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On Approximation Properties of
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Szasz—Mirakyan—Bernstein Operators
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Abstract. In this paper, we have introduced a Stancu generalization of
the Szasz—Mirakyan—Bernstein Operators defined on the space of contin-
uous functions defined on a compact interval. We have given a general
formula for the moments of that operators. We have used Korovkin’s
Theorem for uniform approximation under some restrictions. We have
obtained some results for the approximation rates in terms of modulus
of continuity. Finally, we gave some Voronovskaya-type theorems.
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1. Introduction

Approximation theory has been used in the theory of approximation
of continuous functions in terms of sequences of positive and linear op-
erators and even today it is an active area of study. There are a lot of
operators and their generalizations used for approximate to continuous
functions that their Korovkin type approximation properties and rates of
convergence are examined. The most famous and useful of these opera-
tors are Bernstein operators. Let f : [0, 1] — R be a continuous function.
For each positive integer n, the n-th Bernstein operator of f, B,(f) is
defined as

B,(f;x) = ank(x)f (S) , x€]0,1]
k=0

where

Pnk(T) = (Z)xk(l —z)"F 0<k<n. (1.1)
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The Bernstein polynomials was introduced by S.N. Bernstein [2]| in 1912.
With the help of this polynomials Bernstein both proved the Weierstrass
Theorem and showed that it can be approximated with positive linear
polynomial operators to arbitrary continuous function in a compact in-
terval. In 1968, D.D. Stancu [10] introduced a linear positive operators
which are known as Bernstein Stancu polynomials:

k
Ba,ﬁ (f;x) ank <n——tg>

where f € C[0,1], z € [0,1] and «, 8 are fixed real numbers such that
0 < a < 3. In the case of @ = § = 0, they turn into the classical Bernstein
polynomials. Some generalizations of Bernstein Stancu operatos can be
found in [4,6,8,9]. In 1950, O. Szasz |11] introduced a generalization of
Bernstein polynomials to the infinite interval, which are known as Szasz—
Mirakjan operators in literature and defined as

D=3 aun@f (). welo0)
m=0

where
(nz)™

m!

—nx

, m &€ Np. (1.2)

Gnm(T) =€

Some generalizations of Szasz—Mirakjan operators can be found in [1, 3,
5,7].

Recently, Tung¢ and Simgek [12] introduced a hybrid version of Bern-
stein and Szasz—Mirakyan operators called as Szasz—Mirakjan—Bernstein
operators (SMB). They are defined as

Moy k
Z qn,m— 1 meozn, (man> 5 S [07 1]7

where f € C[0,1], n € N and (a,) is a nondecreasing sequence of positive
integers, and p;, ;, and gy, 1 are defined in (1.1) and (1.2), respectively.

In this study, we introduce a Stancu type generalization of the Szasz—
Mirakjan—Bernstein operators defined as follows:

mo
3 k+a
La,ﬁ fa Z dn,m— 1 Z pman, (M) , T E [07 1]
n

(1.3)
where f € C[0,1],n € N and (a;,) is a nondecreasing sequence of inte-
gers and 0 < o < 3, and investigate some approximation properties of
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these operators. We call the operators e (f;x) are Szasz—Mirakjan—
Bernstein—-Stancu (SMBS) operators. For « = 8 = 0, SMBS operators
become the SMB operators. In the case of a = 0, we use the notation Lg
instead of L?{’B .

In the next section, we will prove a general formula for the moments
and obtain some central moments of SMBS operators. In the last section,
we give some uniform approximation theorems using Korovkin’s Theorem
under some restrictions. Also, we obtain some results for approximation
rates in terms of modulus of continuity and Voronovkaya type theorems.

2. Auxiliary Results

In order to provide simplicity in the formulas to be obtained in the
sequel, we define the monomials as ej(z) =: 2*, k € Ng =: NU {0} and

 (man)® .
n,m— , N, k € Ny, 2.1
Z q 1( (mom + ﬁ) n,i € € Ny (2.1)

where (a;,) is a nondecreasing sequence of integers, gy ) are defined in

(1.2) and 0 < o < B. The value of H,sk’i) functions at the point z = 0 is
as follows:

(ki) o,
H)Y(0) = ———. 2.2
0) = oty 22)
Lemma 2.1. We have
' 1 9 i—k
(kvl) < —
H"Y(x) < 5 (nanaz> (2.3)

forall x >0 and k < i.

