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Existence of periodic traveling waves in
Fermi—Pasta—Ulam type systems on 2D-lattice
with saturable nonlinearities
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Abstract. The article is devoted to the Fermi—Pasta—Ulam type sys-
tems with saturable nonlinearities that describes an infinite systems of
particles on a two dimensional lattice. The main result concerns the ex-
istence of traveling waves solutions with periodic relative displacement
profiles. By means of critical point theory, we obtain sufficient conditions
for the existence of such solutions.
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1. Introduction

In the present paper we study the Fermi-Pasta—Ulam type systems
that describes the dynamics of an infinite systems of nonlinearly coupled
particles on a two dimensional lattice. It is assumed that each particle
interacts nonlinearly with its four nearest neighbors. The equations of
motion of the system considered are of the form

dn,m = W{(Qn+1,m - Qn,m) - W{(Qn,m - Qn—l,m)

AW (nmt1 = dnm) = Wi(dnm = Gnm—1), (n,m) € 22, (1.1)

where ¢nm = qnm(t) is a coordinate of the (n,m)-th particle at time ¢,
Wi and Wy are the potentials of interaction. Equations (1.1) form an
infinite system of ordinary differential equations.

Notice that this system is a representative of a wide class of systems
called lattice dynamical systems extensively studied in last decades. Such
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systems also include the Discrete Sine-Gordon type equations and the
Fermi—Pasta—Ulam type systems. Equations of such type are of interest
in view of numerous applications in physics [2,16-18,22].

Among the solutions of such systems, traveling waves deserve special
attention. In papers [1,21,23,24] periodic and solitary traveling waves in
Fermi-Pasta—Ulam system on 1D-lattice are studied. While [7], [11] and
[13] deal with traveling waves for such systems on 2D-lattice. In papers |6,
14,19,20| traveling waves for infinite systems of linearly coupled oscillators
on 2D-lattice are studied, while [26] deal with periodic in time solutions
for such systems. Paper 8] is devoted to the existence of solitary traveling
waves for such systems. Papers [5,9,10] is devoted to the existence of
homoclinic and heteroclinic traveling waves for the discrete sine-Gordon
type equations on 2D-lattice.

In contrast to the previous results (see [3| and [7]), in this paper we
study system (1.1) with saturable nonlinearities which means that at in-
finity W/(r) growth as const - r, i.e. Wj(r) are asymptotically quadratic
at infinity (¢ = 1,2). Note that in [12] and [23]| such nonlinearities are
considered. Important examples of saturable nonlinearities are the fol-
lowing
v|ul?

u, £>0,vr>0,p>1,
and

f(u) = x(1 = exp(=alu’)u, x >0,a>0,p>0.

2. Statement of a problem
A traveling wave solution of Eq. (1.1) is a function of the form
qn,m(t) = u(ncosp + msing — ct),

where the profile function u(s) of the wave, or simply profile, satisfies the
equation

czu"(s) = Wi(u(s+cosp) —u(s)) — Wi(u(s) — u(s — cos ¢))

+Wi(u(s + sinp) — u(s)) — Wa(u(s) — u(s — sinp)), (2.1)

where s = ncosp + msin ¢ — ct.

In what follows, a solution of Eq. (2.1) is understood as a function
u(s) from the space C%(R) satisfying Eq. (2.1) for all s € R.

We consider the case of periodic traveling waves. The profile function
of such wave satisfies the following periodicity condition

u'(s+2k) = u/(s), s €R, (2.2)
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where k£ > 0 is an arbitrary real number. Note that the profile of such
wave is not necessarily periodic. But its relative displacement profiles r;t
are periodic:

stcos stsin ¢
ri(s) = / o' (T)dr, ri(s) = / o' (7)dr.

Therefore, such waves are also called periodic (see [24]).
We always assume that

(i) Wi(r) = %72 + fi(r), where ¢; € R, f; € CY(R), f(0) = f1(0) = 0
and fl(r)=o(r) asr — 0, 1=1,2;

filr)

(ii) there exists a finite limit lim =

T—T00

fl(r) = lr are bounded (i =1,2);

= [, and the functions g;(r) =

(1i1) fi(r) > 0 for all v € R and for every ro > 0 there exists dy =
do(r0) > 0 such that

SrI) — £i(r) > 6y
for|r| >ro (i=1,2).
To simplify notation, we denote
hi(r) :== fi(r) =1lr +gi(r), i = 1,2,

and
'

Gilr)i= [ ailo)dp, i = 1.2
0

and additionally assume that one of two conditions is satisfied:
(ivg) Gi(r) = —o0 asr — +o0 (i =1,2);

or

(vg) 2 (%)2 —4(c3 4+ 1)sin® (ZE cosp) — 4(c3 + 1) sin® (ZE sing) # 0 for
alln € N.

