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The Dirichlet problem for the Beltrami
equations with sources
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1. Introduction

+0F D N0 O UDWO�V �V FQ0 GDWIX0T IXOV0 C. g0 EFZU] FQ0 Dirichlet
problem

lim
z→ζ

Reω(z) = ϕ(ζ) ∀ ζ ∈ ∂D , (1.1)

E00 0'P' ^a` OVU ^_k`� R�FQ GDVF�VZDZE NDZVUOH] UOFO ϕ : ∂D → R �V
OHN�FHOH] NDZVU0U UDWO�VE D R�FQ VD NDZVUOH] GDWIDV0VF U0P0V0HOF0U
FD O E�VPX0 ID�VF YDH FQ0 inhomogeneous Beltrami equation

ωz̄ = μ(z) · ωz + σ(z) , z ∈ D , (1.2)
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with a source σ : D → C �V Lp� p > 2� RQ0H0 μ : D → C �E O W0OEZHONX0
YZVGF�DV R�FQ |μ(z)| < 1 O'0'� ωz̄ = (ωx + iωy)/2� ωz = (ωx − iωy)/2�
z = x+ iy� ωx OVU ωy OH0 IOHF�OX U0H�\OF�\0E DY FQ0 YZVGF�DV ω �V x OVU
y� H0EI0GF�\0X]'

6DH0D\0H� �V P0V0HOX NDZVU0U UDWO�VE D R�FQ VD NDZVUOH] GDWID�
V0VF U0P0V0HOF0U FD O E�VPX0 ID�VF� R0 IHD\0 FQ0 GDHH0EIDVU�VP FQ0DH0WE
DV 0T�EF0VG0� H0IH0E0VFOF�DV OVU H0PZXOH�F] DY EDXZF�DVE YDH FQ0 classical
Dirichlet problem

lim
z→ζ

u(z) = ϕ(ζ) ∀ ζ ∈ ∂D (1.3)

R�FQ GDVF�VZDZE NDZVUOH] UOFO ϕ : ∂D → R FD FQ0 Poisson type equa-
tion

div[A(z)∇u(z)] = g(z) (1.4)

R�FQ O EDZHG0 g : D → R �V Lp(D)� p > 1� E00 0'P' NOGqPHDZVU YDH g ≡ 0
�V ^@k`'

,Q0 H0dZ0EF DV UDWO�VE FD QO\0 VD NDZVUOH] GDWIDV0VF U0P0V0HOF0U
FD O E�VPX0 ID�VF �E V0G0EEOH]' 8VU00U� GDVE�U0H FQ0 IZVGFZH0U ZV�F U�Eq
D0 := D \ {0}' 40FF�VP ϕ(ζ) ≡ 1 DV ∂D OVU ϕ(0) = 0� R0 E00 FQOF ϕ �E
GDVF�VZDZE DV ∂D0 = ∂D ∪ {0}' +0F ZE OEEZW0 FQOF FQ0H0 �E O QOHWDV�G
YZVGF�DV u EOF�EY]�VP !@'B$' ,Q0V u �E NDZVU0U N] FQ0 WOT�WZW IH�VG�IX0
YDH QOHWDV�G YZVGF�DVE OVU N] FQ0 GXOEE�GOX 7OZGQ]fr�0WOVV FQ0DH0W�
E00 OXED ,Q0DH0W v'_'/ �V ^B/`� FQ0 0TF0VU0U u �E QOHWDV�G �V D' ,QZE�
N] 60OV�vOXZ0�3HDI0HF] YDH QOHWDV�G YZVGF�DVE R0 U�EIHD\0 FQ0 OND\0
OEEZWIF�DV� E00 0'P' ,Q0DH0W ?'/'_ �V ^_a`'

8V FQ�E GDVV0GF�DV� H0GOXX FQOF O NDZVUOH] ID�VF p DY O UDWO�V D �V
R
n, n ≥ 2, �E GOXX0U H0PZXOH �Y 0OGQ EDXZF�DV DY FQ0 J�H�GQX0F IHDNX0W YDH

FQ0 +OIXOG0 0dZOF�DV �V D� RQDE0 J�H�GQX0F NDZVUOH] UOF0 �E GDVF�VZDZE
OF p� �E OXED GDVF�VZDZE OF p' ,Q0 YOWDZE g�0V0H GH�F0H�DV YDH H0PZXOH�F]
DY O NDZVUOH] ID�VF� E00 ^_j`� FQOF QOE N00V YDHWZXOF0U �V F0HWE DY ED�
GOXX0U NOHH�0H YZVGF�DVE� P0V0HOXX] EI0Oq�VP� QOE VD EOF�EYOGFDH] P0DW0FH�G
�VF0HIH0FOF�DV' wDR0\0H� FQ0H0 �E O \0H] E�WIX0 P0DW0FH�G GH�F0H�DV DY
H0PZXOH ID�VFE �V FQ0 GOE0 DY C' mOW0X]� O ID�VF p ∈ ∂D �E H0PZXOH �Y p
N0XDVPE FD O GDWIDV0VF DY ∂D FQOF �E VDF U0P0V0HOF0U FD O E�VPX0 ID�VF�
E00 ,Q0DH0W _'/'/ �V ^Be`' ,Q0 OND\0 0TOWIX0 EQDRE FQOF FQ�E GDVU�F�DV
�E VDF DVX] EZcG�0VF NZF OXED V0G0EEOH] YDH H0PZXOH�F] DY O NDZVUOH] ID�VF'
,QZE� H0EZXFE DV FQ0 J�H�GQX0F IHDNX0W !@'B$ FD FQ0 3D�EEDV F]I0 0dZOF�DVE
!@'_$ P�\0V �V FQ0 0VU DY FQ0 IOI0H R0H0 DNFO�V0U YDH FQ0 WDEF P0V0HOX
OUW�EE�NX0 UDWO�VE'

9DH FQ0 GOE0 ‖μ‖∞ < 1� !@'/$ ROE SHEF �VFHDUZG0U N] +' MQXYDHE OVU
+' 50HE �V FQ0 IOI0H ^/`� E00 OXED FQ0 MQXYDHE WDVDPHOIQ ^@`' w0H0 R0
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EFZU] FQ0 GOE0 DY XDGOXX] ZV�YDHW 0XX�IF�G�F] DY FQ0 0dZOF�DV !@'/$ RQ0V �FE
dilatation quotient Kμ �E NDZVU0U DVX] XDGOXX] �V D�

Kμ(z) :=
1 + |μ(z)|
1 − |μ(z)| , (1.5)

�'0'� �Y Kμ ∈ L∞ DV 0OGQ GDWIOGF E0F �V D NZF OUW�FE E�VPZXOH�F�0E OF FQ0
NDZVUOH]' M ID�VF ζ ∈ ∂D �E GOXX0U O singular point of the equation
!@'/$ �Y Kμ /∈ L∞ DV 0OGQ V0�PQNDHQDDU DY FQ0 ID�VF'

9�HEF DY OXX� R0 EQDR FQOF� �Y D �E OV OHN�FHOH] E�WIX] GDVV0GF0U UD�
WO�V �V C� FQ0V FQ0 J�H�GQX0F IHDNX0W !@'@$ FD FQ0 0dZOF�DV !@'/$ QOE O
EDXZF�DV ω �V GXOEEW 1,2

loc (D) YDH O R�U0 G�HGX0 DY E�VPZXOH�F�0E DY !@'/$ OF FQ0
NDZVUOH]' 6DH0D\0H� �F �E ZV�dZ0 ZI FD OV OUU�F�\0 IZH0 �WOP�VOH] GDV�
EFOVF� OVU �F GOV N0 H0IH0E0VF0U FQHDZPQ FQ0 ED�GOXX0U P0V0HOX�b0U OVOX]F�G
YZVGF�DVE R�FQ EDZHG0E'

r0GOXX FQOF FQ0 v0qZO WDVDPHOIQ ^_k` ROE U0\DF0U FD generalized
analytic functions� �'0'� GDVF�VZDZE GDWIX0T \OXZ0U YZVGF�DVE H(z) DY
DV0 GDWIX0T \OH�ONX0 z = x + iy DY GXOEE W 1,1

loc �V O UDWO�V D EOF�EY]�VP
FQ0 0dZOF�DVE

∂z̄H + aH + bH = S , ∂z̄ := (∂x + i∂y)/2 (1.6)

R�FQ GDWIX0T \OXZ0U GD0cG�0VFE a, b, S ∈ Lp(D)� p > 2'

,Q0 IOI0HE ^@i` OVU ^Bk` R0H0 U0\DF0U FD NDZVUOH] \OXZ0 IHDNX0WE
R�FQ W0OEZHONX0 UOFO YDH FQ0 EIOG�OX GOE0 DY generalized analytic func-
tions H with sources S : D → C� RQ0V a ≡ 0 ≡ b�

∂z̄H(z) = S(z) , z ∈ D , (1.7)

�V H0PZXOH 0VDZPQ UDWO�VE D'
,Q0V R0 0EFONX�EQ Q0H0 E�W�XOH FQ0DH0WE DV 0T�EF0VG0� H0IH0E0VFOF�DV

OVU H0PZXOH�F] DY FQ0 ED�GOXX0U WZXF��\OXZ0U EDXZF�DVE DY FQ0 J�H�GQX0F IHDN�
X0W !@'@$ R�FQ GDVF�VZDZE NDZVUOH] UOFO ϕ : ∂D → R FD FQ0 50XFHOW�
0dZOF�DVE R�FQ EDZHG0E !@'/$ �V OHN�FHOH] UDWO�VE D �V C R�FQDZF OV]
NDZVUOH] GDWIDV0VFE U0P0V0HOF0U FD O E�VPX0 ID�VF' 9�VOXX]� R0 H0EDX\0
DV FQ�E NOE�E FQ0 GXOEE�GOX J�H�GQX0F IHDNX0W !@'B$ FD 3D�EEDV F]I0 0dZO�
F�DVE !@'_$ �V FQ0 P0V0HOX UDWO�VE'

8V IOHF�GZXOH� R0 P�\0 Q0H0 O H0IH0E0VFOF�DV DY FQ0 P�\0V EDXZF�DVE
YDH !@'B$ FD !@'_$ FQHDZPQ P0V0HOX�b0U QOHWDV�G YZVGF�DVE R�FQ EDZHG0E'
r0GOXX FQOF FQ0 IOI0H ^Bk` R0H0 U0\DF0U FD FQ0 0T�EF0VG0 DY VDVGXOEE�GOX
GDVF�VZDZE EDXZF�DVE DY GXOEE W 2,p

loc FD \OH�DZE NDZVUOH]�\OXZ0 IHDNX0WE
R�FQ OHN�FHOH] NDZVUOH] UOFO FQOF R0H0 W0OEZHONX0 R�FQ H0EI0GF FD FQ0
X0VPFQ W0OEZH0 �V UDWO�VE R�FQ H0GF�SONX0 NDZVUOH�0E YDH generalized
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harmonic functions with sources G : D → R �V Lp(D)� p > 2�
EOF�EY]�VP FQ0 3D�EEDV 0dZOF�DVE

�U(z) = G(z) . (1.8)

mDF0 FQOF N] FQ0 4DNDX0\ 0WN0UU�VP FQ0DH0W� E00 ,Q0DH0W 8'@?'/ �V ^_i`�
EZGQ YZVGF�DVE U N0XDVP FD FQ0 GXOEE C1' 4�W�XOH H0EZXFE R0H0 OXED IHD\0U
�V ^@i` R�FQ OHN�FHOH] NDZVUOH] UOFO FQOF R0H0 W0OEZHONX0 R�FQ H0EI0GF
FD FQ0 XDPOH�FQW�G GOIOG�F] �V EI0G�OX UDWO�VE R�FQ VDVH0GF�SONX0 NDZVU�
OH�0E' 8V FQ0 GOE0 G �V Lp(D)� p > 1� R0 R�XX GOXX GDVF�VZDZE EDXZF�DVE
DY FQ0 3D�EEDV 0dZOF�DV !@'k$ DY FQ0 GXOEE W 2,p

loc weak generalized har-
monic functions with the sources G'

