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Abstract. A characterization of finite homogeneous ultrametric spaces
and finite ultrametric spaces generated by unrooted labeled trees is found
in terms of representing trees. A characterization of finite ultrametric
spaces having perfect strictly n-ary trees is found in terms of special
graphs connected with the space. Further, we give a detailed survey of
some special classes of finite ultrametric spaces, which were considered in
the last ten years, and study their hereditary properties. More precisely,
we are interested in the following question. Let X be an arbitrary finite
ultrametric space from some given class. Does every subspace of X also
belong to this class?
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1. Introduction

In 2001 at the Workshop on General Algebra [1] the attention of
experts on the theory of lattices was paid to the following problem of
I. M. Gelfand: using graph theory describe up to isometry all finite ul-
trametric spaces. An appropriate representation of ultrametric spaces X
by monotone rooted trees TX was proposed in [2] that can be considered
in some sense as a solution of above mentioned problem. The question
naturally arises about applications of this representation. One such ap-
plication is the structural characteristic of finite ultrametric spaces for
which the Gomory-Hu inequality becomes an equality, see [3]. The ul-
trametric spaces for which its representing trees are strictly binary were
described in [4]. A characterization of finite ultrametric spaces which are
as rigid as possible was also obtained, see [5]. Extremal properties of
finite ultrametric spaces and related them properties of monotone rooted
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trees have been found in [6]. Se also papers [7–12] for some another prop-
erties of ultrametric spaces based on analysis of representing trees. The
present paper is also a contribution to this line of studies.

The paper is organized as follows. The first section of the paper con-
tains the main definitions and the required technical results. In Section 2
and Section 4 finite homogenous ultrametric spaces and finite ultrametric
spaces defined by unrooted labeled trees are described in terms of repre-
senting trees. In Section 3 we give a characterizations of finite ultrametric
spaces having perfect strictly n-ary trees in terms of special graphs Gr,X
connected with the space X. In Section 5 we give a detailed survey of
some special classes of finite ultrametric spaces which were considered
in the last ten years. In Section 6 from the above mentioned classes we
distinguish the classes such that every subspace of a space from a given
class also belongs to this class.

Recall some definitions from the theory of metric spaces and the graph
theory. An ultrametric on a set X is a function d : X ×X → R+, R+ =
[0,∞), such that for all x, y, z ∈ X:

(i) d(x, y) = d(y, x),

(ii) (d(x, y) = 0) ⇔ (x = y),

(iii) d(x, y) ≤ max{d(x, z), d(z, y)}.

Inequality (iii) is often called the strong triangle inequality. The pair
(X, d) is called an ultrametric space. The spectrum of an ultrametric
space (X, d) is the set

Sp(X) = {d(x, y) : x, y ∈ X}.

For simplicity we will always assume that X∩Sp(X) = ∅. The spectrum
Spec(X,x) of the space X at the point x is the set

Spec(X,x) = {d(x, y) | y ∈ X}.

The quantity
diamX = sup{d(x, y) : x, y ∈ X}.

is the diameter of the space (X, d).
Recall that a graph is a pair (V,E) consisting of a nonempty set V

and a (probably empty) set E elements of which are unordered pairs of
different points from V . For a graph G = (V,E), the sets V = V (G) and
E = E(G) are called the set of vertices and the set of edges, respectively.
Recall that a path is a nonempty graph P = (V,E) of the form

V = {x0, x1, ..., xk}, E = {{x0, x1}, ..., {xk−1, xk}},
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where all xi are different. A connected graph without cycles is called a
tree. A tree T may have a distinguished vertex called the root ; in this
case T is called a rooted tree. An n-ary tree is a rooted tree, such that
the degree of each of its vertices is at most n+1. A rooted tree is strictly
n-ary if every internal node has exactly n children. In the case n = 2
such tree is called strictly binary. Generally we follow terminology used
in [13].

Let k > 2. A nonempty graph G is called complete k-partite if its
vertices can be divided into k disjoint nonempty sets X1, ...,Xk so that
there are no edges joining the vertices of the same set Xi and any two
vertices from different Xi,Xj , 1 6 i, j 6 k are adjacent. In this case we
write G = G[X1, ...,Xk ]. We shall say that G is a complete multipartite
graph if there exists k > 2 such that G is complete k-partite, cf. [14].

Definition 1.1 ([15]). Let (X, d) be a finite ultrametric space. Define
the graph GdX as follows V (GdX) = X and

({u, v} ∈ E(GdX )) ⇔ (d(u, v) = diamX).

We call GdX the diametrical graph of X.

Definition 1.2. Let (X, d) be an ultrametric space with |X| > 2 and the
spectrum Sp(X) and let r ∈ Sp(X) be nonzero. Define by Gr,X a graph
for which V (Gr,X) = X and

({u, v} ∈ E(Gr,X)) ⇔ (d(u, v) = r).

For r = diamX it is clear that Gr,X is the diametrical graph of X.

Theorem 1.1 ([15]). Let (X, d) be a finite ultrametric space, |X| > 2.
Then GdX is complete multipartite.