Remark 2.1. Assumption (#ii) implies, in particular, that the functions
fi(r) are increasing for » > 0 and descending for » < 0, and G;(r) < 0
forallr #0,i=1,2.
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The important role is played by the quantity defined by the equality

co(p) == \/c% cos? p + c3sin? .
Let E} be the Hilbert space defined by
Ep={u€ HL.(R): u(s+2k) =u(s), u(0) =0}

with the scalar product
k
(u,v) = /u'(s)v’(s)ds
“k

and corresponding norm ||ully = (u,u)% By the embedding theorem,
E, C C([—k,k]), where C([—k, k]) is the space of continuous functions
on [—k, k]. The norm in dual space Ej is denoted by || - ||« In fact, Ej
is 1-codimensional subspace of the Hilbert space

E={ue H. (R):u(s+2k) =u(s)}

with

k
/ o (3)0'(5)ds + u(0)v(0)

—k
as the scalar product. N N
On E), we define operators Ey, — Ej, :

s+cos ¢
(Au)(s) :==u(s + cosg) —u(s) = / o' (7)dr,

s+sin
(Bu)(s) :=u(s +singp) —u(s) = / : o' (7)dT.

These operators are bounded linear operators satisfying the inequali-
ties (see [3], Lemma 6.1)

[Au| oo~y < LK) - Julle, [[AullL2-ppy < |cosel - flulle, — (2.3)

[1Bullpoo (—kky < la(F) - lulle, [|Bullp2(—gpy < Isingl-flulle, — (2.4)

where
L]+1 2k < 1
(k) = | cos | [2k]+’ 0<2k<1,
| cos |, 2k > 1,
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and
: 1
(k) = |sing|y/[5:] +1, 0<2k<1,
| sin ¢, 2k > 1,

where [i] is the integer part of i
On the space E) we consider the functional

s, c? 3
562 = G ue)? — F(Bu(s)?

—f1(Au(s)) — f2(Bu(s))] ds.

Remark 2.2. It is easily verified that, under the assumptions imposed,
the functional J;, is well-defined C'-functional on Ej, and its derivative
is given by the formula

k
(Ji(u),h) = / [CQU’(s)h'(s) — 2 Au(s)Ah(s) — c2Bu(s)Bh(s)
Zk

~ F(Au(s)) Ah(s) — F§(Bu(s))Bh(s)] ds

for u,h € FEj. Moreover, any critical point of the functional J; is a
solution of Eq. (2.1) satisfying (2.2).

Thus, to establish the existence of solutions to Eq. (2.1) satisfying
(2.2), it is suffice to prove the existence of nontrivial critical points of the
functional J. This requires a special form of the mountain pass theorem
(see [24,25]).

Let I : H — R be a C'-functional on a Hilbert space H with the norm
|| - ||. We say that I satisfies the Palais-Smale condition, if the following
condition is satisfied:

(PS) Let {un} C H be a such sequence that {I(uy)} is bounded and

I'(up) = 0, n — oo. Then {u,} contains a convergent subsequence.
If there exist e € H and r > 0 such that [[e|| > r and

B = inf I(u) > I(0) > I(e),
lull=r
then we say that the functional I possesses the mountain pass geometry.

The following theorem of the mountain pass type can be found in [15]
(Theorem 10).



S. M. Bak, G. M. KOVTONYUK 471

Theorem 2.1. Suppose that the C'-functional I : H — R satisfies the
Palais—Smale condition and possesses the mountain pass geometry. Let
P : H— H be a continuous mapping such that

I(Pu) < I(u)

for allu € H, P(0) =0 and P(e) = e. Then there ezists a critical point
u € PH (the closure of PH) of the functional I with the critical value

I(u) = b:= inf I(~(1)) >
(u) inf max (v(t)) > B,

where I' := {y € C([0,1], H) : v(0) = 0,~(1) = e}.

Let

(Pu)(s) ::/u’(t)]dt.
0

Remark 2.3. It is easily verified that P is a continuous map from FEj,
into itself and PFE}, consists of a non-decreasing functions.

3. Main result

The main result of this paper is the following theorem that establishes
the existence of periodic waves with non-decreasing and non-increasing
profiles.

Theorem 3.1. Assume (iz)—(iit2) and either (ivy) or (ve). If ¢ €
[tn, 5 +7n], n € Z, k > 0 and 2 < < & +1, then Eg. (2.1)
has a non-constant non-decreasing and non-increasing solutions satisfy-
ing (2.2).

Note that from a physical point of view, the increasing waves are
expansion waves, and the decreasing waves are compression waves.

Remark 3.1. Since we consider monotone waves, we may only suppose
that the assumptions of Theorem 3.1 hold for r» > 0 (respectively, for
r < 0), and obtain non-decreasing (respectively, non-increasing) waves.
On the other hand, proving the results we may assume, for instance, that
fi(r) are even functions.