,Q0 IOI0H �E DHPOV�b0U OE YDXXDRE' 40GF�DVE / OVU B GDVFO�V FQ0 WO�V
X0WWO OVU O E0H�0E DY DFQ0H 0h0GF�\0 �VF0PHOX GH�F0H�O� H0EI0GF�\0X]� YDH 0T�
�EF0VG0� H0IH0E0VFOF�DV OVU H0PZXOH�F] DY EDXZF�DVE DY FQ0 J�H�GQX0F IHDNX0W
!@'@$ FD FQ0 50XFHOW� 0dZOF�DVE R�FQ EDZHG0E !@'/$ �V FQ0 GOE0 DY OHN�FHOH]
E�WIX] GDVV0GF0U UDWO�VE' 40GF�DVE _ OVU a �VGXZU0 E�W�XOH H0EZXFE DV
WZXF��\OXZ0U EDXZF�DVE DY FQ0 J�H�GQX0F IHDNX0W !@'@$ FD FQ0 0dZOF�DVE !@'/$
�V FQ0 GOE0 DY UDWO�VE D R�FQ VD NDZVUOH] GDWIDV0VFE U0P0V0HOF0U FD
O E�VPX0 ID�VF' 9�VOXX]� �V OHN�FHOH] EZGQ UDWO�VE R0 DNFO�V 0T�EF0VG0�
H0IH0E0VFOF�DV OVU H0PZXOH�F] H0EZXFE YDH FQ0 GXOEEE�GOX J�H�GQX0F IHDNX0W
!@'B$ FD 3D�EEDV F]I0 0dZOF�DVE !@'_$ �V 40GF�DV e'

2. The main lemma in simply connected domains

8F �E R0XX qVDRV FQOF FQ0 QDWDP0V0DZE 50XFHOW� 0dZOF�DV

fz̄ = μ(z)fz (2.1)

�E FQ0 NOE�G 0dZOF�DV �V OVOX]F�G FQ0DH] DY dZOE�GDVYDHWOX OVU dZOE�H0PZXOH
WOII�VPE �V FQ0 IXOV0 R�FQ VZW0HDZE OIIX�GOF�DVE �V VDVX�V0OH 0XOEF�G�F]�
POE xDR� Q]UHDU]VOW�GE OVU DFQ0H E0GF�DVE DY VOFZHOX EG�0VG0E' mDF0 FQOF
GDVF�VZDZE YZVGF�DVE f R�FQ P0V0HOX�b0U U0H�\OF�\0 N] 4DNDX0\ fz̄ = 0 OH0
OVOX]F�G YZVGF�DVE� E00 0'P' +0WWO @ �V ^/`� FQOF GDHH0EIDVUE FD FQ0 GOE0
μ(z) ≡ 0 �V !/'@$'

,Q0 0dZOF�DV !/'@$ �E GOXX0U degenerate �Y ess supKμ(z) = ∞' 8F �E
qVDRV FQOF �Y Kμ �E NDZVU0U� FQ0V FQ0 0dZOF�DV QOE QDW0DWDHIQ�G EDXZ�
F�DVE �VW 1,2

loc � E00 0'P' WDVDPHOIQE ^@�e` OVU ^/k`� GOXX0U quasiconformal
mappings' r0G0VFX]� O E0H�0E DY 0h0GF�\0 GH�F0H�O YDH 0T�EF0VG0 DY QDW0D�
WDHIQ�G EDXZF�DVE �V W 1,1

loc QO\0 N00V OXED 0EFONX�EQ0U YDH FQ0 U0P0V0HOF0
50XFHOW� 0dZOF�DVE� E00 0'P' Q�EFDH�G GDWW0VFE R�FQ H0X0\OVF H0Y0H0VG0E
�V WDVDPHOIQE ^_� @j` OVU ^B?`'
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,Q0E0 GH�F0H�O R0H0 YDHWZXOF0U NDFQ �V F0HWE DY Kμ OVU FQ0 WDH0
H0SV0U dZOVF�F] FQOF FOq0E �VFD OGGDZVF VDF DVX] FQ0 WDUZXZE DY FQ0
GDWIX0T GD0cG�0VF μ NZF OXED �FE OHPZW0VF

KT
μ (z, z0) :=

∣∣∣1− z−z0
z−z0μ(z)

∣∣∣2
1− |μ(z)|2 (2.2)

GOXX0U tangent dilatation quotient DY 50XFHOW� 0dZOF�DVE R�FQ H0EI0GF
FD O ID�VF z0 ∈ C� E00 0'P' ^B� i� k� @@� @j� /i� B?` OVU ^_?f__`' mDF0 FQOF

K−1
μ (z) � KT

μ (z, z0) � Kμ(z) ∀ z ∈ D , z0 ∈ C . (2.3)

+0F D N0 O UDWO�V �V FQ0 GDWIX0T IXOV0 C' M YZVGF�DV f : D → C

�V FQ0 4DNDX0\ GXOEE W 1,1
loc �E GOXX0U O regular solution DY FQ0 50XFHOW�

0dZOF�DV !/'@$ �Y f EOF�ES0E !/'@$ O'0' OVU �FE :OGDN�OV Jf (z) = |fz|2 −
|fz̄|2 > 0 O'0' 5] +0WWO B OVU r0WOHq / �V ^_B`� R0 QO\0 FQ0 YDXXDR�VP
EFOF0W0VF DV FQ0 0T�EF0VG0 DY H0PZXOH QDW0DWDHIQ�G EDXZF�DVE f �V C YDH
FQ0 50XFHOW� 0dZOF�DV !/'@$'

Proposition 1. Let μ : C → C be a measurable function with
|μ(z)| < 1 a.e. and Kμ ∈ L1,loc(C). Suppose that, for each z0 ∈ C

with some ε0 = ε(z0) > 0,∫
ε<|z−z0|<ε0

KT
μ (z, z0)·ψ2

z0,ε(|z−z0|) dm(z) = o(I2z0(ε)) as ε→ 0 (2.4)

for a family of measurable functions ψz0,ε : (0, ε0) → (0,∞), ε ∈ (0, ε0),
with

Iz0(ε) : =

ε0∫
ε

ψz0,ε(t) dt < ∞ ∀ ε ∈ (0, ε0) . (2.5)

Then the Beltrami equation (2.1) has a regular homeomorphic solution
fμ.

w0H0 dm(z) GDHH0EIDVUE FD FQ0 +0N0EPZ0 W0OEZH0 �V C OVU N] !/'B$
KT
μ GOV N0 H0IXOG0U N] Kμ' g0 GOXX EZGQ EDXZF�DVE fμ DY !/'@$ μ−con-

formal mappings'

Lemma 1. Let D be a bounded simply connected domain in C, σ ∈
Lp(D), p > 2, with compact support in D, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D, Kμ ∈ L1(D)
and conditions (2.4) and (2.5) hold for all z0 ∈ ∂D.
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Then the Beltrami equation (1.2) with the source σ has a locally
Hölder continuous solution ω in the class W 1,2

loc of the Dirichlet prob-
lem (1.1) in D for each continuous function ϕ : ∂D → R that is unique
up to an additive pure imaginary constant.

Moreover, ω = h ◦ f , where f : C → C is a μ−conformal mapping
with μ extended by zero outside of D and h : D∗ → C is a generalized
analytic function in D∗ := f(D) with the source S of the class Lp∗(D∗)
for some p∗ ∈ (2, p),

S := σ · fz
J

◦ f−1 , (2.6)

where J = |fz|2 − |fz̄|2 is the Jacobian of f , that satisfies the Dirichlet
condition

lim
w→ζ

Reh(w) = ϕ∗(ζ) ∀ ζ ∈ ∂D∗ , where ϕ∗ := ϕ ◦ f−1|∂D∗ . (2.7)

g0 OEEZW0 Q0H0 OVU YZHFQ0H FQOF FQ0 U�XOFOF�DV dZDF�0VFE KT
μ (z, z0)

OVU Kμ(z) OH0 0TF0VU0U N] 1 DZFE�U0 DY FQ0 UDWO�V D'

Remark 1. 8V F0HV� FQ0 P0V0HOX�b0U OVOX]F�G YZVGF�DV h R�FQ FQ0
EDZHG0 S N] ,Q0DH0W @'@e �V ^_k` QOE FQ0 H0IH0E0VFOF�DV h = A + H�
RQ0H0

H(w) = − 1

π

∫
D∗

S(ζ)

ζ − w
dm(ζ) , w ∈ C , (2.8)

R�FQ Hw = S� OVU A �E O QDXDWDHIQ�G YZVGF�DV �V D∗ R�FQ FQ0 J�H�GQX0F
GDVU�F�DV

lim
w→ζ

ReA(w) = ϕ∗(ζ) ∀ ζ ∈ ∂D∗ , RQ0H0 ϕ∗ := ϕ∗ − ReH|∂D∗ '

(2.9)
mDF0 FQOF H �E α∗−wyDXU0H GDVF�VZDZE �V D∗ R�FQ α∗ = 1 − 2/p∗ N]
,Q0DH0W @'@j OVU H|D∗ ∈W 1,p∗(D∗) N] ,Q0DH0WE @'Be OVU @'Bi �V ^_k`'
mDF0 OXED FQOF f OVU f−1 OH0 XDGOXX] dZOE�GDVYDHWOX WOII�VPE �V D OVU
D∗� H0EI0GF�\0X]'

Proof. Let us first show the uniqueness of the desired solution. Indeed,
if ω1 and ω2 are such solutions, then Ω := ω2 − ω1 is such a solution
for the Dirichlet problem with zero boundary date to the homogeneous
Beltrami equation (2.1). Consider the function Ω∗ := Ω ◦ f−1. First of
all, note that f∗ := f−1|D∗ is a locally quasiconformal mapping and, in
particular, f∗ ∈W 1,2

loc (D∗). Hence

Ω∗
w = Ωz◦f∗·f∗w +Ωz◦f∗·f∗w = Ωz◦f∗·

[
f∗w + μ ◦ f∗ · f∗w

]
a.e. in D∗
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and Ω∗ ∈ W 1,1
loc by Lemma III.6.4 in [28]. Consequently, Ω∗

w = 0 a.e. in
D∗ by I.C(3) in [1]. Thus, the function Ω∗ is analytic in D∗ by Lemma
1 in [2]. Its real part u satisfies zero Dirichlet condition and by the
maximum principle for harmonic functions u ≡ 0 in D∗. Thus, Ω is a
pure imaginary constant.

Now, let us prove that in (2.6) S ∈ Lp∗(D∗) for some p∗ ∈ (2, p).
Indeed, let D̃ be a subdomain of D with its closure in D, containing the
support of σ. Setting μ̃ ≡ μ on D̃ and zero for the rest points of C,
we see that Kμ̃ ∈ L∞(C). Consequently, we obtain that the function
S̃ : D̃∗ → C, D̃∗ := f μ̃(D∗),

S̃ :=

(
f μ̃z
J μ̃

· σ
)

◦
(
f μ̃
)−1

, (2.10)

where f μ̃ : C → C is the μ̃− conformal mapping from Theorem B in [16]
and J μ̃ is the Jacobian of f μ̃, belongs to class Lp∗(D̃∗) for some p∗ ∈ (2, p)
by Remark 2 to Lemma 1 in [16]. However, f μ̃|D̃ = C ◦ f |D̃, where C
is a conformal mapping on D′∗ := f(D̃) because both f and f μ̃ are
quasiconformal mappings on D̃ with the same complex characteristic μ
there. Consequently,

S =
(
S̃ · C ′

)
◦ C (2.11)

on D′∗ ⊂ D∗ containing the compact support of the function Σ := σ◦f−1.
Thus, really S ∈ Lp∗(D∗) for the same p∗ ∈ (2, p).

Next, let ϕ∗ :=
(
ϕ ◦ f−1 − ReH

)
|∂D∗ , where H is the generalized

analytic function (2.8) with the source S. Then by Corollary 4.1.8 and
Theorem 4.2.1 in [36] there is a harmonic function u : D∗ → R satisfying
the Dirichlet condition

lim
w→ζ

u(w) = ϕ∗(ζ) ∀ ζ ∈ ∂D∗ (2.12)

because D∗ is a bounded simple connected domain that, of course, has
at least 2 boundary points. On the other hand, there is its conjugate
harmonic function v : D∗ → R such that A := u + iv : D∗ → C forms
a holomorphic function again because of the domain D∗ is simply con-
nected, see e.g. arguments in the beginning of the book [26]. Thus, the
function ω := h ◦ f , where h := A + H, gives the desired solution of
the Dirichlet problem (1.1) in D to the Beltrami equation (1.2) with the
source σ of the class W 1,1

loc by Lemma III.6.4 in [28], see also Remark
1. Arguing as in the previous item with the application of the auxiliary
quasiconformal mapping f μ̃ : C → C, it is easy to prove on the basis of
Lemma 1 in [16] that ω ∈ W 1,2

loc . Finally, the given solution ω is locally
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Hölder continuous because the function h and the mapping f are so, see
Remark 1.

