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Proximinal sets and connectedness in graphs
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1. Introduction and Preliminaries

1.1. Introduction

M N�IOHF�F0 PHOIQ G(A,B) R�FQ ST0U IOHFE A OVU B �E EO�U FD N0
IHDT�W�VOX �Y FQ0H0 0T�EFE O E0W�W0FH�G EIOG0 (X, d) EZGQ FQOF A OVU B
OH0 U�E[D�VF IHDT�W�VOX EZNE0FE DY X OVU \0HF�G0E a ∈ A OVU b ∈ B OH0
OU[OG0VF �Y OVU DVX] �Y d(a, b) = dist(A,B)' ,Q0 EFHZGFZH0 DY IHDT�W�VOX
N�IOHF�F0 PHOIQE YDH E0W�W0FH�G OVU W0FH�G EIOG0E ROE U0EGH�N0U �V ^_`'
8V IOHF�GZXOH� �F �E IHD\0U FQOF O N�IOHF�F0 PHOIQ G �E VDF �EDWDHIQ�G FD
OV] IHDT�W�VOX PHOIQ �Y OVU DVX] �Y G �E SV�F0 OVU 0WIF]' 8V ^a`� FQ0 OZ�
FQDHE GQOHOGF0H�b0U FQ0 E0W�W0FH�G EIOG0E RQDE0 IHDT�W�VOX PHOIQE QO\0
OF WDEF DV0 0UP0 OVU FQ0 E0W�W0FH�GE EIOG0E RQDE0 IHDT�W�VOX PHOIQE
QO\0 FQ0 \0HF�G0E DY U0PH00 OF WDEF DV0 DVX]' ,Q�E OXXDRE FQ0W FD SVU FQ0
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2 Proximinal sets and connectedness in graphs

V0G0EEOH] OVU EZcG�0VF GDVU�F�DVE YDH FQ0 ZV�dZ0V0EE DY FQ0 N0EF IHDT�W�
�F] IO�HE OVU FQ0 N0EF OIIHDT�WOF�DVE' 4DW0 H0EZXFE GDVG0HV�VP PHOIQE
OVU N0EF IHDT�W�F] ID�VFE OH0 P�\0V �V ^@� _� ef@?`'

8V FQ�E IOI0H R0 GDVF�VZ0 FD EFZU] FQ0 �VF0HOGF�DV N0FR00V IHDT�W�F]
OVU PHOIQE N] �VFHDUZG�VP IOFQ�IHDT�W�VOX PHOIQE OE PHOIQE FQOF OH0 FQ0
ZV�DV DY OXX IOFQE EFOHF�VP OF V0OH0EF N0FR00V A OVU B ID�VFE OVU QO\�VP
0UP0E {x, y} RQ�GQ EOF�EY] FQ0 �V0dZOX�F] d(x, y) � dist(A,B)'

1.2. Semimetrics and proximinal sets

+0F X N0 O VDV\D�U E0F' M *+,�,+-.�/ DV X �E O YZVGF�DV d : X×X →
[0,+∞[ EZGQ FQOF d(a, b) = d(b, a) OVU(

d(a, b) = 0
)
⇔

(
a = b

)
YDH OXX a, b ∈ X' M IO�H (X, d)� RQ0H0 d �E O E0W�W0FH�G DV X� �E GOXX0U O
*+,�,+-.�/ *01/+' M E0W�W0FH�G d �E O ,+-.�/ �Y FQ0 FH�OVPX0 �V0dZOX�F]

d(a, b) � d(a, c) + d(c, b)

QDXUE YDH OXX a� b� c ∈ X' M E0W�W0FH�G d �E OV 23-.1,+-.�/ �Y R0 QO\0

d(a, b) � max
{
d(a, c), d(c, b)

}
YDH OXX a� b� c ∈ X' -\0H] ZXFHOW0FH�G EIOG0 �E O W0FH�G EIOG0 OVU 0\0H]
W0FH�G EIOG0 �E O E0W�W0FH�G EIOG0'

Definition 1.1. Let (X, d) a semimetric space, let A be a nonempty sub-
set of X and let x ∈ X. The point a0 ∈ A is called a best approximation
to x (in A) if

d(x, a0) = inf
{
d(x, a) : a ∈ A

}
. (1.1)

The set A is said to be proximinal if A contains a best approximation to
every point of X.

Remark 1.2. In [10] Ivan Singer wrote: “The term �proximinal� set
(a combination of �proximity� and �minimal�) was proposed by R.
Killgrove and used first by R. R. Phelps [7].”

+0F A OVU B N0 EZNE0FE DY O E0W�W0FH�G EIOG0 (X, d)' g0 R�XX EO]
FQOF FQ0 IO�H (A,B) �E 0.45�,�613 �Y A OVU B OH0 IHDT�W�VOX �V (X, d)'

9DH VDV0WIF] EZNE0FE A OVU B DY O E0W�W0FH�G EIOG0 (X, d)� R0 U0SV0
O U�EFOVG0 YHDW A FD B OE

dist(A,B) := inf{d(a, b) : a ∈ A OVU b ∈ B}. (1.2)

8Y A �E O DV0�ID�VF E0F� A = {a}� FQ0V� YDH NH0\�F]� R0 RH�F0 dist(a,B)
�VEF0OU DY dist({a}, B)'
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Definition 1.3. Let (X, d) be a semimetric space, and let A, B be
nonempty subsets of X. Write

A0 := {a ∈ A : d(a, b) = dist(A,B) for some b ∈ B}, (1.3)

B0 := {b ∈ B : d(a, b) = dist(A,B) for some a ∈ A}. (1.4)

A pair (a0, b0) ∈ A0 ×B0 is called a best proximity pair for A and B if

d(a0, b0) = dist(A,B).

Remark 1.4. For every pair A, B of nonempty subsets of a semimetric
space (X, d), we have A0 �= ∅ if and only if B0 �= ∅. If S ⊆ A×B is a set
of all best proximity pairs for A and B, then A0 (B0) is the projection
of S on A (B).

,Q0 V0TF H0EZXF �E O IOHF DY ,Q0DH0W /'e YHDW ^B`'

Theorem 1.5. Let (A,B) be a proximinal pair in an ultrametric space
(X, d). Then the following statements are equivalent:

(i) The inequality diam(B) � dist(A,B) holds.

(ii) The set A0 ⊆ A is a proximinal subset of X, and the equality
B0 = B holds, and every (a, b) ∈ A0 × B0 is a best proximity pair
for the sets A and B.