For convenience, we represent the functional Jj in the form

k
Ji(u) = éQk(u,u) — / [G1(Au(s)) + G2(Bu(s))] ds, (3.1)
“k



472 EXISTENCE OF PERIODIC TRAVELING WAVES...

where
k
Qr(u, h) :/[c2u’(s)fu’(s)—(c% + 1) Au(s) Ah(s)—(c3 + l)Bu(s)Bh(s)]ds.
"k
Then the derivative can be written as
k
(i)} = Qu(ush) ~ [ o (Au(s)) AN(5) + g2 Bu(s) Bh(s)] ds (32)
"k

for u, h € F.
Let

o(€) == 2% — 4(c3 + 1) sin? <§ cos go) — 4(c3 + 1) sin? (g sin gp)
and &, = 7*, where n = 1,2,... . We set
eo(s) = s, eV (s) =sin(&,s), e (s) = cos(&ps) — 1,
where n = 1,2, ... . Then the system of functions
{eg, e e n=12 .}

is a complete orthogonal system in Ej. This system is also orthogonal
with respect to the bilinear form Q. In addition,

Qr(eo, e0) = 2]{:(02 — cg —1)

and
Qr (eg),eg)) = Qp (eg),eg)> =ko(&n), n=1,2,....
Let
Ey, = span{eg,el),elD) : o(¢,) < 0},
E} := span{el),el?) : o(&) = 0}
and

El = span{e(l), e?) . o(&,) > 0}.

n

These subspaces are mutually orthogonal with respect to both the scalar
product and the form @, and

E.=E, o E}o E}.
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The spaces E)  and E,g are finite dimensional, and E,j is infinite di-
mensional. Obviously, the form @}, is negative definite on E,, positive
definite on E,j, and zero on E,g.

We denote by u~, u” and ut the orthogonal projections of u € Ej, on
E., E,g and E,j, respectively.

Now we verify the conditions of Theorem 2.1 for the functional Jg.

Lemma 3.1. Under the assumptions of Theorem 3.1 functional Ji sat-
isfies the Palais—Smale condition.

Proof. Let {u,} C Ej be a Palais-Smale sequence of Jy, i.e. {Ji(uy)} is
bounded and Jj(u,) — 0, n — co. We prove that the sequence {u,} is
bounded. Since the form Q) is positive (respectively, negative) definite
on E,j (respectively, on E, ), then there exists o > 0 such that

+Qx(u, 1) > aull
for all u € Ejf. Since J(uy) — 0, n — oo, then

1Tk (un ) e < 1

for n large enough. Thus, from (3.2) with v = u, and h = u we have
that
k
allum 1§ < lluz e +/ [l91(Aun(3))]| Auzy ()] + |92(Bun(s))||Bug ()] ds
—k

for all n large enough. By assumption (ii) and inequalities (2.3), (2.4)
we obtain that
allug i < Cllusllx

with some C' > 0. Hence, the sequences {u;} and {u,, } are bounded.

In case, when (v) is satisfied, we have EY = {0} and, hence, {u,} =
{u;" 4+ u;, } is bounded sequence.

Now we suppose that (ive) is satisfied. Since {u;” + u,, } is bounded
sequence, then it remains to show that {u2} C E is bounded too. Sup-
pose the opposite. Then, passing to a subsequence, we may assume that
[ud||x — co. By the description of EY, we can represent u! in the form

ud (s) = B sin(€%s + ©n),
where |8,] — oo, and ¢ # 0 is an integer multiple of 7 such that
o(€°) = 0. Then

Aul (s) = 28, sin <£20 cos go) cos (fo(s + %cos ©)+ Qpn> ,
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0
Bu(s) = 2/, sin (62 sin go) cos (50(3 + %sin ©) + @n) .

And this implies that there exist two constants § > 0, v > 0 and a subset
M, C [~k, k] of measure § such that |Aul (s)|+ |Bul(s)| > v|Ba| on M,.
Eq. (3.1) implies that

1
Ti(un) = 5 [QuCuif o) + Qa7
k
— / [Gl (Aug(s) + Au,, (s) + Au%(s))
—k
+Go (Buy (s) + Buy, (s) + Bug(s))] ds. (3.3)
By Remark 2.1, G;(r) < 0 on R, and inequalities (2.3), (2.4) shows that
{Auf (s) + Au, (s)} and {Bu; (s) + Bu, (s)} are bounded sequences in
L>®°(—k, k). Thus,

k
— / [Gl (Au:[(s) + Au,, (s) + Au%(s))
“k

+Gs (Buyf (s) + Buy, (s) + Bul(s))] ds

Vv

— / [Gl (Au;{(s) + Au, (s) + Aug(s))
My,
+Gs (Buy (s) + Buy, (s) + Buy(s))] ds
— +00.

