different
type of function and sequence spaces. We say that a locally integrable
function g defined on R+ belongs to Au,w

p,r , 1 ≤ p ≤ ∞, 1 < r <∞, if

∥g∥Au,w
p,r

=

∞∑
m=−∞


∞∑
j=1

wj

 (j+1)2−m∫
j2−m

|g(t)|pu(t)p dt


r
p


1
r

<∞. (1)

Here {wj} is a sequence of non-negative numbers and u is a non-negative
locally integrable function, both will naturally be called weights. When
wj = 1 for all j or u(t) ≡ 1, we will just omit one or both of them in
the notation. In case where both of them are such, we get the space Ap,r

with the norm

∥g∥Ap,r =

∞∑
m=−∞


∞∑
j=1

 (j+1)2−m∫
j2−m

|g(t)|p dt


r
p


1
r

<∞. (2)

If p = 1, this space is of amalgam nature, since for A1,r each of the
summands in m is the norm in the Wiener type amalgam space W (L1, ℓr)
for functions 2mg(2mt) on [2m,∞) and zero otherwise, with ℓr, 1 ≤ r <
∞, being the space of sequences {dj} endowed with the norm

∥{dj}∥ℓr =

( ∞∑
j=1

|dj |r
) 1

r

and the norm of a function g : R+ → C from the amalgam space
W (L1, ℓr) is taken as

∥{
j+1∫
j

|g(t)| dt}∥ℓr .
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In the general case, each summand is also of amalgam kind, that is, locally
belongs to one space and then globally amalgamated by another space.

It is expected that like the known conditions for the integrability of the
cosine and sine Fourier transforms are given in terms of belonging of the
derivative of the considered function to A1,r, the new ones will be given
in terms of belonging of the derivative of the considered function to Au,w

p,r .
This is possible only if such a space is a subspace of L1. Moving forward
a little, we can see that this is the case for the spaces we are going to
consider. More precisely, we will deal only with the power weights wj = jδ

and u(t) = tβ . In this case we shall denote the corresponding space by
Aβ,δ

p,r . For these spaces, a simple sufficient condition to be embedded into
L1 is β = 1

p′ . Indeed, this follows from

∥g∥
Aβ,α

1,r
≥ C

∞∑
m=−∞

[ 2−m+1∫
2−m

|g(t)|ptβp dt
] 1

p

.

By Hölder’s inequality, the right-hand side can be estimated from below
by ∥g∥L1(R+) if the integrals

2−m+1∫
2−m

t−βp′ dt

are uniformly bounded. This is the case exactly if β = 1
p′ . Thus, we have

proved that

A
1
p′ ,w
p,r ⊂ L1(R+). (3)

In [17] (see also [14, Ch. 3]), the following results are proved. We
study, for γ = 0 or 1, the Fourier transforms

f̂γ(x) =

∞∫
0

f(t) cos(xt− πγ

2
) dt. (4)

It is clear that f̂γ represents the cosine Fourier transform in the case
γ = 0, while taking γ = 1 gives the sine Fourier transform.

Theorem 1. Let f be locally absolutely continuous on R+ and vanishing
at infinity, that is, lim

t→∞
f(t) = 0, and f ′ ∈ A1,r with 1 < r ≤ 2. Then for

x > 0

f̂γ(x) =
1

x
f(

π

2x
) sin

πγ

2
+ Γ(x),

where γ = 0 or 1, and ∥Γ∥L1(R+) . ∥f ′∥A1,r .



182 Fourier transforms on weighted amalgam type spaces

To be precise, in [17] Theorem 4 is given only for r = 2, however,
for 1 < r ≤ 2 the result follows immediately from the known fact that
ℓp1 ⊂ ℓp2 if p1 < p2.

Here and in what follows φ . ψ means that φ ≤ Cψ with C being an
absolute constant while φ ≍ ψ means that both φ . ψ and ψ . φ.