With every finite ultrametric space (X, d), we can associate a labeled
rooted n-ary tree TX by the following rule (see [3]). If X = {x} is a one-
point set, then TX is the rooted tree consisting of one node X labeled by
0. Let |X| > 2. According to Theorem 1.1 we have GdX = GdX [X1, ...,Xk ].
In this case the root X of the tree TX is labeled by diamX and, moreover,
TX has k nodes X1, ...,Xk of the first level with the labels

l(Xi) = diamXi, i = 1, ..., k. (1.1)

The nodes of the first level indicated by 0 are leaves, and those indicated
by strictly positive numbers are internal nodes of the tree TX . If the first
level has no internal nodes, then the tree TX is constructed. Otherwise,
by repeating the above-described procedure with Xi corresponding to the
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internal nodes of the first level, we obtain the nodes of the second level,
etc. Since |X| is finite, all vertices on some level will be leaves and the
construction of TX is completed. The above-constructed labeled tree TX
is called the representing tree of the space (X, d). To underline that lX(v),
v ∈ V (TX), is a labeling function of the representing tree TX we shall
write (TX , lX). The rooted tree TX without the labels we will denote by
TX .

Let T be a rooted tree. For every vertex v of T we denote by Tv the
subtree of T such that v is the root of Tv,

V (Tv) = {u ∈ V (T ) : u = v or u is a successor of v in T},

and satisfying

({v1, v2} ∈ E(Tv)) ⇔ ({v1, v2} ∈ E(T ))

for all v1, v2 ∈ V (Tv). Denote by L(Tv) the set of all leaves of Tv.
If T = TX is the representing tree of a finite ultrametric space (X, d),
v ∈ V (TX) and L(Tv) = {{x1}, . . . , {xn}}, then for simplicity we write
L(Tv) = {x1, . . . , xn}. Consequently, the equality v = L(Tv) holds for
every v ∈ V (TX).

Let v be a node of the rooted tree T . Denote by δ+(v) the out-degree
of v, i.e., δ+(v) is the number of children of v, and by lev(v) denote the
level of a node v ∈ V (T ).

Note that the correspondence between ultrametric spaces and trees
or tree-like structures is well known, cf. [2, 16–21].

Definition 1.3. Let G = (V,E) be nonempty graph, and let V0 be the
set (possibly empty) of all isolated vertices of the graph G. Denote by G′

the subgraph of the graph G, generated by the set V \V0.

Lemma 1.1 ([7]). Let (X, d) be a finite ultrametric space with |X| > 2
and let r ∈ Sp(X) \ {0}. Then the graph G′

r,X is a union of p complete

multipartite graphs G1
r, . . . , G

p
r , where p is the number of all distinct nodes

x1, . . ., xp of TX labeled by r and this union is disjoint if p > 2. Moreover,
for every i ∈ {1, . . . , p}, the graph Gir is complete k-partite,

Gir = Gir[LTxi1 , . . . , LTxik ], (1.2)

where k = δ+(xi) and xi1, . . . , xik are the direct successors of xi.

Let (X, d) be an ultrametric space. Recall that a ball with a radius
r > 0 and a center c ∈ X is the set

Br(c) = {x ∈ X : d(x, c) 6 r}.
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The ballean BX of the ultrametric space (X, d) is the set of all balls of
(X, d). Every one-point subset of X belongs to BX , this is a singular
ball in X.

The following proposition claims that the ballean of a finite ultramet-
ric space (X, d) is the vertex set of the representing tree TX .

Proposition 1.1 ([22]). Let (X, d) be a finite nonempty ultrametric space
with the representing tree TX . Then the following statements hold.

(i) LTv belongs to BX for every node v ∈ V (TX).

(ii) For every B ∈ BX there exists the unique node v such that LTv =
B.

Theorem 1.2 ([8]). Let (X, d) be a finite ultrametric space and let x1
and x2 be two different points of X. If P is the path joining the different
leaves {x1} and {x2} in (TX , lX), then we have

d(x1, x2) = max
v∈V (P )

lX(v).

Recall that metric spaces (X, d) and (Y, ρ) are isometric if there is a
bijection f : X → Y such that the equality

d(x, y) = ρ(f(x), f(y))

holds for all x, y ∈ X.

Definition 1.4. Let T1 and T2 be rooted trees with the roots v1 and v2,
respectively. A bijective function Ψ: V (T1) → V (T2) is an isomorphism
of T1 and T2 if

({x, y} ∈ E(T1)) ⇔ ({Ψ(x),Ψ(y)} ∈ E(T2))

for all x, y ∈ V (T1) and Ψ(v1) = v2. If there exists an isomorphism of
rooted trees T1 and T2, then we will write T1 ≃ T2.

We shall say that trees (TX , lX) and (TY , lY ) are isomorphic as labeled
rooted trees if TX ≃ T Y with an isomorphism Ψ and lX(x) = lY (Ψ(x)),
x ∈ V (TX).

Theorem 1.3 ([5]). Let (X, d) and (Y, ρ) be nonempty finite ultrametric
spaces. Then the representing trees TX and TY are isomorphic as labeled
rooted trees if and only if (X, d) and (Y, ρ) are isometric.
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2. Finite homogeneous ultrametric spaces

A relational structure R is homogeneous if every isomorphism between
finite induced substructures of R extends to an automorphism of the
whole structure R itself. Introduced by Fräıssé [23] and Jónsson [24],
homogeneous structures are now playing a fundamental role in model
theory. According to the terminology of Fräıssé [25], a metric space X
is homogeneous if every isometry f whose domain and range are finite
subsets of X extends to surjective isometry of X onto X. Some results
related to indivisible homogeneous ultrametric spaces can be found in [26,
27]. The more deep investigation of homogeneous ultrametric spaces was
done in [28], where in particular the following result was obtained.

