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On Grunsky norm of univalent functions

>����
 ?* ������


���	
��	 �� �&���-�&" �, �,� �,&�/ -*#� �*2,0 .* �"� J 2,&H4
,* + *. 2,�$�-�,� .2,/��*,& �, �"� 0�&H' ("�& �*2,0 &"�0& -��"� *,
�"� �,� �,&�/ ��*+�� �/ .���2 �& *. /*+!-�% �,�-4&�& �,0 *. (��/"+�2--� $
&!�/� �"�* 4'

���� ��� 7 �+� 48 ��=99� ��=>�� ��E:9@ <�/*,0� 4 ��E>�� ��E:9�
��J�9� :>J��'

��� ��
�� ��� ��
���� �,�$�-�,� .2,/��*,� J 2,&H4 ,* +� 62�)
&�/*,.* +�- �%��,&�*,� 2,�$� &�- (��/"+�2--� &!�/�� (��/"+�2--� ,* +�
"4!� �*-�/ +�� �/� ��,� �-�G�0 J�2&&��, /2 $��2 �� &2!!* ��,� +�� �/'

1. The Grunsky norm

,Q0 GXOEE�GOX ;HZVEq] FQ0DH0W DY @jBj �WIX�0E FQ0 V0G0EEOH] OVU EZY�
SG�0VF GDVU�F�DVE YDH ZV�\OX0VG0 DY QDXDWDHIQ�G YZVGF�DVE �V O SV�F0X]
GDVV0GF0U UDWO�V DV FQ0 r�0WOVV EIQ0H0 Ĉ = C ∪ {∞} �V F0HWE DY OV
�VSV�F0 E]EF0W DY FQ0 GD0cG�0VF �V0dZOX�F�0E' 8V IOHF�GZXOH� YDH FQ0 GOVDV�
�GOX U�Eq D

∗ = {z ∈ Ĉ : |z| > 1} FQ�E FQ0DH0W ]�0XUE FQOF O QDXDWDHIQ�G
YZVGF�DV f(z) = z + const+O(z−1) �V O V0�PQNDHQDDU DY z = ∞ GOV N0
0TF0VU0U FD O ZV�\OX0VF QDXDWDHIQ�G YZVGF�DV DV D

∗ �Y OVU DVX] �Y FQ0
,O]XDH GD0cG�0VFE αmn DY FQ0 YZVGF�DV

log
f(z)− f(ζ)

z − ζ
= −

∞∑
m,n=1

αmnz
−mζ−n, (z, ζ) ∈ (D∗)2, (1)

GOXX0U FQ0 Grunsky coefficients DY f(z)� EOF�EY] FQ0 �V0dZOX�F]

∣∣∣ ∞∑
m,n=1

√
mn αmnxmxn

∣∣∣ ≤ 1, (2)
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YDH OV] E0dZ0VG0 x = (xn) YHDW FQ0 ZV�F EIQ0H0 S(l2) DY FQ0 w�XN0HF

EIOG0 l2 R�FQ VDHW ‖x‖ = (
∞∑
1
|xn|2)1/2u Q0H0 FQ0 IH�VG�IOX NHOVGQ DY FQ0

XDPOH�FQW�G YZVGF�DV �E GQDE0V !GY' ^i`$' ,Q0 dZOVF�F]

κ(f) = sup
{∣∣∣ ∞∑

m,n=1

√
mn αmnxmxn

∣∣∣ : x = (xn) ∈ S(l2)
}
≤ 1

�E GOXX0U FQ0 '(����) ��(* DY f '
,Q0 ZV�\OX0VF YZVGF�DVE f(z) = z + b0 + b1z

−1 + . . . �V D
∗ OUW�FF�VP

dZOE�GDVYDHWOX 0TF0VE�DVE OGHDEE FQ0 ZV�F G�HGX0 S
1 = ∂D∗ DVFD FQ0 U�Eq

D = {|z| < 1} YDHW FQ0 GXOEE ΣQ' ,D QO\0 FQ0�H ZV�dZ0V0EE YDH O P�\0V
50XFHOW� GD0cG�0VF μ(z) = ∂zf/∂zf �V D� GDWIOGFV0EE �V FQ0 FDIDXDP]
DY XDGOXX] ZV�YDHW GDV\0HP0VG0 DV C� 0FG'� R0 OUU FQ0 FQ�HU VDHWOX�bOF�DV
GDVU�F�DV

f(0) = 0.

MXX EZGQ f ∈ ΣQ OH0 b0HD YH00 �V D
∗� Q0VG0 FQ0�H �V\0HE�DVE Ff (z) =

1/f(1/z) = z + a2z
2 + . . . OH0 QDXDWDHIQ�G OVU ZV�\OX0VF �V FQ0 U�Eq

D R�FQ Ff (∞) = ∞' ,Q0 YZVGF�DVE f OVU Ff QO\0 FQ0 EOW0 ;HZVEq]
GD0cG�0VFE� OVU κ(Ff ) = κ(f)'

mDF0 OXED FQOF FQ0 VDHW κ(f) �E U0SV0U YDH OXX f ∈ ΣQ OVU UD0E VDF
U0I0VU DV FQ0 OUU�F�DVOX VDHWOX�bOF�DV OF 0'

9DH FQ0 YZVGF�DVE R�FQ k�dZOE�GDVYDHWOX 0TF0VE�DVE !k < 1$� R0 QO\0
�VEF0OU DY !/$ O EFHDVP0H NDZVU

∣∣∣ ∞∑
m,n=1

√
mn αmnxmxn

∣∣∣ ≤ k YDH OV] x = (xn) ∈ S(l2), (3)

0EFONX�EQ0U SHEF �V ^@j` !E00 OXED ^@a`$'
mDF0 FQOF FQ0 ;HZVEq] WOFH�T DI0HOFDH G(f) = (

√
mn αmn(f))