In the present paper we prove similar results for the case of the
weighted amalgam type spaces, with power weights. This is what the
next Section 2 is about. Further, in Section 3, we study these spaces.
One of the main conclusions of this study is as follows. There existed a
scale Or (see Section 3) of integrability spaces for the Fourier transforms
of a function of bounded variation, with H1 on the top. Similarly, the
weighted amalgam type spaces form an independent scale of the same
type, with A1,2 on the top. Though A1,2 and H1 are incomparable, each
contains subspaces from the both scales. These subspaces are intermixed
among themselves. In the last Section 4, we apply the obtained results
to the integrability of trigonometric series.

2. Main results

Before proving the results for certain Aβ,δ
p,r spaces we immediately pose

additional restrictions. Further to the already discussed β = 1
p′ , we will

consider only special δ = r(α− 1
p′ ). By this, a natural idea is to simplify

notation and denote the corresponding space by Ap,r,α. To be precise, we
say that a locally integrable function g defined on R+ belongs to Ap,r,α,
1 ≤ p ≤ ∞, 1 < r <∞, α ≥ 0, if

∥g∥Ap,r,α =
∞∑

m=−∞


∞∑
j=1

j
r(α− 1

p′ )

 (j+1)2−m∫
j2−m

|g(t)|pt
p
p′ dt


r
p


1
r

<∞. (5)

Theorem 2. Let f be a function on R+, locally absolutely continuous on
(0,∞) and vanishing at infinity, that is, lim

t→∞
f(t) = 0, and f ′ ∈ Ap,r,α,

with p > 1, 1 < r ≤ 2 and 0 ≤ α < 1− 1
p . Then, for x > 0,

f̂γ(x) =
1

x
f(

π

2x
) sin

πθ

2
+ F (x),

where θ = 0 or 1, and

∞∫
0

|F (x)| dx . ∥f ′∥Ap,r,α .
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Proof of Theorem 1. In fact, prior to a certain point the proof will go
along the same lines as that of the main result in [17]. For the reader’s
convenience and in order to make the presentation self-contained, we will
not omit the details. That mention point is crucial: we apply modified
and refined Young’s inequality elaborated in [23] rather than the classical
one as in [17]. Now, splitting the integral (4) and integrating by parts,
we obtain

f̂θ(x) = −1

x
f(

π

2x
) sin

π

2
(1− θ)

+

π
2x∫
0

f(t) cos(xt− πθ

2
) dt− 1

x

∞∫
π
2x

f ′(t) sin(xt− πθ

2
) dt.

Further,
π
2x∫
0

f(t) cos(xt− πθ

2
) dt

=

π
2x∫
0

[f(t)− f(
π

2x
)] cos(xt− πθ

2
) dt+

π
2x∫
0

f(
π

2x
) cos(xt− πθ

2
) dt

= −

π
2x∫
0


π
2x∫
t

f ′(s) ds

 cos(xt− πθ

2
) dt

+
1

x
f(

π

2x
) sin

π

2
(1− θ) +

1

x
f(

π

2x
) sin

πγ

2

=
1

x
f(

π

2x
) sin

πθ

2
+

1

x
f(

π

2x
) sin

π

2
(1− θ) +O


π
2x∫
0

s|f ′(s)| ds

 .

Since
∞∫
0

π
2x∫
0

s|f ′(s)| ds dx =
π

2

∞∫
0

|f ′(s)| ds,

it follows from (3) that to prove the theorem it remains to estimate

∞∫
0

1

x

∣∣∣∣∣∣∣
∞∫
π
2x

f ′(t) sin(xt− πθ

2
) dt

∣∣∣∣∣∣∣ dx.
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We can study

∞∑
m=−∞

2m+1∫
2m

1

x

∣∣∣∣∣∣
∞∫

2−m

f ′(t) sin(xt− πθ

2
) dt

∣∣∣∣∣∣ dx (6)

instead. Indeed,

∞∑
m=−∞

2m+1∫
2m

1

x

∣∣∣∣∣∣∣
π
2x∫

2−m

f ′(t) sin(xt− πθ

2
) dt

∣∣∣∣∣∣∣ dx
≤

∞∑
m=−∞

2m+1∫
2m

1

x

π
2x∫
1
x

|f ′(t)| dt dx ≤
∞∫
0

|f ′(t)| dt,

and again (3) is applied.