Proof. Let n,i € Nand k € Ng. If z > 0 and k < ¢, then we have

k
}I(’CZ Z dnm— 1 man)
" man + B)
Z m—H k—1 H;;’i—l (m +])
— nanx 'L k — m + i—k — 1) mifkfl
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m+l k—1 1—k—1 j
- ) kz m—H— k—1) H <1+mi—k—1>

(na,x) =1
2z—k—1 0 (nm)
— —k
em(nanaj) et m!

9i—k—1 i—k— 1 na)"
B em(nan:v) Z:: m!
i—

L2 N B (na)™ L2 N\
= - —e - )
2\ nay,x m! ~ 2\ na,x
(ki)

Remark 2.1. If the sequence («,,) is bounded, then the functions Hy,
do not converge to zero at the point x = 0. However, if the sequence

() diverges to infinity, the sequence (HT(Lk’i)) converges to zero for each
x> 0.
Lemma 2.2. We have

k

= (1—em) < nanpeHF VR (1) < 1 (2.4)

nx
for all x > 0 and n,k € N, where v, = [B/an |+ 1, ([-] stands for the
greatest integer function).

Proof. By using the inequality (2.3), we have

1 2
naanﬁk*Lk) < nanxina ~= 1
n

that gives the right hand of (2.4). The inequality on the left is seen as a
result of the following processes:

0 m—1 k—1
naan(k 1,k) ( ) = nagre ™ Z (nl') (mOén)

m=1 (m —1)! (maw, + ﬁ)k

—nT - (nx)m mkil
- mzl (m =1 (m + B8/ay )*

Taking v, = [8/ay, ]| + 1 and applying Bernouille’s inequality we obtain

k-1

B
m=1 ’ (m + a) m=0

— efna: = (nx)m 1— Un g
m! m+ vy,

m=0
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m=0
- kvp i (nz)m+t
ne't £ (m + 1)!

O
Remark 2.2. If lim,,_, o, = oo then v, is 1 for sufficiently large inte-
gers n.

The general formula for the moments of SMBS operators is given
below.

Theorem 2.1. For k € Ny, the equality

(ex: 222<) S (k)5 (j,p) P HPD (@) (25)

i=0 j=0 p=0

L%”B

holds, where s(j,p) are first kind Stirling numbers, S(k,i) are second
kind Stirling numbers and (-)y, is Pochhemmer symbol.

Proof. For k € Ny, since we have
L%B elm Z 4n,m— 1 Ba’ﬁ (ek§ J})

for SMBS operators, where B%” are Bernstein-Stancu operators, using
general moment formula for them we get

Lo (e 2) = i kZZS (k,7) <> a);_;(may) 2.

ml(man+ﬁ i=0 57=0

By simple calculations, we obtain

Ly (ex; ) (2.6)
> j
- Z Gnm—1 ( ZZS (ki () )i—jzs(jap) (ma,)Pa’
= =0 j=0 p=0
- ZZZ ( ) S (k,i) s (j,p) 2/ HP®) ().
=0 7=0 p=0



574 ON APPROXIMATION PROPERTIES OF A STANCU...

Let us write clearly the first four moment formulae necessary for the
proof of the results to be given in the next section. The following formu-
lae are easily obtained from the Theorem 2.1 after the necessary arrange-
ments are made.