Theorem 2.1 ([28]). An ultrametric space X is homogeneous if and only
if the following two conditions hold:

(1) Spec(X,x) = Spec(X,x′) for all x, x′ ∈ X.

(2) Balls of X with the same kind are isometric.

Two balls have the same kind if they have the same diameter which is
attained in both or in none. Clearly, for finite metric spaces this definition
can be reduced to the condition that balls have the same diameter since
in this case diameter is always attained.

The following theorem gives us a characterization of finite homoge-
neous ultrametric spaces in terms of representing trees, see Figure 2.

Theorem 2.2. Let X be a finite ultrametric space with the representing
tree (TX , lX). The space X is homogeneous if and only if the following
two conditions hold.

(i) For all different x, y ∈ V (TX) with lev(x) = lev(y) the equality
lX(x) = lX(y) holds.

(ii) For all different x, y ∈ V (TX) with lev(x) = lev(y) the equality
δ+(x) = δ+(y) holds.

Proof. Let X be homogenous. It is clear that for any x ∈ X the set
Spec(X,x) coincide with the set of all labels on the unique path from
the root of TX to the leaf {x}. Hence, according to condition (1) of
Theorem 2.1 and to the construction of TX (all the labels on a path
from the root of TX to any leaf strictly decrease) we immediately obtain
condition (i) and the fact that all the leaves of TX are on one and the
same level. Further, let B1 and B2 be any two balls with equal diameters.
According to Proposition 1.1 there exist two inner nodes b1 and b2 of the
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tree TX such that LTb1 = B1 and LTb2 = B2. According to condition
(i) the nodes b1 and b2 are on one and the same level. By condition (2)
of Theorem 2.1 B1 and B2 are isometric. Hence, by Theorem 1.3 the
subtrees Tb1 and Tb2 are isomorphic and this means that δ+(b1) = δ+(b2)
which establishes condition (ii).

The converse implication easily follows from the construction of rep-
resenting trees and from Proposition 1.1.

TX
l0

l1

l2

0 0 0

l2

0 0 0

l1

l2

0 0 0

l2

0 0 0

l1

l2

0 0 0

l2

0 0 0

l1

l2

0 0 0

l2

0 0 0

Figure 1. An example of the labeled representing tree TX of a finite
homogeneous ultrametric space.

Analyzing the structural properties of representing trees of homoge-
neous finite ultrametric spaces it is possible also to distinguish the fol-
lowing two classes of finite ultrametric spaces: the spaces X for which all
the leaves of TX are on the same level and the spaces X for which all the
labels of inner nodes of TX being at the same level are equal.

The proofs of the following two propositions follow directly from the
fact that for every x ∈ X the set Spec(X,x) coincides with the set of
labels of vertices lying at the unique path from the leaf {x} to the root of
TX and the fact that these labels monotonically increase along this path.

Proposition 2.1. Let (X, d) be a finite ultrametric space with |X| > 2.
The following conditions are equivalent.

(i) All leaves of TX are on the same level.

(ii) |Spec(X,x)| = |Spec(X,x′)| for all x, x′ ∈ X.

Proposition 2.2. Let (X, d) be a finite ultrametric space with |X| >
2 and let Sp(X) = {0, s1, ..., sn} with s1 < · · · < sn. The following
conditions are equivalent.
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(i) All labels of the inner nodes of TX being at the same level are equal.

(ii) For every x ∈ X we have Spec(X,x) = {0, sk, sk+1, ..., sn} for some
k ∈ {1, ..., n}.

The previous two propositions immediately give the following.

Corollary 2.1. Let (X, d) be a finite ultrametric space with |X| > 2.
The following conditions are equivalent.

(i) All labels of the inner nodes of TX being at the same level are equal
and all leaves of TX are on the same level.

(ii) Spec(X,x) = Spec(X,x′) for all x, x′ ∈ X.

In the following proposition we consider a slight modification of repre-
senting trees of finite homogeneous ultrametric spaces. First, we preserve
for such trees condition (i) of Theorem 2.2 and instead of condition (ii)
we consider that all leaves of a representing tree are at the same level.

Proposition 2.3. Let (X, d) be a finite ultrametric space with |X| > 2
and let all leaves of TX be on the same level. The following conditions
are equivalent.

(i) All labels of the inner nodes of TX being at the same level are
equal.

(ii) V (G′
r,X) = X for every nonzero r ∈ Sp(X).

Proof. (i)⇒(ii) Let all inner nodes x1, ..., xp being at the same level are
labeled by r. We can easily see that LTx1 , ..., LTxp = X. Using this fact
and Lemma 1.1 we obtain a desired implication.

(ii)⇒(i) In the case where the number of levels of TX is equal to 1
this implication is evident. Suppose the number of levels is more than
1. Let condition (ii) hold and let x and y be some inner nodes being at
the first level such that l(x) 6= l(y). Without loss of generality suppose
l(x) > l(y). If V (G′

l(y),X) 6= X then we have a contradiction. Assume

that V (G′
l(y),X ) = X. Consider the graph G′

l(x),X . Since the nodes x and

y are on the same level it is easy to see that LTy 6⊆ V (G′
l(x),X) which

contradicts to (ii). Hence l(x) = l(y). Arguing as above for the nodes of
next levels we complete the proof.