We now intermit the proof of the theorem. In order to control the L1

norm of the Fourier transform, no matter cosine or sine, by means of the
Ap,r,α norm, the crucial role belongs to the bounds of a special sequence
of integrals over the dyadic intervals [2m, 2m+1], the summands in (6).
Given an integrable function g, we define the sequence of functions

Ĝm(x) =

∞∫
2−m

g(t)e−ixt dt.

Obviously, this function is the Fourier transform of the function Gm(t)
which is g(t) for 2−m < t <∞ and zero otherwise.

The mentioned integrals are estimated in the next lemma. It will
be proved along the same lines as Lemma 1 in [17]. There is a slight
difference in applying the Hausdorff–Young inequality rather than the
Parseval identity and essential difference in applying the weighted Young
inequality instead of its usual unweighted version. For the sake of com-
pleteness, we do not omit the details of the proof of both the theorem
and the lemma.

Lemma 1. Let g be an integrable function on R+. Then for m ∈ Z,
p > 1, 1 < r ≤ 2 and 0 ≤ α < 1− 1

p ,

2m+1∫
2m

|Ĝm(x)|
x

dx .

 ∞∑
j=1

j
r(α− 1

p′ )

 (j+1)2−m∫
j2−m

|g(t)|pt
p
p′ dt


r
p


1
r

.
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Proof of Lemma 1. We start with the following inequality:

2m+1∫
2m

|Ĝm(x)|
x

dx .
2m+1∫
2m

|Ŝm(x) Ĝm(x)| dx, (7)

where Ŝm(x) = sin 2−mx
x . The latter can be considered as the Fourier

transform, up to a constant, of the indicator function of the interval
[0, 2−m]. It follows from the formula (see (5) in [4, Ch.I, §4]; it is men-
tioned in Remark 12 in the cited literature of [4] that the formula goes
back to Fourier)

∫ ∞

0

sin ax

x
cos yx dx =


π
2 , y < a;
π
4 , y = a;
0, y > a.

By Hölder’s inequality, the right-hand side of (7) does not exceed

2
m
r

 2m+1∫
2m

|Ŝm(x) Ĝm(x)|r′ dx


1
r′

.

In fact, we no more need the integral over [2m, 2m+1] (the factor 2
m
r we

got from it was all we needed) and have to estimate

2
m
r

∫
R

|Ŝm(x) Ĝm(x)|r′ dx

 1
r′

. (8)

Since Gm is integrable and Sm is in Lr′ , Ŝm(x)Ĝm(x) is the Fourier
transform of their convolution; see Theorems 64 and 65 in [28, 3.13].
Applying the Hausdorff–Young inequality, and this is where the condition
1, r ≤ 2 comes into play, we see that (8) is controlled with

2
m
r

∫
R

|(Sm ∗Gm)(x)|r dx

 1
r

. (9)

Further,

Ĝm(x) =

∞∑
j=1

(j+1)2−m∫
j2−m

g(t)e−ixt dt =

∞∑
j=1

Ĝm,j(x),
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where

Ĝm,j(x) =

(j+1)2−m∫
j2−m

g(t)e−ixt dt.

Correspondingly,

Gm(x) =
∞∑
j=1

gm,j(x),

with gm,j(x) = g(x) when j2−m ≤ x < (j + 1)2−m and zero otherwise.
Representing (9) as

2
m
r

∫
R

∣∣∣∣∣∣
∞∑
j=1

Sm ∗ gm,j(x)

∣∣∣∣∣∣
r

dx


1
r

,

let us analyze what the support of each summand

Sm ∗ gm,j(x) =

(j+1)2−m∫
j2−m

Sm(x− t)g(t) dt

is. Since we have 0 < x− t < 2−m, such a summand is supported within
the interval j2−m ≤ x ≤ (j+2)2−m. Only two neighboring intervals may
have an intersection of positive measure. Therefore, the value in (9) is
dominated by

2
m
r

 ∞∑
j=1

j is even

∫
R

|Sm ∗ gm,j(x)|r dx


1
r

+2
m
r

 ∞∑
j=1

j is odd

∫
R

|Sm ∗ gm,j(x)|r dx


1
r

.