1.3. Graphs

M *�,03+ 7.108 �E O IO�H (V,E) GDVE�EF�VP DY O VDV0WIF] E0F V OVU O
E0F E RQDE0 0X0W0VFE OH0 ZVDHU0H0U IO�HE DY U�h0H0VF 0X0W0VFE DY V ' 8V
RQOF YDXXDRE� R0 R�XX GDVE�U0H FQ0 E�WIX0 PHOIQE DVX]'

9DH O PHOIQ G = (V,E)� FQ0 E0FE V = V (G) OVU E = E(G) OH0
GOXX0U FQ0 *+- 49 :+.-�/+* OVU FQ0 *+- 49 +;7+*� H0EI0GF�\0X]' ,RD \0HF�G0E
u� v ∈ V OH0 1;<1/+6- �Y {u, v} ∈ E(G)' M /4,03+-+ PHOIQ �E O PHOIQ
�V RQ�GQ 0\0H] FRD U�h0H0VF \0HF�G0E OH0 OU[OG0VF' M \0HF0T v ∈ V (G) �E
�*431-+; �Y FQ0H0 OH0 VD \0HF�G0E RQ�GQ OH0 OU[OG0VF R�FQ v �V G' g0 EO]
FQOF G �E +,0-= �Y E(G) = ∅' ,QZE� G �E 0WIF] �h OXX \0HF�G0E DY G OH0
�EDXOF0U'

M PHOIQ H �E O *2>7.108 DY O PHOIQ G �Y V (H) ⊆ V (G) OVU E(H) ⊆
E(G) OH0 \OX�U'

8Y G �E O VDV0WIF] PHOIQ� FQ0V R0 R�XX U0VDF0 N] G′ O EZNPHOIQ DY G
RQDE0 \0HF�G0E OH0 VDV��EDXOF0U \0HF�G0E DYG OVU EZGQ FQOF E(G′) = E(G)'
8F �E 0OE] FD E00 FQOF V (G′) �E FQ0 ZV�DV DY OXX FRD�ID�VF E0FE {a, b} ∈ E(G)'

Remark 1.6. The graph G′ can be characterized by the following extremal
property: If H is a subgraph of G such that G′ ⊆ H holds and H does
not have any isolated vertices, then G′ = H.



4 Proximinal sets and connectedness in graphs

M PHOIQ G �E ?6�-+ �Y V (G) �E O SV�F0 E0F� |V (G)| <∞' 9DXXDR�VP ^/`
R0 U0SV0 O 01-8 OE O SV�F0 VDV0WIF] PHOIQ P RQDE0 \0HF�G0E GOV N0
VZWN0H0U ED FQOF

V (P ) = {u0, u1, . . . , uk}, k � 1, OVU E(P ) = {{u0, u1}, . . . , {uk−1, uk}}.

8V FQ�E GOE0 R0 EO] FQOF P �E O IOFQ [D�V�VP u0 OVU uk� OVU RH�F0 P =
(u0, u1, . . . , uk)' M PHOIQ G �E /466+/-+; �Y� YDH 0\0H] FRD U�EF�VGF u�
v ∈ V (G)� FQ0H0 �E O IOFQ P ⊆ G [D�V�VP u OVU v'

+0F F N0 O VDV0WIF] E0F DY PHOIQE' M PHOIQ H �E GOXX0U FQ0 ZV�DV DY
PHOIQE G ∈ F �Y

V (H) = ∪
G∈F

V (G) OVU E(H) = ∪
G∈F

E(G).

g0 EO] FQOF FQ0 ZV�DV H �E ;�*<4�6- �Y V (G1) ∩ V (G2) = ∅ QDXUE YDH OXX
U�h0H0VF PHOIQE G1� G2 ∈ F '

M EZNPHOIQ H DY O PHOIQ G �E O /466+/-+; /4,046+6- DY G �Y FQ0
�WIX�GOF�DV

(H ⊆ Γ) ⇒ (H = Γ) (1.5)

�E \OX�U YDH 0\0H] GDVV0GF0U PHOIQ Γ ⊆ G'
8V FQ0 V0TF E0GF�DV DY FQ0 IOI0H R0 R�XX ZE0 FQ0 YDXXDR�VP E�WIX0 X0W�

WOE U0EGH�N�VP EDW0 IHDI0HF�0E DY GDVV0GF0U PHOIQE'

Lemma 1.7. Every graph is the disjoint union of its connected compo-
nents.

Lemma 1.8. Let G1 and G2 be connected graphs. If V (G1)∩V (G2) �= ∅,
then the union G1 ∪G2 is also connected.

Lemma 1.9. Let H be a graph and let H1 be a connected subgraph of H
such that V (H1) = V (H). Then H is connected.

Lemma 1.10. Let Wa be a connected component of a graph W , a ∈
V (Wa) and let W ∗ be a connected subgraph of W . If a ∈ V (W ∗) is valid,
then W ∗ is a subgraph of Wa.

3HDDYE DY +0WWOE @'if@'j OH0 E�WIX0 OVU R0 DW�F �F Q0H0' +0WWO @'@?
YDXXDRE YHDW +0WWO @'k OVU (1.5)'

+0F S N0 OV OHN�FHOH] VDV\D�U E0F DY \0HF�G0E DY O PHOIQ G' ,Q0
*2>7.108 �6;2/+; �6 G >= S �E O PHOIQ G[S] EZGQ FQOF V (G[S]) = S OVU�
YDH OXX u� v ∈ S� R0 QO\0 {u, v} ∈ E(G[S]) �h {u, v} ∈ E(G)'

Definition 1.11. A graph G is bipartite if the vertex set V (G) can be
partitioned into two nonvoid disjoint subsets, or parts, in such a way that
no edge has both ends in the same part.
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+0F G N0 O N�IOHF�F0 PHOIQ R�FQ IOHFE A OVU B' ,Q0V R0 EO] FQOF G
�E /4,03+-+ >�01.-�-+ G �Y {a, b} ∈ E(G) RQ0V0\0H a ∈ A OVU b ∈ B'

5] OVOXDP] R�FQ FQ0 GDVG0IF DY �VUZG0U PHOIQE� DV0 GOV �VFHDUZG0
FQ0 GDVG0IF DY �VUZG0U�N�IOHF�F0 DV0E'

Definition 1.12. Let G be a graph and let A, B be disjoint nonempty
subsets of V (G). The induced-bipartite subgraph G[A,B] of G is the
graph whose vertex set is A∪B and whose edge set consists of all {u, v} ∈
E(G) that satisfies {u, v} ∩A �= ∅ �= {u, v} ∩B.

,Q0 V0TF X0WWO YDXXDRE YHDW FQ0 U0SV�F�DVE DY �VUZG0U PHOIQE OVU
�VUZG0U�N�IOHF�F0 PHOIQE'

Lemma 1.13. Let G be a graph and let A, B be disjoint nonempty
subsets of V (G) such that A ∪ B = V (G). Then G is the union of the
induced graphs G[A], G[B] and the induced-bipartite graph G[A,B].