Corollary 2.2. Let (X, d) be a finite homogeneous ultrametric space.
Then V (G′

r,X) = X for every r ∈ Sp(X) \ {0}.
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3. Spaces for which the representing trees are perfect

Following [29] we shall call strictly n-ary tree T perfect if all leaves of
T are on the same level. It is clear that in general case the representing
trees of finite homogeneous ultrametric spaces are not perfect. They are
perfect if condition (ii) of Theorem 2.2 is replaced by the following more
strict condition: for every inner node x of the representing tree TX we
have δ+(x) = n.

The aim of this section is to describe spaces for which the representing
trees are perfect in terms of graphs G′

r,X . In the following proposition
we have a description of such spaces in the special case when the internal
labeling of TX is injective.

T

Figure 2. An example of a perfect strictly 3-ary tree T .

Proposition 3.1. Let (X, d) be a finite ultrametric space with |X| > 2
and let TX be its representing tree such that all the labels of different in-
ternal nodes of TX are different. The following conditions are equivalent.

(i) TX is a perfect strictly n-ary tree.

(ii) G′
r,X = G′

r,X [X1, ...,Xn] with |X1| = · · · = |Xn| for every nonzero
r ∈ Sp(X).

Proof. (i)⇒(ii) Let TX be a perfect strictly n-ary tree such that all la-
bels of TX are different. According to Lemma 1.1 we have G′

r,X =
G′
r,X [LTx1 , ....LTxn ] for every r ∈ Sp(X) \ {0}, where x1, ..., xn are the

direct successors of the node x labeled by r. Since TX is perfect it is easy
to see that the trees Tx1 , ..., Txn are isomorphic as rooted trees. Hence
|LTx1 | = · · · = |LTxn | which is equivalent to condition (ii).

(ii)⇒(i) Let us prove this implication by induction on the number of
levels of the tree TX . Let the number of levels of TX be equal to 1. It is
evident that in this case implication (ii)⇒(i) holds.
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Suppose that the implication (ii)⇒(i) holds in the case when the
number of levels of TX is equal to k and suppose that the number of levels
of TX is equal to k+1 and condition (ii) holds. Let x be a root of TX and
x1, ..., xn be its direct successors. Consider the subtrees Tx1 , ..., Txn with
the roots x1, ..., xn and let X1 = LTx1 , ...,Xn = LTxn . Since all the labels
of TX are different and condition (ii) holds for every r ∈ Sp(X) \ {0} it
follows that condition (ii) also holds for the subspaces (X1, d), ..., (Xn, d).
According to the supposition of induction all the trees TX1 , ..., TXn are
perfect strictly n-ary since the number of levels of the trees Tx1 , ..., Txn
is equal to k. Taking into consideration the construction of TX from the
trees Tx1 , ..., Txn it easy to see that TX is also a perfect strictly n-ary
tree.

Omitting the condition “different internal nodes of TX are different”
we can generalize Theorem 3.1 to the following.

Theorem 3.1. Let (X, d) be a finite ultrametric space with |X| > 2. The
following conditions are equivalent.

(i) TX is a perfect strictly n-ary tree.

(ii) G′
r,X is a union of a finite number of complete multipartite graphs

having the same number of vertices in each part for every nonzero
r ∈ Sp(X).

Proof. Implication (i)⇒(ii) easily follows form Lemma 1.1.
(ii)⇒(i) Let condition (ii) hold, (TX , lX) be a representing tree of

the space (X, d) and let (TX , l̃X) be the same tree with another labeling
function l̃X having the following properties: labels of different internal
nodes are different and labels monotonically decrease along all paths from
the root of TX to any leaf. Taking into consideration Lemma 1.1 it is easy
to see that condition (ii) of Proposition 3.1 holds for the new ultrametric
space X̃ with the representing tree (TX , l̃X). Since the structure of TX
was not changed while changing the labeling function by Proposition 3.1
we have that TX is a perfect strictly n-ary tree.

4. Ultrametric spaces generated by unrooted labeled trees

Throughout this section by T = T (l) we denote an unrooted labeled
tree with the labeling function l : V (T ) → R+. In the paper [11] it was
defined a mapping dl : V (T )× V (T ) → R+ as

dl(u, v) =




0 if u = v,

max
v∗∈V (P )

l(v∗) if u 6= v,
(4.1)
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where P is a path joining u and v in T (l). Also the following proposition
was shown there.

Proposition 4.1 ( [11]). The following statements are equivalent for
every labeled tree T = T (l).

(i) The function dl is an ultrametric on V (T ).

(ii) The inequality
max{l(u1), l(v1)} > 0 (4.2)

holds for every {u1, v1} ∈ E(T ).

It is possible to show that in the case when condition (4.2) does not
hold the space X is pseudoultrametric, see [30] for the details.

In this section we show that not every finite ultrametric space (X, d)
can be represented by a labeled tree T (l). Thus, labeled unrooted tress
T (l) with labeling functions l satisfying (4.2) generate a new class of finite
ultrametric spaces.

We need the following lemma for the proof of the main result of this
section.

Lemma 4.1. Let X, |X| > 2, be a finite ultrametric space and let u be
an inner node of TX . Then u has at least one direct successor which is
a leaf if and only if in the ball B = LTu there exists a point z such that
d(z, t) = diamB for all t ∈ B \ {z}.