∞
m,n=1

OGFE OE O X�V0OH DI0HOFDH l2 → l2 GDVFHOGF�VP FQ0 VDHWE DY 0X0W0VFE x ∈ l2u
FQ0 VDHW DY FQ�E DI0HOFDH 0dZOXE κ(f)'

,Q0 W0FQDU DY ;HZVEq] �V0dZOX�F�0E ROE P0V0HOX�b0U �V E0\0HOX U��
H0GF�DVE� 0\0V FD NDHU0H0U r�0WOVV EZHYOG0E R�FQ O SV�F0 VZWN0H DY
NDZVUOH] GDWIDV0VFE !E00 ^e� i� @e� /B� /_� /e� B?`$� H0IXOG�VP FQ0 P0V0H�
OF�VP YZVGF�DV !@$ N] OIIHDIH�OF0 N�X�V0OH U�h0H0VF�OXu FQ�E X0OUE FD FQ0
P0V0HOX�b0U ;HZVEq] VDHW' 8V FQ�E IOI0H� R0 EQOXX U0OX DVX] R�FQ FQ0
GOVDV�GOX GOE0 DY U�Eq D

∗'

,Q0 ;HZVEq] VDHW κ(f) �E UDW�VOF0U N] FQ0 Teichmüller norm
k(f)� RQ�GQ �E 0dZOX FD FQ0 �VSWZW DY U�XOFOF�DVE k(wμ) = ‖μ‖∞ DY
dZOE�GDVYDHWOX 0TF0VE�DVE DY f FD Ĉ' w0H0 wμ U0VDF0E O QDW0DWDHIQ�G
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EDXZF�DV FD FQ0 50XFHOW� 0dZOF�DV ∂zw = μ∂zw DV C 0TF0VU�VP f u OG�
GDHU�VPX]� μ �E GOXX0U FQ0 +��	(�*
 ,��-,
��	 !DH GDWIX0T U�XOFOF�DV$
DY w'

9DH WDEF YZVGF�DVE f � R0 QO\0 FQ0 EFHDVP �V0dZOX�F] κ(f) < k(f)
!WDH0D\0H� FQ0 YZVGF�DVE EOF�EY]�VP FQ�E �V0dZOX�F] YDHW O U0VE0 EZNE0F DY
ΣQ$� RQ�X0 FQ0 YZVGF�DVE R�FQ FQ0 0dZOX VDHWE IXO] O GHZG�OX HDX0 �V WOV]
OIIX�GOF�DVE'

pV FQ0 DFQ0H QOVU� FQ0 �WIDHFOVF H0EZXF DY 3DWW0H0Vq0 OVU zQZ�
HO\X0\ EFOF0E FQOF �Y a function f ∈ Σ satisfies the inequality κ(f) < k
with some constant k < 1, then f has a quasiconformal extension to Ĉ

with a dilatation k1 = k1(k) ≥ k ^/e� B/`u ^@i� II' k/fk_`' pV 0TIX�G�F
NDZVUE k1(k) E00� 0'P'� ^@_� @k� //`'

-OGQ GD0cG�0VF αmn(f) �V !_$ �E H0IH0E0VF0U OE O IDX]VDW�OX DY O
SV�F0 VZWN0H DY FQ0 �V�F�OX GD0cG�0VFE b1, b2, . . . , bs DY f u Q0VG0 �F U0I0VUE
QDXDWDHIQ�GOXX] DV 50XFHOW� GD0cG�0VFE DY dZOE�GDVYDHWOX 0TF0VE�DVE DY
f OE R0XX OE DV FQ0 Schwarzian derivatives

Sf (z) =
(f ′′(z)
f ′(z)

)′
− 1

2

(f ′′(z)
f ′(z)

)2
, z ∈ D

∗.

,Q0E0 U0H�\OF�\0E HOVP0 D\0H O NDZVU0U UDWO�V �V FQ0 GDWIX0T 5OVOGQ
EIOG0 B(D∗) DY Q]I0HNDX�GOXX] NDZVU0U QDXDWDHIQ�G YZVGF�DVE ϕ ∈ D

∗

R�FQ VDHW
‖ϕ‖B = sup

D∗
(|z|2 − 1)2|ϕ(z)|,

,Q�E UDWO�V WDU0XE FQ0 ��
.�(��� /�
,0*1����( �2�,� T !FQ0 EIOG0 DY
GDWIX0T EFHZGFZH0E DV FQ0 U�Eq$ �V QDXDWDHIQ�G 50HE& 0WN0UU�VP DY T'

,Q0 YDXXDR�VP FRD E0FE DY QDXDWDHIQ�G YZVGF�DVE ψ !0dZ�\OX0VFX]� DY
QDXDWDHIQ�G dZOUHOF�G U�h0H0VF�OXE ψdz2$

A1(D) = {ψ ∈ L1(D) : ψ QDXDWDHIQ�G �V D},
A2

1(D) = {ψ = ω2 ∈ A1(D) : ω QDXDWDHIQ�G �V D}

OH0 �VFH�VE�GOXX] GDVV0GF0U R�FQ FQ0 0TFH0WOX 50XFHOW� GD0cG�0VFE !R�FQ
W�V�WOX VDHW �V FQ0�H 0dZ�\OX0VG0 GXOEE$ Q0VG0� R�FQ FQ0 ,0�GQWyZXX0H
VDHW OVU ;HZVEq] �V0dZOX�F�0E'

,Q0 50XFHOW� GD0cG�0VFE DY dZOE�GDVYDHWOX 0TF0VE�DVE wμ DY YZVGF�DVE
f(z) ∈ ΣQ HOVP0 D\0H FQ0 ZV�F NOXX

Belt(D)1 = {μ ∈ L∞(C) : μ(z)|D∗ = 0, ‖μ‖∞ < 1},

OVU FQ0 R0XX�qVDRV GH�F0H�DV YDH 0TFH0WOX�F] !FQ0 wOW�XFDVftHZEQqOXf
r0�GQf4FH0N0X FQ0DH0W$ �WIX�0E FQOF O 50FHOW� GD0cG�0VF μ0 ∈ Belt(D)1
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�E 0TFH0WOX �Y OV DVX] �Y