Remark 2. mDF0 FQOF �Y FQ0 YOW�X] DY FQ0 YZVGF�DVE ψz0,ε(t) ≡ ψz0(t)�
z0 ∈ ∂D� �V +0WWO @ �E �VU0I0VU0VF DV FQ0 IOHOW0F0H ε� FQ0V FQ0 GDV�
U�F�DV !/'_$ �WIX�0E FQOF Iz0(ε) → ∞ OE ε→ 0' ,Q�E YDXXDRE �WW0U�OF0X]
YHDW OHPZW0VFE N] GDVFHOU�GF�DV� OIIX] YDH �F !/'B$ OVU FQ0 GDVU�F�DV
Kμ ∈ L1(D)' mDF0 OXED FQOF !/'_$ QDXUE� �V IOHF�GZXOH� �Y� YDH EDW0
ε0 = ε(z0)�∫

|z−z0|<ε0

KT
μ (z, z0) · ψ2

z0(|z − z0|) dm(z) <∞ ∀ z0 ∈ ∂D (2.13)

OVU Iz0(ε) → ∞ OE ε → 0' 8V DFQ0H RDHUE� YDH FQ0 EDX\ON�X�F] DY FQ0
J�H�GQX0F IHDNX0W !@'@$ �V D YDH FQ0 50XFHOW� 0dZOF�DVE R�FQ EDZHG0E
!@'/$ YDH OXX GDVF�VZDZE NDZVUOH] YZVGF�DVE ϕ� �F �E EZcG�0VF FQOF FQ0
�VF0PHOX �V !/'@B$ GDV\0HP0E YDH EDW0 VDVV0POF�\0 YZVGF�DV ψz0(t) FQOF �E
XDGOXX] �VF0PHONX0 D\0H (0, ε0] NZF QOE O VDV�VF0PHONX0 E�VPZXOH�F] OF 0'
,Q0 YZVGF�DVE logλ(e/|z − z0|)� λ ∈ (0, 1)� z ∈ D� z0 ∈ D� OVU ψ(t) =
1/(t log(e/t))� t ∈ (0, 1)� EQDR FQOF FQ0 GDVU�F�DV !/'@B$ �E GDWIOF�NX0
R�FQ FQ0 GDVU�F�DV Iz0(ε) → ∞ OE ε → 0' 9ZHFQ0HWDH0� FQ0 GDVU�F�DV
!/'_$ EQDRE FQOF �F �E EZcG�0VF YDH FQ0 EDX\ON�X�F] DY FQ0 J�H�GQX0F IHDNX0W
0\0V �Y FQ0 �VF0PHOX �V !/'@B$ �E U�\0HP0VF �V O GDVFHDXX0U RO]'

3. The main criteria in simply connected domains

+0WWO @ WOq0E �F FD N0 IDEE�NX0 FD U0H�\0 O VZWN0H DY 0h0GF�\0
�VF0PHOX GH�F0H�O YDH EDX\ON�X�F] DY FQ0 J�H�GQX0F IHDNX0W FD FQ0 50XFHOW�
0dZOF�DVE R�FQ EDZHG0E'

r0GOXX SHEF FQOF O H0OX�\OXZ0U YZVGF�DV u �V O UDWO�V D �V C �E EO�U
FD N0 DY bounded mean oscillation �V D� ONNH' u ∈ BMO(D)� �Y
u ∈ L1

loc(D) OVU

‖u‖∗ := sup
B

1

|B|

∫
B

|u(z) − uB| dm(z) <∞ , (3.1)

RQ0H0 FQ0 EZIH0WZW �E FOq0V D\0H OXX U�EGE B �V D OVU

uB =
1

|B|

∫
B

u(z) dm(z) .
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g0 RH�F0 u ∈ BMOloc(D) �Y u ∈ BMO(U) YDH 0OGQ H0XOF�\0X] GDWIOGF
EZNUDWO�V U DYD' g0 OXED RH�F0 EDW0F�W0E YDH EQDHF 56p OVU BMOloc�
H0EI0GF�\0X]'

,Q0 GXOEE 56p ROE �VFHDUZG0U N] :DQV OVU m�H0VN0HP !@je@$ �V FQ0
IOI0H ^/a` OVU EDDV N0GOW0 OV �WIDHFOVF GDVG0IF �V QOHWDV�G OVOX]E�E�
IOHF�OX U�h0H0VF�OX 0dZOF�DVE OVU H0XOF0U OH0OE� E00 0'P' ^/?` OVU ^Bi`'

M YZVGF�DV ϕ �V 56p �E EO�U FD QO\0 vanishing mean oscillation�
ONNH' ϕ ∈ VMO� �Y FQ0 EZIH0WZW �V !B'@$ FOq0V D\0H OXX NOXXE B �V
D R�FQ |B| < ε GDV\0HP0E FD 0 OE ε → 0' v6p QOE N00V �VFHDUZG0U
N] 4OHOEDV �V ^_e`' ,Q0H0 OH0 O VZWN0H DY IOI0HE U0\DF0U FD FQ0 EFZU]
DY IOHF�OX U�h0H0VF�OX 0dZOF�DVE R�FQ GD0cG�0VFE DY FQ0 GXOEE v6p� E00
0'P' ^@?� /_� /j� BB� B_` OVU ^Ba`'

Remark 3. mDF0 FQOF W 1,2 (D) ⊂ VMO (D) , E00 0'P' ^j`'

9DXXDR�VP ^/@`� R0 EO] FQOF O YZVGF�DV ϕ : D → R QOE finite mean
oscillation OF O ID�VF z0 ∈ D� ONNH' ϕ ∈ FMO(z0)� �Y

lim
ε→0

−
∫
B(z0,ε)

|ϕ(z) − ϕ̃ε(z0)| dm(z) <∞ , (3.2)

RQ0H0

ϕ̃ε(z0) = −
∫
B(z0,ε)

ϕ(z) dm(z) (3.3)

�E FQ0 W0OV \OXZ0 DY FQ0 YZVGF�DV ϕ(z) D\0H FQ0 U�Eq B(z0, ε) := {z ∈
C : |z − z0| < ε}' mDF0 FQOF FQ0 GDVU�F�DV !B'/$ �VGXZU0E FQ0 OEEZWIF�DV
FQOF ϕ �E �VF0PHONX0 �V EDW0 V0�PQNDHQDDU DY FQ0 ID�VF z0' g0 EO] OXED
FQOF O YZVGF�DV ϕ : D → R �E DY finite mean oscillation in D� ONNH'
ϕ ∈ FMO(D) DH E�WIX] ϕ ∈ FMO� �Y ϕ ∈ FMO(z0) YDH OXX ID�VFE z0 ∈ D'
g0 RH�F0 ϕ ∈ FMO(D) �Y ϕ �E P�\0V �V O UDWO�V G �V C EZGQ FQOF D ⊂ G
OVU ϕ ∈ FMO(G)'

,Q0 YDXXDR�VP EFOF0W0VF �E DN\�DZE N] FQ0 FH�OVPX0 �V0dZOX�F]'

Proposition 2. If, for a collection of numbers ϕε ∈ R, ε ∈ (0, ε0],

lim
ε→0

−
∫
B(z0,ε)

|ϕ(z) − ϕε| dm(z) <∞ , (3.4)

then ϕ is of finite mean oscillation at z0.

8V IOHF�GZXOH� GQDDE�VP Q0H0 ϕε ≡ 0� ε ∈ (0, ε0] �V 3HDIDE�F�DV @� R0
DNFO�V FQ0 YDXXDR�VP'

Corollary 1. If, for a point z0 ∈ D,

lim
ε→0

−
∫
B(z0,ε)

|ϕ(z)| dm(z) <∞ , (3.5)
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then ϕ has finite mean oscillation at z0.

r0GOXX FQOF O ID�VF z0 ∈ D �E GOXX0U O Lebesgue point DY O YZVGF�DV
ϕ : D → R �Y ϕ �E �VF0PHONX0 �V O V0�PQNDHQDDU DY z0 OVU

lim
ε→0

−
∫
B(z0,ε)

|ϕ(z) − ϕ(z0)| dm(z) = 0 . (3.6)

8F �E qVDRV FQOF� OXWDEF 0\0H] ID�VF �V D �E O +0N0EPZ0 ID�VF YDH 0\0H]
YZVGF�DV ϕ ∈ L1(D)' ,QZE� R0 QO\0 N] 3HDIDE�F�DV @ FQ0 V0TF GDHDXXOH]'

Corollary 2. Every locally integrable function ϕ : D → R has a
finite mean oscillation at almost every point in D.

Remark 4. mDF0 FQOF FQ0 YZVGF�DV ϕ(z) = log (1/|z|) N0XDVPE FD
56p �V FQ0 ZV�F U�Eq Δ� E00� 0'P'� ^Bi`� I' a� OVU Q0VG0 OXED FD 96p'
wDR0\0H� ϕ̃ε(0) → ∞ OE ε → 0� EQDR�VP FQOF GDVU�F�DV !B'a$ �E DVX]
EZcG�0VF NZF VDF V0G0EEOH] YDH O YZVGF�DV ϕ FD N0 DY SV�F0 W0OV DEG�XXOF�DV
OF z0' 7X0OHX]� BMO(D) ⊂ BMOloc(D) ⊂ FMO(D) OVU OE R0XX�qVDRV
BMOloc ⊂ Lploc YDH OXX p ∈ [1,∞)� E00� 0'P'� ^/a` DH ^Bi`' wDR0\0H� 96p
�E VDF O EZNGXOEE DY Lploc YDH OV] p > 1 NZF DVX] DY L1

loc' ,QZE� FQ0 GXOEE
96p �E WZGQ WDH0 R�U0H FQOV BMOloc'

v0HE�DVE DY FQ0 V0TF X0WWO QOE N00V SHEF IHD\0U YDH FQ0 GXOEE 56p �V
^_?`' 9DH FQ0 96p GOE0� E00 FQ0 IOI0HE ^/@�Bj�_@�_/` OVU FQ0 WDVDPHOIQE
^@j` OVU ^B?`'

Lemma 2. Let D be a domain in C and let ϕ : D → R be a non-
negative function of the class FMO(z0) for some z0 ∈ D. Then∫
ε<|z−z0|<ε0

ϕ(z) dm(z)(
|z − z0| log 1

|z−z0|
)2 = O

(
log log

1

ε

)
as ε→ 0 (3.7)

for some ε0 ∈ (0, δ0) where δ0 = min(e−e, d0), d0 = sup
z∈D

|z − z0|.

r0GOXX FQOF R0 OEEZW0 YZHFQ0H FQOF FQ0 U�XOFOF�DV dZDF�0VFE KT
μ (z, z0)

OVU Kμ(z) OH0 0TF0VU0U N] 1 DZFE�U0 DY FQ0 UDWO�V D'

7QDDE�VP ψ(t) = 1/ (t log (1/t)) �V +0WWO @� E00 OXED r0WOHq @� R0
DNFO�V N] +0WWO / FQ0 YDXXDR�VP H0EZXF R�FQ FQ0 96p F]I0 GH�F0H�DV'

Theorem 1. Let D be a bounded simply connected domain in C,
σ ∈ Lp(D), p > 2, with compact support, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D, Kμ ∈ L1(D),
KT
μ (z, z0) � Qz0(z) a.e. in Uz0 for each point z0 ∈ ∂D, a neighborhood

Uz0 of z0, a function Qz0 : Uz0 → [0,∞] in the class FMO(z0).
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Then the Beltrami equation (1.2) with the source σ has a locally
Hölder continuous solution ω in the class W 1,2

loc of the Dirichlet prob-
lem (1.1) in D for each continuous function ϕ : ∂D → R that is unique
up to an additive pure imaginary constant.

Moreover, ω = h◦f , h := A+H, where f : C → C is a μ−conformal
mapping with μ extended by zero outside of D, H : D∗ → C is a gen-
eralized analytic function in D∗ := f(D) with the source S calculated in
(2.6) and A is a holomorphic function in D∗ with the Dirichlet condition
(2.9).

5] 7DHDXXOH] @ R0 DNFO�V FQ0 YDXXDR�VP V�G0 GDVE0dZ0VG0 DY ,Q0DH0W
@� RQ0H0 B(z0, ε) U0VDF0 FQ0 �VSV�F0E�WOX U�EqE {z ∈ C : |z − z0| < ε}
G0VF0H0U OF z0 ∈ ∂D'

Corollary 3. Let D be a bounded simply connected domain in C,
σ ∈ Lp(D), p > 2, with compact support, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D, Kμ ∈ L1(D)
and, for each point z0 ∈ ∂D,

lim
ε→0

−
∫
B(z0,ε)

KT
μ (z, z0) dm(z) < ∞ . (3.8)

Then all the conclusions of Theorem 1 on solutions for the Dirichlet
problem (1.1) with arbitrary continuous boundary data ϕ : ∂D → R to
the Beltrami equation (1.2) with the source σ hold.