The bound for each of the two values is the same and can be ob-
tained by means of weighted Young’s inequality for convolution (for non-
weighted case, see, e.g., [26, Ch.V, §1]). We make use of Corollary 1
from [23]). Its variant for the Lr estimate of the convolution reads as
follows. If φ ∈ Lp

α and ψ ∈ Lq,∞ (the latter is the Lorentz space), then

∥φ ∗ ψ∥Lr ≤ ∥φ∥Lp
α
∥ψ∥Lq,∞ (10)

provided
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(i) 1 < p ≤ r <∞ and 1 < q <∞;

(ii) 0 ≤ α < 1− 1
p ;

(iii) 1
r = 1

q + 1
p + α − 1. Taking ψ = Sm and φ = gm,j , we obtain in

each of the two cases the bound

2
m
r

 ∞∑
j=1

∥Sm∥rLq,∞ ∥gm,j∥rLp
α

 1
r

.

Since

∥Sm∥rLq,∞ ≍ 2
−m r

q ,

we get the bound

2
m( 1

r
− 1

q
)

 ∞∑
j=1

 (j+1)2−m∫
j2−m

|g(t)|ptpα dt


r
p


1
r

≍2
m( 1

r
− 1

q
−α)

 ∞∑
j=1

jrα

 (j+1)2−m∫
j2−m

|g(t)|p dt


r
p


1
r

.

By (iii), we have

2
m( 1

r
− 1

q
−α)

= 2
m( 1

p
−1)

.

Taking this into account while summing up in m and fulfilling standard
calculations, we complete the proof of the lemma.

We are now in a position to complete the proof of the theorem merely
by applying the proven Lemma 1 to each of the summands in (6). 2

Remark 3. There are versions of weighted Young’s inequality for power
weights in [15] and in [6]. The assumptions in both involve additional
parameter (space) but lead to exactly the same estimate as in the above
lemma. We also mention that Young’s inequality with general weights
can be found in [25]. However, it is true under extremely complicated
conditions, by no means practical, at least , in our setting. It is worth
mentioning that the applied Young’s inequality has been preceded in [22]
and refined in [24]. What these give for our study is as follows: the
applied inequality is sharp and none of the obtained versions can yield
better estimates.
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3. Properties of the Ap,r,α spaces

One of the basic properties is already established in the introduction.
We mean (3), the embedding into L1. The main result in the previous
section is obtained under assumption that the derivative belongs to Ap,r,α

and, correspondingly, to L1. Since we deal with (locally) absolutely con-
tinuous functions, we deduce that such functions are of bounded variation,
and the obtained results are within the scope of the Fourier transforms
of functions with bounded variation (see [19]). We now continue with
the comparison of Ap,r,α for different values of the parameters p, r and α.
Further, we shall compare Ap,r,α with some other spaces related to the
integrability problems for the Fourier transforms of functions of bounded
variation.

Though the obtained results can be derived from certain embeddings,
the restriction 1 < r ≤ 2 apparently cannot. In fact, the relation of the
case r > 2 to the problems of the integrability of the Fourier transforms
is an open problem.

3.1. Comparison of Ap,r,α for different values of the parameters

As mentioned, for fixed p and α, the space is becomes smaller when
r changes from 2 towards 1. Since always α− 1

p′ < 0, the larger is α the
wider is the space, with the smallest one for α = 0. Let us now figure
out what happens for different p. For simplicity, we will consider only
the case r = 2. Let p1 < p2. For m fixed, we apply Hölder’s inequality to
each of the m-th summands with the exponential P = p2

p1
. Its conjugate

P ′ = p2
p2−p1

. Thus,

(j+1)2−m∫
j2−m

|g(t)|p1t
p1
p′1 dt

≤

 (j+1)2−m∫
j2−m

|g(t)|p2t
p2
p′2 dt


1
p2

 (j+1)2−m∫
j2−m

t
− p1

p′1
P ′

t
− p1

p′2
P ′

dt


1
P ′

.