Definition 1.14 ([4]). A bipartite graph G = G(A,B) with fixed parts A
and B is proximinal for a semimetric space (X, d) if A and B are disjoint
proximinal subsets of X, and the equivalence(

{a, b} ∈ E(G)
)
⇔

(
d(a, b) = dist(A,B)

)
(1.6)

is valid for all a ∈ A and b ∈ B.

Theorem 1.15 ( [4]). Let G be a bipartite graph with some fixed parts
A and B. Then the following statements are equivalent:

(i) Either G is nonempty or G is empty but A and B are infinite.

(ii) G is proximinal for a metric space.

(iii) G is proximinal for a semimetric space.

,Q0 WO�V DN[0GFE DY DZH EFZU�0E OH0 IOFQ�N�IOHF�F0 PHOIQE OVU IOFQ�
IHDT�W�VOX PHOIQE RQ�GQ GOV N0 U0SV0U OE YDXXDRE'

Definition 1.16. Let A and B be two nonvoid disjoint sets. A path
P is a be-path of A and B if V (P ) ⊆ A ∪ B and there is a unique
{a0, b0} ∈ E(P ) for which

A ∩ {a0, b0} �= ∅ �= B ∩ {a0, b0}.

The union of nonempty set of be-paths of fixed A and B will be called
a path-bipartite graph of A and B. We will say that a graph G is path-
bipartite if there are A, B ⊆ V (G) such that G is path-bipartite of A
and B.
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Definition 1.17. Let G be a path-bipartite graph of sets A and B, let
X := A ∪ B and let d : X × X → [0,+∞[ be a semimetric. The graph
G is path-proximinal for A and B w.r.t. the semimetric d if A, B are
proximinal subsets of (X, d) and the equivalence

({x, y} ∈ E(G)) ⇔ (d(x, y) � dist(A,B)) (1.7)

is valid for all distinct x, y ∈ X.

We will say that a graphG is path-proximinal if there are a semimetric
d on X := V (G) and disjoint nonempty A, B ⊆ V (G) such that G is a
path-proximinal graph for A and B w.r.t. d.

,Q0 IOI0H �E DHPOV�b0U OE YDXXDRE'
,Q0DH0W /'B U0EGH�N0E EFHZGFZH0 DY IOFQ�N�IOHF�F0 PHOIQE G DY E0FE

A OVU B� YDH RQ�GQ P�\0V ID�VFE a1 ∈ A OVU b1 ∈ B GOV N0 [D�V0U N]
N0�IOFQ �V G' 8V ,Q0DH0W /'i R0 GDVE�U0H O N�IOHF�F0 PHOIQ G(A,B)
GDHH0EIDVU�VP FD IOFQ�N�IOHF�F0 PHOIQ G(A,B) OVU EQDR FQOF G(A,B)
�E GDWIX0F0 N�IOHF�F0 �h OV] a ∈ A OVU b ∈ B GOV N0 [D�V�VP N] N0�IOFQ
�V G(A,B)' 7DHDXXOH] /'k U0EGH�N0E FQ0 IOFQ�N�IOHF�F0 PHOIQE G(A,B)
RQ�GQ OH0 GDVV0GF0U �h FQ0 GDHH0EIDVU�VP PHOIQE G(A,B) OH0 GDWIX0F0�
N�IOHF�F0' ,Q0DH0W /'@? P�\0 ZE V0G0EEOH] OVU EZcG�0VF GDVU�F�DVE ZVU0H
RQ�GQ G �E IOFQ�N�IOHF�F0 YDH ST0U A� B ⊆ V (G)' 8F �E FQ0 DV0 DY FQ0
WO�V H0EZXFE DY 40GF�DV /' lE�VP FQ�E FQ0DH0W R0 GQOHOGF0H�b0 FQ0 IOFQ�
N�IOHF�F0 PHOIQE ZI FD �EDWDHIQ�EW �V 7DHDXXOH�0E /'@@f/'@/'

,Q0 IHDI0HF�0E DY IOFQ�IHDT�W�VOX PHOIQ OH0 EFZU�0U �V 40GF�DV B'
,Q0DH0W B'@ U0EGH�N0E FQ0 EFHZGFZH0 DY E0W�W0FH�G EIOG0E (X, d) R�FQ

U�E[D�VF IHDT�W�VOX EZNE0FE A� B YDH RQ�GQ PHOIQE U0SV0U N] (1.7) OH0
IOFQ�N�IOHF�F0' ,Q0DH0W B'B EQDRE FQOF YDH 0\0H] IOFQ�N�IOHF�F0 PHOIQ
G FQ0H0 �E O W0FH�G EZGQ FQOF G �E IOFQ�IHDT�W�VOX R�FQ H0EI0GF FD FQ�E
W0FH�G' ,Q�E H0EZXF OXXDRE ZE FD GQOHOGF0H�b0 IOFQ�IHDT�W�VOX PHOIQE ZI FD
�EDWDHIQ�EW �V ,Q0DH0W B'i' 8V 3HDIDE�F�DVE B'k OVU B'j R0 U0EGH�N0 FQ0
PHOIQE RQ�GQ OH0 IHDT�W�VOX OVU IOFQ�IHDT�W�VOX E�WZXFOV0DZEX]' ,Q0
SVOX H0EZXF� ,Q0DH0W B'@?� EQDRE FQOF O IHDT�W�VOX PHOIQ G �E IOFQ�
IHDT�W�VOX R'H'F' OV ZXFHOW0FH�G �h 0\0H] \0HF0T DY G QOE U0PH00 1'

2. Path-bipartite graphs

50XDR R0 R�XX GDVE�U0H FQ0 IOFQ�N�IOHF�F0 PHOIQE DY OHN�FHOH] GOHU��
VOX�F]'

Proposition 2.1. Let G be a path-bipartite graph of A and B. Then
V (G) = A ∪B holds.
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Proof. By Definition 1.16, we have

A ∪B ⊆ V (G). (2.1)

Since G is a path-bipartite graph of A and B, there is a set P of be-paths
P of A and B such that

V (G) ⊆
⋃
P∈P

V (P ). (2.2)

For every P ∈ P, Definition 1.16 implies V (P ) ⊆ A ∪ B. Hence, (2.2)
implies the inclusion

V (G) ⊆ A ∪B. (2.3)

Now the equality V (G) = A ∪B follows from (2.1) and (2.3).

+0F G N0 O IOFQ�N�IOHF�F0 PHOIQ DY A OVU B' ,Q0V R0 RH�F0 Bpath(G)
YDH FQ0 E0F

Bpath(G) :={(a, b)∈A×B : FQ0H0 �E O N0�IOFQ PA,B⊆G [D�V�VP a OVU b}.