4�VG0 KT
μ (z, z0) � Kμ(z) YDH OXX z OVU z0 ∈ C� R0 OXED DNFO�V FQ0

YDXXDR�VP GDVE0dZ0VG0E DY ,Q0DH0W @ R�FQ FQ0 56p F]I0 GH�F0H�DV'

Corollary 4. Let D be a bounded simply connected domain in C,
σ ∈ Lp(D), p > 2, with compact support, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D and Kμ have a
dominant Q ∈ BMOloc in a neighborhood of ∂D. Then the conclusions
of Theorem 1 hold.

Remark 5. 8V IOHF�GZXOH� FQ0 GDVGXZE�DVE DY ,Q0DH0W @ QDXU �Y Q ∈
W1,2

loc �V O V0�PQNDHQDDU DY ∂D� N0GOZE0 DY W 1,2
loc ⊂ VMOloc� E00 0'P' ^j`'

Corollary 5. Let D be a bounded simply connected domain in C,
σ ∈ Lp(D), p > 2, with compact support, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D and Kμ have a
dominant Q ∈ FMO in a neighborhood of ∂D. Then the conclusions of
Theorem 1 hold.

4�W�XOHX]� GQDDE�VP �V +0WWO @ FQ0 YZVGF�DV ψ(t) = 1/t� E00 OXED
r0WOHq @� R0 GDW0 FD FQ0 V0TF EFOF0W0VF R�FQ FQ0 7OXU0HDVfz]PWZVU
F]I0 GH�F0H�DV'
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Theorem 2. Let D be a bounded simply connected domain in C,
σ ∈ Lp(D), p > 2, with compact support, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D, Kμ ∈ L1(D)
and, for each point z0 ∈ ∂D and ε0 = ε(z0) > 0,∫

ε<|z−z0|<ε0

KT
μ (z, z0)

dm(z)

|z − z0|2
= o

([
log

1

ε

]2)
as ε→ 0 . (3.9)

Then the Beltrami equation (1.2) with the source σ has a locally
Hölder continuous solution ω in the class W 1,2

loc of the Dirichlet prob-
lem (1.1) in D for each continuous function ϕ : ∂D → R that is unique
up to an additive pure imaginary constant.

Moreover, ω = h◦f , h := A+H, where f : C → C is a μ−conformal
mapping with μ extended by zero outside of D, H : D∗ → C is a gen-
eralized analytic function in D∗ := f(D) with the source S calculated in
(2.6) and A is a holomorphic function in D∗ with the Dirichlet condition
(2.9).

Remark 6. 7QDDE�VP �V +0WWO @ FQ0 YZVGF�DV ψ(t) = 1/(t log 1/t)
�VEF0OU DY ψ(t) = 1/t� R0 OH0 ONX0 FD H0IXOG0 !B'j$ N] FQ0 GDVU�F�DVE∫
ε<|z−z0|<ε0

KT
μ (z, z0) dm(z)(

|z − z0| log 1
|z−z0|

)2 = o

([
log log

1

ε

]2)
∀ z0 ∈ ∂D

(3.10)
OE ε → 0 YDH EDW0 ε0 = ε(z0) > 0' 6DH0 P0V0HOXX]� R0 RDZXU N0 ONX0
FD P�\0 Q0H0 FQ0 RQDX0 EGOX0 DY FQ0 GDHH0EIDVU�VP GDVU�F�DVE �V log ZE�VP
YZVGF�DVE ψ(t) DY FQ0 YDHW 1/(t log 1/t · log log 1/t · . . . · log . . . log 1/t)'

7QDDE�VP �V +0WWO @ FQ0 YZVGF�DVOX IOHOW0F0H ψz0(t) :=
1/[tkTμ (z0, t)]� RQ0H0 k

T
μ (z0, r) �E FQ0 �VF0PHOX W0OV DY KT

μ (z, z0) D\0H FQ0
G�HGX0 S(z0, r) := {z ∈ C : |z − z0| = r}� R0 DNFO�V FQ0 +0QFD F]I0
GH�F0H�DV'

Theorem 3. Let D be a bounded simply connected domain in C,
σ ∈ Lp(D), p > 2, with compact support, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D, Kμ ∈ L1(D)
and, for each point z0 ∈ ∂D and ε0 = ε(z0) > 0,

ε0∫
0

dr

rkTμ (z0, r)
= ∞ . (3.11)

Then the Beltrami equation (1.2) with the source σ has a locally
Hölder continuous solution ω in the class W 1,2

loc of the Dirichlet prob-
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lem (1.1) in D for each continuous function ϕ : ∂D → R that is unique
up to an additive pure imaginary constant.

Moreover, ω = h◦f , h := A+H, where f : C → C is a μ−conformal
mapping with μ extended by zero outside of D, H : D∗ → C is a gen-
eralized analytic function in D∗ := f(D) with the source S calculated in
(2.6) and A is a holomorphic function in D∗ with the Dirichlet condition
(2.9).

Corollary 6. Let D be a bounded simply connected domain in C,
σ ∈ Lp(D), p > 2, with compact support, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D, Kμ ∈ L1(D)
and, for each point z0 ∈ ∂D,

kTμ (z0, ε) = O

(
log

1

ε

)
as ε→ 0 . (3.12)

Then all conclusions of Theorem 3 on solutions for the Dirichlet prob-
lem (1.1) with arbitrary continuous boundary data ϕ : ∂D → R to the
Beltrami equation (1.2) with the source σ hold.

Remark 7. 8V IOHF�GZXOH� FQ0 GDVGXZE�DVE DY ,Q0DH0W B QDXU �Y

KT
μ (z, z0) = O

(
log

1

|z − z0|

)
as z → z0 ∀ z0 ∈ ∂D . (3.13)

6DH0D\0H� FQ0 GDVU�F�DV !B'@/$ GOV N0 H0IXOG0U N] FQ0 E0H�0E DY R0Oq0H
GDVU�F�DVE

kTμ (z0, ε) = O

([
log

1

ε
· log log 1

ε
· . . . · log . . . log 1

ε

])
∀ z0 ∈ ∂D .

(3.14)

,D P0F OVDFQ0H GH�F0H�DV� R0 V00U O GDZIX0 DY OZT�X�OH] EFOF0W0VFE'
,Q0 SHEF DY FQ0W GOV N0 YDZVU 0'P' OE ,Q0DH0W B'/ �V ^__`'

Proposition 3. Let Q : D → [0,∞] be a measurable function such
that ∫

D

Φ(Q(z)) dm(z) <∞ (3.15)

where Φ : [0,∞] → [0,∞] is a non-decreasing convex function such that

∞∫
δ

dτ

τΦ−1(τ)
= ∞ (3.16)
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for some δ > Φ(+0). Then

1∫
0

dr

rq(r)
= ∞ (3.17)

where q(r) is the average of the function Q(z) over the circle |z| = r.

MND\0 R0 ZE0U FQ0 YDXXDR�VP VDF�DVE DY FQ0 �V\0HE0 YZVGF�DV YDH WDVD�
FDV0 YZVGF�DVE' mOW0X]� YDH 0\0H] VDV�U0GH0OE�VP YZVGF�DV Φ : [0,∞] →
[0,∞] FQ0 �V\0HE0 YZVGF�DV Φ−1 : [0,∞] → [0,∞] GOV N0 R0XX�U0SV0U N]
E0FF�VP

Φ−1(τ) := inf
Φ(t)≥τ

t (3.18)

w0H0 inf �E 0dZOX FD ∞ �Y FQ0 E0F DY t ∈ [0,∞] EZGQ FQOF Φ(t) ≥ τ �E 0WIF]'
mDF0 FQOF FQ0 YZVGF�DV Φ−1 �E VDV�U0GH0OE�VP� FDD' 8F �E OXED 0\�U0VF
�WW0U�OF0X] N] FQ0 U0SV�F�DV FQOF Φ−1(Φ(t)) ≤ t YDH OXX t ∈ [0,∞] R�FQ
FQ0 0dZOX�F] 0TG0IF �VF0H\OXE DY GDVEFOVG] DY FQ0 YZVGF�DV Φ(t)'

r0GOXX GDVV0GF�DVE N0FR00V �VF0PHOX GDVU�F�DVE� E00 0'P' ,Q0DH0W /'a
�V ^__`'

Proposition 4. Let Φ : [0,∞] → [0,∞] be a non-decreasing function
and set

H(t) = log Φ(t) . (3.19)

Then the equality
∞∫

Δ

H ′(t)
dt

t
= ∞, (3.20)

implies the equality
∞∫

Δ

dH(t)

t
= ∞ , (3.21)

and (3.21) is equivalent to

∞∫
Δ

H(t)
dt

t2
= ∞ (3.22)

for some Δ > 0, and (3.22) is equivalent to each of the equalities

δ∗∫
0

H

(
1

t

)
dt = ∞ (3.23)
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for some δ∗ > 0,
∞∫

Δ∗

dη

H−1(η)
= ∞ (3.24)

for some Δ∗ > H(+0) and to (3.16) for some δ > Φ(+0).

Moreover, (3.20) is equivalent to (3.21) and to hence (3.20)–(3.24) as
well as to (3.16) are equivalent to each other if Φ is in addition absolutely
continuous. In particular, all the given conditions are equivalent if Φ is
convex and non-decreasing.

mDF0 FQOF FQ0 �VF0PHOX �V !B'/@$ �E ZVU0HEFDDU OE FQ0 +0N0EPZ0f4F�0XF[0E
�VF0PHOX OVU FQ0 �VF0PHOXE �V !B'/?$ OVU !B'//$f!B'/_$ OE FQ0 DHU�VOH]
+0N0EPZ0 �VF0PHOXE' 8F �E V0G0EEOH] FD P�\0 DV0 WDH0 0TIXOVOF�DV' 9HDW
FQ0 H�PQF QOVU E�U0E �V FQ0 GDVU�F�DVE !B'/?$f!B'/_$ R0 QO\0 �V W�VU +∞'
8Y Φ(t) = 0 YDH t ∈ [0, t∗� FQ0V H(t) = −∞ YDH t ∈ [0, t∗] OVU R0 GDWIX0F0
FQ0 U0SV�F�DV H ′(t) = 0 YDH t ∈ [0, t∗]' mDF0� FQ0 GDVU�F�DVE !B'/@$ OVU
!B'//$ 0TGXZU0 FQOF t∗ N0XDVPE FD FQ0 �VF0H\OX DY �VF0PHON�X�F] N0GOZE0 �V
FQ0 GDVFHOH] GOE0 FQ0 X0YF QOVU E�U0E �V !B'/@$ OVU !B'//$ OH0 0�FQ0H 0dZOX
FD −∞ DH �VU0F0HW�VOF0' w0VG0 R0 WO] OEEZW0 �V !B'/?$f!B'/B$ FQOF
δ > t0� GDHH0EIDVU�VPX]� Δ < 1/t0 RQ0H0 t0 := sup

Φ(t)=0
t� OVU E0F t0 = 0 �Y

Φ(0) > 0' ,Q0 WDEF �VF0H0EF�VP GDVU�F�DV !B'//$ GOV N0 RH�FF0V �V FQ0
YDHW2 ∞∫

Δ

log Φ(t)
dt

t2
= +∞ YDH EDW0 Δ > 0 . (3.25)

7DWN�V�VP 3HDIDE�F�DV B OVU _ R�FQ ,Q0DH0WE B R0 DNFO�V FQ0 YDX�
XDR�VP E�PV�SGOVF H0EZXF R�FQ FQ0 pHX�Gb F]I0 GH�F0H�DV'

Theorem 4. Let D be a bounded simply connected domain in C,
σ ∈ Lp(D), p > 2, with compact support, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D, Kμ ∈ L1(D)
and, for each point z0 ∈ ∂D and a neighborhood Uz0 of z0,∫

Uz0

Φz0
(
KT
μ (z, z0)

)
dm(z) <∞ , (3.26)

where Φz0 : (0,∞] → (0,∞] is a convex non-decreasing function such
that

∞∫
Δ(z0)

log Φz0(t)
dt

t2
= +∞ for some Δ(z0) > 0 . (3.27)



V. Gutlyanskĭı, O. Nesmelova, V. Ryazanov, E. Yakubov 39

Then the Beltrami equation (1.2) with the source σ has a locally
Hölder continuous solution ω in the class W 1,2

loc of the Dirichlet prob-
lem (1.1) in D for each continuous function ϕ : ∂D → R that is unique
up to an additive pure imaginary constant.

Moreover, ω = h◦f , h := A+H, where f : C → C is a μ−conformal
mapping with μ extended by zero outside of D, H : D∗ → C is a gen-
eralized analytic function in D∗ := f(D) with the source S calculated in
(2.6) and A is a holomorphic function in D∗ with the Dirichlet condition
(2.9).