Proof. The necessity follows directly from Theorem 1.2 and Proposi-
tion 1.1. As the point z one can chose any leaf of the tree TX which
is a direct successor of the inner node u. The sufficiency can be easily
shown by contradiction.

Theorem 4.1. Let T = T (l), |V (T )| > 2, be a labeled tree such that
X = (V (T ), dl) is an ultrametric space. Then in the representing tree
TX every inner node has at least one direct successor which is a leaf.

Conversely, let X, |X| > 2, be an ultrametric space such that in the
representing tree TX every inner node has at least one direct successor
which is a leaf. Then X can be represented by a labeled unrooted tree
T = T (l).

Proof. Let B = B(x, r) be any ball from X with the center x and the
diameter r. Since X is finite, without loss of generality, we consider
that diameter is attained, i.e., there exists y ∈ B such that dl(x, y) = r.
According to (4.1) there exists a vertex z ∈ V (P ) such that l(z) = r
(possibly z = x or z = y), where P is the unique path connecting x and
y in T (l). Since dl(x, z) = r we have z ∈ B.
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Let us describe the set B on the tree T (l). According to the definition
of dl we have t ∈ B, t 6= x, if max

v∗∈V (P )
l(v∗) 6 r where P is a path joining

x and t in T (l). Hence, using (4.1) and the fact that r = l(z) is the
maximal label among all labels of vertices of T belonging to B, we see
that dl(t, z) = r for all t ∈ B \ {z}. Thus, it follows from Lemma 4.1
and Proposition 1.1 that every inner note of TX has at least one direct
successor which is a leaf.

Conversely, let us now describe a procedure of construction of the
labeled tree T (l) from the representing tree (TX , lX) in which every inner
node satisfies the above mentioned property. Let the root r of TX have
the label lX(r) and let r1, ..., rn be direct successors of r which are leaves,
n > 1, and s1, ..., sk be direct successors of r which are inner nodes, k > 1,
with the respective labels lX(s1), ..., lX (sk). Set V (T (l)) := {r1, ..., rn},
E(T (l)) := {{r1, r2}, ..., {rn−1, rn}}, l(r1) = · · · = l(rn) := lX(r).

Further, let t11, ..., t1n1 be the direct successors of s1 which are leaves,
n1 > 1, and u11, ..., u1p1 be direct successors of s1 which are inner nodes,
k1 > 0,. . . , tk1, ..., tknk

be the direct successors of sk which are leaves,
nk > 1, and uk1, ..., u1pk be the direct successors of sk which are inner
nodes, pk > 0.

Set

V (T (l)) := V (T (l)) ∪ {t11, ..., t1n1} ∪ ... ∪ {tk1, ..., tknk
},

E(T (l)) := E(T (l)) ∪ {{rn, t11}, {t11, t12}, ..., {t1n1−1, t1n1}}},

...

E(T (l)) := E(T (l)) ∪ {{rn, tk1}, {tk1, tk2}, ..., {tknk−1, tknk
}}},

and l(t11) = ... = l(t1n1) := lX(s1), ... l(tk1) = ... = l(tknk
) := lX(sk).

Thus, the degree of rn is equal to 1+k. After that we look at the succes-
sors of the inner nodes u11, ..., u1p1 ,...,uk1, ..., u1pk and repeat the same
procedure. Examples of a representing tree (TX , lX) and the correspond-
ing tree T (l) are depicted in Figure 4 and in Figure 4, respectively. In
order to finish the proof it suffices only to note that the ultrametric dl
defined by (4.1) indeed coincides with the ultrametric d.

5. Some classes of finite ultrametric spaces

In this section we give a detailed survey of some special classes of
finite ultrametric spaces, which were considered in the last ten years.
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r

s1

t11

x8 x9

x3 t12

x10 x11

x4 t13

x12 x13

x1 x2 s2

x5 t21

x14 x15 x16

x6 x7

Figure 3. The canonical representing tree (TX , lX) of a finite
ultrametric space (X, d) with X = {x1, ..., x16}.

x1

l(r)

x2

l(r)

x3

l(s1)

x4

l(s1)

x8

l(t11)

x9

l(t11)

x10

l(t12)

x11

l(t12)

x12

l(t13)

x13

l(t13)

x5
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Figure 4. The labeled tree T (l) of the space (X, d).

The structure of representing trees will be mainly used in studying of
hereditary properties of spaces from these classes. The images of repre-
senting trees of the spaces discussed in this section can be found in the
corresponding references.
5.1. Spaces extremal for the Gomory–Hu inequality. In 1961
E.C. Gomory and T.C. Hu [31] for arbitrary finite ultrametric space
X proved the inequality |Sp(X)| 6 |X|. Define by U the class of finite
ultrametric spaces X such that |Sp(X)| = |X|. In [3] two descriptions of
X ∈ U were obtained in terms of graphs G′

r,X (see Definitions 1.2, 1.3)
and in terms of representing trees (see Theorem 5.1 below). In [7] it was
proved that X ∈ U if and only if there are no equilateral triangles in X
and the graph G′

r,X is connected for every nonzero r ∈ Sp(X). Another
one criterium of X ∈ U in terms of weighted Hamiltonian cycles and
weighted Hamiltonian paths was proved in [4].