8Y Bpath(G) = A×B� FQ0V G �E GOXX0U 01-8@/4,03+-+'

Remark 2.2. Bpath(G) is a nonempty set for every path-bipartite graph
G of A and B.

Theorem 2.3. Let G = G(A,B) be a path-bipartite graph of sets A and
B, let a1 ∈ A and b1 ∈ B be given, and let Ga1 [A] and Gb1 [B] be the
connected components of the induced graphs G[A] and G[B] such that
a1 ∈ A1 and b1 ∈ B1, where

A1 := V (Ga1 [A]) and B1 := V (Gb1 [B]). (2.4)

Write

C1 := A1 ∪B1. (2.5)

Then the following statements are equivalent:

(i) The pair (a1, b1) belongs to Bpath(G).

(ii) The subgraph G[C1] induced in G by the set C1 is connected.

(iii) The inclusion A1 ×B1 ⊆ Bpath(G) holds.

Proof. (i) ⇒ (ii). Suppose that (i) holds,

(a1, b1) ∈ Bpath(G). (2.6)
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Then there is a be-path PA,B joining a1 ∈ A and b1 ∈ B. By Lemma 1.8,
the union PA,B ∪Ga1 [A] is connected because a1 ∈ V (PA,B)∩V (Ga1 [A])
and the graphs PA,B and Ga1 [A] are connected. Similarly, the union
PA,B ∪Gb1 [B] is also connected. Let us consider a graph

H1 := PA,B ∪Ga1 [A] ∪Gb1 [B]. (2.7)

Using Lemma 1.8 again we see that H1 is connected. By Lemma 1.9, to
complete the proof of statement (ii) it suffices to show that

H1 ⊆ G[C1] (2.8)

and
V (H1) = V (G[C1]). (2.9)

It follows from (2.4), (2.5) and (2.7) that

V (H1) ⊇ A1 ∪B1 = V (G[C1]).

Consequently, (2.9) holds if we have (2.8). For proof (2.8), we note that
Ga1 [A1] and Gb1 [B1] are subgraphs of G[C1]

Ga1 [A1] ⊆ G[C1] and Gb1 [B1] ⊆ G[C1]. (2.10)

Hence, (2.8) holds if
PA,B ⊆ G[C1]. (2.11)

Let us prove the last inclusion.
By Definition 1.16, we can find points a0 ∈ A, b0 ∈ B and connected

graphs PA ⊆ G[A], PB ⊆ G[B] such that

a0, a1 ∈ V (PA), b0, b1 ∈ V (PB) (2.12)

and
PA,B = PA ∪ PB ∪ P 0, (2.13)

where P 0 is a path defined by

V (P 0) := {a0, b0}, E(P 0) := {{a0, b0}}. (2.14)

It follows from (2.12)–(2.14) that (2.11) holds whenever

PA ⊆ G[C1] and PB ⊆ G[C1]. (2.15)

Lemma 1.10 and (2.12) imply

PA ⊆ Ga1 [A] and PB ⊆ Gb1 [B]. (2.16)
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Now (2.15) follows from (2.16) and (2.10).
(ii) ⇒ (iii). Let G[C1] be a connected graph. Then there are points

a0 ∈ A1 and b0 ∈ B1 such that

{a0, b0} ∈ E(G[C1]).

It is clear that the graph P 0 defined by (2.14) is a be-path of A and B
joining a0 and b0. Hence, we have (a0, b0) ∈ Bpath(G).

Let us consider now an arbitrary a ∈ A1 and b ∈ B1. If a �= a0 and
b �= b0, then there are a path Pa in A1 joining a and a0, and a path Pb
in B1 joining b and b0. Then the union Pa ∪ P 0 ∪ Pb is a be-path of A
and B joining a and b. For the case when a = a0 or b = b0, the desired
be-path of A and B can be constructed similarly.

(iii) ⇒ (i). Let (iii) hold. Then (i) follows from (a1, b1) ∈ A1 × B1

and A1 ×B1 ⊆ Bpath(G).

Remark 2.4. Let a graph G be path-bipartite for A and B. An element
(a, b) of Bpath(G) can have several be-paths joining a and b in G.

Remark 2.5. Let G be a path-bipartite graph of A and B. If G is path
complete, then G is connected, but not vice versa, in general (see Exam-
ple 2.6 below).

Example 2.6. Let P = (a1, b1, a2, b2) be a path (see Figure 1).

a1

b1

a2

b2

Figure 1: The path P is a path-bipartite graph of sets A = {a1, a2} and
B = {b1, b2}.

Then P is a connected path-bipartite graph of the sets A = {a1, a2}
and B = {b1, b2}, but (a1, b2) /∈ Bpath(P ).

+0F ZE GDVE�U0H O PHOIQ G = G(A,B) R�FQ V (G) = A ∪ B� RQ0H0 A
OVU B OH0 U�E[D�VF VDV0WIF] E0FE� OVU U0VDF0 N]

A := {Ai : i ∈ I} (B := {Bj : j ∈ J})

FQ0 E0F DY OXX GDVV0GF0U GDWIDV0VFE DY FQ0 �VUZG0U PHOIQ G[A] !G[B]$'
mDR R0 U0SV0 O N�IOHF�F0 PHOIQ G = G(A,B) N] FQ0 HZX0E V (G) :=

A ∪B OVU� YDH i1 ∈ I OVU j1 ∈ J � {Ai1 , Bj1} ∈ E(G) QDXUE �h FQ0H0 OH0
a1 ∈ Ai1 OVU b1 ∈ Bj1 EZGQ FQOF

(a1, b1) ∈ Bpath(G). (2.17)
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Theorem 2.7. Let G be a path-bipartite graph of sets A and B. Then
the following statements are equivalent:

(i) G is path-complete.

(ii) G(A,B) is complete bipartite.

Proof. (i) ⇒ (ii). Let G be path-complete. We must show that G(A,B)
is complete bipartite. It is valid iff, for all i1 ∈ I and j1 ∈ J , there are
a1 ∈ Ai1 and b1 ∈ Bj1 such that (2.17) holds. Since G is path-complete,
(a, b) ∈ Bpath(G) holds for all a ∈ A and b ∈ B, in particular, (2.17) is
also valid for every a1 ∈ Ai1 and b1 ∈ Bj1 .

(ii) ⇒ (i). LetG(A,B) be a complete bipartite graph. The equalities

A×B =

(⋃
i∈I

Ai

)
×

⎛⎝⋃
j∈J

Bj

⎞⎠ =
⋃

i∈I,j∈J
(Ai ×Bj)

imply that G is path-complete iff the inclusion

Ai ×Bj ⊆ Bpath(G) (2.18)

holds for all i ∈ I and j ∈ J .
Let us consider arbitrary i1 ∈ I and j1 ∈ J . Since G(A,B)

is complete bipartite, we can find a1 ∈ Ai and b1 ∈ Bj such that
(a1, b1) ∈ Bpath(G). Now inclusion (2.18) follows from Theorem 2.3 with
Ai = A1 and Bj = B1.