‖μ0‖∞ = sup
‖ψ‖A1(D)

=1

∣∣∣ ∫∫
D

μ0(z)ψ(z)dxdy
∣∣∣ (z = x+ iy). (4)

,Q0 EOW0 GDVU�F�DV �E V0G0EEOH] OVU EZcG�0VF YDH FQ0 �VSV�F0E�WOX 0T�
FH0WOX�F] DY μ0 OF FQ0 DH�P�V DY FQ0 EIOG0 T �V FQ0 U�H0GF�DV tφT(μ0)� RQ0H0
φT �E FQ0 U0SV�VP !YOGFDH�b�VP$ QDXDWDHIQ�G IHD[0GF�DV Belt(D)1 → Tu
E00� 0'P'� ^_� a� @?`'

JZ0 FD ^@@� @e`� FQ0 0X0W0VFE DY A2
1(D) OH0 H0IH0E0VF0U �V FQ0 YDHW

ψ(z) = ω(z)2 =
1

π

∞∑
m+n=2

√
mn xmxnz

m+n−2,

R�FQ ‖x‖l2 = ‖ω‖L2 u Q0H0 x = (xn)'
lE�VP FQ0 IO�H�VP

〈μ,ψ〉D =

∫∫
D

μ(z)ψ(z)dxdy ψ ∈ L1(D), μ ∈ Belt(D)1,

R0 U0SV0 FQ0 E0F

A2
1(D)

⊥ = {μ ∈ Belt(D)1 : 〈μ,ψ〉D = 0 YDH OXX ψ ∈ Ã2
1(D)}, (5)

RQ0H0 Ã2
1(D) �E FQ0 EIOV DY 0X0W0VFE YHDW A2

1(D) !R�FQ A1�VDHW$' M
GHZG�OX E�W�XOH E0F YDH FQ0 ,0�GQWyZXX0H VDHW �E

A1(D)
⊥ = Kerφ′T(0) = {μ ∈ Belt(D)1 : 〈μ,ψ〉D = 0 YDH OXX ψ ∈ A1(D)}.

MV �WIDHFOVF YOGF �E FQOF FQ0 0TFH0WOX ,0�GQWyZXX0H 50XFHOW� GD0cG�0VFE
μ0 = k|ψ|/ψ R�FQ ψ ∈ A1(D) GOVVDF X�0 �V A1(D)

⊥'

2. A lower bound for Grunsky norm

,Q0 O�W DY FQ�E IOI0H �E FD IHD\0 FQ0 YDXXDR�VP FQ0DH0W P�\�VP OV
�VFH�VE�G XDR0H NDZVU YDH FQ0 ;HZVEq] VDHW' ,Q�E NDZVU EQ0UE X�PQF DV
FQ0 �VFH�VE�G P0DW0FH�G Y0OFZH0E DY GDWIX0T OVOX]E�E OVU DY ,0�GQWyZXX0H\
EIOG0 FQ0DH]'

Theorem 1' For any function f ∈ ΣQ, its Grunsky norm satisfies

κ(f) ≥ α(f) := sup
ψ∈A2

1(D),‖ψ‖A1
=1

∣∣∣ ∫∫
D

μ0(z)ψ(z)dxdy
∣∣∣, (6)
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where μ0 is an extremal Beltrami coefficient among quasiconformal ex-
tensions fμ of f in the disk D.

,Q�E FQ0DH0W VOFZHOXX] H0XOF0E FD FQ0 �VFH�VE�G Y0OFZH0E DY FQ0 ;HZV�
Eq] VDHW� FQDZPQ FQ0 0EF�WOF0 !e$ �E HDZPQ' ,Q�E 0EF�WOF0 �E FH�\�OX YDH
YZVGF�DVE RQDE0 0TFH0WOX GD0cG�0VFE μ0 X�0 �V FQ0 E0F !a$� OVU FQ0H0�
YDH0 !�V \�0R DY GDVF�VZ�F] DY FQ0 ;HZVEq] VDHW DV T$� YDH OXX YZVG�
F�DVE fμ R�FQ EWOXX ‖μ − μ0‖∞� R0 QO\0 �V !e$ O EFHDVP �V0dZOX�F]'
,Q�E �E \OX�U� YDH 0TOWIX0� YDH fμn R�FQ !0TFH0WOX$ 50XFHOW� GD0cG�0VFE
μn = k|zn|/zn, n = 2p− 1 R�FQ p ∈ N'

mDF0 OXED FQOF P0V0H�GOXX] FQ0 0TFH0WOX 0TF0VE�DV fμ0 �E VDF ZV�dZ0�
NZF YDH O U0VE0 EZNE0F DY YZVGF�DVE f �V ΣQ(D

∗) FQ0�H 0TFH0WOX GD0cG�0VFE
μ �E DY ,0�GQWyZXX0H F]I0� RQ�GQ W0OVE FQOF μ = k|ψ|/ψ� RQ0H0 k =
const < 1 OVU ψ ∈ A1(D) !EZGQ μ �E ZV�dZ0 �V �FE 0dZ�\OX0VG0 GXOEE$' 8F
U0F0HW�V0E FQ0 4FH0N0X ID�VF DY FQ0 ZV�\0HEOX ,0�GQWyZXX0H EIOG0 Tu EZGQ
ID�VFE OH0 U0VE0 �V Tu E00 ^a� B@`$'

3. Two applications

g0 W0VF�DV FRD �WIDHFOVF GDVE0dZ0VG0E DY FQ�E FQ0DH0W'
9�HEF� ,Q0DH0W @ �WIHD\0E FQ0 qVDRV H0EZXFE GQOHOGF0H�b�VP FQ0 ZV��

\OX0VF YZVGF�DVE� YDH RQ�GQ FQ0 �V0dZOX�F] κD∗(f) ≤ k �E OXED EZcG�0VF
YDH 0T�EF0VG0 DY k�dZOE�GDVYDHWOX 0TF0VE�DV FD Ĉ 0EFONX�EQ0U �V ^@@� @a`2
the equality κ(f) = k(f) is valid if and only if the extremal extension of
f(z) to D satisfies

‖μ0‖∞ = sup
ψ∈A2

1(D),‖ψ‖A1
=1

∣∣∣ ∫∫
D

μ0(z)ψ(z)dxdy
∣∣∣.