Corollary 2.1. For x € [0,1] and n € N, we have

LeP(eg;x) =1
Ly (er;z) = @ + (a - Br)HV (2)
L& (e ) = 2 + (z (14 20) — 2% (1 + 28)) H{M (z)
+ ( 262) (02 ( )
LyP(eg;a) = 2 + (32° (1 + @) — 32° (1 + B)) H®3) (z)
+((1+3a+3a?) 2z —2* (382 —2) — 32° (1 + a)) H) ()
4 (a3 _ 353,83) H7(10,3) (z)
LB (ey; ) = o (z° (6 + 4a) — 2" (6 + 48)) HE (1)
+ (22 (7 + 120 + 60%) — 23 (18 + 12a) — 2* (682 — 11)) H>Y(2)
+ (z (1+4a + 60 + 40”) — 2° (7 + 12a + 60°) + 2° (12 4 8a)
—z? (6 + 4B3)) HM () + (a4 —z'p%) HOY (z).

For a = 0, the following equations are true for the moments of the
SMBS operators.

Corollary 2.2. For z € [0,1] and n € N, we have

2® (1+28)) HM (z) —
3x2 —32° (1+B)) H(2’3)(x)
+ (z — 32> — 2 (362 —2)) Hy, H (2) — 2B HOY ()
LB (eqyw) = a* + (62° — 2 (6 + 48)) H(3 Y(z)
(7x — 1823 — x (662 —11)) H, 24)(56)
(z — 72% + 120° — 2* (6 + 48%)) HY (2) — 2B HOY (2).

w?B2H? ()

With the help of Corollaries 2.1 and 2.2 , the following formulas for
the central moments of the SMBS operators are easily obtained.
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Corollary 2.3. For z € [0,1] and n € N, we have

LyP((er = 2);2) = (o = Br) HPY ()

Ly ((er — = (1 = 2)H) (2) + (@ - f2)*H? (x)
Ly ((er —2)%2) = w (1 - 2) 3 (= f) + 1 = 22) HMY ()
+ (o = B) B (x)

138 ((er — 2)% ) = 323(1 — 2)2HED(2) + (a — o) HOD ()
+2(1—z)(2* (682 +88+6) —x (43 (1 + 3a) + 6 + 8a)
+60% +da+1) HM(z).

Corollary 2.4. Let a« =0. For x € [0,1] and n € N, we have
Ly((er — z)5x) = —pzHPY (x)
Ly((er — 2)%2) = 2(1 — @) HY (2) + (Ba)” H) ()

Ly((ex — 36)3,36)—56(1—16)( 3z + 1 — 22) H{" (2) — (B2)*H (x)
LA((e1 — 2)ta) = 322(1 — )2 HPY (2) + 2 (1 —2) (2 (68% + 85 +6)
—:c<45+6>+1>H“4< ) + (Ba) M ().

Lemma 2.3. We have

Lg’ﬁ ((61 — :c)4;;r) < ¢ (2)

l\')"

);
)

jx) =1

|
8

2

(nay)

5 (2.7)

for every x € (0,1] and each n € N, where ¢, is a function defined on
(0,1] and satisfies
lim ¢, (z) = 3(1 — z)? (2.8)

n—o0

for all z € (0,1].

Proof. Let x € (0,1] and n € N. By using the inequality (2.1) for i =4
and k£ =0, 2,3 in the last equation in Corollary 2.3 we get followings:

L5 ((er — o)) < 32°(1 x)i(n;gc)? + (a—ﬁx)4;<noim>4
+z(1—z)|2?(68°+88+6) —z (43 (1 +3a) + 6 + 8a)

1/ 2 \?
+6a2+4o¢—|—1‘2< )

(Y o)
- <n2n 760 (%)
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3. Main Results and Proofs

In this section, we give some uniform approximation theorems us-
ing Korovkin’s Theorem under some restrictions. Also, we obtain some
results for approximation rates in terms of modulus of continuity and
Voronovkaya type theorems.

Theorem 3.1. If f € C[0,1], then for all € € (0,1), the sequence
(L%a’ﬁ)(f)> converges uniformly to f on [e, 1].