Corollary 7. Let D be a bounded simply connected domain in C,
σ ∈ Lp(D), p > 2, with compact support, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D, Kμ ∈ L1(D)
and, for each point z0 ∈ ∂D, a neighborhood Uz0 of z0 and α(z0) > 0,∫

Uz0

eα(z0)K
T
μ (z,z0) dm(z) <∞ . (3.28)

Then all conclusions of Theorem 4 on solutions for the Dirichlet prob-
lem (1.1) with continuous data ϕ : ∂D → R to the Beltrami equation
(1.2) with the source σ hold.

Corollary 8. Let D be a bounded simply connected domain in C,
σ ∈ Lp(D), p > 2, with compact support, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D and, for a
neighborhood U of ∂D,∫

U

Φ (Kμ(z)) dm(z) <∞ , (3.29)

where Φ : (0,∞] → (0,∞] is a convex non-decreasing function with, for
δ > 0,

∞∫
δ

log Φ(t)
dt

t2
= +∞ . (3.30)

Then all conclusions of Theorem 4 on solutions for the Dirichlet prob-
lem (1.1) with continuous data ϕ : ∂D → R to the Beltrami equation
(1.2) with the source σ hold.

Remark 8. 5] ,Q0DH0WE /'a OVU a'@ �V ^__`� GDVU�F�DV !B'B?$ �E
VDF DVX] EZcG�0VF NZF OXED V0G0EEOH] FD QO\0 FQ0 H0PZXOH EDXZF�DVE DY
FQ0 J�H�GQX0F IHDNX0W !@'@$ �V D YDH OHN�FHOH] 50XFHOW� 0dZOF�DVE R�FQ
EDZHG0E !@'/$� EOF�EY]�VP FQ0 �VF0PHOX GDVEFHO�VFE !B'/j$� YDH OXX GDVF�VZDZE
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YZVGF�DVE ϕ : ∂D → R N0GOZE0 EZGQ EDXZF�DVE QO\0 FQ0 H0IH0E0VFOF�DV
FQHDZPQ H0PZXOH QDW0DWDHIQ�G EDXZF�DVE f = fμ DY FQ0 QDWDP0V0DZE
50XFHOW� 0dZOF�DV !/'@$ YHDW 3HDIDE�F�DV @'

Corollary 9. Let D be a bounded simply connected domain in C,
σ ∈ Lp(D), p > 2, with compact support, μ : D → C be a measurable
function with |μ(z)| < 1 a.e., Kμ be locally bounded in D and, for a
neighborhood U of ∂D and α > 0,∫

U

eαKμ(z) dm(z) < ∞ . (3.31)

Then all conclusions of Theorem 4 on solutions for the Dirichlet prob-
lem (1.1) with continuous data ϕ : ∂D → R to the Beltrami equation
(1.2) with the source σ hold.

4. The main lemma in general domains

8V FQ�E E0GF�DV R0 DNFO�V GH�F0H�O YDH FQ0 0T�EF0VG0� H0IH0E0VFOF�DV
OVU H0PZXOH�F] DY FQ0 ED�GOXX0U WZXF��\OXZ0U EDXZF�DVE ω DY FQ0 J�H�GQX0F
IHDNX0W !@'@$ FD FQ0 50XFHOW� 0dZOF�DVE R�FQ EDZHG0E !@'/$ �V FQ0 EI�H�F
DY FQ0 FQ0DH] DY WZXF��\OXZ0U OVOX]F�G YZVGF�DVE �V OHN�FHOH] NDZVU0U
UDWO�VE D �V C R�FQ VD NDZVUOH] GDWIDV0VF U0P0V0HOF0U FD O E�VPX0
ID�VF' 4�WIX0 0TOWIX0E EQDR FQOF EZGQ UDWO�VE YDHW FQ0 WDEF R�U0 GXOEE
DY UDWO�VE YDH RQ�GQ FQ0 IHDNX0W �E OXRO]E EDX\ONX0 YDH OV] GDVF�VZDZE
NDZVUOH] UOFO'

g0 EO] FQOF O XDGOXX] wyDXU0H GDVF�VZDZE YZVGF�DV ω : B(z0, ε0) → C�
RQ0H0 B(z0, ε0) ⊆ D� �E O local regular solution of the equation !@'/$
�Y ω ∈W 1,2

loc OVU ω EOF�ES0E !@'/$ O'0' �V B(z0, ε0)' +DGOX H0PZXOH EDXZF�DVE
ω0 : B(z0, ε0) → C OVU ω∗ : B(z∗, ε∗) → C DY FQ0 0dZOF�DV !@'/$ R�XX N0
GOXX0U 0TF0VE�DV DY 0OGQ FD DFQ0H �Y FQ0H0 �E O SV�F0 GQO�V DY �FE XDGOX H0PZXOH
EDXZF�DVE ωi : B(zi, εi) → C� i = 1, . . . ,m� EZGQ FQOF ω1 = ω0� ωm = ω∗
OVU ωi(z) = ωi+1(z) YDH OXX ID�VFE z ∈ Ei := B(zi, εi)∩B(zi+1, εi+1) �= ∅�
i = 1, . . . ,m− 1'

M GDXX0GF�DV DY XDGOX H0PZXOH EDXZF�DVE ωj : B(zj , εj) → C� j ∈ J � R�XX
N0 GOXX0U O regular multi-valued solution DY FQ0 0dZOF�DV !@'/$ �V D
�Y FQ0 GDXX0GF�DV DY FQ0 U�EqE B(zj , εj) GD\0H FQ0 UDWO�V D OVU ωj OH0
0TF0VE�DVE DY 0OGQ FD DFQ0H FQHDZPQ FQ�E GDXX0GF�DV OVU FQ0 GDXX0GF�DV �E
WOT�WOX N] �VGXZE�DV'

M H0PZXOH WZXF��\OXZ0U EDXZF�DV DY FQ0 0dZOF�DV !@'/$ R�XX N0 GOXX0U O
regular multi-valued solution of the Dirichlet problem !@'@$ FD
!@'/$ �V D �Y u(z) = Reω(z) = Reωj(z)� z ∈ B(zj , εj)� j ∈ J � �E O E�VPX0�
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\OXZ0U YZVGF�DV �V D EOF�EY]�VP FQ0 J�H�GQX0F GDVU�F�DV lim
z∈ζ

u(z) = ϕ(ζ)

YDH OXX ζ ∈ ∂D'
Lemma 3. Let D be a bounded domain in C with no boundary

component degenerated to a single point, σ ∈ Lp(D), p > 2, with compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D, Kμ ∈ L1(D) and, for each point z0 ∈ ∂D
and ε0 = ε(z0) > 0,∫
ε<|z−z0|<ε0

KT
μ (z, z0) ·ψ2

z0,ε(|z−z0|) dm(z) = o(I2z0(ε)) as ε→ 0 , (4.1)

where ψz0,ε : (0, ε0) → (0,∞) is a family of measurable functions such
that

Iz0(ε) : =

ε0∫
ε

ψz0,ε(t) dt <∞ ∀ ε ∈ (0, ε0) . (4.2)

Then the Beltrami equation (1.2) with the source σ has a regular
multi-valued solution ω of the Dirichlet problem (1.1) in D for each con-
tinuous function ϕ : ∂D → R that is unique up to an additive pure
imaginary constant.

Moreover, ω = h◦f , h := A+H, where f : C → C is a μ−conformal
mapping with μ extended by zero outside of D, H : D∗ → C is a gen-
eralized analytic function in D∗ := f(D) with the source S calculated in
(2.6) and A is a multi-valued analytic function in D∗ with a single valued
real part satisfying the Dirichlet condition (2.9).

Proof. By Proposition 1 there is a μ−conformal mapping f : C → C

with μ extended by zero outside of D, which is locally quasiconformal in
D. Arguing locally as in the first item of the proof to Lemma 1, we first
show that the desired solution is unique up to an additive pure imaginary
constant. Moreover, by the second item of the proof to Lemma 1, the
function S described in (2.6) belongs to the class Lp∗(D∗) in the domain
D∗ = f(D) with p∗ ∈ (2, p).

Note also that D∗ is also a bounded domain with no boundary com-
ponents degenerated to a single point. Let ϕ∗ :=

(
ϕ ◦ f−1 − ReH

)
|∂D∗ ,

where H is the generalized analytic function (2.8) with the source S.
Then by Corollary 4.1.8 and Theorem 4.2.2 in [36] there is a harmonic
function u : D∗ → R satisfying the Dirichlet condition

lim
w→ζ

u(w) = ϕ∗(ζ) ∀ ζ ∈ ∂D∗ . (4.3)

Now, let B0 = B(z0, r0) be a disk in the domain D. Then B0 :=
f(B0) is a simply connected subdomain of the domain D∗ where there is
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a conjugate harmonic function v determined up to an additive constant
such that u + iv is a single–valued analytic function. Let us denote
through A0 the holomorphic function corresponding to the choice of such
a harmonic function v0 in B0 with the normalization v0(f(z0)) = 0.
Thereby we have determined the initial element of a multi-valued analytic
function. The function A0 can be extended to, generally speaking multi-
valued, analytic function A along any path in D∗ because u is given in
the whole domain D∗.

Thus, ω := h ◦ f , h = A +H, is a continuous multi-valued solution
of the Dirichlet problem (1.1) in D for the Beltrami equation with the
source σ (1.2) of the classW 1,1

loc by Lemma III.6.4 in [28], see also Remark
1. Arguing as in the second item of the proof to Lemma 1 with the
application of the auxiliary quasiconformal mapping f μ̃ : C → C, it is
easy to prove on the basis of Lemma 1 in [16] that ω ∈ W 1,2

loc . Finally,
the given solution ω is locally Hölder continuous because the function h
and the mapping f are so, see Remark 1.

Remark 9. mDF0 FQOF �Y FQ0 YOW�X] DY FQ0 YZVGF�DVE ψz0,ε(t) ≡ ψz0(t)�
z0 ∈ ∂D� �V +0WWO B �E �VU0I0VU0VF DV FQ0 IOHOW0F0H ε� FQ0V FQ0 GDV�
U�F�DV !_'@$ �WIX�0E FQOF Iz0(ε) → ∞ OE ε→ 0' ,Q�E YDXXDRE �WW0U�OF0X]
YHDW OHPZW0VFE N] GDVFHOU�GF�DV� OIIX] YDH �F !/'B$ OVU FQ0 GDVU�F�DV
Kμ ∈ L1(D)' mDF0 OXED FQOF !_'@$ QDXUE� �V IOHF�GZXOH� �Y� YDH EDW0
ε0 = ε(z0)�

∫
|z−z0|<ε0

KT
μ (z, z0) · ψ2

z0(|z − z0|) dm(z) <∞ ∀ z0 ∈ ∂D (4.4)

OVU Iz0(ε) → ∞ OE ε → 0' 8V DFQ0H RDHUE� YDH FQ0 0T�EF0VG0 DY O H0PZXOH
WZXF��\OXZ0U EDXZF�DVE DY FQ0 J�H�GQX0F IHDNX0W !@'@$ �V D YDH FQ0 50X�
FHOW� 0dZOF�DVE R�FQ EDZHG0E !@'/$ YDH OXX GDVF�VZDZE NDZVUOH] YZVGF�DVE
ϕ� �F �E EZcG�0VF FQOF FQ0 �VF0PHOX �V !_'_$ GDV\0HP0E YDH EDW0 VDVV0POF�\0
YZVGF�DV ψz0(t) FQOF �E XDGOXX] �VF0PHONX0 D\0H (0, ε0] NZF QOE O VDV�VF0�
PHONX0 E�VPZXOH�F] OF 0' ,Q0 YZVGF�DVE logλ(e/|z − z0|)� λ ∈ (0, 1)� z ∈ D�
z0 ∈ D� OVU ψ(t) = 1/(t log(e/t))� t ∈ (0, 1)� EQDR FQOF FQ0 GDVU�F�DV
!_'_$ �E GDWIOF�NX0 R�FQ FQ0 GDVU�F�DV Iz0(ε) → ∞ OE ε → 0' 9ZHFQ0H�
WDH0� FQ0 GDVU�F�DV !_'@$ EQDRE FQOF �F �E EZcG�0VF YDH FQ0 0T�EF0VG0 DY
H0PZXOH WZXF��\OXZ0U EDXZF�DVE DY FQ0 J�H�GQX0F IHDNX0W !@'@$ �V D YDH
FQ0 50XFHOW� 0dZOF�DVE R�FQ EDZHG0E !@'/$ YDH OXX GDVF�VZDZE NDZVUOH]
YZVGF�DVE ϕ 0\0V �Y FQ0 �VF0PHOX �V !_'_$ �E U�\0HP0VF �V O GDVFHDXX0U RO]'
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5. The main criteria in general domains

MHPZ�VP OE �V 40GF�DV B� R0 U0H�\0 YHDW +0WWO B FQ0 YDXXDR�VP GDV�
E0dZ0VG0E'

Theorem 5. Let D be a bounded domain in C with no boundary
component degenerated to a single point, σ ∈ Lp(D), p > 2, have compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D, Kμ ∈ L1(D), KT

μ (z, z0) � Qz0(z) a.e. in
Uz0 for each point z0 ∈ ∂D, a neighborhood Uz0 of z0 and a function
Qz0 : Uz0 → [0,∞] in the class FMO(z0).