,Q�E �WIDHFOVF YOGF YDZVU \OH�DZE OIIX�GOF�DVE' 8FE IOHF ��Y� �E OV �V�
SV�F0 U�W0VE�DVOX P0V0HOX�EOF�DV DY tHO&E FQ0DH0W YDH SV�F0 U�W0VE�DVOX
,0�GQWyZXX0H EIOG0E ^j`'

,Q0DH0W @ OXED �WIHD\0E EDW0 H0XOF0U H0EZXFE DNFO�V0U �V ^@_`'
MVDFQ0H OIIX�GOF�DV GDVG0HVE FQ0 Fredholm eigenvalues DY :DHUOV

GZH\0E' r0GOXX FQOF FQ0 9H0UQDXW 0�P0V\OXZ0E ρn DY OV DH�0VF0U EWDDFQ
GXDE0U :DHUOV GZH\0 L ⊂ Ĉ OH0 FQ0 0�P0V\OXZ0E DY �FE UDZNX0�XO]0H IDF0V�
F�OX� DH 0dZ�\OX0VFX]� DY FQ0 �VF0PHOX 0dZOF�DV

u(z) +
ρ

π

∫
L

u(ζ)
∂

∂nζ
log

1

|ζ − z|dsζ = h(z),

RQ�GQ DYF0V OII0OHE �V OIIX�GOF�DVE !Q0H0 nζ �E FQ0 DZF0H VDHWOX OVU dsζ
�E FQ0 X0VPFQ 0X0W0VF OF ζ ∈ L$'



78 On Grunsky norm of univalent functions

,Q0 X0OEF IDE�F�\0 0�P0V\OXZ0 ρL = ρ1 IXO]E O GHZG�OX HDX0 �V WOV] OI�
IX�GOF�DVE OVU �E VOFZHOXX] GDVV0GF0U R�FQ GDVYDHWOX OVU dZOE�GDVYDHWOX
WOIE H0XOF0U FD L' 8F GOV N0 U0SV0U YDH OV] DH�0VF0U GXDE0U :DHUOV GZH\0
L N]

1

ρL
= sup

|DG(u)−DG∗(u)|
DG(u) +DG∗(u)

,

RQ0H0 G OVU G∗ OH0� H0EI0GF�\0X]� FQ0 �VF0H�DH OVU 0TF0H�DH DY L; D U0�
VDF0E FQ0 J�H�GQX0F �VF0PHOX� OVU FQ0 EZIH0WZW �E FOq0V D\0H OXX YZVGF�DVE
u GDVF�VZDZE DV Ĉ OVU QOHWDV�G DV G ∪G∗' 8V IOHF�GZXOH� ρL = ∞ DVX]
YDH FQ0 G�HGX0' ,Q�E dZOVF�F] H0WO�VE �V\OH�OVF ZVU0H FQ0 OGF�DV DY FQ0
6D0N�ZE PHDZI PSL(2, Ĉ)'

,Q0 �VU�GOF0U \OXZ0 �E �VFH�VE�GOXX] GDVV0GF0U R�FQ FQ0 ;HZVEq] GD0Y�
SG�0VFE DY FQ0 0TF0H�DH GDVYDHWOX WOI f∗ : D

∗ → D∗u FQ�E �E dZOX�FOF�\0X]
0TIH0EE0U N] FQ0 tyZQVOZf4GQ�h0H FQ0DH0W DV H0G�IHDG�F] DY ρL FD FQ0
;HZVEq] VDHW κ(f∗) ^/?� /j`'

,Q0 OND\0 FQ0DH0W �WIX�0E FQOF YDH OV] dZOE�GDVYDHWOX GZH\0 L ⊂ Ĉ

�FE 9H0UQDXW 0�P0V\OXZ0 �E 0EF�WOF0U YHDW N0XDR N]

1

ρL
≥ sup

ψ∈A2
1(D),‖ψ‖A1

=1

|〈μ0, ψ(z)〉D|,

RQ0H0 μ0 �E FQ0 0TFH0WOX 50XFHOW� GD0cG�0VF DY FQ0 OIIHDIH�OF0X] VDHWOX�
�b0U 0TF0H�DH GDVYDHWOX WOII�VP YZVGF�DV f∗ DV RQ�GQ FQ0 ,0�GQWyZXX0H
VDHW DY f∗ �E OFFO�V0U'

,Q�E P�\0E E�WZXFOV0DZEX] FQ0 XDR0H NDZVU YDH FQ0 0TFH0WOX U�XOFOF�DV
DY dZOE�GDVYDHWOX H0x0GF�DVE OGHDEE FQ0 GZH\0 L !FQ0 DH�0VFOF�DV H0\0HE�VP
dZOE�GDVYDHWOX OZFDWDHIQ�EWE DY Ĉ RQ�GQ IH0E0H\0 L ID�VFR�E0 ST0U$u
E00� 0'P' ^@B`'