Since all other terms in the right hand side of (3.3) are bounded, we
have that Ji(u,) — +o0o. We got a contradiction, which proves that
{ul} C EY is bounded.

Hence, in both cases {u,} is bounded.

Then, up to a subsequence (with the same denotation), w, — u
weakly in FEj, hence, Au, — Au and Bu, — Bu weakly in Fj, and
strongly in L?(—k,k) and C([—k,k]) (by the compactness of Sobolev
embedding). A straightforward calculation shows that

k

lun — wlli = / ((un(s) = u'(8))* + A (un(s) — uls))?) ds

—k

= (Jr(un) = Ty (u), un — u)
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+i | Aun — Aul|F2 g gy + Sl Bun — Bull72

k
+/ (f1(Aun(s)) — fi(Au(s))) (Aun(s) — Au(s)) ds
“k

k
[ (F5Bualo) ~ BUEN) (Bunts) ~ Buls) ds.
ke

Obviously that all the terms on the right hand part converge to 0 (first,
fourth and fifth by weak convergence, second and third terms converge
to 0 by strong convergence). Thus, ||u, —ul|x — 0 as n — oo, and proof
is complete. ]

Lemma 3.2. Under the assumptions of Theorem 3.1 functional Jy pos-
sesses the mountain pass geometry.

Proof. Due to (i), for any £ > 0 there exists o > 0 such that |f;(r)| < er?
asr <rg (i=1,2). Then, by (2.3) and (2.4), as ||u||x < ro we have

k
k

[

C 02 02
500 = Fu)? = E(Bu(e) - e(Aul)

2 2 2

C C Cc5 .
— e(Bu(s))?] ds > 5 ullf — S cos” pllull} — Z sin? o ful}
2 2
— — 2¢e
—e cos p||ul|} — esin® pl|ul|} = 0= |ju)2.

2

Choosing ¢ small enough, we obtain that there is 5 > 0 such that Ji(u) >
B> 0as ||lully = ro.

Let us now show that there exists an element e € FEj such that
Jr(e) < 0.

Let ep(s) = s and 7 > 0. From (i) it follows that |G;(r| < C|r| with
some constant C' > 0. Then Eq. (3.1) implies that

Jr(teo) < k(2 — g — )% + 2k(| cos | + | sin |)|7|.
Thus, Ji(reg) < 0 for |7| large enough, and hence, there exists 79

such that Jx(7peg) < 0. Now it remains to take e = 19ep and the lemma
is proved. O



476 EXISTENCE OF PERIODIC TRAVELING WAVES...

Proof of Theorem 3.1. Let the conditions of the theorem hold for r >
0. Lemmas 3.1 and 3.2 show that Jj satisfies almost all conditions of
Theorem 2.1. It only remains to verify the inequality Ji(Pu) < Ji(u)
for all u € Ej.

Let ¢ € [27n, § + 27n], n € Z. Since

s+cos ¢ s+cos ¢ s+cos

(APu)(s) = / (Pu) (7)dr = / |u/(7)|dT > / o' (7)dr
and
s+sin ¢ s+sin ¢ s+sin g
(BPu)(s) = / (Pu)!(r)dr — / W (7)dr > / o (7Y
then
(APu)(s) = [(APu)(s)| = (Au)(s)
and

(BPu)(s) > [(BPu)(s)| = (Bu)(s)-

Since, due to Remark 2.1, the potentials f;(r) are increasing, we have
that

k
Ji(Pu) = / [*((Pu)(5))? = ci(APu(s))? — c5(BPul(s))”
—k
—f1(APu(s)) = fo(BPu(s))] ds
k
— [ [20(9)? - dAPu(s))? - H(BPu(s)?
“k
—fi(APu(s)) = fo(BPu(s))]ds <
k
< [ P02 - Aauts))? - B(Bu(s)?
—k
—fi(Au(s)) = fa(Bu(s))] ds = J(u).
Hence, by Theorem 2.1 there exists nontrivial critical point u € PE},
of the functional Jj such that Ji(u) > 8 with § > 0 from Lemma 3.1.
By Remark 2.2, u € PE, C Ej is a solution of problem (2.1), (2.1).

Furthermore, by Remark 2.3, this solution is non-decreasing and non-
constant due to the definition of space Fj.
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The case r < 0 is similar (with P replaced by —P). In this case,
non-increasing solutions are obtained.

It is easy to see that for ¢ € [ + 27n, 37” + 27mn], n € Z, in the
case r > 0 non-increasing solutions are obtained, and in the case r < 0
non-decreasing solutions are obtained.

The proof is complete. O

Conclusion

Thus, in the present paper we obtain some result on the existence of
non-constant monotone traveling waves with periodic relative displace-
ment profiles in Fermi-Pasta-Ulam type systems with saturable nonlin-
earities on a two-dimensional lattice.
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