Theorem 5.1 ([3]). Let (X, d) be a finite ultrametric space with |X| > 2.
The following condidtions are equivalent.
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(i) (X, d) ∈ U.

(ii) G′
r,X is complete bipartite for every nonzero r ∈ Sp(X).

(iii) TX is strictly binary and the labels of different internal nodes are
different.

The following corollary of Theorem 5.1 in fact states that subspaces
of the space from the class U inherit the class.

Corollary 5.1 ([3]). Let X ∈ U and Y be a nonempty subspace of X.
Then Y ∈ U.

5.2. Spaces for which the labels of different internal nodes of

the representing trees are different. Omitting in statement (iii) of
Theorem 5.1 the condition “TX is strictly binary” we obtain the class of
finite ultrametric spaces X for which the labels of different internal nodes
of TX are different. In the following theorem we combine results obtained
in [6] and [7].

Theorem 5.2 ([6,7]). Let (X, d) be a finite ultrametric space with |X| >
2. The following conditions are equivalent.

(i) The labels of different internal nodes of TX are different.

(ii) The graph G′
r,X is complete multipartite for every nonzero r ∈

Sp(X).

(iii) The graph G′
r,X is connected for every nonzero r ∈ Sp(X).

(iv) The diameters of different nonsingular balls are different.

(v) The equality
|Sp(X)| = |BX | − |X|+ 1

holds.

5.3. Spaces for which the representing trees are strictly binary.

Omitting in statement (iii) of Theorem 5.1 the condition “the labels of
different internal nodes are different” we obtain the class of finite ultra-
metric spaces having the strictly binary representing trees.

In the following we identify a finite ultrametric space (X, d) with a
complete weighted graph GX = (GX , w), w : E(GX ) → R+, such that
V (GX) = X and w({x, y}) = d(x, y) for all different x, y ∈ X.

Proposition 5.1 ([4]). Let (X, d) be a finite nonempty ultrametric space.
The following conditions are equivalent.
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(i) TX is strictly binary.

(ii) If Y ⊆ X and |Y | > 3, then there exists a Hamilton cycle C ⊆ GY
with exactly two edges of maximal weight.

(iii) There are no equilateral triangles in (X, d).

5.4. Spaces for which the representing trees are strictly n-ary.
Let (X, d) be a metric space. Recall that balls B1, . . ., Bk in (X, d)
are equidistant if there is r > 0 such that d(xi, xj) = r holds whenever
xi ∈ Bi and xj ∈ Bj and 1 6 i < j 6 k. Every two disjoint balls in any
ultrametric space are equidistant.

Theorem 5.3 ( [6]). Let (X, d) be a finite ultrametric space with |X| > 2
and let n > 2 be integer. The following conditions are equivalent.

(i) TX is strictly n-ary.

(ii) For every nonzero t ∈ Sp(X), the graph G′
t,X is the union of p

complete n-partite graphs, where p is the number of internal nodes
of TX labeled by t.

(iii) For every nonsingular ball B ∈ BX , there are equidistant disjoint

balls B1, ..., Bn ∈ BX such that B =
n⋃
j=1

Bj.

(iv) The equality
(n− 1)|BY |+ 1 = n|Y |

holds for every ball Y ∈ BX .

Write
∆+(T ) := max

v∈V (T )
δ+(v).

Corollary 5.2 ([6]). The inequality

|BX | >
∆+(TX)|X| − 1

∆+(TX)− 1

holds for every finite nonempty ultrametric space (X, d). This inequality
becomes an equality if and only if TX is a strictly n-ary rooted tree with
n = ∆+(TX).

Proposition 5.2 ([6]). Let (X, d) be a finite ultrametric space with |X| ≥
2. Then the inequality

2|BX | > |Sp(X)|+ 2∆+(TX)|X| −∆+(TX)− |X|
∆+(TX)− 1
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holds. This inequality becomes an equality if and only if TX is a strictly
n-ary rooted tree with injective internal labeling and n = ∆+(TX).

5.5. Ultrametric spaces which are as rigid as possible. Let (X, d)
be a metric space and let Iso(X) be the group of isometries of (X, d). We
say that (X, d) is rigid if | Iso(X)| = 1. It is clear that (X, d) is rigid if
and only if g(x) = x for every x ∈ X and every g ∈ Iso(X).

For every self-map f : X → X we denote by Fix(f) the set of fixed
points of f . Using this denotation we obtain that a finite metric space
(X, d) is rigid if and only if

min
g∈Iso(X)

|Fix(g)| = |X|.

It is easy to show that the finite ultrametric spaces X with |X| ≥ 2 are
not rigid since for every such X there is a self-isometry having exactly
|X| − 2 fixed points, see Proposition 3.2 in [5].

If a metric space (X, d) is finite, nonempty and nonrigid, then the
inequality

min
g∈Iso(X)

|Fix(g)| ≤ |X| − 2

holds, because the existence of |X|−1 fixed points for g ∈ Iso(X) implies
that g is identical.

The quantity ming∈Iso(X) |Fix(g)| can be considered as a measure for
“rigidness” for finite metric spaces (X, d). Thus the finite ultrametric
spaces satisfying the equality

min
g∈Iso(X)

|Fix(g)| = |X| − 2,

are as rigid as possible. Let us denote by R the class of all finite ultramet-
ric spaces (X, d) which satisfy this equality. The following theorem gives
us a characterization of spaces from the class R in terms of representing
trees.