4. Preliminary lemmas

,Q0 IHDDY DY ,Q0DH0W �V\DX\0E G0HFO�V qVDRV H0EZXFE DV GDVYDHWOX
W0FH�GE ds = λ(t)|dt| DV FQ0 U�Eq D R�FQ λ(t) ≥ 0 !GOXX0U OXED E0W��
W0FH�GE$ DY V0POF�\0 P0V0HOX�b0U ;OZEE�OV GZH\OFZH0 OVU DY V0POF�\0 �VF0�
PHOX GZH\OFZH0 NDZVU0U YHDW OND\0'

r0GOXX FQOF FQ0 3���(��
4�5 '����
�� ,�(.�	�(� κλ DY OV ZII0H
E0W�GDVF�VZDZE 9�VEX0H W0FH�G ds = λ|dt| �V O UDWO�V Ω ⊂ C �E U0SV0U
N]

κλ(t) = −Δ log λ(t)

λ(t)2
, (7)

RQ0H0 Δ �E FQ0 3���(��
4�5 6�2��,
��

Δλ(t) = 4 lim inf
r→0

1

r2

{ 1

2π

∫ 2π

0
λ(t+ reiθ)dθ − λ(t)

}
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!IHD\�U0U FQOF −∞ ≤ λ(t) < ∞$' 4�W�XOH FD C2 YZVGF�DVE� YDH RQ�GQ Δ
GD�VG�U0E R�FQ FQ0 ZEZOX +OIXOG�OV� DV0 DNFO�VE FQOF λ �E EZNQOHWDV�G
DV Ω �Y OVU DVX] �Y Δλ(t) ≥ 0u Q0VG0� OF FQ0 ID�VFE t0 DY XDGOX WOT�WZWO
DY λ R�FQ λ(t0) > −∞� R0 QO\0 Δλ(t0) ≤ 0'

,Q0 E0GF�DVOX 0���*�(20
, ,�(.�	�(� DY O 9�VEX0H W0FH�G DV O GDW�
IX0T 5OVOGQ WOV�YDXU X �E U0SV0U �V O E�W�XOH RO] OE FQ0 EZIH0WZW DY
FQ0 GZH\OFZH0E !i$ D\0H OIIHDIH�OF0 GDXX0GF�DVE DY QDXDWDHIQ�G WOIE YHDW
FQ0 U�Eq �VFD X YDH O P�\0V FOVP0VF U�H0GF�DV �V FQ0 �WOP0'

ME �E R0XX�qVDRV ^@�@/`� FQ0 QDXDWDHIQ�G GZH\OFZH0 DY FQ0 tDNO]OEQ�f
,0�GQWyZXX0H W0FH�G KT(x, v) DY ZV�\0HEOX ,0�GQWyZXX0H EIOG0 T 0dZOXE −4
OF OXX ID�VFE (x, v) DY FQ0 FOVP0VF NZVUX0 T (T) D\0H T' 8VEF0OU� FQ0 QDXD�
WDHIQ�G GZH\OFZH0 DY W0FH�G λκ P0V0HOF0U DV D N] FQ0 ;HZVEq] 9�VEX0H
EFHZGFZH0 EOF�ES0E FQ0 �V0dZOX�F] Δ log λ ≥ 4λ2� RQ0H0 Δ �E OPO�V FQ0
P0V0HOX�b0U +OIXOG�OV !E00 ^@_`$'

g0 EQOXX GDVE�U0H O WDH0 P0V0HOX �V0dZOX�F]

Δ log λ ≥ Kλ2, K = const > 0, (8)

OVU ZE0 Q0H0 EDW0RQOF U�h0H0VF P0V0HOX�bOF�DVE DY GZH\OFZH0' 9DXXDR�VP
^/`� R0 EO] FQOF O GDVYDHWOX W0FH�G λ(t)|dt| �V O UDWO�V G DV C !DH
DV O r�0WOVV EZHYOG0$ QOE GZH\OFZH0 X0EE FQOV DH 0dZOX FD K in the
supporting sense �Y YDH 0OGQ K ′ > K OVU 0OGQ t0 R�FQ λ(t0) > 0�
FQ0H0 �E O C2�EWDDFQ EZIIDHF�VP W0FH�G λ0 YDH λ OF t0 !�'0'� EZGQ FQOF
λ0(t0) = λ(t0) OVU λ0(t) ≤ λ(t) �V O V0�PQNDHQDDU DY t0$ R�FQ κλ0 ≤ K ′

!GY' ^k`$'
,Q0H0 OH0 OXED �VF0PHOX P0V0HOX�bOF�DVE DY FQ0 �V0dZOX�F] !k$ !E00� 0'P'

^/i�/k`$' g0 EQOXX ZE0 �FE P0V0HOX�bOF�DV �V FQ0 IDF0VF�OX E0VE0 UZ0 FD ^/k`
OVU EO] FQOF λ QOE GZH\OFZH0 OF WDEF K in the potential sense OF t0
�Y FQ0H0 �E O U�Eq U ONDZF t0 �V RQ�GQ FQ0 YZVGF�DV

log λ+K PotU (λ
2),

RQ0H0 PotU U0VDF0E FQ0 XDPOH�FQW�G IDF0VF�OX

PotU h =
1

2π

∫
U

h(ζ) log |ζ − z|dξdη (ζ = ξ + iη),

�E EZNQOHWDV�G' pV0 GOV H0IXOG0 U N] OV] DI0V EZNE0F V ⊂ U � N0GOZE0
FQ0 YZVGF�DV PotU (λ

2) − PotV (λ
2) �E QOHWDV�G DV U ' mDF0 FQOF having

curvature at most K in the potential sense is equivalent to λ satisfy (8)
in the sense of distributions'

,Q0 YDXXDR�VP FQH00 X0WWOE OH0 IHD\0V �V ^/k`'

Lemma 1' If a conformal metric has curvature at most K in the sup-
porting sense, then it has curvature at most K in the potential sense.
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Lemma 2' Let λ|dz| be a conformal metric on the unit disk which has
curvature at most −4 in the potential sense. Then the metric λ̃ = eMu,
where u = log λ and Mu is the circular mean

Mu(r) =
1

2π

2π∫
0

u(reiθ)dθ,

also has curvature at most −4 in the potential sense.