Corollary 2.8. Let G = G(A,B) be a path-bipartite graph of the sets A
and B. If at least one from the sets A, B has exactly one point,

min{|A|, |B|} � 1, (2.19)

then the following statements are equivalent:

(i) G is connected.

(ii) G is path-complete.

,Q�E GDHDXXOH] YDXXDRE YHDW ,Q0DH0WE /'B OVU /'i� NZF� YDH E�WIX�G�F]�
R0 P�\0 N0XDR O U�H0GF 0X0W0VFOH] IHDDY'

Proof of Corollary 2.8. The implication (ii) ⇒ (i) is evidently valid. Let
us prove the validity of (i) ⇒ (ii).

Let G be connected. Without loss of generality, suppose that A =
{a1}, where a1 is the unique point of A. Then B = V (G) \{a1} holds by
Proposition 2.1. Hence, every path joining a1 with an arbitrary b ∈ B
is a be-path of A and B by Definition 1.16. Now (2) implies that G is
path-complete.
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Remark 2.9. Example 2.6 shows the number 1 is the best possible integer
number for inequality (2.19).

Theorem 2.10. Let G be a graph, A and B are disjoint nonempty sub-
sets of V (G), and {Gi : i ∈ I} be the set of all connected components
of G, and let PA,B be the set of all be-paths P of A and B which are
subgraphs of G, P ⊆ G. Then the following statements are equivalent:

(i) The equality

G =
⋃

P∈PA,B

P (2.20)

holds, i.e., G is a path-bipartite graph of A and B.

(ii) We have
V (G) = A ∪B (2.21)

and
A ∩ V (Gi) �= ∅ �= B ∩ V (Gi) (2.22)

for every i ∈ I.

Proof. (i) ⇒ (ii). Equality (2.21) follows from Proposition 2.1. To prove
(2.22), suppose contrary that there is i0 ∈ I such that

A ∩ V (Gi) = ∅ or B ∩ V (Gi) = ∅.

Without loss of generality, we can assume that B ∩ V (Gi0) = ∅ holds.
Then, using the last equality and (2.21), we obtain

V (Gi0) ⊆ A. (2.23)

Equality (2.20) implies that there is a be-path P 0 ∈ PA,B such that ai0 ∈
V (P 0). The be-path P 0 is a connected subgraph of G. Consequently,
the inclusion

P 0 ⊆ Gi0 (2.24)

holds by Lemma 1.10. In particular, from (2.23) and (2.24) it follows
that

V (P 0) ⊆ A,

contrary to Definition 1.16. Thus, (2.22) holds for every i ∈ I.
(ii) ⇒ (i). Let (ii) hold. We must show that equality (2.20) is valid.

Let us do it.
First of all, we note that

G ⊇
⋃

P∈PA,B

P
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holds. Hence, (2.20) holds iff

G ⊆
⋃

P∈PA,B

P.

The last inclusion means that

E(G) ⊆
⋃

P∈PA,B

E(P ), (2.25)

V (G) ⊆
⋃

P∈PA,B

V (P ). (2.26)

Using (2.22), we see that every connected component Gi of G contains
at least two distinct vertices and, consequently,

V (Gi) =
⋃

{u,v}∈E(Gi)

{u, v}

holds. The last equality and Lemma 1.7 give us

V (G) =
⋃
i∈I

V (Gi) =
⋃

{u,v}∈E(G)

{u, v}.

Hence, (2.26) follows from (2.25). To prove (2.25) it suffices to show that
every edge of Gi, i ∈ I, is also an edge of a be-path P ∈ PA,B, i.e.,

E(Gi) ⊆
⋃

P∈PA,B

E(P ) (2.27)

holds for every i ∈ I.
Let i1 be an arbitrary index of the family I and let

{x, y} ∈ E(Gi1). (2.28)

We must find P ∈ PA,B such that

{x, y} ∈ E(P ). (2.29)

If we have
A ∩ {x, y} �= ∅ �= B ∩ {x, y}, (2.30)

then the path Pi1 defined by

V (Pi1) = {x, y}, E(Pi1) = {{x, y}} (2.31)

belongs to PA,B.
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If (2.30) is not satisfied, then, without loss of generality, we can
assume that

{x, y} ⊆ V (G1) ∩B.

Let us denote by P 1 = (v1, . . . , vn) the shortest part joining the set {x, y}
with the set V (G1) ∩ A in G1. Then we have either v1 = x, vn ∈ A and
vi ∈ B \ {x, y} for every i ∈ {2, . . . , n − 1} or v1 = y, vn ∈ A and
vi ∈ B \{x, y} for every i ∈ {2, . . . , n−1}. In each of the cases, it is easy
to prove that

P 1 ∪ Pi1 ∈ PA,B,

where Pi1 is a path defined by (2.31).

,Q0DH0W /'@? �WIX�0E FQ0 YDXXDR�VP GDHDXXOH�0E'

Corollary 2.11. The following statements are equivalent for every graph
G:

(i) There are disjoint nonempty subsets A and B of the vertex set V (G)
such that G is a path-bipartite graph of the sets A and B.

(ii) The equality G = G′ holds.

Corollary 2.12. The following statements are equivalent for every graph
G:

(i) G is a path-bipartite graph of sets A and B whenever A and B are
disjoint nonempty subsets of V (G) such that V (G) = A ∪B.

(ii) G is connected and the equality G′ = G holds.

Remark 2.13. For connected graphs G the equality G′ = G holds if and
only if |V (G)| � 2.

Corollary 2.14. Let G = G(A,B) be a bipartite graph with parts A and
B. Then the following statements are equivalent:

(i) G is a path-complete path-bipartite graph of A and B.

(ii) G is a complete bipartite graph.

Proof. (i) ⇒ (ii). Let (i) hold. To prove the validity of (ii) it suffices to
note that every connected component of induced graphs G[A] and G[B]
is a graph with one vertex and to use Theorem 2.7.

(ii) ⇒ (i). Let (ii) hold. Then the equality G′ = G is valid. Con-
sequently, G is path-bipartite by Corollary 2.11. Now (i) follows from
Theorem 2.7.
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Example 2.15. Write

x1 = (1, 0, 0, 0), x2 = (0, 1, 0, 0), x3 = (0, 0, 1, 0), x4 = (0, 0, 0, 1),

x5 = (1, 0, 1, 0), x6 = (1, 1, 0, 0), x7 = (1, 0, 0, 1), x8 = (0, 0, 0, 0),

x9 = (0, 1, 1, 0), x10 = (0, 1, 0, 1), x11 = (0, 0, 1, 1), x12 = (0, 1, 1, 1),

x13 = (1, 1, 0, 1), x14 = (1, 1, 1, 1), x15 = (1, 0, 1, 1), x16 = (1, 1, 1, 1).