Theorem 5.4 ([5]). Let (X, d) be a finite ultrametric space with |X| ≥ 2.
Then the following statements are equivalent.

(i) (X, d) ∈ R.

(ii) | Iso(X)| = 2.

(iii) TX is strictly binary with exactly one inner node at each level except
the last level.
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5.6. Weak similarity generating spaces. Denote by R̃ the class of
finite ultrametric spaces X for which TX has exactly one inner node at
each level except the last level. It is clear that R is a proper subclass of
R̃.

Definition 5.1. Let (X, d) and (Y, ρ) be metric spaces. A bijective map-
ping Φ: X → Y is a weak similarity if there exists a strictly increasing
bijection f : Sp(X) → Sp(Y ) such that the equality

f(d(x, y)) = ρ(Φ(x),Φ(y))

holds for all x, y ∈ X. The function f is said to be a scaling function
of Φ. If Φ: X → Y is a weak similarity, we write X

w
= Y and say that

X and Y are weakly similar. The pair (f,Φ) is called a realization of
X

w
= Y .

In [32] the notion of weak similarity was introduced in a slightly dif-
ferent but equivalent form.

The next theorem gives a description of finite ultrametric spaces for
which the isomorphism of representing trees implies the weak similarity
of the spaces.

Theorem 5.5 ( [12]). Let X be a finite ultrametric space. Then the
following statements are equivalent.

(i) The implication (TX ≃ T Y ) ⇒ (X
w
= Y ) holds for every finite

ultrametric space Y .

(ii) X ∈ R̃.

The following lemma in fact states that subspaces of the space from
the class R̃ inherit the class.

Lemma 5.1 ([8]). Let (X, d) be a finite ultrametric space with |X| > 2,
and let TX have exactly one internal node at each level except the last
level. Then for every Y ⊆ X, |Y | > 2, the representing tree TY of the
space (Y, d) also has exactly one internal node at each level except the
last level.

Denote by D the class of all finite ultrametric spaces X such that the
different internal nodes of TX have the different labels. It is clear that R
and R̃ are subclasses of D. A question arises whether there exist finite
ultrametric spaces X, Y ∈ D which do not belong to the class R̃ and for
which the isomorphism of TX and T Y implies X

w
= Y .

Let us define a rooted tree T with n levels by the following two con-
ditions:
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(A) There is only one inner node at the level k of T whenever k < n−1.
(B) If u and v are different inner nodes at the level n − 1 then the

numbers of offsprings of u and v are equal.
Denote by T the class of all finite ultrametric spaces X for which TX

satisfies conditions (A) and (B).

Theorem 5.6 ([12]). Let X ∈ D be a finite ultrametric space. Then the
following statements are equivalent.

(i) The implication (TX ≃ T Y ) ⇒ (X
w
= Y ) holds for every finite

ultrametric space Y ∈ D.

(ii) X ∈ T.

5.7. Isometry generating spaces. Let us denote by T SI (tree-
spectrum isometric) the class of all finite ultrametric spaces (X, d) which
satisfy the following condition: If (Y, ρ) is a finite ultrametric space such
that TX ≃ TY and Sp(X) = Sp(Y ), then (X, d) and (Y, ρ) are isometric.

Let T be a rooted tree. The height of T is the number of edges on
the longest path between the root and a leaf of T . The height of T will
be denoted by h(T ). Thus,

h(T ) = max
v∈LT

lev(v).

Theorem 5.7 ([8]). Let T be a rooted tree with δ+(u) > 2 for every
internal node u. Then the following conditions are equivalent.

(i) The tree T contains exactly one internal node at the levels 1, . . .,
h(T ) − 2 and at most two internal nodes at the level h(T ) − 1.
Moreover, if u and v are different internal nodes with

lev(u) = lev(v) = h(T )− 1,

then δ+(u) = δ+(v) holds.

(ii) The statement TX ≃ T implies (X, d) ∈ T SI for every finite ul-
trametric space (X, d).

Theorem 5.8 ([8]). Let (X, d) be a finite ultrametric space with |X| > 2.
Suppose that the representing tree TX has an injective internal labeling.
Then the following statements are equivalent.

(i) The space (X, d) belongs to T SI.
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(ii) The equality lev(v) = lev(u) implies

lev(v) = lev(u) = h(TX)− 1 and δ+(u) = δ+(v)

for all distinct internal nodes u, v ∈ V (TX).

Corollary 5.3. Let (X, d) be an ultrametric space with |X| 6 4. Then
(X, d) belongs to T SI.

Remark 5.1. The structures of representing trees of spaces from the
classes T SI and R̃ coincide.

5.8. Spaces admitting ball-preserving mappings. Let X and Y be
nonempty metric spaces. A mapping F : X → Y is ball-preserving if the
membership relations

F (Z) ∈ BY and F−1(W ) ∈ BX

hold for all balls Z ∈ BX and all balls W ∈ BY , where F (Z) is the image
of Z under the mapping F and F−1(W ) is the preimage of W under this
mapping.

For every finite nonempty ultrametric space X denote by F∗
1(X) the

class of all finite nonempty ultrametric spaces Y for which there are
ball-preserving mappings F : X → Y . The next our goal is to describe
the finite ultrametric spaces (X, d) which admit ball-preserving mapping
F : Y → Z for every nonempty Y ⊆ X and each nonempty Z ⊆ Y , i.e.,

(Z, d|Z×Z) ∈ F∗
1(Y )

holds for all nonempty Y ⊆ X and Z ⊆ Y .