Then the Beltrami equation (1.2) with the source σ has a regular
multi-valued solution ω of the Dirichlet problem (1.1) in D for each con-
tinuous function ϕ : ∂D → R that is unique up to an additive pure
imaginary constant.

Moreover, ω = h◦f , h := A+H, where f : C → C is a μ−conformal
mapping with μ extended by zero outside of D, H : D∗ → C is a gen-
eralized analytic function in D∗ := f(D) with the source S calculated in
(2.6) and A is a multi-valued analytic function in D∗ with a single valued
real part satisfying the Dirichlet condition (2.9).

Corollary 10. Let D be a bounded domain in C with no boundary
component degenerated to a single point, σ ∈ Lp(D), p > 2, have compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D, Kμ ∈ L1(D) and, for each point z0 ∈ ∂D,

lim
ε→0

−
∫
B(z0,ε)

KT
μ (z, z0) dm(z) <∞ . (5.1)

Then all the conclusions of Theorem 5 hold.

Corollary 11. Let D be a bounded domain in C with no boundary
component degenerated to a single point, σ ∈ Lp(D), p > 2, have compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D and Kμ have a dominant Q ∈ BMOloc in a
neighborhood of ∂D. Then all the conclusions of Theorem 5 hold.

Remark 10. 8V IOHF�GZXOH� FQ0 GDVGXZE�DVE DY ,Q0DH0W a QDXU �Y
Q ∈ W1,2

loc �V O V0�PQNDHQDDU DY ∂D� N0GOZE0 DY W 1,2
loc ⊂ VMOloc'

Corollary 12. Let D be a bounded domain in C with no boundary
component degenerated to a single point, σ ∈ Lp(D), p > 2, have compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D and Kμ have a dominant Q ∈ FMO in a
neighborhood of ∂D. Then all the conclusions of Theorem 5 hold.
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Theorem 6. Let D be a bounded domain in C with no boundary
component degenerated to a single point, σ ∈ Lp(D), p > 2, have compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D, Kμ ∈ L1(D) and, for each point z0 ∈ ∂D
and ε0 = ε(z0) > 0,∫

ε<|z−z0|<ε0

KT
μ (z, z0)

dm(z)

|z − z0|2
= o

([
log

1

ε

]2)
as ε→ 0 . (5.2)

Then the Beltrami equation (1.2) with the source σ has a regular
multi-valued solution ω of the Dirichlet problem (1.1) in D for each con-
tinuous function ϕ : ∂D → R that is unique up to an additive pure
imaginary constant.

Moreover, ω = h◦f , h := A+H, where f : C → C is a μ−conformal
mapping with μ extended by zero outside of D, H : D∗ → C is a gen-
eralized analytic function in D∗ := f(D) with the source S calculated in
(2.6) and A is a multi-valued analytic function in D∗ with a single valued
real part satisfying the Dirichlet condition (2.9).

Remark 11. 7QDDE�VP �V +0WWO B FQ0 YZVGF�DV ψ(t) = 1/(t log 1/t)
�VEF0OU DY ψ(t) = 1/t� R0 OH0 ONX0 FD H0IXOG0 !a'/$ N] FQ0 GDVU�F�DVE∫
ε<|z−z0|<ε0

KT
μ (z, z0) dm(z)(

|z − z0| log 1
|z−z0|

)2 = o

([
log log

1

ε

]2)
∀ z0 ∈ ∂D

(5.3)
OE ε → 0 YDH EDW0 ε0 = ε(z0) > 0' 6DH0 P0V0HOXX]� R0 RDZXU N0 ONX0
FD P�\0 Q0H0 FQ0 RQDX0 EGOX0 DY FQ0 GDHH0EIDVU�VP GDVU�F�DVE �V log ZE�VP
YZVGF�DVE ψ(t) DY FQ0 YDHW 1/(t log 1/t · log log 1/t · . . . · log . . . log 1/t)'

Theorem 7. Let D be a bounded domain in C with no boundary
component degenerated to a single point, σ ∈ Lp(D), p > 2, have compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D, Kμ ∈ L1(D) and, for each point z0 ∈ ∂D
and for some ε0 = ε(z0) > 0,

ε0∫
0

dr

rkTμ (z0, r)
= ∞ , (5.4)

where kTμ (z0, r) is the mean value of KT
μ (z0, r) over the circles S(z0, r).

Then the Beltrami equation (1.2) with the source σ has a regular
multi-valued solution ω of the Dirichlet problem (1.1) in D for each con-
tinuous function ϕ : ∂D → R that is unique up to an additive pure
imaginary constant.
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Moreover, ω = h◦f , h := A+H, where f : C → C is a μ−conformal
mapping with μ extended by zero outside of D, H : D∗ → C is a gen-
eralized analytic function in D∗ := f(D) with the source S calculated in
(2.6) and A is a multi-valued analytic function in D∗ with a single valued
real part satisfying the Dirichlet condition (2.9).

Corollary 13. Let D be a bounded domain in C with no boundary
component degenerated to a single point, σ ∈ Lp(D), p > 2, have compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D, Kμ ∈ L1(D) and, for each point z0 ∈ ∂D,

kTμ (z0, ε) = O

(
log

1

ε

)
as ε→ 0 . (5.5)

Then all conclusions of Theorem 7 on regular multi-valued solutions
for the Dirichlet problem (1.1) with arbitrary continuous boundary data
ϕ : ∂D → R to the Beltrami equation (1.2) with the source σ hold.

Remark 12. 8V IOHF�GZXOH� FQ0 GDVGXZE�DVE DY ,Q0DH0W i QDXU �Y

KT
μ (z, z0) = O

(
log

1

|z − z0|

)
as z → z0 ∀ z0 ∈ ∂D . (5.6)

6DH0D\0H� FQ0 GDVU�F�DV !a'a$ GOV N0 H0IXOG0U N] FQ0 E0H�0E DY R0Oq0H
GDVU�F�DVE

kTμ (z0, ε) = O

([
log

1

ε
· log log 1

ε
· . . . · log . . . log 1

ε

])
∀ z0 ∈ ∂D .

(5.7)

Theorem 8. Let D be a bounded domain in C with no boundary
component degenerated to a single point, σ ∈ Lp(D), p > 2, have compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D, Kμ ∈ L1(D) and, for each point z0 ∈ ∂D
and a neighborhood Uz0 of z0,∫

Uz0

Φz0
(
KT
μ (z, z0)

)
dm(z) <∞ , (5.8)

where Φz0 : (0,∞] → (0,∞] is a convex non-decreasing function such
that

∞∫
Δ(z0)

log Φz0(t)
dt

t2
= +∞ for some Δ(z0) > 0 . (5.9)
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Then the Beltrami equation (1.2) with the source σ has a regular
multi-valued solution ω of the Dirichlet problem (1.1) in D for each con-
tinuous function ϕ : ∂D → R that is unique up to an additive pure
imaginary constant.

Moreover, ω = h◦f , h := A+H, where f : C → C is a μ−conformal
mapping with μ extended by zero outside of D, H : D∗ → C is a gen-
eralized analytic function in D∗ := f(D) with the source S calculated in
(2.6) and A is a multi-valued analytic function in D∗ with a single valued
real part satisfying the Dirichlet condition (2.9).

Corollary 14. Let D be a bounded domain in C with no boundary
component degenerated to a single point, σ ∈ Lp(D), p > 2, have compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D, Kμ ∈ L1(D) and, for each point z0 ∈ ∂D
and a neighborhood Uz0 of z0,∫

Uz0

eα(z0)K
T
μ (z,z0) dm(z) <∞ for some α(z0) > 0 . (5.10)

Then all the conclusions of Theorem 8 on regular multi-valued solu-
tions for the Dirichlet problem (1.1) with continuous data ϕ : ∂D → R

to the Beltrami equation (1.2) with the source σ hold.

Corollary 15. Let D be a bounded domain in C with no boundary
component degenerated to a single point, σ ∈ Lp(D), p > 2, have compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D and, for a neighborhood U of ∂D,∫

U

Φ (Kμ(z)) dm(z) <∞ , (5.11)

where Φ : (0,∞] → (0,∞] is a convex non-decreasing function with, for
δ > 0,

∞∫
δ

log Φ(t)
dt

t2
= +∞ . (5.12)

Then all the conclusions of Theorem 8 on regular multi-valued solu-
tions for the Dirichlet problem (1.1) with continuous data ϕ : ∂D → R

to the Beltrami equation (1.2) with the source σ hold.

Remark 13. ,Q0 GDVU�F�DV !a'@/$ �E VDF DVX] EZcG�0VF NZF OXED V0�
G0EEOH] FD QO\0 FQ0 H0PZXOH WZXF��\OXZ0U EDXZF�DVE DY FQ0 J�H�GQX0F IHDNX0W
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!@'@$ YDH OHN�FHOH] 50XFHOW� 0dZOF�DVE R�FQ EDZHG0E !@'/$� EOF�EY]�VP FQ0
�VF0PHOX GDVEFHO�VFE !a'@@$� YDH OXX GDVF�VZDZE YZVGF�DVE ϕ : ∂D → R� E00
OHPZW0VFE �V r0WOHq k'

Corollary 16. Let D be a bounded domain in C with no boundary
component degenerated to a single point, σ ∈ Lp(D), p > 2, have compact
support in D, μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ be locally bounded in D and, for a neighborhood U of ∂D and some
α > 0, ∫

U

eαKμ(z) dm(z) < ∞ . (5.13)

Then all the conclusions of Theorem 8 on regular multivalued solu-
tions for the Dirichlet problem (1.1) with continuous data ϕ : ∂D → R

to the Beltrami equation (1.2) with the source σ hold.

6. Dirichlet problem for Poisson type equations

+0F ZE U0VDF0 N] S
2×2 FQ0 GDXX0GF�DV DY OXX 2 × 2 WOFH�G0E R�FQ H0OX

0VFH�0E

A =

[
a11 a12
a21 a22

]
, (6.1)

RQ�GQ OH0 E]WW0FH�G� �'0'� a12 = a21� R�FQ detA = 1 OVU ellipticity
condition det (I + A) > 0� RQ0H0 I �E FQ0 ZV�F 2× 2 WOFH�T' ,Q0 XOFF0H
GDVU�F�DV W0OVE �V F0HWE DY 0VFH�0E DY A FQOF (1+a11)(1+a22) > a12a21'

mDR� X0F ZE GDVE�U0H �V O UDWO�V D DY FQ0 GDWIX0T IXOV0 C FQ0 3D�EEDV
F]I0 0dZOF�DVE !@'_$� RQ0H0 A : D → S

2×2 �E O W0OEZHONX0 WOFH�T \OXZ0U
YZVGF�DV RQDE0 0X0W0VFE aij(z)� i, j = 1, 2 OH0 W0OEZHONX0 OVU XDGOXX]
NDZVU0U OVU SHEF FQ0 EDZHG0 g : D → R �E O EGOXOH YZVGF�DV �V L1,loc'

8F �E R0XXfqVDRV� E00 ,Q0DH0W @e'@'e �V ^_`� FQOF VDVQDWDP0V0DZE 50X�
FHOW� 0dZOF�DVE !@'/$ R�FQ XDGOXX] NDZVU0U Kμ OH0 GXDE0X] GDVV0GF0U R�FQ
FQ0 3D�EEDV F]I0 0dZOF�DVE !@'_$� RQ0H0 A : D → S

2×2 �E FQ0 W0OEZHONX0
WOFH�T \OXZ0U YZVGF�DV

A(z) :=

[ |1−μ(z)|2
1−|μ(z)|2

−2Imμ(z)
1−|μ(z)|2

−2Imμ(z)
1−|μ(z)|2

|1+μ(z)|2
1−|μ(z)|2

]
, (6.2)

RQDE0 0VFH�0E aij(z) OH0 UDW�VOF0U N] Kμ(z) OVU� FQZE� FQ0] OH0 XDGOXX]
NDZVU0U'

v�G0 \0HEO� XDGOXX] ZV�YDHW 0XX�IF�G !@'_$ R�FQ W0OEZHONX0 A : D →
S
2×2 [ZEF GDHH0EIDVU FD VDVQDWDP0V0DZE 50XFHOW� 0dZOF�DVE !@'/$ R�FQ

GD0cG�0VFE

μA := −a11 − a22 + i(a12 + a21)