Proof. Let € € (0,1) be given. To prove the theorem, it will be sufficient
to show that the sequence (L%O"ﬁ )( f)) satisfies the conditions of the

Korovkin’s Theorem on [e, 1]. From the equations in Corollary 2.1, we
have

L3 (eg; @) — eo(w)| = 0 =: 72
and using the inequality (2.1) for i =1, k =0, we get for x € [e, 1]

LB (e ) ‘< Byl HOD () < o — B < —. AL
n (61,1’) el(x) = |a B'T| n ($) T onoapT T Nnape T

where C7] = max{«, 5 — a}; and finally, using the inequality (2.1) for
1=2, k=0,1, we get

LB (eg;w) — eg(x)’ < |z(1+ 20) — 22(1 4 28)| H{M) ()
+ |o* - 2*B%| BV (@)
< [1+20—2(1+2p) N 2|a? — 228?|

now, (nom)?

where Cy = max [2a+1—2(1+28)| and C3 = 2 max ‘04/362 —52‘.
z€[e,1] z€le,1]

Consequently, since lim,, 7, = 0 for each i = 0, 1,2, then the sequence
(L%’B(f)) converges uniformly to the function f on [g, 1]. O

In Theorem 3.1, it is seen that uniform convergence is possible only
in compact subintervals of (0,1] if o is nonzero. If « is equal to zero,
this problem disappears. We can see this from the next theorem.

Theorem 3.2. If f € C[0,1], then the sequence <Lg(f)) converges umni-
formly to f on [0,1].
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Proof. Let f € C[0,1] and = € [0,1], from the equations in Corollary
2.2, we have

n

‘Lg(eo; x) — eo(x)‘ =0=\
and using the inequality (2.1) for i = 1, k = 0, we get

Lf(er) - ea(o)| < BB (1) < 2 =2 )

and finally, using the inequality (2.1) for i =2, k= 0,1, we get

L5 (es ) — ea()| < |0 = 22(1 +28)| H{?(2) + 22822 (x)
_ 2
ezl 2
nom, (naw,)
2
- 2420 N 23
nom, (nawy,)

=:\2.

2

Since lim,, oAy, = 0 for each i = 0,1,2, then the sequence (Lg(f))

converges to the function f uniformly on [0, 1]. O

Theorem 3.3. If f € C0,1], then, for all € € (0,1), we have

C
‘ S (f; nan) , (3.1)

where C' is a constant independent of n, w(f;.) is the modulus of contiu-
nity of f and ||.||a is the uniform norm defined on the space Cla, b].

Ly (f) — f

Proof. Since Lf{’ﬁ is a positive and linear operator for each n € N, the
inequality

LA (fi0) - ()| <L3P (1f = f(@)];)
< (143287 (o —ali) ) w(7:0)

holds for each § > 0. By using Cauchy—Schwarz inequality, we get

L%’B(f;x)—f(x)) < (l—i-(l;\/L%’ﬁ ((61—3:)2;x)>w(f;5). (3.2)
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From Corollary 2.3 and the inequality (2.1) for ¢ = 2 and k = 0,1, we
get

for each = € [e,1]. If we take § = /C/(na,) in (3.2), then the desired
inequality is achieved. O

For a = 0, we can extend the inequality (3.1) to the interval [0, 1] by
the following theorem.

Theorem 3.4. For any f € C|0,1], we have
’Lﬁ(f)_fH <2 | f; L_'_ﬂ
" 0,1 — "\ n 2]

an  (noy)
Proof. Since Lg is a positive and linear operator for each n € N, the
inequality

Li(f5e) = J(@)| < LS - f(@)]5)
< (14 3L e ali) ) (£:0)

holds for each § > 0. By using Cauchy-Schwarz inequality, we get

Li(fi2) — f(@)] < <1+§\/L£ ((el—x)z;w)>W(f;5)- (3:3)

From Corollary 2.4 and the inequality (2.1) for i = 2 and k = 0,1, we
get

LE((er — 2% ) = 2(1 — 2) B (2) + (B2 HOD (a)
1—-2z 232
< +

T nan o (nay)?
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Considering that Lg((el —xz)%2) =0 for x = 0, for every z € [0,1],
it is seen that the inequality ;

1 232
+ B 3
nom  (noy,)