Theorem 5.9 ([7]). Let (X, d) be a finite ultrametric space with |X| > 2.
Then the following statements are equivalent.

(i) We have (Z, d|Z×Z) ∈ F∗
1(Y ) for every nonempty Y ⊆ X and every

nonempty Z ⊆ Y .

(ii) TX is strictly binary and one of the following conditions is satisfied.

(i1) For every inner node v of TX there is a leaf {x} of TX such
that {x} is a direct successor of v.

(i2) X is the unique node of TX for which both direct successors
are inner nodes of TX .
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6. Class preserving subspaces

The aim of this section is to distinguish classes of ultrametric spaces
such that for every space X from the given class every subspace Y of X
also belongs to this class. In this case we shall say that the subspace Y
inherits the class.

Let us first consider consecutively the classes of spaces considered in
Section 5.

Corollary 5.1 states that every nonempty subspace of the space X ∈ U

also belongs to the class U.
Consider the class of ultrametric spaces X for which all labels of

different internal nodes of TX are different. Let x1 be a leaf of TX and v
be its direct predecessor. There are only two possibilities for the node v:

(i) v has only two direct successors x1 and x2,

(ii) v has more than two direct successors.

Consider a transformation of the representing tree TX to the representing
tree TY , where Y = X \ {x1}. In case (i) the removal of the leaf x1 from
the tree will entail the removal of the edges {v, x1} and {v, x2}. The node
x2 replaces v and the label l(v) disappears. In case (ii) the removal of
the leaf x1 entails only the removal of the edge {x1, v}. In each case all
labels of different internal nodes remain different.

Let us consider a class of ultrametric spaces X for which TX is strictly
binary. According to condition (iii) of Proposition 5.1 the equivalent
condition is that there are no equilateral triangles in the space X. It is
clear that there are also no any equilateral triangles in every subspace Y
of X. Thus Y inherits the class.

It is clear that a removal of one leaf from a strictly n-ary tree, n > 3,
makes it not strictly n-ary. Thus, this class does not have the desired
property.

According to Lemma 5.1 weak similarity generating spaces R and
R̃ have the desired property since in each case representing trees have
exactly one inner node at each level except the last level.

The class T from subsection 2.6 as well as the class T SI from subsec-
tion 2.7 does not have the desired property. The reason is that in general
case in the representing trees there are two different internal nodes u and
v at the level h(TX )−1 and the number of offsprings of u and v are equal.
A removal of one of the offsprings violates the structure of the tree.

It is easy to show that spaces admitting ball-preserving mappings have
the desired property (Theorem 5.9). Case (i1) follows from Lemma 5.1
and condition (iii) of Proposition 5.1. In case (i2) it is possible to apply
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these lemma and proposition to the subtrees Tu, Tv, where u and v are
direct successor of the root X of the tree TX .

It is easy to see that finite homogeneous ultrametric spaces X do
not have the desired property. Clearly, a removal of one leaf from the
representing tree TX violates condition (ii) of Theorem 2.2.

It is easy to construct a representing tree TX with all leaves at the
same level such that a removal of one leaf violates this property. For
example, it suffices to consider a perfect strictly binary tree TX with
|X| > 4.

Let X be an ultrametric space such that all labels of inner nodes of
TX being at the same level are equal. A removal of only one leaf of TX
can lead only to two possibilities: all labels remain at their places or one
label disappears. In any case, the new tree preserves this property.

Clearly, the spaces having perfect strictly n-ary representing trees,
n > 2, do not have the desired property.

According to Theorem 4.1 an ultrametric space X is generated by
unrooted labeled tree if and only if in the representing tree TX every
inner node has at least one direct successor which is a leaf. In order
to show that such spaces do not have the desired property it suffices to
consider a space X such that in the representing tree TX there exists at
least one inner node with exactly one successor which is a leaf.

Let us summarize the above considerations. The classes of ultrametric
spaces such that for every space X from the given class every subspace
of X also belongs to this class:

• The class U.

• The class of finite ultrametric spaces X for which all labels of dif-
ferent internal nodes of TX are different.

• The class of finite ultrametric spaces X for which TX is strictly
binary.

• The class R.

• The class R̃.

• The class of finite ultrametric spaces admitting ball-preserving map-
pings.

• The class of finite ultrametric spaces X for which all labels of inner
nodes of TX being at the same level are equal.

The classes which does not fulfil this condition:
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• The class of finite ultrametric spaces X for which TX is strictly
n-ary, n > 3.

• The class T.

• The class T SI.

• The class of finite homogeneous ultrametric spaces.

• The class of finite ultrametric spaces X for which all leaves of TX
are on the same level.

• The class of finite ultrametric spaces having perfect strictly n-ary
trees.

• The class of finite ultrametric spaces generated by unrooted labeled
trees.
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[23] Fräıssé, R. (1954). Sur l’extension aux rélations de quelques propriétés des ordres.
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[27] Delhommé, C., Laflamme, C., Pouzet, M., Sauer, N. (2008). Indivisible ultramet-
ric spaces. Topology Appl., 155(14), 1462–1478.



236 Hereditary properties of finite...
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