2 + a11 + a22
, (6.3)
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RQDE0 U�XOFOF�DV dZDF�0VFE KμA OH0 XDGOXX] NDZVU0U'
;�\0V EZGQ O WOFH�T YZVGF�DV A OVU O μ�GDVYDHWOX WOII�VP fμ : D →

C� R0 QO\0 OXH0OU] E00V �V +0WWO @ DY ^@/`� N] U�H0GF GDWIZFOF�DVE� FQOF
�Y O YZVGF�DV T OVU FQ0 0VFH�0E DY A OH0 EZcG�0VFX] EWDDFQ� FQ0V

U�\ [A(z)∇ (T (fμ(z)))] = J(z)�T (fμ(z)) . (6.4)

8V FQ0 GOE0 T ∈ W 1,2
loc � R0 ZVU0HEFOVU 0dZOX�F] !e'_$ �V FQ0 U�EFH�NZF�DVOX

E0VE0� E00 3HDIDE�F�DV B'@ �V ^@B`� �'0'� YDH OXX ψ ∈W 1,2
0 (D)�∫

D

〈A∇(T ◦fμ),∇ψ〉 dmz =

∫
D

J(z)〈M−1((∇T )◦fμ),∇ψ〉 dmz . (6.5)

w0H0 M �E FQ0 :OGDN�OV WOFH�T DY FQ0 WOII�VP fμ OVU J �E �FE :OGDN�OV'
+OF0H DV� R0 ZE0 FQ0 logarithmic (Newtonian) potential of sour-

ces G ∈ L1(C) R�FQ GDWIOGF EZIIDHFE P�\0V N] FQ0 YDHWZXO2

NG(z) :=
1

2π

∫
C

ln |z − w|G(w) dm(w) . (6.6)

5] +0WWOE B �V ^@_` OVU ,Q0DH0W / �V ^@a`� R0 QO\0 �FE NOE�G IHDI�
0HF�0E2

Proposition 5. Let G : C → R have compact support. If G ∈ L1(C),
then NG ∈ Lr,loc(C) for all r ∈ [1,∞), NG ∈ W 1,p

loc (C) for all p ∈ [1, 2),

moreover, there exist generalized derivatives by Sobolev ∂2NG

∂z∂z and ∂2NG

∂z∂z
satisfying the equalities

4 · ∂
2NG

∂z∂z
= �NG = 4 · ∂

2NG

∂z∂z
= G a.e. (6.7)

Furthermore, if G ∈ Lp′(C) for some p′ > 1, then NG ∈ W 2,p′
loc (C),

moreover, NG ∈ W 1,p
loc (C) for some p > 2 and, consequently, NG ∈

Cαloc(C) with α = 1 − 2/p. Finally, if G ∈ Lp′(C) for some p′ > 2, then

NG ∈ C1,α
loc (C) with α = 1− 2/p′.

ME �F ROE N0YDH0� R0 OEEZW0 Q0H0 FQOF FQ0 U�XOFOF�DVE KT
μA

(z, z0) OVU
KμA(z) OH0 0TF0VU0U N] 1 DZFE�U0 DY FQ0 UDWO�V D'

Lemma 4. Let D be a bounded domain in C with no boundary com-
ponent degenerated to a single point, g ∈ Lp′(D), p′ > 1, with compact
support, and A : D → S

2×2 be a matrix function with locally Hölder
continuous entries.
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Suppose also that KμA ∈ L1(D) is locally bounded and, for each z0 ∈
∂D, ∫
ε<|z−z0|<ε0

KT
μA

(z, z0) · ψ2
z0,ε(|z − z0|) dm(z) = o(I2z0(ε)) as ε→ 0 ,

(6.8)
where ε0 = ε(z0) > 0 and ψz0,ε : (0, ε0) → (0,∞) are measurable func-
tions with

Iz0(ε) : =

ε0∫
ε

ψz0,ε(t) dt <∞ ∀ ε ∈ (0, ε0) . (6.9)

Then the Poisson type equation (1.4) has the unique weak continuous

solution u in the class Cαloc∩W
1,p
loc ∩W

2,p′
loc , α = 1−2/p, for some p > 2 of

the Dirichlet problem (1.3) in D for each continuous function ϕ : ∂D →
R.

Moreover, u = U ◦ f , where f : C → C is a μA−conformal mapping
with μA extended by zero outside of D, U is a weak generalized harmonic
function with the source G of the class Lp′(D∗) in the domain D∗ :=
f(D),

G :=
g

J
◦ f−1 , J(z) := |fz|2 − |fz|2 , (6.10)

of the class Cαloc ∩W
1,p
loc ∩W 2,p′

loc in D∗, satisfying the Dirichlet condition

lim
w→ζ

U(w) = ϕ∗(ζ) ∀ ζ ∈ ∂D∗ , ϕ∗ := ϕ ◦ f−1|∂D∗ . (6.11)

w0H0 u �E GOXX0U O ���� ����	
�� DY FQ0 3D�EEDV F]I0 0dZOF�DV !@'_$
�Y∫
D

{〈A(z)∇u(z),∇ψ〉 + Σ(z)Q(u(z))ψ(z)} dmz = 0 ∀ ψ ∈ C1
0 (D) .

(6.12)
Remark 14. 8V FZHV� N] FQ0 IHDDY N0XDR� U := H+NG� RQ0H0 H �E

FQ0 ZV�dZ0 QOHWDV�G YZVGF�DV �V D∗� EOF�EY]�VP FQ0 J�H�GQX0F GDVU�F�DV

lim
w→ζ

H(w) = ϕ∗(ζ) ∀ ζ ∈ ∂D∗ , ϕ∗ := ϕ∗ −NG|∂D∗ . (6.13)

9ZHFQ0HWDH0� OHPZ�VP E�W�XOHX] FD FQ0 IHDDY� R0 DNFO�V OXED N] 3HDIDE�F�DV
a FQOF �Y g ∈ Lp′(D) YDH EDW0 p′ > 2� FQ0V �V OUU�F�DV u ∈ C1,α′

loc (D) R�FQ
α′ = 1 − 2/p′' 8V FQ0 GOE0� FQ0 YZVGF�DV U �E O P0V0HOX�b0U QOHWDV�G

YZVGF�DV R�FQ FQ0 EDZHG0 G ∈ Lp′(D∗) DY FQ0 GXOEE C1,α′
loc ∩W 2,p′

loc �V FQ0
UDWO�V D∗'
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Proof. Let f : C → C be a μA-conformal mapping from Proposition 1
with the complex coefficient μA in C extended by zero outside ofD. Since
entries of A are locally Hölder continuous, the mapping f |D is smooth,
see e.g. [22] and [23], and, moreover, see e.g. Theorem V.7.1 in [28], its
continuous Jacobian

J(z) = |fz|2 − |fz̄|2 > 0 ∀ z ∈ D . (6.14)

Consequently, f−1 is also smooth in the domain D∗ := f(D), see e.g.
formulas I.C(3) in [1]. Thus, by the replacement of variables, see e.g. the
point (vi) of Theorem 5 in [2], the function G in (6.10) belongs to the
class Lp′(D∗) because of G has compact support in D∗ by hypotheses
of the lemma and in view of homeomorphism of f , and because of the
continuous function J−1 ◦ f−1 is bounded over the support of G.

Next, the domain D∗ is bounded and has no boundary component de-
generated to a single point because of D is so by hypotheses of the lemma
and because of the mapping f is a homeomorphism of C into itself. Thus,
by Corollary 4.1.8 and Theorem 4.2.2 in [36], there is the unique harmonic
function H : D → R, satisfying the Dirichlet condition (6.13). Thus, by
Proposition 5 U := H + NG is a weak generalized harmonic function
with the source G of the class Lp′(D∗) in the domain D∗, satisfying
the Dirichlet condition (6.11). Note that again by Proposition 5 U ∈
W 2,p′

loc (C), moreover, U ∈ W 1,p
loc (C) for some p > 2 and, consequently,

U ∈ Cαloc(C) with α = 1− 2/p.
Finally, by Proposition 3.1 in [13], see (6.5), the function u := U ◦ f

gives the desired solution of the Poisson type equation (1.4) because f |D
is a local quasi-isometry in D of the class C1, see e.g. 1.1.7 in [31], and
such a solution is unique.

Remark 15. mDF0 FQOF �Y FQ0 YOW�X] DY FQ0 YZVGF�DVE ψz0,ε(t) ≡ ψz0(t)
�E �VU0I0VU0VF DV FQ0 IOHOW0F0H ε� FQ0V FQ0 GDVU�F�DV !e'k$ �WIX�0E FQOF
Iz0(ε) → ∞ OE ε → 0' ,Q�E YDXXDRE �WW0U�OF0X] YHDW OHPZW0VFE N]
GDVFHOU�GF�DV� OIIX] YDH �F !/'B$ OVU FQ0 GDVU�F�DV KμA ∈ L1(D)' mDF0
OXED FQOF !e'k$ QDXUE� �V IOHF�GZXOH� �Y� YDH EDW0 ε0 = ε(z0)�∫

|z−z0|<ε0

KT
μA

(z, z0) · ψ2
z0(|z − z0|) dm(z) <∞ ∀ z0 ∈ ∂D (6.15)

OVU Iz0(ε) → ∞ OE ε → 0' 8V DFQ0H RDHUE� YDH FQ0 0T�EF0VG0 DY H0PZXOH
0VDZPQ R0Oq EDXZF�DVE DY FQ0 J�H�GQX0F IHDNX0W !@'B$ �V D FD FQ0 3D�EEDV
F]I0 0dZOF�DV !@'_$ R�FQ OHN�FHOH] GDVF�VZDZE NDZVUOH] YZVGF�DVE ϕ� �F �E
EZcG�0VF FQOF FQ0 �VF0PHOX �V !e'@a$ GDV\0HP0E YDH EDW0 VDVV0POF�\0 YZVG�
F�DV ψz0(t) FQOF �E XDGOXX] �VF0PHONX0 D\0H (0, ε0] NZF QOE O VDV�VF0PHONX0
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E�VPZXOH�F] OF 0' ,Q0 YZVGF�DVE logλ(e/|z− z0|)� λ ∈ (0, 1)� z ∈ D� z0 ∈ D�
OVU ψ(t) = 1/(t log(e/t))� t ∈ (0, 1)� EQDR FQOF FQ0 GDVU�F�DV !e'@a$ �E
GDWIOF�NX0 R�FQ FQ0 GDVU�F�DV Iz0(ε) → ∞ OE ε → 0' 9ZHFQ0HWDH0� FQ0
GDVU�F�DV !e'k$ �V +0WWO _ EQDRE FQOF� YDH FQ0 0T�EF0VG0 DY EZGQ EDXZ�
F�DVE DY FQ0 J�H�GQX0F IHDNX0W !@'B$ FD FQ0 3D�EEDV F]I0 0dZOF�DV !@'_$� �F
�E EZcG�0VF 0\0V FQOF FQ0 �VF0PHOX �V !e'@a$ FD N0 U�\0HP0VF �V O GDVFHDXX0U
RO]'

4�W�XOHX] FD 40GF�DV B� R0 U0H�\0 YHDW +0WWO _ FQ0 V0TF E0H�0E DY
H0EZXFE'

Theorem 9. Let D be a bounded domain in C with no boundary
component degenerated to a single point, g ∈ Lp′(D), p′ > 1, with
compact support, and A : D → S

2×2 be a matrix function with locally
Hölder continuous entries, KμA ∈ L1(D) be locally bounded and, for
each z0 ∈ ∂D, KT

μA
(z, z0) � Qz0(z) in its neighborhood Uz0 for a func-

tion Qz0 : Uz0 → [0,∞] in the class FMO(z0).

Then the Poisson type equation (1.4) has the unique weak continuous

solution u in the class Cαloc∩W
1,p
loc ∩W

2,p′
loc , α = 1−2/p, for some p > 2 of

the Dirichlet problem (1.3) in D for each continuous function ϕ : ∂D →
R.

Moreover, u = U ◦ f , U := H + NG, where f : C → C is a
μA−conformal mapping with μA extended by zero outside of D, U is
a weak generalized harmonic function in D∗ := f(D) with the source
G ∈ Lp′(D∗) calculated in (6.10) and H is the unique harmonic function
with the Dirichlet condition (6.13).

Corollary 17. Let D be a bounded domain in C with no bound-
ary component degenerated to a single point, g ∈ Lp′(D), p′ > 1, with
compact support, and A : D → S

2×2 be a matrix function with locally
Hölder continuous entries, KμA ∈ L1(D) be locally bounded and, for
each z0 ∈ ∂D,

lim
ε→0

−
∫
B(z0,ε)

KT
μA

(z, z0) dm(z) <∞ . (6.16)

Then all the conclusions of Theorem 9 on solutions of the Dirichlet
problem (1.3) with continuous data ϕ : ∂D → R to the Poisson type
equation (1.4) hold.