Lemma 3' If a circularly symmetric conformal metric λ(|t|)|dt| in the
unit disk has curvature at most −4 in the potential sense and λ(0) = a >
0, then

λ(r) ≥ λa(r) =
a

1− a2r2
. (9)

,Q0 H�PQF QOVU�E�U0 DY !j$ U0SV0E O EZIIDHF�VP GDVYDHWOX W0FH�G YDH
λ OF FQ0 DH�P�V R�FQ GDVEFOVF ;OZEE�OV GZH\OFZH0 −4 DV FQ0 RQDX0 U�Eq D

!OGFZOXX]� λa �E FQ0 Q]I0HNDX�G W0FH�G DY FQ0 NHDOU0H U�Eq D1/a = {|z| <
1/a}$'

mDF0 OXED FQOF OV] G�HGZXOHX] E]WW0FH�G EZNQOHWDV�G YZVGF�DV u(r)
�V O U�Eq Ds = {|t| < s} QOE DV0�E�U0U U0H�\OF�\0E YDH 0OGQ r < 1 OVU
ru′(r) �E WDVDFDV0 �VGH0OE�VP� u′(0) 0T�EFE OVU �E VDVV0POF�\0� OVU u(r)
�E GDV\0T R�FQ H0EI0GF FD log r'

,Q0 EFH0VPFQ0V0U \0HE�DV DY +0WWO /'B YDH E�VPZXOH W0FH�GE R�FQ IH0�
EGH�N0U E�VPZXOH�F�0E P�\0V �V ^@a` EFOF0E2

Lemma 4' Let λ(|t|)d|t| be a circularly symmetric subharmonic met-
ric on D such that

λ(r) = mcrm−1 +O(rm) as r → 0 with 0 < c ≤ 1 (m = 1, 2, . . . )
(10)

and this metric has curvature at most −4 in the potential sense. Then

λ(r) ≥ mcrm−1

1− c2r2m
. (11)

g0 EQOXX OIIX] +0WWOE B OVU _ FD W0FH�G λκ P0V0HOF0U DV D N]
FQ0 ;HZVEq] 9�VEX0H EFHZGFZH0' ,Q�E W0FH�G OXED �E G�HGZXOHX] E]WW0F�
H�G� N0GOZE0 FQ0 GXOEE ΣQ GDVFO�VE 0\0H] �FE YZVGF�DV f(z) R�FQ HDFOF�DVE
e−iθf(eiθz), −π ≤ θ ≤ π'
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5. Proof of Theorem 1

9�HEF DNE0H\0 FQOF FQ0 ;HZVEq] GD0cG�0VFE αmn(fμ) DY YZVGF�DVE fμ ∈
ΣQ P0V0HOF0 YDH 0OGQ x = (xn) ∈ l2 R�FQ ‖x‖ = 1 FQ0 QDXDWDHIQ�G WOIE

hx(f
μ) =

∞∑
m,n=1

αmn(f
μ)xmxn : Belt(D)1 → D, (12)

OVU
sup
x

|hx(fμ)| = κD∗(fμ). (13)

,Q0 QDXDWDHIQ] DY FQ0E0 YZVGF�DVE YDXXDRE YHDW FQ0 QDXDWDHIQ] DY GD0c�
G�0VFE αmn R�FQ H0EI0GF FD 50XFHOW� GD0cG�0VFE μ ∈ Belt(D)1 W0VF�DV0U
OND\0� N] OIIX]�VP FQ0 0EF�WOF0

∣∣∣ M∑
m=j

N∑
n=l

βmnxmxn

∣∣∣2 ≤ M∑
m=j

|xm|2
N∑
n=l

|xn|2 (14)

RQ�GQ QDXUE YDH OV] SV�F0 M,N OVU 1 ≤ j ≤ M, 1 ≤ l ≤ N !E00 ^/e�
I' e@`� ^/_� I' @jB`$'

4�W�XOH OHPZW0VFE �WIX] FQOF FQ0 WOIE !@/$ H0POHU0U OE YZVGF�DVE DY
ID�VFE ϕμ = Sfμ �V FQ0 ZV�\0HEOX ,0�GQWyZXX0H EIOG0 T OH0 QDXDWDHIQ�G
DV T' ,Q�E QDXDWDHIQ] IHD\�U0E� FDP0FQ0H R�FQ FQ0 0dZOX�F] !@B$� FQOF
FQ0 ;HZVEq] VDHW κD∗ H0POHU0U OE O YZVGF�DV DY FQ0 4GQROHb�OVE Sf �E
XDPOH�FQW�GOXX] IXZH�EZNQOHWDV�G DV FQ0 EIOG0 T' 8V OUU�F�DV� OE �F �E
0EFONX�EQ0U �V ^@e`� FQ0 YZVGF�DVE κD∗(Sf ) �E GDVF�VZDZEu WDH0D\0H� �F �E
+�IEGQ�Fb GDVF�VZDZE DV FQ�E EIOG0' ,Q0 ,0�GQWyZXX0H VDHW QOE FQ0 E�W�XOH
IHDI0HF�0E'

g0 GOXGZXOF0 FQ0 U�h0H0VF�OXE DY WOIE hx(Sfμ) OF FQ0 DH�P�V ZE�VP FQ0
R0XX�qVDRV \OH�OF�DVOX YDHWZXO YDH f ∈ ΣQ R�FQ 0TF0VE�DVE FD D EOF�EY]�VP
fμ(0) = 02

fμ(z) = z − 1

π

∫∫
D

μ(w)