Let us define a graph G = (V,E) as

V (G) := {x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12, x13, x14, x15, x16}
and

E(G) :={{x1, x5}, {x1, x6}, {x1, x7}, {x1, x8}, {x2, x6}, {x2, x9}, {x2, x10},
{x3, x5}, {x3, x8}, {x3, x9}, {x3, x11}, {x4, x7}, {x4, x8}, {x4, x10},
{x5, x14}, {x5, x15}, {x6, x13}, {x6, x14}, {x7, x15}, {x9, x12},
{x10, x12}, {x11, x12}, {x13, x16}, {x14, x16}, {x15, x16}}.

Then, by Corollary 2.12, G is a path-bipartite graph of the sets

A = {x1, x2, x3, x4, x9, x10, x11, x12} and

B = {x5, x6, x7, x8, x13, x14, x15, x16} (2.32)

because G is connected and A ∪B = V (G).

3. Path-proximinal graphs

,Q0 SHEF FQ0DH0W DY FQ0 E0GF�DV U0EGH�N0E FQ0 P0DW0FH] DY IHDT�W�VOX
IO�HE (A,B) �V E0W�W0FH�G EIOG0E (X, d) YDH RQ�GQ FQ0 PHOIQE G� V (G) =
X OVU E(G) U0SV0U N] (1.7)� OH0 IOFQ�N�IOHF�F0' 8V RQOF YDXXDRE A0 OVU
B0 OH0 EZNE0FE DY A OVU B U0SV0U N] (1.3) OVU� H0EI0GF�\0X]� N] (1.4)'

Theorem 3.1. Let (X, d) be a semimetric space and let A, B be disjoint
proximinal subsets of (X, d) such that

X = A ∪B. (3.1)

Let us consider a graph G such that V (G) = X and the equivalence

({x, y} ∈ E(G)) ⇔ (d(x, y) � dist(A,B))

is valid for all distinct x, y ∈ X. Then G is path-bipartite for A and B
if and only if the following conditions are fulfilled:



K. Chaira, O. Dovgoshey 15

(i) For every a ∈ A\A0 there are a best proximity pair (a∗, b∗) ∈ A×B
and a finite path (a1, . . . , an) ⊆ G[A] such that a1 = a, an = a∗.

(ii) For every b ∈ B\B0 there are a best proximity pair (a∗, b∗) ∈ A×B
and a finite path (b1, . . . , bn) ⊆ G[B] such that b1 = b, bn = b∗.

Proof. Let G be a path-bipartite graph. We must show that conditions
(i)–(ii) are valid.

(i). Let a be a point of A \A0. By Definition 1.16, there is a be-path
PA,B ⊆ G such that a ∈ V (PA,B). Using this definition again we can
find a∗ ∈ A such that a∗ ∈ V (PA,B). The be-path PA,B is a connected
graph, consequently, there is a path P ⊆ PA,B joining a and a∗ in PA,B .
To complete the proof of (i) it suffices to show that V (P ) ⊆ A. Suppose
contrary that there is a point b0 ∈ B such that b0 ∈ V (P ). Since P is a
path joining a and a∗, there are paths P1 ⊆ P and P2 ⊆ P such that

a, b0 ∈ V (P1), b
0, a∗ ∈ V (P2), P = P1 ∪ P2 and V (P1) ∩ V (P2) = {b0}.

(3.2)
Using (3.2), V (P ) ⊆ A ∪ B and a1, a

∗ ∈ A and b0 ∈ B, we can find
{a1, b1} ∈ E(P1) and {a2, b2} ∈ E(P2) such that

a1, a2 ∈ A and b1, b2 ∈ B. (3.3)

The last equality in (3.2) implies that {a1, b1} and {a2, b2} are different
edges of PA,B that together with (3.3) contradicts the definition of be-
paths.

(ii). The validity of (ii) can be proved similarly.
Suppose now that (i) and (ii) hold. To prove that G is a path-

bipartite graph of sets A and B we consider an arbitrary connected com-
ponent Gj of G and an arbitrary point p ∈ V (Gj). Equality (3.1) implies
that p ∈ A or p ∈ B. Without loss of generality we assume that p ∈ A. If
p ∈ A0 holds, then, by (1.3), there is q ∈ B such that d(p, q) = dist(A,B).
Hence, {p, q} ∈ E(G) by definition of G and, consequently, q ∈ V (Gj)
by Lemma 1.10. If p ∈ A \ A0, then, by condition (i), there is a path

P ⊆ G (3.4)

joining p with a point p0 ∈ A0. Since Gj is a connected component
of G, inclusion (3.4) implies P ⊆ Gj by Lemma 1.8. Thus, the point
p0 ∈ A0 also belongs to V (Gj). Now, arguing as above, we can find
q ∈ B ∩ V (Gj). Hence, G is path-bipartite by Theorem 2.10.

Corollary 3.2. Let G be a path-proximinal graph for sets A and B with
respect to a semimetric d on the set X = A ∪B. Then the inequality

dist(A,B) > 0 (3.5)
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holds and there are points a0 ∈ A and b0 ∈ B such that

d(a0, b0) = dist(A,B). (3.6)

Proof. By Definition 1.17, every path-proximinal graph for sets A and
B are path-bipartite graph of these sets. Hence, by Theorem 3.1, there
is a best proximity pair (a0, b0) ∈ A×B which satisfies (3.6). Now (3.5)
follows from (3.6) and the definition of semimetrics.

Theorem 3.3. For every path-bipartite graph G of sets A and B, there
is a metric d on X := V (G) such that G is path-proximinal for A and B
with respect to the metric d.

Proof. Let G be path-bipartite graph of sets A and B. We must find a
metric d : X×X → [0,∞[, X = A∪B, such that A and B are proximinal
subsets of (X, d) and (1.7) holds for all distinct x, y ∈ X. Let us define
a function d : X ×X → [0,∞[ as

d(x, y) =

⎧⎪⎨⎪⎩
0 if x = y

1 if {x, y} ∈ E(G)

2 if x �= y and {x, y} /∈ E(G).

(3.7)

Then d evidently is a metric on X.
The sets A and B are nonvoid by Definition 1.16. Since the set

{d(x, y) : x, y ∈ X} is finite, every nonempty subset of X is proximinal.
Hence, A and B are proximinal in (X, d).