Ly((er —a)%2) <

is achieved. This inequality is written in place in (3.3) and if take 62 =
1 25°
naomy (nan)2

we reach the desired inequality . O

The following is a Voronovskaya-type theorem for SMBS operators.
Theorem 3.5. If f € C?[0,1], then

(1—=)

A" @) (34)

lim nay, |LY7 (f;2) - f (2) fl (@) +

n—00

} _ (a—pz)
x
for every x € (0,1]. If ay, — 00, then the following equation is true for
xz=0:
n—o0

lim ay, [Lgﬁ (£:0) — £(0)] = af (z) . (3.5)

Proof. Let = € (0,1] be fixed. The Taylor formula of the function f at
the point x can be written as

fO)=f(@)+(t—a)f (x)+ %(t =)’ f" (2) + (¢t —)’r (), (3.6)

where r (- ;) is a continuous function at point ¢ = = and thm r(t;z) =0.

If SMBS operators are applied to both sides of equation (3.6), we get

LyP (fix) =f (2) Ly? (eo;2) + f' () Ly? ((e1 — @) ; )
f 2( )La’ﬁ ((61 — .:13)2;93) + Lg’ﬁ (r (-;2) (e1 — :1:)2;:1:) .
Considering the first two equations in Corollary 2.3, we obtain
Ly (fr0) [ (@) = [ (2) (@ = Bx) HPD (2)
57 @) (20— ) B (@) + (0 - B2 HP? (2)

+ LeP (T‘ (-5 2) (e1 — )% m) .
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As a result of the necessary arrangements, if < 1, then we have

naoy, (Lg’ﬁ (f;x)— f (33)) - (a — Bz) f' (x) B (1—2z)f" (2)

T 2
< ‘nan:cH,(lo’l) (x) — 1‘ ‘f/ (z)
+ (‘nanl’H(l 2 (z) — 1) + (al_ﬁf)QnanHﬁO’z) (fL’)) |f" ()]
+ nay L (7« (1 ) (e — )% x) . (37

If £ = 1, then the inequality
Inan (257 (£51) = £ (1)) = (@ = B) ' (V)] £ [nenHOD (1) =1 |7 1
= APHPD ()£ (V)] + L7 (7 (1) (1 - 1)2;1) (3.8)

is obtained. From the inequalities (2.4), we get

+

lim na,zHOY () = lim napaHM? (2) =1
n—oo n— oo
and if the inequality (2.1) is used we obtain

2
0 < lim no, H®? (z) < lim noyp ————= = lim 5
n—00 n—00 (nanx) n—00 Ny L

=0.

Thus the right hands of the inequalities (3.7) and (3.8) vanish when
n — oo.
It is sufficient to show that limy_,ec 10y, LY ( (;2) (e1 — 2)% x) =

0 to complete the proof. If we apply the Cauchy—Schwarz inequality and
then use the inequality (2.7) we obtain

ney, L&P (r (;2) (e — )% a;)
< \/nzanQL%’ﬁ ((61 — x)4; a;) .\/L%’B <(r (- ;x))z; x)
< \/na e @1 (1))
= V3 18 (7 5 )2).

From the equation (2.8), the first multiplier goes to /6 (1 —x) when
n — oo. Since 7 (x;x) = 0 for the second multiplier, according to the
Korovkin Theorem, we obtain

i Le? ((r (52))%2) = (r(z:2))* =0,

n—oo
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This ends the proof of (3.4). Now, let x = 0. Since the Taylor formula of
the function f is Ly’ (f;0) = f (ﬁ), considering the Lagrange form

(1) 0)

2
aoy, o, acan Ly,
= S0+ T (6,
an + © (o + B)* (&)
where &, € (0, a:‘Tﬁ) If the limit of both sides is taken when n — oo,
the equation (3.5) is obtained, since f” € C'[0,1] and a;, — oo when

n — oo. Thus, the proof of the theorem is now complete. O

of the remainder, we have

an (157 (£30) = 1 (0))

Corollary 3.1. If f € C?[0,1], then we have

lim nay, [Lg(f’x)_f(a;) — _Bf/(x)_i_w

n—oo 2

ff@ (39
for every x € (0,1].
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