(
1

w − z
− 1

w

)
dudv +O(‖μ2‖∞), w = u+ iv,

(15)
RQ0H0 FQ0 HOF�D O(‖μ2‖2∞)/‖μ2‖2∞ �E ZV�YDHWX] NDZVU0U DV GDWIOGF E0FE
DY C !E00� 0'P'� ^@?`$' 7DWIOH�VP FQ0 H�PQF�QOVU E�U0 DY !@a$ R�FQ FQ0
0TIOVE�DV fμ(z) = z + b0 + b1z

−1 + . . . � DV0 U0H�\0E FQOF FQ0 GD0cG�0VFE
bj OH0 P�\0V N]

bn =
1

π

∫∫
D

μ(w)wn−1dudv +O(‖μ2‖∞), n = 1, 2, . . . ,
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OVU YHDW !@$�

αmn(μ) = −π−1

∫∫
D

μ(z)zm+n−2dxdy +O(‖μ‖2∞), ‖μ‖∞ → 0.

w0VG0� FQ0 U�h0H0VF�OX OF b0HD DY FQ0 GDHH0EIDVU�VP WOI hx(tμ0/‖μ0‖∞)
R�FQ x = (xn) ∈ S(l2) �E P�\0V N]

dhx(0)(μ0/‖μ0‖∞) = − 1

π

∫∫
D

μ∗(z)
∞∑

m+n=2

√
mn xmxnz

m+n−2dxdy.

(16)
9DH E�WIX�G�F] DY VDFOF�DV� R0 QO\0 IH0E0H\0U OND\0 YDH FQ0 X�YFE DY YZVG�
F�DVE !@/$ FD Belt(D)1 OVU T FQ0 EOW0 E]WNDXE'

lE�VP FQ0E0 WOIE� R0 IZXX NOGq FQ0 Q]I0HNDX�G W0FH�G λD(t)|dt| =
|dt|/(1 − |t|2) DY FQ0 U�Eq D DVFD FQ�E U�Eq � P0FF�VP GDVYDHWOX W0FH�GE
λhx(t)|dt| DV D R�FQ

λhx(t) = |h′x(t)|/(1 − |hx(t)|2) (17)

DY ;OZEE�OV GZH\OFZH0 −4 OF VDVGH�GOX ID�VFE' g0 FOq0 FQ0 ZII0H 0V\0XDI0
DY FQ0E0 W0FH�GE

λ̃κ(t) = sup{λhx(t) : x ∈ S(l2)}

OVU �FE ZII0H E0W�GDVF�VZDZE H0PZXOH�bOF�DV λκ(t) = lim supt′→t λ̃κ(t
′)�

RQ�GQ �WIX�0E O XDPOH�FQW�GOXX] EZNQOHWDV�G W0FH�G DV D'
pV O EFOVUOHU RO] !E00� 0'P' ^@_`$� DV0 DNFO�VE FQOF λκ QOE OF OV]

�FE VDVGH�F�GOX ID�VF t0 O EZIIDHF�VP EZNQOHWDV�G W0FH�G λ0 DY ;OZEE�OV
GZH\OFZH0 OF WDEF −4� OVU Q0VG0� κλκ ≤ −4'

pV FQ0 DFQ0H QOVU� !@e$ ]�0XUE FQOF �Y FQ0 YZVGF�DV f ∈ ΣQ QOE �V D
∗

FQ0 0TIOVE�DV

f(z) = z + bmz
m + bm+1z

−m−1 + . . . , bm �= 0, m ≥ 1, (18)

FQ0V 0OGQ DY FQ0 GDHH0EIDVU�VP W0FH�GE OVU FQ0�H 0V\0XDI0 λκ(r) QO\0
V0OH r = 0 FQ0 YDHW !@?$� RQ�GQ �WIX�0E

lim
r→0

λκ(r)

rm
= sup

x∈S(l2)

|dhx(0)(tμ0/‖μ0‖∞|)
|t|

≥ sup
ψ∈A2

1(D),‖ψ‖A1
=1

∣∣∣ ∫∫
D

μ0(z)

‖μ0‖∞
ψ(z)dxdy

∣∣∣. (19)
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mDR R0 OIIX] FQ0 YDXXDR�VP H0GDVEFHZGF�DV X0WWO YDH ;HZVEq] VDHW
IHD\0V �V ^@B`� RQ�GQ IHD\�U0E FQOF FQ�E VDHW �E FQ0 �VF0PHOF0U YDHW DY
λκ OXDVP FQ0 0TFH0WOX ,0�GQWyZXX0H U�EqE'

Lemma 5' On any extremal Teichmüller disk D(μ0) =
{φT(tμ0/‖μ0‖∞)} ⊂ T, we have the equality

tanh−1[κ(f rμ0/‖μ0‖∞)] =

r∫
0

λκ(t)dt.

,DP0FQ0H R�FQ +0WWOE B OVU _ OVU R�FQ FQ0 0dZOX�F] !@j$� FQ�E �WIX�0E
FQ0 U0E�H0U �V0dZOX�F] !e$� GDWIX0F�VP FQ0 IHDDY DY FQ0 FQ0DH0W'

6. Additional remarks

1. Geometric picture' 8F YDXXDRE YHDW OND\0 FQOF FQ0 \OXZ0 DY ;HZVEq]
VDHW κ(fμ) DV ΣQ �E XDGOF0U �V FQ0 �VF0H\OX

tanh−1 �(1/α(f)) ≤ t ≤ tanh−1 �(1),

RQ0H0 �(r) �E FQ0 Q]I0HNDX�G U�EFOVG0 N0FR00V 0 OVU ‖μ0‖∞ DV FQ0 U�Eq
{|z| < r}� FOq�VP FQ0 0TFH0WOX μ0 �V FQ0 GXOEE DY μ !�'0'� OWDVP dZOE�GDV�
YDHWOX 0TF0VE�DVE DY fμ|D∗ DVFD D$� OVU α(f) �E P�\0V N] !e$'