 (j+1)2−m∫
j2−m

|g(t)|p2t
p2
p′2 dt


1
p2

 (j+1)2−m∫
j2−m

dt

t


1
P ′



E. Liflyand 189

. j
p1−p2

p2

 (j+1)2−m∫
j2−m

|g(t)|p2t
p2
p′2 dt


1
p2

.

Since

j
2(α− p1−1

p1
)
j
2
p1−p2
p1p2 = j

2(α− 1
p′2

)
,

we obtain

Ap2,2,α ⊂ Ap1,2,α. (11)

Therefore, for α > 0 and p > 1, we have

Ap,2,α ⊂ A1,2,α ⊂ A1,2. (12)

The space on the right is the widest in its range, which makes the results
in [17] less restrictive than the obtained in this work. It is interesting
to compare the proofs of both as well. To obtain the weighted amalgam
type condition for the integrability of the Fourier transform, in both [17]
and in the present work, we apply the classical Young inequality and
its weighted extension, respectively. The latter holds only for p > 1,
therefore the proof of the obtained result does not reduce to the older
one in this way. However, this can be done in a different manner. In the

definition of the space A
1
p′ ,r(α+

1
p′ )

p,r , we can try to let p tend to 1. For this,
α = 0 should be taken. In this way, both subscripts tend to zero, and
limiting space becomes A1,r. This is the same as the embedding above.

3.2. Comparison with the D. Borwein spaces

There is a scale of subspaces of L1 proved to be convenient in the
problems of integrability of the Fourier transform of a function of bounded
variation.

Definition 4. For 1 < p < ∞, the space Op is the space of functions g
with finite norm

∥g∥Op =

∫ ∞

0

(
1

x

∫ 2x

x
|g(t)|p dt

) 1
p

dx. (13)

All these spaces and their sequence analogs first appeared in the paper
by D. Borwein [5], but became – for sequences – widely known after the
paper by G. A. Fomin [9]. More details can be found in [19, Ch. 1].

Further, for p = ∞ we define the corresponding space as follows.
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Definition 5. The space O∞ is the space of functions g with finite norm

∥g∥O∞ =

∫ ∞

0
ess sup
x≤t≤2x

|g(t)| dx. (14)

This space is connected with the names of D. K. Faddeev, Beurling,
Telyakovskii; for more details see [3].

Let us compare Op with Ap,2,α, α ≥ 0. We have

∫ ∞

0

(
1

x

∫ 2x

x
|g(t)|p dt

) 1
p

dx =

∞∑
m=−∞

2m+1∫
2m

(
1

x

∫ 2x

x
|g(t)|p dt

) 1
p

dx

≤
∞∑

m=−∞

2m+1∫
2m

(
1

x

∫ 2m+2

2m
|g(t)|p dt

) 1
p

dx

.
∞∑

m=−∞

(∫ 2m+1

2m
|g(t)|ptp−1 dt

) 1
p

.

This leads to the embedding

Ap,2,0 ⊂ Op. (15)

On the other hand, there holds

Or ⊂ A1,r, (16)

for 1 < r ≤ ∞. Indeed, applying Hölder’s inequality for 1 < r < ∞, we
obtain

(j+1)2m∫
j2m

|g(t)| dt ≤ 2
m
r′

 (j+1)2m∫
j2m

|g(t)|r dt


1
r

.
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Summing up in j and m, we see that the norm in A1,r is dominated by