We claim that

dist(A,B) = 1. (3.8)

Indeed, since A and B disjoint and nonvoid, (3.7) and (1.2) give us the
inequality

dist(A,B) � 1. (3.9)

Since G is path-bipartite of A and B, there is a be-path PA,B ⊆ G.
Consequently, by Definition 1.16, there is {a0, b0} ∈ E(PA,B) such that

A ∩ {a0, b0} �= ∅ �= B ∩ {a0, b0}. (3.10)

Using the equality A ∩ B = ∅ and (3.10) we may suppose, without loss
of generality, that

a0 ∈ A and b0 ∈ B. (3.11)

From {a0, b0} ∈ E(PA,B) and PA,B ⊆ G it follows that

{a0, b0} ∈ E(G). (3.12)
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Now (3.7) and (3.12) imply d(a0, b0) = 1 and, consequently,

dist(A,B) � 1. (3.13)

holds by (3.11). Now (3.8) follows from (3.9) and (3.13). To complete
the proof it suffices to show that (1.7) holds for all distinct x, y ∈ X.
Indeed, using (3.9), we obtain the equivalence

({x, y} ∈ E(G)) ⇔ (d(x, y) = dist(A,B))

for all x, y ∈ X. Now the equality dist(A,B) = 1 and (3.7) imply the
equivalence

(d(x, y) � dist(A,B)) ⇔ (d(x, y) = dist(A,B)),

for any pair of distinct x, y ∈ X.

Example 3.4. Let X be the set of all sequences q̃ = (η1, η2, η3, η4),
where each ηi ∈ {0, 1} and let A, B ⊆ X and the graph G be defined as
in Example 2.15. Let us denote by d(p̃, q̃) the Hamming distance between
p̃, q̃ ∈ X,

d(p̃, q̃) =

4∑
i=1

|μi − ηi|.

Then (X, d) is a metric space, A and B are disjoint proximinal subsets
of (X, d), the equality dist(A,B) = 1 holds, vertices p̃ and q̃ of G are
adjacent iff d(p̃, q̃) = 1, and

Bpath(G)={(x1, x5), (x1, x6), (x1, x7), (x1, x8), (x1, x13), (x1, x14), (x1, x15),
(x1, x16), (x2, x6), (x2, x13), (x2, x16), (x3, x5), (x3, x8), (x3, x14),

(x3, x15), (x3, x16), (x4, x7), (x4, x8), (x4, x13), (x4, x15), (x4, x16),

(x9, x5), (x9, x6), (x9, x8), (x9, x13), (x9, x14), (x9, x15), (x9, x16),

(x10, x6), (x10, x8), (x10, x13), (x10, x14), (x10, x16), (x11, x5),

(x11, x8), (x11, x14), (x11, x15), (x11, x16), (x12, x5), (x12, x6),

(x12, x7), (x12, x8), (x12, x13), (x12, x14), (x12, x15), (x12, x16)}.

The element (x4, x15) of Bpath(G) admits the following be-paths

(x4, x7, x15); (x4, x7, x13, x6, x14, x16, x15); (x4, x7, x13, x16, x15) and

(x4, x7, x13, x16, x14, x6, x13, x16, x15).

The graph G is path-proximinal for A and B w.r.t. the Hamming dis-
tance d.



18 Proximinal sets and connectedness in graphs

Example 3.5. Let G be a graph with V (G) = A such that {x̃, ỹ} ∈ E(G)
iff d(x̃, ỹ) = 1, where A and d are defined as in Example 3.4. The point
x1 is an isolated vertex of G (see Figure 2). Hence, the bipartite graph
G is not path-proximinal by Corollary 2.12 and Theorem 3.3.

x1 x2 x3 x4 x12

x9 x10 x11

Figure 2: The point x1 is an isolated vertex of G.

Example 3.6. Let us consider a metric space (C, d), where C is the set of
all complex numbers z = x+iy. Suppose that for arbitrary z1 = x1+iy1,
z2 = x2 + iy2 we have

d(z1, z2) =

{
1
2 |[x1]− [x2]|+ |[y1]− [y2]|+ 1 if z1 �= z2

0 if z1 = z2,

where [xi] ([yi]) is the integer part of xi (yi).

Write

A := {n+ih : n ∈ N
∗ and h = 0} and B := {m+ik : m ∈ N and k ∈ N

∗},

where N
∗ is the set of all naturals without zero. Then the equalities

dist(A,B) = inf{d(a, b) : (a, b) ∈ A×B}

= inf

{
1

2
|n−m|+ |k|+ 1: (n,m, k) ∈ N

∗ × N× N
∗
}

= 2

hold.

Since every nonempty subset of the set

{d(z1, z2) : z1, z2 ∈ C}

has the smallest element, each nonempty S ⊆ C is proximinal subset of
the metric space (C, d). Hence, (A,B) is a proximinal pair for (C, d).

Let us define a graph G such that V (G) = A ∪ B and, for z1, z2 ∈
A ∪B, {z1, z2} ∈ E(G) iff 0 < d(z1, z2) � 2. It is easy to show that:

• For all n ∈ N
∗, d(n, n + 1) = 3

2 < dist(A,B);
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• For m ∈ N
∗, d(m,m + i) = 2 = dist(A,B);

• For all (m,k) ∈ N×N
∗, d(m+ ik,m+ i(k + 1)) = 2 = dist(A,B).

Let us consider n ∈ N
∗ and (m,k) ∈ N × N

∗. Suppose n � m. Then we
get the be-path P

V (P ) = {n, n+ 1, · · · ,m− 1,m,m + i, · · · ,m+ i(k − 1),m+ ik},
E(P ) = {{n, n+ 1}, · · · , {m− 1,m}, {m,m + i}, · · · ,

{m+ i(k − 1),m + ik}}.

If m < n, then we get the following be-path P1:

V (P1) = {n, n+ 1, · · · ,m+ 1,m,m+ i, · · · ,m+ i(k − 1),m+ ik},
E(P1) = {{n, n + 1}, · · · , {m+ 1,m}, {m,m + i}, · · · ,

{m+ i(k − 1),m+ ik}}.

Thus, Bpath(G) = {(n,m + ik) : (n,m, k) ∈ N
∗ × N× N

∗} = A×B and,
consequently, the graph G is path-complete and path-proximinal for A
and B with respect to d.

,Q0 V0TF FQ0DH0W YDXXDRE YHDW 7DHDXXOH] /'@@ OVU ,Q0DH0W B'B'

Theorem 3.7. Let G be a graph. Then the following statements are
equivalent:

(i) G does not contain any isolated vertices.

(ii) G is a path-proximinal graph for a semimetric space.

(iii) G is a path-proximinal graph for a metric space.