;0V0H�GOXX]� FQ0 9�VEX0H W0FH�G λκ P0V0HOF0U N] κ(f) DV FQ0 EIOG0 T
QOE FQ0 QDXDWDHIQ�G GZH\OFZH0 X0EE DH 0dZOX FD −4� RQ�X0 FQ0 ,0�GQWyZXX0H
VDHW �E U0F0HW�V0U N] Q]I0HNDX�G W0FH�G DY GZH\OFZH0 −4'

2. Small dilatations' ;0V0H�GOXX] ,Q0DH0W @ IHD\�U0E O HDZPQ XDR0H
NDZVU a(f tμ0) YDH κ(f tμ0)' 8V FQ0 GOE0 DY EWOXX U�XOFOF�DVE ‖μ‖∞� FQ0
E�FZOF�DV �E EDW0RQOF U�h0H0VF'

lE�VP FQ0 \OH�OF�DV !@_$ OVU QDXDWDHIQ�G YZVGF�DVE !@@$� DV0 GOV
IHD\0 FQ0 YDXXDR�VP H0EZXF 0EFONX�EQ0U �V ^@B` YDH f ∈ ΣQ RQDE0
4GQROHb�OVE N0XDVP FD EZcG�0VFX] EWOXX V0�PQNDHQDDU DY FQ0 DH�P�V DY
FQ0 EIOG0 T'

Proposition 1' For f ∈ Σ(D∗) with sufficiently small norm ‖Sf‖B of
its Schwarzian,

κ(f) = α(f) +O(‖Sf‖2B), (20)

where the ratio O(‖Sf‖2B)/‖Sf‖2B remains bounded as ‖Sf‖B → 0.

,Q0DH0W @ ]�0XUE FQOF FQ0 H0WO�VU0H F0HW �V !/?$ �E VDVV0POF�\0'

3. Grunsky norm of homotopy functions' 7DVE�U0H FQ0 GDWIX0T QDWD�
FDI]

ft(z) = tf(z/t) = z + b0t+ b1t
2z−1 + b2t

3z−2 + · · · : D
∗ × D → Ĉ,
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DY YZVGF�DVE f ∈ ΣQu �F IXO]E OV �WIDHFOVF HDX0 �V WOV] OIIX�GOF�DVE',Q�E
QDWDFDI] QOE O U00I GDVV0GF�DV R�FQ ,0�GQWyZXX0H OVU ;HZVEq] VDHWE'

8V IOHF�GZXOH� UZ0 FD tyZQVOZ&E H0EZXF ^/@`� YDH OV] f ∈ ΣQ R�FQ b1 �= 0�
FQ0H0 0T�EFE O EZcG�0VFX] EWOXX ro(f) EZGQ FQOF FQ0 0TF0VE�DVE DY YZVGF�DVE
ft R�FQ |t| < r0(f) OH0 U0SV0U N] VDV\OV�EQ�VP QDXDWDHIQ�G dZOUHOF�G
U�h0H0VF�OXE �V D� OVU FQ0H0YDH0� YDH EZGQ t FQ0 0dZOX�F]

κ(ft) = k(ft).

�E \OX�U !RQ�GQ ]�0XUE FQ0 0dZOX�F] �V !e$ YDH EZGQ ft$u P0V0H�GOXX]� r0(f) <
1'

M ID�VF �E FQOF ft(z) = Jt(z) + h(z, t) R�FQ Jt(z) = z+ b1t
2/zu Q0VG0�

FQ0 YZVGF�DV Jt QOE FQ0 OcV0 0TF0VE�DV Ĵt(z) = z + b1t
2z R�FQ GDVEFOVF

U�XOFOF�DV'
8F �E VDF QOHU FD 0EFONX�EQ� ZE�VP FQ0 \OH�OF�DV !@_$ OVU FQ0 IHDI0HF�0E

DY NDZVU0U YZVGF�DVE R�FQ EZI�VDHW U0I0VU�VP QDXDWDHIQ�GOXX] DV GDW�
IX0T IOHOW0F0HE� FQOF ,0�GQWyZXX0H VDHWE DY ft OVU Jt U�h0H DV O dZOVF�F]
DY DHU0H t3 OE t→ 0 !FQ0 IHDDY �E P�\0V �V ^@k`$'

4. Underlying features of (19)' 9DH OV] f ∈ ΣQ R�FQ FQ0 0TIOVE�DV !@k$
FQ0 GDHH0EIDVU�VP QDXDWDHIQ�G WOI χf : D → T P0V0HOF0U N] t �→ Sft(z)
QOE V0OH t = 0 FQ0 PHDRFQ χf (t) = O(tm+1) �V B�VDHWu Q0VG0 FQ0H0 0T�EFE
�FE dZOE�GDVYDHWOX 0TF0VE�DV fμ DVFD D R�FQ U�XOFOF�DV k(f) = ‖μ‖∞ =
O(tm+1)' 8V H0IH0E0VFOF�DV !@e$� EZGQ μ �E DHFQDPDVOX FD ψl(z) = zl, l =
0, 1, . . . ,m− 1'

wDR0\0H� ZVU0H FQ0 OUU�F�DVOX H0EFH�GF�DV OF z = 0� FQ0 GDHH0EIDVU�VP
0TFH0WOX 50XFHOW� GD0cG�0VF μ0 EOF�ES0E ‖μ0‖∞ = O(t) OE t → 0' ,Q�E
�E 0dZ�\OX0VF FD OIIX]�VP ,0�GQWyZXX0H&E v0HEGQ�0NZVPEEOFb �V UDWO�V Ĉ \
fμ(D∗) !E00 ^@B� BB`$'

mDF0 OXED FQOF m = 1 YDH O U0VE0 EZNE0F DY f ∈ ΣQ'

7. Open question' Find the functions f ∈ ΣQ different from the known
case κ(f) = k(f), on which the equality in (6) can be realized, i.e., with
κ(f) = α(f).
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