∞∑
m=−∞

2
mp
r′

∞∫
2m

|g(t)|r dt

 1
r

=
∞∑

m=−∞

2m+1∫
2m

dx

2m

2
mp
r′

∞∫
2m

|g(t)|r dt

 1
r

=

∞∑
m=−∞

2m+1∫
2m

 1

2m

∞∫
2m

|g(t)|r dt

 1
r

≤ 2
1
r

∞∑
m=−∞

2m+1∫
2m

1

x

∞∫
2m

|g(t)|r dt

 1
r

dx

≤ 2
1
r

∞∑
m=−∞

2m+1∫
2m

1

x

∞∫
x
2

|g(t)|r dt


1
r

dx

= 2
∞∑

m=−∞

2m∫
2m−1

1

x

∞∫
x

|g(t)|r dt

 1
r

dx

= 2

∞∫
0

1

x

∞∫
x

|g(t)|r dt

 1
r

dx.

For r = ∞, we arrive at the required estimate immediately.

4. Integrability of trigonometric series

We mention that the elaborated in [16] Fourier transform approach
to obtaining the results on the integrability of trigonometric series allows
one to derive the latter from the results on the Fourier transform of
a function of bounded variation (for a more general approach, see the
recent paper [21]). For instance, in [17], we reproduced in this way the
results from [1] and [7], almost readily and even in a slightly more general
form. In [18], it was not a reproduction but completely new results on
the integrability of trigonometric series, with no earlier analogs, since
such were the prototype results on the Fourier transform. Similarly, in
this work we derive also completely new results on the integrability of
trigonometric series.
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We begin with the definition of the discrete weighted amalgam type
spaces. We shall not give them in full generality as for function but
restrict ourselves only to the analogs of Ap,r,α. We say that a sequence
a = {an} belongs to ap,r,α, 1 ≤ p ≤ ∞, 1 < r <∞, α ≥ 0, if

∥a∥p,r,α =
∞∑

m=−∞


∞∑
j=1

j
r(α− 1

p′ )

(j+1)2−m−1∑
n=j2−m

|an|pn
p
p′

 r
p


1
r

<∞. (17)

We will deal with the sequences of the coefficients of the cosine series

a0/2 +
∞∑
n=1

an cosnx (18)

and the sine series
∞∑
n=1

bn sinnx. (19)

The problem is to find assumptions on the sequences of coefficients {an},
{bn} under which the series is the Fourier series of an integrable function.
One of the basic assumptions is that the sequence {an} or {bn} is of
bounded variation, written {an} ∈ bv or {bn} ∈ bv, that is, satisfies the
condition (for {an}; similarly for {bn})

∞∑
n=1

|∆an| <∞, (20)

where ∆an = an − an+1 and similarly for ∆bn.
Since the passage from the estimates for the Fourier transforms of a

function of bounded variation f to the corresponding trigonometric series,
with the coefficients being the values of f at the lattice points, is described
many times (see, e.g., [16] or [17]), we omit most of the details and the
proof except the facts needed to state the result. Roughly speaking, the
results for the Fourier transforms of a function of bounded variation can
be rewritten for the trigonometric series with the coefficients being the
values of the transformed function at the lattice points just by replacing
integrals by sums.

First, given series (18) or (19) with the null sequence of coefficients
being in an appropriate sequence space, set for x ∈ [n, n+ 1]

A(x) = an + (n− x)∆an, a0 = 0,

B(x) = bn + (n− x)∆bn.
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So, we construct a corresponding function by means of linear interpola-
tion of the sequence of coefficients. Secondly, the result due to Trigub [29,
Th. 4] (see also [30]; an earlier version, for functions with compact sup-
port, is due to Belinsky [2]) allows us to pass from estimating trigono-
metric series (18) and (19) to estimating the Fourier transform of A(t)
and B(t), respectively.

Theorem 6. If the coefficients {an} in (18) and {bn} in (19) tend to 0
as n→ ∞, and the sequences {∆an} and {∆bn} are in ap,r,α, with p > 1,
1 < r ≤ 2 and 0 ≤ α < 1− 1

p , then (18) represents an integrable function
on [0, π], and

∞∑
n=1

bn sinnx =
1

x
B(

π

2x
) + F (x), (21)

where
π∫
0

|F (x)| dx . ∥{∆bn}∥ap,r,α .
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