Corollary 18. Let D be a bounded domain in C with no boundary
component degenerated to a single point, g ∈ Lp′(D), p′ > 1, with com-
pact support, and A : D → S

2×2 be a matrix function with locally Hölder
continuous entries, KμA be locally bounded in D and have a dominant
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Q : U → [1,∞) of the class BMOloc(U) in a neighborhood U of ∂D.
Then all the conclusions of Theorem 9 hold.

Remark 16. 8V IOHF�GZXOH� FQ0 GDVGXZE�DVE DY ,Q0DH0W j QDXU �Y
Q ∈ W1,2

loc '

Corollary 19. Let D be a bounded domain in C with no boundary
component degenerated to a single point, g ∈ Lp′(D), p′ > 1, with com-
pact support, and A : D → S

2×2 be a matrix function with locally Hölder
continuous entries, KμA be locally bounded in D and have a dominant
Q : U → [1,∞) of the class FMO(U) in a neighborhood U of ∂D. Then
all the conclusions of Theorem 9 hold.

Theorem 10. Let D be a bounded domain in C with no boundary
component degenerated to a single point, g ∈ Lp′(D), p′ > 1, with com-
pact support, and A : D → S

2×2 be a matrix function with locally Hölder
continuous entries, KμA ∈ L1(D) be locally bounded in D and, for each
z0 ∈ ∂D, ε0 = ε(z0) > 0,∫
ε<|z−z0|<ε0

KT
μA(z, z0)

dm(z)

|z − z0|2
= o

([
log

1

ε

]2)
as ε→ 0 . (6.17)

Then the Poisson type equation (1.4) has the unique weak continuous

solution u in the class Cαloc∩W
1,p
loc ∩W

2,p′
loc , α = 1−2/p, for some p > 2 of

the Dirichlet problem (1.3) in D for each continuous function ϕ : ∂D →
R.

Moreover, u = U ◦ f , U := H + NG, where f : C → C is a
μA−conformal mapping with μA extended by zero outside of D, U is
a weak generalized harmonic function in D∗ := f(D) with the source
G ∈ Lp′(D∗) calculated in (6.10) and H is the unique harmonic function
with the Dirichlet condition (6.13).

Remark 17. 7QDDE�VP �V +0WWO _ FQ0 YZVGF�DV ψ(t) = 1/(t log 1/t)
�VEF0OU DY ψ(t) = 1/t� R0 OH0 ONX0 FD H0IXOG0 !e'@i$ N]∫

ε<|z−z0|<ε0

KT
μA

(z, z0) dm(z)(
|z − z0| log 1

|z−z0|
)2 = o

([
log log

1

ε

]2)
(6.18)

8V P0V0HOX� R0 OH0 ONX0 FD P�\0 Q0H0 FQ0 RQDX0 EGOX0 DY FQ0 GDHH0EIDVU�VP
GDVU�F�DVE ZE�VP YZVGF�DVE ψ(t) DY FQ0 YDHW 1/(t log 1/t · log log 1/t · . . . ·
log . . . log 1/t)'

Theorem 11. Let D be a bounded domain in C with no bound-
ary component degenerated to a single point, g ∈ Lp′(D), p′ > 1, with
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compact support, and A : D → S
2×2 be a matrix function with locally

Hölder continuous entries, KμA ∈ L1(D) be locally bounded and, for
each z0 ∈ ∂D, ε0 = ε(z0) > 0,

ε0∫
0

dr

rkTμA(z0, r)
= ∞ , (6.19)

where kTμA(z0, r) is the integral mean of KT
μA(z, z0) over the circle S(z0, r).

Then the Poisson type equation (1.4) has the unique weak continuous

solution u in the class Cαloc∩W
1,p
loc ∩W

2,p′
loc , α = 1−2/p, for some p > 2 of

the Dirichlet problem (1.3) in D for each continuous function ϕ : ∂D →
R.

Moreover, u = U ◦ f , U := H + NG, where f : C → C is a
μA−conformal mapping with μA extended by zero outside of D, U is
a weak generalized harmonic function in D∗ := f(D) with the source
G ∈ Lp′(D∗) calculated in (6.10) and H is the unique harmonic function
with the Dirichlet condition (6.13).

Corollary 20. Let D be a bounded domain in C with no bound-
ary component degenerated to a single point, g ∈ Lp′(D), p′ > 1, with
compact support, and A : D → S

2×2 be a matrix function with locally
Hölder continuous entries, KμA ∈ L1(D) be locally bounded and, for
each z0 ∈ ∂D,

kTμA(z0, ε) = O

(
log

1

ε

)
as ε→ 0 . (6.20)

Then all the conclusions of Theorem 11 on solutions of the Dirichlet
problem (1.3) with continuous data ϕ : ∂D → R to the Poisson type
equation (1.4) hold.

Remark 18. 8V IOHF�GZXOH� OXX FQ0 GDVGXZE�DVE DY ,Q0DH0W @@ QDXU
�Y� YDH 0OGQ ID�VF z0 ∈ ∂D�

KT
μA(z, z0) = O

(
log

1

|z − z0|

)
as z → z0 . (6.21)

6DH0D\0H� !e'/?$ GOV N0 H0IXOG0U N] FQ0 RQDX0 E0H�0E DY R0Oq0H GDVU�F�DV

kTμA(z0, ε) = O

([
log

1

ε
· log log 1

ε
· . . . · log . . . log 1

ε

])
∀ z0 ∈ ∂D .

(6.22)

Theorem 12. Let D be a bounded domain in C with no bound-
ary component degenerated to a single point, g ∈ Lp′(D), p′ > 1, with
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compact support, and A : D → S
2×2 be a matrix function with locally

Hölder continuous entries, KμA ∈ L1(D) be locally bounded and, for
each z0 ∈ ∂D and a neighborhood Uz0 ,∫

Uz0

Φz0
(
KT
μA(z, z0)

)
dm(z) < ∞ , (6.23)

where Φz0 : [0,∞] → [0,∞] is a convex non-decreasing function such
that, for some Δ(z0) > 0,

∞∫
Δ(z0)

log Φz0(t)
dt

t2
= +∞ . (6.24)

Then the Poisson type equation (1.4) has the unique weak continuous

solution u in the class Cαloc∩W
1,p
loc ∩W

2,p′
loc , α = 1−2/p, for some p > 2 of

the Dirichlet problem (1.3) in D for each continuous function ϕ : ∂D →
R.

Moreover, u = U ◦ f , U := H + NG, where f : C → C is a
μA−conformal mapping with μA extended by zero outside of D, U is
a weak generalized harmonic function in D∗ := f(D) with the source
G ∈ Lp′(D∗) calculated in (6.10) and H is the unique harmonic function
with the Dirichlet condition (6.13).

Corollary 21. Let D be a bounded domain in C with no bound-
ary component degenerated to a single point, g ∈ Lp′(D), p′ > 1, with
compact support, and A : D → S

2×2 be a matrix function with locally
Hölder continuous entries, KμA ∈ L1(D) be locally bounded and, for
each z0 ∈ ∂D, a neighborhood Uz0 of z0 and α(z0) > 0,∫

Uz0

eα(z0)K
T
μA

(z,z0) dm(z) <∞ . (6.25)

Then all the conclusions of Theorem 12 on solutions of the Dirichlet
problem (1.3) with continuous data ϕ : ∂D → R to the Poisson type
equation (1.4) hold.

Corollary 22. Let D be a bounded domain in C with no bound-
ary component degenerated to a single point, g ∈ Lp′(D), p′ > 1, with
compact support, and A : D → S

2×2 be a matrix function with locally
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Hölder continuous entries, KμA ∈ L1(D) be locally bounded and, for a
neighborhood U of ∂D,∫

U

Φ (KμA(z)) dm(z) <∞ , (6.26)

where Φ : [0,∞] → [0,∞] is a convex non-decreasing function such that,
for some δ > 0,

∞∫
δ

log Φ(t)
dt

t2
= +∞ . (6.27)

Then all the conclusions of Theorem 12 on solutions of the Dirichlet
problem (1.3) with continuous data ϕ : ∂D → R to the Poisson type
equation (1.4) hold.

Remark 19. 5] ,Q0DH0WE /'a OVU a'@ �V ^__`� GDVU�F�DV !e'/i$ �E VDF
DVX] EZcG�0VF NZF OXED V0G0EEOH] FD QO\0 O H0PZXOH 0VDZPQ R0Oq EDXZF�DV
u DY FQ0 J�H�GQX0F IHDNX0W !@'B$ �V D YDH OXX FQ0 3D�EEDV F]I0 0dZOF�DVE
!@'_$� EOF�EY]�VP FQ0 �VF0PHOX GDVEFHO�VFE !e'/e$� YDH OHN�FHOH] GDVF�VZDZE
YZVGF�DVE ϕ : ∂D → R N0GOZE0 EZGQ EDXZF�DVE QO\0 FQ0 H0IH0E0VFOF�DV
FQHDZPQ H0PZXOH QDW0DWDHIQ�G EDXZF�DVE f = fμ DY FQ0 QDWDP0V0DZE
50XFHOW� 0dZOF�DV !/'@$ R�FQ μ = μA'

Corollary 23. Let D be a bounded domain in C with no bound-
ary component degenerated to a single point, g ∈ Lp′(D), p′ > 1, with
compact support, and A : D → S

2×2 be a matrix function with locally
Hölder continuous entries, KμA ∈ L1(D) be locally bounded and, for a
neighborhood U of ∂D and α > 0,∫

U

eαKμA
(z) dm(z) < ∞ . (6.28)

Then all the conclusions of Theorem 12 on solutions of the Dirichlet
problem (1.3) with continuous data ϕ : ∂D → R to the Poisson type
equation (1.4) hold.

ME O H0EZXF� R0 QO\0 O VZWN0H DY 0h0GF�\0 �VF0PHOX GH�F0H�O YDH FQ0
EDX\ON�X�F] DY FQ0 GXOEE�GOX J�H�GQX0F IHDNX0W !@'B$ �V FQ0 WDEF P0V0HOX
OUW�EE�NX0 UDWO�VE FD DV0 DY FQ0 WO�V 0dZOF�DVE !@'_$ DY FQ0 Q]UHDW0�
GQOV�GE !xZ�U W0GQOV�GE$ �V OV�EDFHDI�G OVU �VQDWDP0V0DZE W0U�O'

Acknowledgments. ,Q0 SHEF B OZFQDHE OH0 IOHF�OXX] EZIIDHF0U N]
FQ0 IHD[0GF n6OFQ0WOF�GOX WDU0XX�VP DY GDWIX0T U]VOW�GOX E]EF0WE OVU
IHDG0EE0E GOZE0U N] FQ0 EFOF0 E0GZH�F]o� mD' ?@/Bl@??kaB� DY mOF�DVOX
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MGOU0W] DY 4G�0VG0E DY lqHO�V0 OVU N] FQ0 ;HOVF -9J4�9+/�?k DY FQ0
YDZVU DY FQ0 -ZHDI0OV 90U0HOF�DV DY MGOU0W�0E DY 4G�0VG0E OVU wZWO�
V�F�0E !M++-M$'
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Mathematics, Vol. 19, Zürich: European Mathematical Society.

[7] Bojarski, B., Gutlyanskii, V., Ryazanov, V. (2011). On integral conditions for
the general Beltrami equations. Complex Anal. Oper. Theory, 5 (3), 835–845.

[8] Bojarski, B., Gutlyanskii, V., Ryazanov, V. (2014). On existence and repre-
sentation of solutions for general degenerate Beltrami equations. Complex Var.
Elliptic Equ., 59 (1), 67–75.

[9] Brezis, H., Nirenberg, L. (1995). Degree theory and BMO. I. Compact manifolds
without boundaries. Selecta Math. (N.S.), 1 (2), 197–263.

[10] Chiarenza, F., Frasca, M., Longo, P. (1993). W 2,p-solvability of the Dirich-
let problem for nondivergence elliptic equations with VMO coefficients. Trans.
Amer. Math. Soc., 336 (2), 841–853.

[11] Gutlyanskii, V., Martio, O., Sugawa, T., Vuorinen, M. (2005). On the degenerate
Beltrami equation. Trans. Amer. Math. Soc., 357 (3), 875–900.

[12] Gutlyanskii, V., Nesmelova, O., Ryazanov, V. (2017). On a model semilinear
elliptic equation in the plane. J. Math. Sci., 220 (5), 603–614; transl. from (2016).
Ukr. Mat. Visn., 13 (1), 91–105.

[13] Gutlyanskii V., Nesmelova O., Ryazanov V. (2018). On quasiconformal maps
and semi-linear equations in the plane. J. Math. Sci., 229 (1), 7–29; transl. from
(2017). Ukr. Mat. Visn., 14 (2), 161–191.
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