Proposition 3.8. Let a bipartite graph G with fixed parts A and B be
proximinal for a semimetric space (X, d), where X = V (G) = A ∪ B.
Then G is a path-proximinal graph if and only if the equalities

A0 = A and B0 = B (3.14)

holds, where the sets A0 and B0 are defined by (1.3) and (1.4), respec-
tively.

Proof. By Theorem 3.7, the graph G is path-proximinal iff G′ = G holds.
Since G is proximinal for semimetric space (X, d), Definition 1.12 and
Definition 1.3 imply that the equality G′ = G holds if and only if (3.14)
is valid.
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,Q0 GDVU�F�DVE A0 = A OVU B0 = B PZOHOVF00 FQ0 0T�EF0VG0 DY O
E0W�W0FH�G ρ : X ×X → [0,∞[ EZGQ FQOF G �E IOFQ�IHDT�W�VOX R'H'F' ρ'
8V FQ0 V0TF IHDIDE�F�DV R0 U0EGH�N0 P0DW0FH�G IHDI0HF�0E DY FQ0 EIOG0
(X, d) ZVU0H RQ�GQ FQ0 0dZOX�F] d = ρ �E IDEE�NX0'

Proposition 3.9. Let G = G(A,B) be a proximinal graph for a semi-
metric space (X, d) with X = A ∪ B and let G = G′ hold. Then the
following conditions are equivalent:

(i) G is path-proximinal for A and B w.r.t. the semimetric d.

(ii) The inequality
d(x, y) > dist(A,B) (3.15)

holds whenever x �= y and x, y ∈ A or x, y ∈ B.

Proof. (i) ⇒ (ii). Let (i) hold. Definition 1.14 implies that

{x, y} /∈ E(G) (3.16)

whenever x, y ∈ A or x, y ∈ B. By Definition 1.17, (3.16) holds for
distinct points x, y ∈ X if and only if we have (3.15) for these points.
Condition (ii) follows.

The validity of (ii) ⇒ (i) can be proved similarly.

3HDIDE�F�DV B'j OUW�FE FQ0 YDXXDR�VP nZXFHOW0FH�G WDU�SGOF�DVo'

Theorem 3.10. The following conditions are equivalent for every graph
G:

(i) For every vertex v of G there is a unique vertex u of G such that
u and v are adjacent.

(ii) There are an ultrametric d on the set X = V (G) and disjoint
proximinal subsets A, B of X such that X = A ∪ B, and G is
bipartite with the parts A and B, and path-proximinal w.r.t. the
ultrametric d.

Proof. (i) ⇒ (ii). Let G satisfy condition (i). Then G has no isolated
vertices and, hence,

V (G) =
⋃

{x,y}∈E(G)

{x, y} (3.17)

holds. Condition (i) implies also the equality

{x, y} ∩ {u, v} = ∅ (3.18)
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whenever {x, y} and {u, v} are different edges of G. Now using (3.17)
and (3.18) and the axiom of choice we can find disjoint subsets A and B
of V (G) such that V (G) = A ∪B and

{u, v} ∩A �= ∅ �= {u, v} ∩B

for every {u, v} ∈ E(G). Write

X = A ∪B (3.19)

and define a semimetric d : X ×X → [0,∞[ as

d(x, y) =

⎧⎪⎨⎪⎩
0 if x = y

1 if {x, y} ∈ E(G)

2 otherwise.

(3.20)

We claim that d is an ultrametric on X. By definition, d is an ultrametric
if

d(x, y) � max{d(x, z), d(z, y)} (3.21)

holds for all x, y, z ∈ X. It is easy to see that (3.21) holds for arbitrary
semimetric d on X if |{x, y, z}| � 2. Let x, y, z be pairwise distinct
points of X. If (3.21) is false,

d(x, y) > max{d(x, z), d(z, y)},

then, using (3.20), we see that d(x, y) = 2 and

d(x, z) = d(z, y) = 1. (3.22)

It follows from (3.20) and (3.22) that the vertex z has two different
adjacent vertices x and y, contrary to (i). Thus, d is an ultrametric on
X.

The sets A and B do not intersect by construction and, in addition,
(3.19) holds. Since the set {d(x, y) : x, y ∈ X} is finite by (3.20), these
sets are also proximinal subsets of (X, d). It follows from Definition 1.11
that G is bipartite graph with parts A and B. Equality (3.20) and the
definition of the sets A and B also give us the equality dist(A,B) = 1.
Now using (3.20) and Definition 1.17 we see that G is path-proximinal
w.r.t. the ultrametric d.

(ii) ⇒ (i). Let G satisfy condition (ii). ThenG is path-proximinal for
an ultrametric space (X, d) and, consequently, G has no isolated vertices
by Theorem 3.7. Suppose that there is a vertex v of G such that

{v, u}, {v,w} ∈ E(G) (3.23)
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for some different u, w ∈ V (G). By condition (ii), G is a bipartite graph
with parts A and B. Consequently, (3.23) implies either

v ∈ A and u,w ∈ B (3.24)

or

u,w ∈ A and v ∈ B. (3.25)

Suppose that (3.24) holds. Then using the strong triangle inequality and
Definition 1.14 we obtain

d(u,w) � max{d(u, v), d(v,w)} = dist(A,B).

Hence, the vertices u and w are adjacent in G,

{u,w} ∈ E(G) (3.26)

by Definition 1.17. Now it suffices to note that (3.24) implies {u,w} /∈
E(G) by Definition 1.14, contrary to (3.26). Thus, (3.24) is false. Anal-
ogously, we obtain that (3.25) is also false. The proof of the validity of
(ii) ⇒ (i) is complete.

,Q0DH0W B'@? �WIX�0E� �V IOHF�GZXOH� FQ0 YDXXDR�VP'

Corollary 3.11. A graph G is simultaneously proximinal and path-
proximinal for an ultrametric space (X, d) and given disjoint proximinal
subsets A and B of X iff every connected component of G has exactly 2
vertices.

Corollary 3.12. Let G be a bipartite graph with parts A and B. Sup-
pose that there is an ultrametric d : X ×X → [0,∞[ such that G is path-
proximinal with respect to d. Then the following conditions are equiva-
lent:

(i) G is connected.

(ii) G is complete.

(iii) The induced-bipartite subgraph G[A,B] of G is complete bipartite.

(iv) G is path-complete.
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Funding

pX0qE�] JD\PDEQ0] ROE IOHF�OXX] EZIIDHF0U N] 9�VV�EQ 4DG�0F] DY 4G��
0VG0E OVU +0FF0HE� 3HD[0GF n8VFH�V�G 60FH�GE DY JDWO�VE �V ;0DW0FH�G
9ZVGF�DV ,Q0DH] OVU ;HOIQEo'
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